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Preface 



This volume is based on lectures given at the fourth Clay Mathematics Insti- 
tute Summer School entitled "Harmonic Analysis, the Trace Formula, and Shimura 
Varieties." It was held at the Fields Institute in Toronto, Canada, from June 2 to 
June 27, 2003. 

The main goal of the School was to introduce graduate students and young 
mathematicians to three broad and interrelated areas in the theory of automorphic 
forms. Much of the volume is comprised of the articles of Arthur, Kottwitz, and 
Milne. Although these articles are based on lectures given at the school, the authors 
have chosen to go well beyond what was discussed there, in order to provide both a 
sense of the underlying structure of the subject and a working knowledge of some 
of its techniques. They were written to be self-contained in some places, and to 
be used in conjunction with given references in others. We hope the volume will 
convey the depth and beauty of this challenging field, in which there yet remains 
so much to be discovered — perhaps some of it by you, the reader! 

The theory of automorphic forms is formulated in terms of reductive algebraic 
groups. This is sometimes a serious obstacle for mathematicians whose background 
does not include Lie groups and Lie algebras. The monograph is by no means in- 
tended to exclude such mathematicians, even though the theory of reductive groups 
was an informal prerequisite for the Summer School. Some modest familiarity with 
the language of algebraic groups is often sufficient, at least to get started. For 
this reason, we have generally resisted the temptation to work with specific matrix 
groups. The short article of Murnaghan contains a summary of some of the basic 
properties of reductive algebraic groups that are used elsewhere in the monograph. 

Much of the modern theory of automorphic forms is governed by two funda- 
mental problems that are at the heart of the Langlands program. One is Lang- 
lands' principle of functoriality. The other is the general analogue of the Shimura- 
Taniyama-Wcil conjecture on modular elliptic curves. (See [A] and [L, §2].) These 
problems are among the deepest questions in mathematics. It is premature to try 
to guess what various techniques will play a role in their ultimate resolution. How- 
ever, the trace formula and the theory of Shimura varieties are both likely to be 
an essential part of the story. They have already been used to establish significant 
special cases. 

The trace formula has perhaps been more closely identified with the first prob- 
lem. Special cases of functoriality arise naturally from the conjectural theory of 
endoscopy, in which a comparison of trace formulas would be used to characterize 
the internal structure of the automorphic representations of a given group. (See 
[Sh] for a discussion of the first case to be investigated.) Likewise, Shimura varieties 
are usually associated with the second problem. As higher dimensional analogues 
of modular curves, they are attached by definition to certain reductive groups. In 
many cases, it has been possible to establish reciprocity laws between i?-adic Ga- 
lois representations on their cohomology groups and automorphic representations 
of the corresponding reductive groups. These laws can be formulated as an ex- 
plicit formula for the zeta function of a Shimura variety in terms of automorphic 
L-functions. (See [K] for a discussion of the rough form such a formula is expected 
to take. The word "rough" should be taken seriously, given the current limitations 
of our understanding.) 
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The work of Wiles that led to a proof of Fermat's Last Theorem suggests that 
the two problems are inextricably linked. This is already apparent in the reciprocity 
laws that have been established for Shimura varieties. Indeed, the conjectural for- 
mula for the zeta function of a general Shimura variety requires the theory of 
endoscopy even to state. Moreover, the proof of these reciprocity laws requires 
a comparison of the (automorphic) trace formula with an (^-adic) Lefschetz trace 
formula. Some of the most striking parts of the argument are in the comparison 
of the various terms in the two formulas. The most sophisticated Shimura vari- 
eties for which there are complete results are the so-called Picard modular surfaces. 
(See [LR], especially the summary on pp. 255-302.) Picard modular surfaces are 
attached to unitary groups in three variables. It is no coincidence that the the- 
ory of endoscopy has also been established for these groups, thereby yielding a 
classification of their automorphic representations [R] . 

There is some discussion of these problems in the articles of Arthur and Milne. 
However, the articles of both Arthur and Milne really are intended as introductions, 
despite their length. The theory of endoscopy, and the automorphic description of 
zeta functions of Shimura varieties, are at the forefront of present day research. 
They arc for the most part beyond the scope of this monograph. 

The local terms in the trace formula are essentially analytic objects. They 
include the invariant orbital integrals and irreducible characters that are the basis 
for Harish-Chandra's theory of local harmonic analysis. They also include weighted 
orbital integrals and weighted characters, objects that arose for the first time with 
the trace formula. The article of Kottwitz is devoted to the general study of these 
terms at p-adic places. It is a largely self-contained course, which covers many 
of Harish-Chandra's basic results in invariant harmonic analysis, as well as their 
weighted, noninvariant analogues. 

The article of DeBacker focuses on the phenomenon of homogeneity in invari- 
ant harmonic analysis at p-adic places. It concerns quantitative forms of some of 
the basic theorems of p-adic harmonic analysis, such as Howe's finiteness theorem 
and Harish-Chandra's local character expansion. The article also explains how ho- 
mogeneity enters into Waldspurger's analysis of stability for linear combinations of 
nilpotent orbital integrals. 

There are subtle questions concerning the terms in the trace formula that go 
beyond those treated by Kottwitz and DeBacker. The most basic of these is known 
as the fundamental lemma, even though it is still largely conjectural. 1 The article by 
Hales contains a precise statement of the conjecture and some remarks on progress 
toward a general proof. The fundamental lemma occupies a unique place in the 
theory. It is a critical ingredient in the comparison of trace formulas that is part 
of the theory of endoscopy. It has an equally indispensable role in the comparison 
of (automorphic and £-adic) trace formulas needed to establish reciprocity laws for 
Shimura varieties. 

Some Shimura varieties are projective, which is to say that they are compact as 
complex varieties. They correspond to reductive groups over Q that are anisotropic. 
The trace formula in this case simplifies considerably. It reduces to the Selberg trace 
formula for compact quotient. On the other hand, the arithmetic geometry of such 
varieties is still very rich. In particular, the comparison of individual terms in the 
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two kinds of trace formulas is of major interest. There is a great deal left to be 
done, but it is in this case that there has been the most progress. 

If the Shimura variety is not projective, the comparison is more sophisticated. 
It has to be based on the relationship between L 2 -cohomology and intersection coho- 
mology, conjectured by Zucker, and established by Saper and Stern, and Looijenga. 
The article of Goresky describes several compactifications of open Shimura vari- 
eties and their relations with associated cohomology groups. Goresky 's article also 
serves as an introduction to work of Goresky and MacPherson, in which weighted 
cohomology complexes on the reductive Borel-Serre compactification arc used to 
obtain a Lefschetz formula for the intersection cohomology of the Baily-Borel com- 
pactification. According to Zucker's conjecture, this last formula is equivalent to 
the relevant form of the automorphic trace formula. There remains the important 
open problem of establishing a corresponding £-adic Lefschetz formula that can be 
compared with either one of these two formulas. 

The reciprocity laws proved for Picard modular surfaces in [LR] apply to places 
of good reduction. The same restriction has been implicit in our discussion of other 
Shimura varieties. In the final analysis, one would like to establish reciprocity 
laws between £-adic Galois representations and automorphic representations that 
apply to all places. The theory of Shimura varieties at places of bad reduction is 
considerably less developed, although there has certainly been progress. The article 
of Haines is a survey of recent work in this direction, concentrating on the case of 
level structures of parahoric type. It also touches upon the problem of comparing 
the automorphic trace formula with the Lefschetz formula, now in the context of 
bad reduction. 

The article of Sarnak concerns the classical Ramanujan conjecture for modular 
forms and its higher dimensional analogues. Langlands has shown that the gen- 
eralized Ramanujan conjecture is a consequence of the principle of functoriality. 
Conversely, it is possible that the generalized Ramanujan conjecture could play a 
critical role in the study of those cases of functoriality that are not part of the the- 
ory of endoscopy. Sarnak describes the present state of the conjecture and discusses 
various techniques that have been successfully applied to special cases. 

We have tried to present the contents of the monograph from a unified perspec- 
tive. Our description has been centered around two fundamental problems that are 
the essential expression of the Langlands program. The two problems ought to 
be treated as signposts, which give direction to current work, but which point to 
destinations that will not be reached in the foreseeable future. The reader is free to 
draw whatever inspiration from them his or her temperament permits. In any case, 
many of the questions discussed in the various articles here are of great interest 
in their own right. In point of fact, there is probably too much in the monograph 
for anyone to learn in a limited period of time. Perhaps the best strategy for a 
beginner would be to start with one or two articles of special interest, and try to 
master them. 

As we have mentioned, participants were encouraged to bring a prior under- 
standing of the basic properties of algebraic groups. The theory of reductive groups 
is rooted in the structure of complex scmisimplc Lie algebras, for which [Se] and [H] 
are good references. As for algebraic groups themselves, a familiarity with many of 
the topics in [B] or [Sp] is certainly desirable, though perhaps not essential. 
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Participants were also assumed to have some knowledge of number theory. The 
main theorem of class field theory is reviewed without proof in the article of Milne. 
A complete treatment can be found in [CF]. Tate's article on global class field 
theory in this reference contains a particularly good introduction to the theory. 
The thesis of Tate, reprinted as a separate article in [CF], is also recommended 
for its introduction to adeles and its construction of the basic abelian automorphic 
L-functions. 

A reader might also want to consult other general articles in automorphic forms. 
A good introductory reference to the general theory of automorphic forms is the 
proceedings of the Edinburgh instructional conference [BK], 

This Clay Mathematics Institute Summer School could not have taken place 
without the efforts of many people. We deeply appreciate the role of the Clay 
Mathematics Institute in making this summer school possible, and thank Vida 
Salahi in particular for the care and attention she exercised in bringing the volume 
to its final form. We are most grateful to the staff of the Fields Institute, who did 
such a superb job of making the School run smoothly. We are equally indebted 
to all the lecturers, not only for agreeing to take part in the School, but also for 
providing the texts collected in this volume. Last, but surely not least, we would 
like to thank the participants, whose enthusiastic response made it all worthwhile. 

James Arthur, David Ellwood, Robert Kottwitz. 
August, 2005. 
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Foreword 



These notes are an attempt to provide an entry into a subject that has not 
been very accessible. The problems of exposition are twofold. It is important to 
present motivation and background for the kind of problems that the trace formula 
is designed to solve. However, it is also important to provide the means for acquiring 
some of the basic techniques of the subject. I have tried to steer a middle course 
between these two sometimes divergent objectives. The reader should refer to earlier 
articles [Lab2], [Lanl4], and the monographs [Sho], [Ge], for different treatments 
of some of the topics in these notes. 

I had originally intended to write fifteen sections, corresponding roughly to 
fifteen lectures on the trace formula given at the Summer School. These sections 
comprise what has become Part I of the notes. They include much introductory 
material, and culminate in what we have called the coarse (or unrefined) trace for- 
mula. The coarse trace formula applies to a general connected, reductive algebraic 
group. However, its terms are too crude to be of much use as they stand. 

Part II contains fifteen more sections. It has two purposes. One is to transform 
the trace formula of Part I into a refined formula, capable of yielding interesting 
information about automorphic representations. The other is to discuss some of 
the applications of the refined formula. The sections of Part II are considerably 
longer and more advanced. I hope that a familiarity with the concepts of Part I 
will allow a reader to deal with the more difficult topics in Part II. In fact, the later 
sections still include some introductory material. For example, §16, §22, and §27 
contain heuristic discussions of three general problems, each of which requires a 
further refinement of the trace formula. Section 26 contains a general introduction 
to Langlands' principle of functoriality, to which many of the applications of the 
trace formula are directed. 

We begin with a discussion of some constructions that are part of the founda- 
tions of the subject. In §1 we review the Selberg trace formula for compact quotient. 
In §2 we introduce the ring A = Ap of adeles. We also try to illustrate why adelic 
algebraic groups G(A), and their quotients G(F)\G(A), are more concrete objects 
than they might appear at first sight. Section 3 is devoted to examples related to 
§1 and §2. It includes a brief description of the Jacquet-Langlands correspondence 
between quaternion algebras and GL(2). This correspondence is a striking example 
of the kind of application of which the trace formula is capable. It also illustrates 
the need for a trace formula for noncompact quotient. 

In §4, we begin the study of noncompact quotient. We work with a general 
algebraic group G, since this was a prerequisite for the Summer School. However, 
we have tried to proceed gently, giving illustrations of a number of basic notions. 
For example, §5 contains a discussion of roots and weights, and the related objects 
needed for the study of noncompact quotient. To lend Part I an added appearance 
of simplicity, we work over the ground field Q, instead of a general number field F. 

The rest of Part I is devoted to the general theme of truncation. The problem is 
to modify divergent integrals so that they converge. At the risk of oversimplifying 
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matters, we have tried to center the techniques of Part I around one basic result, 
Theorem 6.1. Corollary 10.1 and Theorem 11.1, for example, arc direct corollaries 
of Theorem 6.1, as well as essential steps in the overall construction. Other results 
in Part I also depend in an essential way on cither the statement of Theorem 6.1 
or a key aspect of its proof. Theorem 6.1 itself asserts that a truncation of the 
function 



is integrable. It is the integral of this function over G(Q)\G(A) that yields a trace 
formula in the case of compact quotient. The integral of its truncation in the general 
case is what leads eventually to the coarse trace formula at the end of Part I. 

After stating Theorem 6.1 in §6, we summarize the steps required to convert 
the truncated integral into some semblance of a trace formula. We sketch the proof 
of Theorem 6.1 in §8. The arguments here, as well as in the rest of Part I, are 
both geometric and combinatorial. We present them at varying levels of generality. 
However, with the notable exception of the review of Eisenstein series in §7, we have 
tried in all cases to give some feeling for what is the essential idea. For example, 
we often illustrate geometric points with simple diagrams, usually for the special 
case G = SL(3). The geometry for SL(3) is simple enough to visualize, but often 
complicated enough to capture the essential point in a general argument. I am 
indebted to Bill Casselman, and his flair for computer graphics, for the diagrams. 
The combinatorial arguments are used in conjunction with the geometric arguments 
to eliminate divergent terms from truncated functions. They rely ultimately on that 
simplest of cancellation laws, the binomial identity 



which holds for any finite set S (Identity 6.2). 

The parallel sections §11 and §15 from the later stages of Part I anticipate the 
general discussion of §16-21 in Part II. They provide refined formulas for "generic" 
terms in the coarse trace formula. These formulas are explicit expressions, whose 
local dependence on the given test function / is relatively transparent. The first 
problem of refinement is to establish similar formulas for all of the terms. Because 
the remaining terms are indexed by conjugacy classes and representations that are 
singular, this problem is more difficult than any encountered in Part I. The solution 
requires new analytic techniques, both local and global. It also requires extensions 
of the combinatorial techniques of Part I, which are formulated in §17 as properties 
of (G, M)-families. We refer the reader to §16-21 for descriptions of the various 
results, as well as fairly substantial portions of their proofs. 

The solution of the first problem yields a refined trace formula. We summarize 
this new formula in §22, in order to examine why it is still not satisfactory. The 
problem here is that its terms are not invariant under conjugation of / by elements 
in G(A). They are in consequence not determined by the values taken by / at 
irreducible characters. We describe the solution of this second problem in §23. It 
yields an invariant trace formula, which we derive by modifying the terms in the 
refined, noninvariant trace formula so that they become invariant in /. 
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In §24-26 we pause to give three applications of the invariant trace formula. 
They are, respectively, a finite closed formula for the traces of Hccke operators on 
certain spaces, a term by term comparison of invariant trace formulas for general 
linear groups and central simple algebras, and cyclic base change of prime order for 
GL{ri). It is our discussion of base change that provides the opportunity to review 
Langlands' principle of functoriality. 

The comparisons of invariant trace formulas in §25 and §26 are directed at 
special cases of functoriality. To study more general cases of functoriality, one 
requires a third refinement of the trace formula. 

The remaining problem is that the terms of the invariant trace formula are not 
stable as linear forms in /. Stability is a subtler notion than invariance, and is 
part of Langlands' conjectural theory of endoscopy. We review it in §27. In §28 
and §29 we describe the last of our three refinements. This gives rise to a stable 
trace formula, each of whose terms is stable in /. Taken together, the results of 
§29 can be regarded as a stabilization process, by which the invariant trace formula 
is decomposed into a stable trace formula, and an error term composed of stable 
trace formulas on smaller groups. The results are conditional upon the fundamental 
lemma. The proofs, conditional as they may be, are still too difficult to permit more 
than passing comment in §29. 

The general theory of endoscopy includes a significant number of cases of func- 
toriality. However, its avowed purpose is somewhat different. The principal aim of 
the theory is to analyze the internal structure of representations of a given group. 
Our last application is a broad illustration of what can be expected. In §30 we 
describe a classification of representations of quasisplit classical groups, both local 
and global, into packets. These results depend on the stable trace formula, and 
the fundamental lemma in particular. They also presuppose an extension of the 
stabilization of §29 to twisted groups. 

As a means for investigating the general principle of functoriality, the theory 
of endoscopy has very definite limitations. We have devoted a word after §30 to 
some recent ideas of Langlands. The ideas are speculative, but they seem also to 
represent the best hope for attacking the general problem. They entail using the 
trace formula in ways that are completely new. 

These notes are really somewhat of an experiment. The style varies from section 
to section, ranging between the technical and the discursive. The more difficult 
topics typically come in later sections. However, the progression is not always 
linear, or even monotonic. For example, the material in §13— §15, §19-§21, §23, and 
§25 is no doubt harder than much of the broader discussion in §16, §22, §26, and 
§27. The last few sections of Part II tend to be more discursive, but they are also 
highly compressed. This is the price we have had to pay for trying to get close to 
the frontiers. The reader should feel free to bypass the more demanding passages, 
at least initially, in order to develop an overall sense of the subject. 

It would not have been possible to go very far by insisting on complete proofs. 
On the other hand, a survey of the results might have left a reader no closer 
to acquiring any of the basic techniques. The compromise has been to include 
something representative of as many arguments as possible. It might be a sketch of 
the general proof, a suggestive proof of some special case, or a geometric illustration 
by a diagram. For obvious reasons, the usual heading "PROOF" does not appear 
in the notes. However, each stated result is eventually followed by a small box 
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□ , when the discussion that passes for a proof has come to an end. This ought to 
make the structure of each section more transparent. My hope is that a determined 
reader will be able to learn the subject by reinforcing the partial arguments here, 
when necessary, with the complete proofs in the given references. 



Part I. The Unrefined Trace Formula 



1. The Selberg trace formula for compact quotient 

Suppose that H is a locally compact, unimodular topological group, and that T 
is a discrete subgroup of H. The space T\H of right cosets has a right if-invariant 
Borel measure. Let R be the unitary representation of H by right translation on 
the corresponding Hilbert space L 2 (T\H). Thus, 

(R(y)<f>) (x) = <f>(xy) , e L 2 (T\H) , x,y e H. 

It is a fundamental problem to decompose R explicitly into irreducible unitary 
representations. This should be regarded as a theoretical guidepost rather than a 
concrete goal, since one does not expect an explicit solution in general. In fact, 
even to state the problem precisely requires the theory of direct integrals. 

The problem has an obvious meaning when the decomposition of R is discrete. 
Suppose for example that H is the additive group R, and that T is the subgroup 
of integers. The irreducible unitary representations of R are the one dimensional 
characters x — > e Xx , where A ranges over the imaginary axis zR. The representation 
R decomposes as direct sum over such characters, as A ranges over the subset 2wiZ 
of iR. More precisely, let R be the unitary representation of R on L 2 (Z) defined by 

(R(y)c)(n) = e 27rmy c(n), c e L 2 (Z). 

The correspondence that maps <j> £ L 2 (Z\R) to its set of Fourier coefficients 

0(n) = f <j)(x)e- 2mx dx, n e Z, 

is then a unitary isomorphism from L 2 (Z\R) onto L 2 (Z), which intertwines the 
representations R and R. This is of course the Plancherel theorem for Fourier 
series. 

The other basic example to keep in mind occurs where H = R and T = {1}. 
In this case the decomposition of R is continuous, and is given by the Plancherel 
theorem for Fourier transforms. The general intuition that can inform us is as 
follows. For arbitrary H and T, there will be some parts of R that decompose 
discretely, and therefore behave qualitatively like the theory of Fourier series, and 
others that decompose continuously, and behave qualitatively like the theory of 
Fourier transforms. 

In the general case, we can study R by integrating it against a test function 
/ € C C (H). That is, we form the operator 

R(f)= f f(y)R(y)dy 

7 
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on L 2 (T\H). We obtain 

(R(f)<f>)(x) = I {f{y)R{y)cj>){x)dy 



H 



H 



H 



f(y)<p(xy)dy 
f(x~ 1 y)<f>(y)dy 

^/(2; _1 7S/))<K3/)<ty, 



for any 4> € L 2 (T\H) and x e H. It follows that -R(/) is an integral operator with 
kernel 

(1.1) K(x,y) = J2f(^ 1 iy), x,yeT\H. 

The sum over 7 is finite for any x and y, since it may be taken over the intersection 
of the discrete group T with the compact subset 

^suppC/)?/- 1 

oiH. 

For the rest of the section, we consider the special case that T\H is compact. 
The operator R(f) then acquires two properties that allow us to investigate it 
further. The first is that R decomposes discretely into irreducible representations 
7r, with finite multiplicities m(ir,R). This is not hard to deduce from the spectral 
theorem for compact operators. Since the kernel K(x, y) is a continuous function on 
the compact space (T\H) x (T\H), and is hence square integrable, the corresponding 
operator R(f) is of Hilbert-Schmidt class. One applies the spectral theorem to the 
compact self adjoint operators attached to functions of the form 

f{x) = (9*9*)(x)= [ g(y)gjx~^)dy, g e C C {H). 

JH 

The second property is that for many functions, the operator R(f) is actually of 
trace class, with 

(1.2) ti R(f) = [ K(x,x)dx. 

Jr\H 

If H is a Lie group, for example, one can require that / be smooth as well as 
compactly supported. Then becomes an integral operator with smooth kernel 
on the compact manifold T\H. It is well known that (1.2) holds for such operators. 

Suppose that / is such that (1.2) holds. Let {r} be a set of representatives of 
conjugacy classes in T. For any 7 e T and any subset of H, we write fi 7 for the 
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centralizer of 7 in ft. We can then write 

tr(i?(/)) = / K{x,x)dx 
Jr\H 

Jr \H ier 




These manipulations follow from Fubini's theorem, and the fact that for any se- 
quence Hi C H 2 C H of unimodular groups, a right invariant measure on Hi\H 
can be written as the product of right invariant measures on H 2 \H and Hi\H 2 
respectively. We have obtained what may be regarded as a geometric expansion 
of tr(i?(/)) in terms of conjugacy classes 7 in T. By restricting R(f) to the irre- 
ducible subspaces of L 2 (T\H), we obtain a spectral expansion of R(f) in terms of 
irreducible unitary representations n of H . 

The two expansions tr(i?(/)) provide an identity of linear forms 

(1-3) E°r(7).fe(7) = E a rW.feW, 

7 7T 

where 7 is summed over (a set of representatives of) conjugacy classes in T, and 
7r is summed over (equivalence classes of) irreducible unitary representatives of H. 
The linear forms on the geometric side are invariant orbital integrals 

(1.4) f H { 1 )= f /(x-^dx, 

J H- f \H 

with coefficients 

a^(7)=vol(r 7 Vff 7 ), 
while the linear forms on the spectral side are irreducible characters 

(1-5) f H (n) =tr(7r(/)) =tr(J f{y)*{y)dy), 

with coefficients 

a r ( 7r ) = m(n, R). 
This is the Sclbcrg trace formula for compact quotient. 

We note that if H = R and T = Z, the trace formula (1.3) reduces to the 
Poisson summation formula. For another example, we could take H to be a finite 
group and f(x) to be the character tr 7r(a;) of an irreducible representation ir of H. 
In this case, (1.3) reduces to a special case of the Frobcnius reciprocity theorem, 
which applies to the trivial one dimensional representation of the subgroup T of H. 
(A minor extension of (1.3) specializes to the general form of Frobcnius reciprocity.) 
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Some of Selberg's most striking applications of (1.3) were to the group H = 
SL(2, R) of real, (2 x 2)-matrices of determinant one. Suppose that X is a compact 
Riemann surface of genus greater than 1. The universal covering surface of X 
is then the upper half plane, which we identify as usual with the space of cosets 
SL(2,R)/SO(2,R). (Recall that the compact orthogonal group K = 50(2, M) is 
the stabilizer of \J— 1 under the transitive action of SL(2,M) on the upper half 
plane by linear fractional transformations.) The Riemann surface becomes a space 
of double cosets 

X = T\H/K, 

where T is the fundamental group of X, embedding in 5L(2,R) as a discrete sub- 
group with compact quotient. By choosing left and right K- invariant functions 
/ € C%°(H), Selberg was able to apply (1.3) to both the geometry and analysis of 
X. 

For example, closed geodesies on X are easily seen to be bijective with conju- 
gacy classes in T. Given a large positive integer N, Selberg chose / so that the left 
hand side of (1.3) approximated the number g(N) of closed geodesies of length less 
than N. An analysis of the corresponding right hand side gave him an asymptotic 
formula for g(N), with a sharp error term. Another example concerns the Laplace- 
Beltrami operator A attached to X. In this case, Selberg chose / so that the right 
hand side of (1.3) approximated the number h(N) of eigenvalues of A less than N. 
An analysis of the corresponding left hand side then provided a sharp asymptotic 
estimate for h(N). 

The best known discrete subgroup of H = 5L(2,R) is the group T = SL(2,Z) 
of unimodular integral matrices. In this case, the quotient T\H is not compact. 
The example of T = SL{2, Z) is of special significance because it comes with the 
supplementary operators introduced by Hecke. Hecke operators include a family of 
commuting operators {T p } on L 2 (T\H), parametrized by prime numbers p, which 
commute also with the action of the group H = SL(2,M). The families {c p } 
of simultaneous eigenvalues of Hecke operators on L 2 (T\H) are known to be of 
fundamental arithmetic significance. Selberg was able to extend his trace formula 
(1.3) to this example, and indeed to many other quotients of rank 1. He also 
included traces of Hecke operators in his formulation. In particular, he obtained a 
finite closed formula for the trace of T p on any space of classical modular forms. 

Selberg worked directly with Riemann surfaces and more general locally sym- 
metric spaces, so the role of group theory in his papers is less explicit. We can 
refer the reader to the basic articles [Sell] and [Sel2]. However, many of Selberg's 
results remain unpublished. The later articles [DL] and [JL, §16] used the language 
of group theory to formulate and extend Selberg's results for the upper half plane. 

In the next section, we shall see how to incorporate the theory of Hecke oper- 
ators into the general framework of (1.1). The connection is through adele groups, 
where Hecke operators arise in a most natural way Our ultimate goal is to describe 
a general trace formula that applies to any adele group. The modern role of such 
a trace formula has changed somewhat from the original focus of Selberg. Rather 
than studying geometric and spectral data attached to a given group in isolation, 
one tries to compare such data for different groups. In particular, one would like 
to establish reciprocity laws among the fundamental arithmetic data associated to 
Hecke operators on different groups. 
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2. Algebraic groups and adeles 

Suppose that G is a connected reductive algebraic group over a number field 
F. For example, we could take G to be the multiplicative group GL(n) of invertible 
(n x n)-matrices, and F to be the rational field Q. Our interest is in the general 
setting of the last section, with T equal to G(F). It is easy to imagine that this 
group could have arithmetic significance. However, it might not be at all clear 
how to embed T discretely into a locally compact group H. To do so, we have to 
introduce the adele ring of F. 

Suppose for simplicity that F equals the rational field Q. We have the usual 
absolute value foo(-) — I ' loo on Q, and its corresponding completion Q Voo = Qoo = 
R. For each prime number p, there is also a p-adic absolute value v p (-) = \ ■ \ p on 
Q, defined by 

\t\ P =P~ T , t = p r ab~ 1 , 

for integers r, a and b with (a,p) = (b,p) = 1. One constructs its completion 
Qv p = Q P by a process identical to that of R. As a matter of fact, | • \ p satisfies an 
enhanced form of the triangle inequality 

|*i +t 2 \ P < maxjl^lp, |t 2 | p }, h,t 2 e Q. 

This has the effect of giving the compact "unit ball" 

Z p = {t p e Q p : \t p \ p < 1} 

in Q p the structure of a subring of Q p . The completions Q„ are all locally compact 
fields. However, there are infinitely many of them, so their direct product is not 
locally compact. One forms instead the restricted direct product 

rest rest 

A=I]^ = Kx[]Qp = Mx A fin 

v p 

= {t= (t v ) : t p = t Vp e Zp for almost all p} . 

Endowed with the natural direct limit topology, A = Aq becomes a locally compact 
ring, called the adele ring of Q. The diagonal image of Q in A is easily seen to be 
discrete. It follows that H = G(A) is a locally compact group, in which T = G(Q) 
embeds as a discrete subgroup. (See [Tam2].) 

A similar construction applies to a general number field F, and gives rise to a 
locally compact ring Ap- The diagonal embedding 

T = G(F) c G(A F ) = H 

exhibits G(F) as a discrete subgroup of the locally compact group G(Ap). However, 
we may as well continue to assume that F = Q. This represents no loss of generality, 
since one can pass from F to Q by restriction of scalars. To be precise, if G\ is 
the algebraic group over Q obtained by restriction of scalars from F to Q, then 
r = G(F) = Gi(Q), and H = G(A F ) = Gi(A). 

We can define an automorphic representation tt of G(A) informally to be an 
irreducible representation of G(A) that "occurs in" the decomposition of R. This 
definition is not precise for the reason mentioned in §1, namely that there could be 
a part of R that decomposes continuously. The formal definition [Lan6] is in fact 
quite broad. It includes not only irreducible unitary representations of G(A) in the 
continuous spectrum, but also analytic continuations of such representations. 
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The introduction of adclc groups appears to have imposed a new and perhaps 
unwelcome level of abstraction onto the subject. The appearance is illusory. Sup- 
pose for example that G is a simple group over Q. There are two possibilities: 
either G(M.) is noncompact (as in the case G = SL(2)), or it is not. If G(M.) is 
noncompact, the adelic theory for G may be reduced to the study of of arithmetic 
quotients of G(M). As in the case G — SL(2) discussed at the end of §1, this is 
closely related to the theory of Laplace-Beltrami operators on locally symmetric 
Ricmannian spaces attached to G(R). If G(M) is compact, the adelic theory re- 
duces to the study of arithmetic quotients of a p-adic group G(Q P ). This in turn is 
closely related to the spectral theory of combinatorial Laplace operators on locally 
symmetric hypergraphs attached to the Bruhat-Tits building of G(Q P ). 

These remarks are consequences of the theorem of strong approximation. Sup- 
pose that S is a finite set of valuations of Q that contains the archimedean valuation 
Woo. For any G, the product 

G(Q S ) = J] G(Q V ) 

is a locally compact group. Let K s be an open compact subgroup of G(A S ), where 

A s = {t e A : t v = 0, v e S} 

is the ring theoretic complement of Qs in A. Then G(Fs)K s is an open subgroup 
ofG(A). 

Theorem 2.1. (a) (Strong approximation) Suppose that G is simply connected, 
in the sense that the topological space G(C) is simply connected, and that G'(Qs) 
is noncompact for every simple factor G' of G over Q. Then 

G(A) = G(Q) • G(Q S )K S . 

(b) Assume only that G'(Qg) is noncompact for every simple quotient G' of G 
over Q. Then the set of double cosets 

G(Q)\G(A)/G(Q S )K S 

is finite. 

For a proof of (a) in the special case G = SL(2) and S — {foo}, see [Shim, 
Lemma 6.15]. The reader might then refer to [Kne] for a sketch of the general 
argument, and to [P] for a comprehensive treatment. Part (b) is essentially a 
corollary of (a). □ 

According to (b), we can write G(A) as a disjoint union 

n 

G(A) = ]]_G(Q)-x l -G(® s )K s , 

i=i 

for elements x 1 = 1, x 2 , . . . , x n in G(A S ). We can therefore write 

n 

G(Q)\G(A)/K S = [] (G(Q)\G(Q) • x< ■ G(Q S )K S /K S ) 

n 

= II(r*s\G(<Q> s )), 

i=l 
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for discrete subgroups 

r s = G(Q S ) n (G(Q) • x'K^xT 1 ) 
of G(Qs). We obtain a G(Qs)-isomorphism of Hilbert spaces 

n 

(2.1) L 2 (G(<Q>)\G(A)/i^) -0I 2 (r'\G(Q s )). 

i=l 

The action of G(Qs) on the two spaces on each side of (2.1) is of course by right 
translation. It corresponds to the action by right convolution on cither space by 
functions in the algebra G c (G(Qs)) . There is a supplementary convolution algebra, 
the Hecke algebra H(G(A S ),K S ) of compactly supported functions on G(A S ) that 
arc left and right invariant under translation by K s . This algebra acts by right 
convolution on the left hand side of (2.1), in a way that clearly commutes with the 
action of G(Qs). The corresponding action of H(G(A S ), K s ) on the right hand side 
of (2.1) includes general analogues of the operators defined by Hecke on classical 
modular forms. 

This becomes more concrete if S = {v^}. Then A s equals the subring A fin = 
{t e A : ^ = 0} of "finite adeles" in A. If G satisfies the associated noncompact- 
ness criterion of Theorem 2.1(b), and K is an open compact subgroup of G(Afl n ), 
we have a G(M)-isomorphism of Hilbert spaces 

n 

L 2 (G(Q)\G(A)/K ) £* 0I 2 (r\G(l)), 
»=i 

for discrete subgroups T 1 , . . . , T™ of G(R). The Hecke algebra W(G(A fin ), K ) acts 
by convolution on the left hand side, and hence also on the right hand side. 

Hecke operators are really at the heart of the theory. Their properties can be 
formulated in representation theoretic terms. Any automorphic representation n of 
G(A) can be decomposed as a restricted tensor product 

(2.2) 7T = (gK, 

V 

where tt v is an irreducible representation of the group G(Q V ). Moreover, for every 
valuation v = v p outside some finite set S, the representation n p — ir Vp is unramified, 
in the sense that its restriction to a suitable maximal compact subgroup K p of 
G(Q P ) contains the trivial representation. (See [F]. It is known that the trivial 
representation of K p occurs in tt p with multiplicity at most one.) This gives rise to 
a maximal compact subgroup K s = J| K p , a Hecke algebra 

vis 

n s = §§H p = §§ H(G(Q P ),K P ) 

pis pis 

that is actually abelian, and an algebra homomorphism 

(2.3) c(ir s ) = (g) c(tt p ) : H s = (g)H p — > C. 

pis pis 
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Indeed, if v s = v p belongs to the one-dimensional space of i^-fixed vectors for 
vis 

the representation 7r s = n p , and h s = h p belongs to H s , the vector 

TT S (h S )V S = (TT p (h p )v p ) 

equals 

C(7T 5 , h S )v S = (c(7T p , /jj> p ) . 

This formula defines the homomorphism (2.3) in terms of the unramificd represen- 
tation tt s . Conversely, for any homomorphism H s — > C, it is easy to see that there 
is a unique unramified representation tt s of G(A S ) for which the formula holds. 

The decomposition (2.2) actually holds for general irreducible representations 
7T of G(A). In this case, the components can be arbitrary. However, the condition 
that 7T be automorphic is highly rigid. It imposes deep relationships among the 
different unramificd components ir p , or equivalently, the different homomorphisms 
c(tt p ) : H p — > C. These relationships are expected to be of fundamental arithmetic 
significance. They arc summarized by Langlands's principle of functoriality [Lan3], 
and his conjecture that relates automorphic representations to motives [Lan7]. 
(For an elementary introduction to these conjectures, see [A28]. We shall review 
the principle of functoriality and its relationship with unramified representations 
in §26.) The general trace formula provides a means for analyzing some of the 
relationships. 

The group G(A) can be written as a direct product of the real group G(R) with 
the totally disconnected group G(Afj n ). We define 

G C °°(G(A)) = G C °°(G(R)) ® G c °°(G(A fin )), 

where C~(G(R)) is the usual space of smooth, compactly supported functions on 
the Lie group G(R), and G~(G(A fin )) is the space of locally constant, compactly 
supported, complex valued functions on the totally disconnected group G(Ag n ). 
The vector space G£°(G(A)) is an algebra under convolution, which is of course 
contained in the algebra G C (G(A)) of continuous, compactly supported functions 
on G(A). 

Suppose that / belongs to (G(A)). We can choose a finite set of valuations 
S satisfying the condition of Theorem 2.1(b), an open compact subgroup K s of 
G(A S ), and an open compact subgroup K ^s of the product 

G(Qf) - n g ^ 

ves-{v^} 

such that / is bi-invariant under the open compact subgroup Kq = K^_sK s of 
G(Afi n ). In particular, the operator R(f) vanishes on the orthogonal complement 
of L 2 (G(Q)\G(A)/K S ) in L 2 (G(Q)\G(A)) . We leave the reader the exercise of 
using (1.1) and (2.1) to identify R(f) with an integral operator with smooth kernel 
on a finite disjoint union of quotients of G(K). 

Suppose, in particular, that G(Q)\G(A) happens to be compact. Then R(f) 
may be identified with an integral operator with smooth kernel on a compact man- 
ifold. It follows that R(f) is an operator of trace class, whose trace is given by 
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(1.2). The Selberg trace formula (1.3) is therefore valid for /, with T = G(Q) and 
H = G(A). (See [Taml].) 

3. Simple examples 

We have tried to introduce adele groups as gently as possible, using the re- 
lations between Hecke operators and automorphic representations as motivation. 
Nevertheless, for a reader unfamiliar with such matters, it might take some time to 
feel comfortable with the general theory. To supplement the discussion of §2, and 
to acquire some sense of what one might hope to obtain in general, we shall look 
at a few concrete examples. 

Consider first the simplest example of all, the case that G equals the multi- 
plicative group GL(1). Then G(Q) = Q* , while 

G(A) = A* = {x e A : |x| ^ 0, \x p \ p — 1 for almost all p} 

is the multiplicative group of ideles for Q. If TV is a positive integer with prime 
factorization N = Y\p Cp ( N \ we write 

v 

K N = {ke G(A fin ) = A£ n : \k p - l\ p < p- ^ for all p). 

A simple exercise for a reader unfamiliar with adeles is to check directly that Kn 
is an open compact subgroup of Ag n , that any open compact subgroup Kq contains 
if at for some N, and that the abelian group 

G(Q)\G(A)/G(R)K N = Q*\A*/R*K N 

is finite. The quotient G(Q)\G(A) = Q*\A* is not compact. This is because the 
mapping 

x ^ | x | — | j | x ^ | ^ , x £ , 

v 

is a continuous surjective homomorphism from A* to the multiplicative group (R*)° 
of positive real numbers, whose kernel 

A 1 = {x e A : \x\ = 1} 

contains Q*. The quotient Q*\A 1 is compact. Moreover, we can write the group 
A* as a canonical direct product of A 1 with the group (R*)°. The failure of Q*\A* 
to be compact is therefore entirely governed by the multiplicative group (R*)° of 
positive real numbers. 

An irreducible unitary representation of the abelian group GL(1, A) = A* is a 
homomorphism 

7r : A* — > U(l) = {zeC* : \z\ = l}. 

There is a free action 

s : 7r — ► tt s (x) = ir(x)\x\ s , s € iR, 

of the additive group iR on the set of such tt. The orbits of iR are bijective 
under the restriction mapping from A* to A 1 with the set of irreducible unitary 
representations of A 1 . A similar statement applies to the larger set of irreducible 
(not necessarily unitary) representations of A* , except that one has to replace iR 
with the additive group C. 

Returning to the case of a general group over Q, we write Aq for the largest cen- 
tral subgroup of G over Q that is a Q-split torus. In other words, Aq is Q-isomorphic 
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to a direct product GL(l) k of several copies of GL(1). The connected component 
Aq(]R) of 1 in Aq(M) is isomorphic to the multiplicative group ((R*)°) , which 
in turn is isomorphic to the additive group R k . We write X(G)q for the additive 
group of homomorphisms \ ■ 9 - * 9 X from G to GL(l) that are defined over Q. 
Then X(G)q is a free abelian group of rank k. We also form the real vector space 

a G = Hom z (X(G) Q ,M) 

of dimension k. There is then a surjective homomorphism 

H G : G(A) — > a G , 

defined by 

(H G (x), X ) = \log(x% x e G(A), x eX(G) Q . 

The group G(A) is a direct product of the normal subgroup 
G(A) 1 = {x e G(A) : H G {x) = 0} 

with A G (R)°. 

We also have the dual vector space a G — X(G)q®zR, and its complexification 
a hc — X(G)q (Ei C. If 7t is an irreducible unitary representation of G(A) and A 
belongs to ia G , the product 

tt a (x) = n{x)e x< - HG ^\ .tgG(A), 

is another irreducible unitary representation of G(A). The set of associated ia* G - 
orbits is in bijective correspondence under the restriction mapping from G(A) to 
G(A) 1 with the set of irreducible unitary representations of G(A) 1 . A similar as- 
sertion applies the larger set of irreducible (not necessary unitary) representations, 
except that one has to replace ia* G with the complex vector space c . 
In the case G = GL(n), for example, we have 

0^ 



A. 



GL(n) 



z e GL(1) 



GL(1). 



The abelian group X(GL(n)) Q is isomorphic to Z, with canonical generator given 
by the determinant mapping from GL(n) to GA(1). The adelic group GL(n,A) is 
a direct product of the two groups 

GA(n, A) 1 = {x e GA(n, A) : |dct(x)| = l} 

and 

f (r 0\ 



l GL(n)\ 



= < 



r e 



t*\0 



{ \0 r) 

In general, G(Q) is contained in the subgroup G(A) 1 of G(A). The group 
Ag(IR) is therefore an immediate obstruction to G(Q)\G(A) being compact, as 
indeed it was in the simplest example of G = GL(1). The real question is then 
whether the quotient G(Q)\G(A) 1 is compact. When the answer is affirmative, the 
discussion above tells us that the trace formula (1.3) can be applied. It holds for 
T = G(Q) and H = G(A) 1 , with f being the restriction to G(A) 1 of a function in 
C~(G(A)). 
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The simplest nonabelian example that gives compact quotient is the multiplica- 
tive group 

G = {x e A : x^O} 

of a quaternion algebra over Q. By definition, A is a four dimensional division 
algebra over Q, with center Q. It can be written in the form 

A = {x = x + x\i + x 2 j + x 3 k : x a € Q}, 

where the basis elements 1, i, j and k satisfy 

ij = -ji = k, i 2 = a, j 2 = b, 

for nonzero elements a, b e Q*. Conversely, for any pair a, b e Q*, the Q-algebra 
defined in this way is either a quaternion algebra or is isomorphic to the matrix 
algebra M2(Q). For example, ii a = b = — 1, A is a quaternion algebra, since 
A®qR is the classical Hamiltonian quaternion algebra over R. On the other hand, 
if a = b = 1 , the mapping 

x^xoQ j) 

is an isomorphism from A onto M2(Q). For any A, one defines an automorphism 

x — ► x = x — x\i — x 2 j — x^k 

of A, and a multiplicative mapping 

ir — ► iV(x) = = x — ax 2 — bx 2 + abx 2 

from A to Q. If N(x) ^ 0, x~ x equals ^(a;) -1 ^. It follows that x £ A is a unit if 
and only if N(x) ^ 0. 

The description of a quaternion algebra A in terms of rational numbers a, 6 e Q* 
has the obvious attraction of being explicit. However, it is ultimately unsatisfactory. 
Among other things, different pairs a and b can yield the same algebra A. There 
is a more canonical characterization in terms of the completions A v — A ®q <Q>„ at 
valuations v of Q. If v = Woo, we know that A v is isomorphic to either the matrix 
ring M2(R) or the Hamiltonian quaternion algebra over M. A similar property 
holds for any other v. Namely, there is exactly one isomorphism class of quaternion 
algebras over Q v , so there are again two possibilities for A v . Let V be the set of 
valuations v such that A v is a quaternion algebra. It is then known that V is a 
finite set of even order. Conversely, for any nonempty set V of even order, there 
is a unique isomorphism class of quaternion algebras A over Q such that A v is a 
quaternion algebra for each v G V and a matrix algebra M 2 (Qt,) for each v outside 
V. 

We digress for a moment to note that this characterization of quaternion al- 
gebras is part of a larger classification of reductive algebraic groups. The general 
classification over a number field F, and its completions F v , is a beautiful union of 
class field theory with the structure theory of reductive groups. One begins with a 
group G* over F that is split, in the sense that it has a maximal torus that splits 
over F. By a basic theorem of Chevalley, the groups G* are in bijective correspon- 
dence with reductive groups over an algebraic closure F of F, the classification 
of which reduces largely to that of complex scmisimplc Lie algebras. The general 
group G over F is obtained from G* by twisting the action of the Galois group 
G&L(F/F) by automorphisms of G*. It is a two stage process. One first constructs 
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an "outer twist" G* of G* that is quasisplit, in the sense that it has a Borel sub- 
group that is defined over F. This is the easier step. It reduces to a knowledge 
of the group of outer automorphisms of G* , something that is easy to describe in 

terms of the general structure of reductive groups. One then constructs an "inner 



twist" G — ► G* , where if) is an isomorphism such that for each a e Gal(F/F), the 
composition 

a(cr) — tp o a(^p)^ 1 

belongs to the group Int(G*) of inner automorphisms of G* . The role of class field 
theory is to classify the functions a — > a(a). More precisely class field theory 
allows us to characterize the equivalence classes of such functions defined by the 
Galois cohomology set 

H 1 (F,Int(G*)) = i/ 1 (Gal(F/F),Int(G)*(F)). 

It provides a classification of the finite sets of local inner twists H 1 (F v , Int(G*)), 
and a characterization of the image of the map 

H 1 (F,lnt(G*)) HH^FJutiGl)) 

V 

in terms of an explicit generalization of the parity condition for quaternion algebras. 
The map is injective, by the Hasse principle for the adjoint group Int(G*). Its image 
therefore classifies the isomorphism classes of inner twists G of G* over F. 

In the special case above, the classification of quaternion algebras A is equiva- 
lent to that of the algebraic groups A*. In this case, G* = G* = GL{2). In general, 
the theory is not especially well known, and goes beyond what we are assuming for 
this course. However, as a structural foundation for the Langlands program, it is 
well worth learning. A concise reference for a part of the theory is [Ko5, §1-2]. 

Let G be the multiplicative group of a quaternion algebra A over Q, as above. 
The restriction of the norm mapping N to G is a generator of the group X(G)q. 
In particular, 

G(A) 1 = {x e G(A) : |JV(a:)| = l}. 

It is then not hard to see that the quotient G(Q)\G(A) 1 is compact. (The reason 
is that G has no proper parabolic subgroup over Q, a point we shall discuss in 
the next section.) The Selberg trace formula (1.3) therefore holds for T = G(Q), 
H = G(A) 1 , and / the restriction to G(A) 1 of a function in G C °°(G(A)). If T(G) 
denotes the set of conjugacy classes in G(Q), and 11(G) is the set of equivalence 
classes of automorphic representations of G (or more properly, restrictions to G(A) 1 
of automorphic representations of G(A)), we have 

(3.1) ]T a G ( 7 )/ G ( 7 )= Yl « G W/gW- /eC~(G(A)), 

7er(G) Tren(G) 

for the volume a G (7) = 0^(7), the multiplicity cl g (tt) — (tt), the orbital integral 
fail) — fail), an d the character fain) = fni^)- Jacquet and Langlands gave a 
striking application of this formula in §16 of their monograph [JL]. 

Any function in C£°(G(A)) is a finite linear combination of products 

/ = n/»' /.e^(G(Q.)). 

V 

Assume that / is of this form. Then /q (7) is a product of local orbital integrals 
fv.ailv), where 7 „ is the image of 7 in the set T(G V ) of conjugacy classes in G(Q„), 
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and fai 7 ?) is a product of local characters fv,G{^v), where tt v is the component of 
7r in the set H(G V ) of equivalence classes of irreducible representations of G(Q V ). 
Let V be the even set of valuations v such that G is not isomorphic to the group 
G* = GL(2) over <Q>„. If v does not belong to V, the Q„-isomorphism from G to 
G* is determined up to inner automorphisms. There is consequently a canonical 
bijection -f v — ► 7* from T(G V ) to r(G*), and a canonical bijection ir v — » 7r* from 
n(G„) to II(G*). One can therefore define a function f* e G£°(G*) for every v £ V 
such that 

fv,G*(7v) = fvMlv) 

and 

fv,G*(K) = fvM^v), 
for every 7^ € r(G„) and 7r„ € II(G„). This suggested to Jacquet and Langlands 
the possibility of comparing (3.1) with the trace formula Selberg had obtained for 
the group G* = GL(2) with noncompact quotient. 

If v belongs to V, G(Q„) is the multiplicative group of a quaternion algebra 
over <Q>„. In this case, there is a canonical bijection 7^ — ► 7* from T(G V ) onto the 
set r c n(G*) of semisimplc conjugacy classes in G*(Q V ) that are either central, or 
do not have eigenvalues in Q v . Moreover, there is a global bijection 7—^7* from 
r(G) onto the set of semisimple conjugacy classes 7* <E T(G*) such that for every 
v e V, 7* belongs to r o n(G*). For each v £ V, Jacquet and Langlands assigned a 
function /* e C^(G*(Q V )) to f v such that 



(3-2) K,M) = 



fvMiv), if 7^ e r ell (G*), 

0, otherwise, 



for every (strongly) regular class 7* <G r rcg (G*). (An element is strongly regular if 
its centralizer is a maximal torus. The strongly regular orbital integrals of /* are 
known to determine the value taken by /* at any invariant distribution on G*(Q V ).) 
This allowed them to attach a function 

r = l[f: 

V 

in G^°(G*(A)) to the original function /. They then observed that 

/*x = ifcil), if 7* is the image of 7 e T(G), 
lo, otherwise, 

for any class 7* € T(G*). 

It happens that Selberg's formula for the group G* = GL{2) contains a number 
of supplementary terms, in addition to analogues of the terms in (3.1). However, 
Jacquet and Langlands observed that the local vanishing conditions (3.2) force all 
of the supplementary terms to vanish. They then used (3.3) to deduce that the 
remaining terms on the geometric side equaled the corresponding terms on the 
geometric side of (3.1). This left only a spectral identity 

(3.4) Y, ™(*,RM*(f))= E rn(**,R* dis M**(n), 

-iren(G) 7r«en(G*) 

where R^ isc is the subrepresentation of the regular representation of G*(A) 1 on 
L 2 (G*(Q)\G*(A) 1 ) that decomposes discretely. By setting / = f s f s , for a fixed fi- 
nite set S of valuations containing VU {v^ }, and a fixed function f s e G^° (G(Qg)) , 
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one can treat (3.4) as an identity of linear forms in a variable function f s belong- 
ing to the Hecke algebra H(G S , K s ). Jacquet and Langlands used it to establish 
an injective global correspondence tt — > tt* of automorphic representations, with 
7r* = tt v for each v £ V. They also obtained an injective local correspondence 
tt v — > tt* of irreducible representations for each v G V, which is compatible with 
the global correspondence, and also the local correspondence /„ — ► /* of functions. 
Finally, they gave a simple description of the images of both the local and global 
correspondences of representations. 

The Jacquet-Langlands correspondence is remarkable for both the power of its 
assertions and the simplicity of its proof. It tells us that the arithmetic information 
carried by unramified components tt p of automorphic representations tt of G(A), 
whatever form it might take, is included in the information carried by automorphic 
representations tt* of G*(A). In the case v^, ^ V, it also implies a correspondence 
between spectra of Laplacians on certain compact Riemann surfaces, and discrete 
spectra of Laplacians on noncompact surfaces. The Jacquet-Langlands correspon- 
dence is a simple prototype of the higher reciprocity laws one might hope to deduce 
from the trace formula. In particular, it is a clear illustration of the importance of 
having a trace formula for noncompact quotient. 

4. Noncompact quotient and parabolic subgroups 

If G(Q)\G(A) 1 is not compact, the two properties that allowed us to derive 
the trace formula (1.3) fail. The regular representation R does not decompose 
discretely, and the operators R(f) are not of trace class. The two properties are 
closely related, and are responsible for the fact that the integral (1.2) generally 
diverges. To see what goes wrong, consider the case that G = GL(2), and take / 
to be the restriction to H = G(A) 1 of a nonneg ative function in G~(G(A)). If the 
integral (1.2) were to converge, the double integral 



/ /( x l l x ) dx 



'G(Q)\G(A)i 7£G ^ 

would be finite. Using Fubini's theorem to justify again the manipulations of §1, 
we would then be able to write the double integral as 

vol(G(Q) 7 \G(A) 7 ) f /(x-V)dz. 

7 e{G(Q)} iG(A)i\G(A)i 

As it happens, however, the summand corresponding to 7 is often infinite. 

Sometimes the volume of G(Q) 7 \G(A) 7 is infinite. Suppose that 7 
for a pair of distinct elements 71 and 72 in Q* . Then 

G 7 = ( (n : Wi.lfc G GL(l)) £* GL(1) x GL(1), 

so that 
and 



7i 

72 



.0 2/ 2y 

G(A) 7 -{(y 1 , l / 2 )G(A*) 2 : \ yi \\y 2 \ = l}, 
7 \G(A) 7 = (Q*\A X ) x (Q*\A*) = (Q^A 1 ) 2 x (R*)°. 
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An invariant measure on the left hand quotient therefore corresponds to a Haar 
measure on the abelian group on the right. Since this group is noncompact, the 
quotient has infinite volume. 

Sometimes the integral over G(A)^\G(A) 1 diverges. Suppose that 7 ' 



Then 

G(A) 7 =|^ fj : y E A, ze 
The computation of the integral 

/ f(x~ 1 "fx)dx = / f(x~ 1 "/x)dx 

JG(A)i\G(A)i ' Jg(A) 1 .\G(A) 

is a good exercise in understanding relations among the Haar measures d*a, du and 
dx on A*, A, and G(A), respectively. One finds that the integral equals 



JG-,(A)\P„(A) Jp a (A)\G(A) 

where Po(A) is the subgroup of upper triangular matrices 
jp= £j ■ a*,b* e A*, 



with left Haar measure 

dfp= \a*\~ 1 da*db*du, 

and dk is a Borel measure on the compact space P (A)\G(A). The integral then 
reduces to an expression 



c^na-p" 1 )" 1 

p 

where 




c(/) = co / / / ( AT 1 ( „ H fc ) dwdfc, 

JP (k)\G{k) J A 

for a positive constant c . In particular, the integral is generally infinite. 

Observe that the nonconvergent terms in the case G = GL{2) both come from 
conjugacy classes in GL(2,Q) that intersect the parabolic subgroup P of upper 
triangular matrices. This suggests that rational parabolic subgroups are responsible 
for the difficulties encountered in dealing with noncompact quotient. Our suspicion 
is reinforced by the following characterization, discovered independently by Borel 
and Harish-Chandra [BH] and Mostow and Tamagawa [MT], For a general group 
G over Q, the quotient G(Q)\G(A) 1 is noncompact if and only if G has a proper 
parabolic subgroup P defined over Q. 

We review some basic properties of parabolic subgroups, many of which are 
discussed in the chapter [Mur] in this volume. We are assuming now that G 
is a general connected reductive group over Q. A parabolic subgroup of G is an 
algebraic subgroup P such that P(C)\G(C) is compact. We consider only parabolic 
subgroups P that are defined over Q. Any such P has a Levi decomposition P = 
MNp, which is a semidirect product of a reductive subgroup M of G over Q 
with a normal unipotent subgroup Np of G over Q. The unipotent radical Np is 
uniquely determined by P, while the Levi component M is uniquely determined up 
to conjugation by -P(Q). 
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Let Pq be a fixed minimal parabolic subgroup of G over Q, with a fixed Levi 
decomposition P — M N . Any subgroup P of G that contains P is a parabolic 
subgroup that is defined over Q. It is called a standard parabolic subgroup (relative 
to Pq). The set of standard parabolic subgroups of G is finite, and is a set of 
representatives of the set of all G(Q)-conjugacy classes of parabolic subgroups over 
Q. A standard parabolic subgroup P has a canonical Levi decomposition P = 
MpNp, where Mp is the unique Levi component of P that contains M . Given 
P, we can form the central subgroup A P = A Mp of M P , the real vector space 
dp = o-Mp, and the surjective homomorphism Hp = Hm p from Mp(A) onto dp. 
In case P — P , we often write A = Ap , do = op and i? = H Pa- 
in the example G = GL(n), one takes P to be the Borel subgroup of upper 
triangular matrices. The unipotent radical N of Po is the subgroup of unipotent 
upper triangular matrices. For the Levi component M , one takes the subgroup of 
diagonal matrices. There is then a bijection 

P < — ► (ni,.. . ,n p ) 

between standard parabolic subgroups P of G = GL{n) and partitions (ni, . . . , n p ) 
of n. The group P is the subgroup of block upper triangular matrices associated 
to (m, . . . , n p ). The unipotent radical of P is the corresponding subgroup 



f /In 



{ V \I nv 

of block unipotent matrices, the canonical Levi component is the subgroup 



M P = < 



'mi| 











G GL(rij) 



of block diagonal matrices, while 

!/ ai4i l 
a = 
V o 



ai e GL(i) 



Naturally, stands here for the identity matrix of rank k. The free abelian group 
X(Mp)q attached to Mp has a canonical basis of rational characters 

Xi ■ m — ► det(mj), m <E Mp, 1 < i < p. 

We are free to use the basis ^-Xi, • ■ • , ^Xp °f vector space ap, and the corre- 
sponding dual basis of ap, to identify both ap and ap with W. With this interpre- 
tation, the mapping Hp takes the form 



Hp{m) = [ — log | det mA, . . 



log I det m p 



It follows that 



H P (a) = (log |ai|, . . . ,log|a p |), 



m e M P ( 



a e A P ( 
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For general G, we have a variant of the regular representation R for any 
standard parabolic subgroup P. It is the regular representation R P of G(A) on 
L 2 (N P (A)Mp(Q)\G(A)), defined by 

(R P (y)4>)(x) = cf>(xy), 4> G L 2 (A^(A)M P (Q)\G(A)), i,ye G(A). 

Using the language of induced representations, we can write 

R P = Ind^ A ( ) A)Mp(Q) (lj Vp (A)Mp(Q)) = Indp^(ljv P (A) ® i?M P ), 

where Ind^(-) denotes a representation of _ff induced from a subgroup if, and 1^ 
denotes the trivial one dimensional representation of K. We can of course integrate 
Rp against any function / e G£°(G(A)). This gives an operator Rp(f) on the 
Hilbert space I/ 2 (-/Vp(A)Mp(Q)\G(A)). Arguing as in the special case R = Rq of 
§1, we find that Rp(f) is an integral operator with kernel 

(4.1) K P (x,y)= [ Yl /^"Vs/Mn, x, y e N P (A)M P (Q)\G(A). 

Jn ?W 7 eM P (Q) 

We have seen that the diagonal value K(x, x) — Kq(x, x) of the original kernel 
need not be integrable over x € G(Q)\G(A) 1 . We have also suggested that parabolic 
subgroups are somehow responsible for this failure. It makes sense to try to modify 
K(x, x) by adding correction terms indexed by proper parabolic subgroups P. The 
correction terms ought to be supported on some small neighbourhood of infinity so 
that they do not affect the values taken by K(x, x) on some large compact subset 
of G(Q)\G(A) X . The diagonal value Kp(x,x) of the kernel of Rp(f) provides a 
natural function for any P. However, Kp(x,x) is invariant under left translation 
of x by the group Np(A)Mp(Q), rather than G(Q). One could try to rectify this 
defect by summing K P (Sx, Sx) over elements S in P(Q)\G(Q). However, this sum 
does not generally converge. Even if it did, the resulting function on G(Q)\G(A) 1 
would not be supported on a small neighbourhood of infinity. The way around 
this difficulty will be to multiply Kp(x,x) by a certain characteristic function on 
Np(A)Mp(Q)\G(A) that is supported on a small neighbourhood of infinity, and 
which depends on a choice of maximal compact subgroup K of G(A) . 

In case G = GL(n), the product 

K = 0(n,R) x Y[GL(n,Z p ) 

v 

is a maximal compact subgroup of G(A). According to the Gramm-Schmidt or- 
thogonalization lemma of linear algebra, we can write 

GL(n,R) = P (R)O(n,R). 

A variant of this process, applied to the height function 

\\v\\ p = max{\vi\ p : 1 < i < n}, v e Q™, 

on Q™ instead of the standard inner product on R™, gives a decomposition 

GL(n,Q p ) = P Q (Q p )GL(n,Z p ), 

for any p. It follows that GL(n,A) equals P (A)K. 
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These properties carry over to our general group G. We choose a suitable 
maximal compact subgroup 

K = Y[K V , K v cG(Q v ), 

V 

of G(A), with G(A) = P (A)K [Ti, (3.3.2), (3.9], [A5, p. 9]. We fix K, and 
consider a standard parabolic subgroup P of G. Since P contains Po, we obtain a 
decomposition 

G(A) = P(A)K = Np(A)M P (A)K = N P (A)M P (A) 1 A P (M.)°K. 
We then define a continuous mapping 

Hp : G(A) — ► a P 

by setting 

H P (nmk) = H Mp (m), n G N P (A), m G M P (A), k G K. 

We shall multiply the kernel K P (x, x) by the preimage under Hp of the character- 
istic function of a certain cone in Op. 

5. Roots and weights 

We have fixed a minimal parabolic subgroup Po of G, and a maximal compact 
subgroup K of G(A). We want to use these objects to modify the kernel function 
K(x,x) so that it becomes integrable. To prepare for the construction, as well as 
for future geometric arguments, we review some properties of roots and weights. 

The restriction homomorphism X(G)q X{Aq)q is injective, and has finite 
cokcrncl. If G = GL(n), for example, the homomorphism corresponds to the injec- 
tion z — > nz of Z into itself. We therefore obtain a canonical linear isomorphism 

(5.1) a P = X{Mp) Q ®W ^ X(A P ) Q ®R. 

Now suppose that Pi and P 2 are two standard parabolic subgroups, with P 1 C 
P2. There are then Q-rational cmbcddings 

Ap 2 c A Pl c M Pl c Mp 2 . 

The restriction homomorphism X(Mp 2 )q — > X(Mp 1 )q is injective. It provides 
a linear injection ap 2 a* P and a dual linear surjection o Pl i— » ap 2 . We write 
Op 2 C apj for the kernel of the latter mapping. The restriction homomorphism 
X(A Pi )q — > X(^4p 2 )q is surjective, and extends to a surjective mapping from 
X(ApJq ® R to X(A P2 )q, (g) R. It thus provides a linear surjection a* Pi ap 2 , 
and a dual linear injection ap 2 a Pl . Taken together, the four linear mappings 
yield split exact sequences 

— » ap 2 ^ a Pl — » a Pl /ap 2 — » 

and 

— > ap\ — ► a Pl ^ ap 2 — > 
of real vector spaces. We may therefore write 

a Pl = ap 2 8 ap 2 

and 

a Pi =ap 2 ®(a^ 2 )*. 
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For any P, we write <&p for the set of roots of (P,Ap). We also write rip for 
the Lie algebra of Np. Then $p is a finite subset of nonzero elements in X(Ap)q 
that parametrizes the decomposition 

np = 0n o 

of np into eigenspaces under the adjoint action 

Ad: A P — ► GL(n P ) 

of Ap. By definition, 

n a = {X a e np : Ad(a)X a = a a X a , a e A P ), 

for any a e <I>p. We identify <f>p with a subset of a* P under the canonical mappings 

$p C X(A P ) Q c X(A P ) Q <g> M ~ ap. 

If if belongs to the subspace ac of ap, a (if) = for each a £ <&p, so <3>p is 
contained in the subspace (ap)* of ap. As is customary, we define a vector 

pp = ^ ( dim n «) a 

in (dp)*. We leave the reader to check that left and right Haar measures on the 
group P(A) are related by 

d e p = e 2p ( Hp ( p »d rP , peP(A). 

In particular, the group P(A) is not unimodular, if P 7^ G. 
We write $ = ®p ■ Tne P air 

(v,ij) = ((o^r,$ou(-$ )) 

is a root system [Ser2], for which <I>o is a system of positive roots. We write 
Wq = Wq for the Weyl group of (V, R). It is the finite group generated by reflections 
about elements in <f> , and acts on the vector spaces V — (flp Q )*, cIq = ap o , and 
ao = ap . We also write Ao C $0 for the set of simple roots attached to <I>o- Then 
A is a basis of the real vector space (off)* = (ttp )*- Any element /3 G <E>o can be 
written uniquely 

/3 = ^ 

for nonnegative integers n Q . The corresponding set 

= {" v : «e A } 

of simple coroots is a basis of the vector space a^f = ap o . We write 

A = {ru a : a e A } 
for the set of simple weights, and 

A V =K:a6 A } 

for the set of simple co-weights. In other words, A is the basis of (aff ) * dual to 
Ap, and Aq is the basis of a[f dual to A . 
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Standard parabolic subgroups arc parametrized by subsets of Ao- More pre- 
cisely, there is an order reversing bijection P <-> Aq between standard parabolic 
subgroups P of G and subsets A$ of A , such that 

a P = {H e a : a(H) = 0,a€ A^}. 

For any P, Aq is a basis of the space Op Q = a p . Let Ap be the set of linear forms 
on ap obtained by restriction of elements in the complement Ao — Aq of Aq in Ao. 
Then Ap is bijective with A — Aq, and any root in <!>p can be written uniquely 
as a nonnegative integral linear combination of elements in Ap. The set Ap is a 
basis of (ap)*. We obtain a second basis of (ap)* by taking the subset 

Ap = {ru a : aeA - A?} 

of A . We shall write 

A^{a v : a E A P } 

for the basis of ap dual to Ap, and 

Ap = {wl : a E Ap} 

for the basis of ap dual to Ap. We should point out that this notation is not 
standard if P ^ P . For in this case, a general element a E Ap is not part of a 
root system (as defined in [Ser2]), so that a v is not a coroot. Rather, if a is the 
restriction to ap of the simple root E A — A^, a v is the projection onto ap of 
the coroot y . 

We have constructed two bases Ap and Ap of (ap)*, and corresponding dual 
bases A P and A P of ap, for any P. More generally, suppose that P\ C Pi are two 
standard parabolic subgroups. Then we can form two bases Ap 2 and of (ap 2 )* , 
and corresponding dual bases (Ap^) v and (Ap 2 ) v of dp 2 . The construction proceeds 
in the obvious way from the bases we have already defined. For example, Ap 2 is 
the set of linear forms on the subspace a^ of ap t obtained by restricting elements 
in Aq 2 — Aq 1 , while Ap 2 is the set of linear forms on dp 2 obtained by restricting 
elements in Ap 1 -Ap 2 . We note that Pi n Mp 2 is a standard parabolic subgroup of 
the reductive group Mp 2 , relative to the fixed minimal parabolic subgroup P (lMp 2 . 
It follows from the definitions that 



and 



M P p . . p 

ap 1 nMp 2 = ap 1 , a PinMp2 - a Pi , l\ PinMp2 - A Pi , 



Ap in Mp 2 - ApJ. 



Consider again the example of G = GL(n). Its Lie algebra is the space M n of 
(n x n)-matrices, with the Lie bracket 

[X, Y] = XY — YX, 

and the adjoint action 

Ad( 5 ) : X — > gXg-\ g E G, X E M n , 

of G. The group 

/oi 0\ 



a, E GL(1) 



\0 a n J 
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acts by conjugation on the Lie algebra 

f /0 * 



no = rip = S 



0/ J 



of Np , and 

$o = {Pij : a — ► a ia j\ i < j}. 
As linear functionals on the vector space 











> 


a = < 


u : 












Vo 


v 


> 



the roots $0 take the form 

Pij(u) = in - Uj, i<j. 
The decomposition of a general root in terms of the subset 
A = {ft = /?m+i : l<*<n-l}, 
of simple roots is given by 

ftj =& + ■■■ + ft-i, i<j- 

The set of coroots equals 

j 

*o = {/$ = ei - e,- = (0,... ,0,1,0,. ..,0,-1, 0, . . . , 0) : i<j}, 



where we have identified Oo with the vector space R™, equipped with the standard 
basis ei, . . . , e„. The simple coroots form the basis 

= {ft = ^ - e i+1 : 1 < i < n - 1} 

of the subspace 

»^ = {«el" : Yj u i = °}- 

The simple weights give the dual basis 

A = {mi : 1 < i < n — 1}, 

where 

Wi{u) = (ui H h «i) - -){u i+ i H h u n ). 

n \n/ 

The Weyl group Wo of the root system for GL{ri) is the symmetric group S n , acting 

by permutation of the coordinates of vectors in the space cio = K™. The dot product 

on W 1 give a W- invariant inner product (•, •) on both a and c^. It is obvious that 

0, 

We leave to the reader the exercise of showing that 

> 0, l<i, j7<n — 1. 
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Suppose that P c GL(n) corresponds to the partition (m, . . . , n p ) of n. The 
general embedding Op °- > ao we have defined corresponds to the embedding 

i — ► ( fi, ■ .. ,t\ , t 2 , . . . , t2 , t p ,...,t p ), t e M p , 

"■l "2 rip 

of into R™. It follows that 

A£ = {0i : i ^ m + • • • + n fe , 1 < k < p - 1}. 
Since Ap is the set of restrictions to dp C ao of elements in the set 

Ao — = {(3 ni , P ni +n 2 ;•••}: 

we see that 

A P = {a.i : t^U- tj+i, 1 < i < p- 1, t€ 

The example of G = GL(n) provides algebraic intuition. It is useful for readers 
less familiar with general algebraic groups. However, the truncation of the kernel 
also requires geometric intuition. For this, the example of G = SL(3) is often 
sufficient. 

The root system for SL(3) is the same as for GL(3). In other words, we can 
identify Oo with the two dimensional subspace 

{u e M 3 : J2 U * = °} 

of M 3 , in which case 

A = {/3i,/? 2 } c *o - {01,02,01 + 132}, 

in the notation above. We can also identify ao isometrically with the two dimension 
Euclidean plane. The singular (one-dimensional) hyperplanes, the coroots <J>q, and 
the simple coweights (A°) v are then illustrated in the familiar Figures 5.1 and 5.2. 



PX + ft 



- ap 2 

Figure 5.1. The two simple coroots 0Y and 0$ are orthogonal to 
the respective subspaces ap 2 and ap 1 of ao- Their inner product is 
negative, and they span an obtuse angled cone. 

There arc four standard parabolic subgroups Pq, Pi, Pi, and G, with Pi and Pi 
being the maximal parabolic subgroups such that A^ 1 = {/3 2 } and A^ 2 = {0i}. 
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Figure 5.2. The two simple coweights vo\ and vj\ lie in the respec- 
tive subspaces ap 1 and ap 2 . Their inner product is positive, and they 
span an acute angled cone. 

6. Statement and discussion of a theorem 

Returning to the general case, we can now describe how to modify the function 
K(x,x) on G(Q)\G(A). For a given standard parabolic subgroup P, we write Tp 
for the characteristic function of the subset 

a£ = {t e a P : a(t) > 0, a e A P } 

of Op. In the case G = SL(3), this subset is the open cone generated by w\ and 
■W2 in Figure 5.2 above. We also write t p for the characteristic function of the 
subset 

{t e a P : w(t) > 0, td e Ap} 

of ap. In case G = SL(3), this subset is the open cone generated by fi^ and 0% in 
Figure 5.1. 

The truncation of K(x, x) depends on a parameter T in the cone = ap Q that 
is suitably regular, in the sense that (3(T) is large for each root (i e A . For any 
given T, we define 
(6.1) 

k T {x) = k T {x,f) = Y J {-V d ™ [Ap/AG) E K P (5x,6x)?p(Hp(6x)-T). 

P <5GP(Q)\G(Q) 

This is the modified kernel, on which the general trace formula is based. A few 
remarks might help to put it into perspective. 

One has to show that for any x, the sum over S in (6.1) may be taken over a 
finite set. In the case G = SL(2), the reader can verify the property as an exercise in 
reduction theory for modular forms. In general, it is a straightforward consequence 
[A3, Lemma 5.1] of the Bruhat decomposition for G and the construction by Borel 
and Harish- Chandra of an approximate fundamental domain for G(Q)\G(A). (We 
shall recall both of these results later.) Thus, k 1 (x) is given by a double sum over 
(P, S) in a finite set. It is a well defined function of x e G(Q)\G(A). 

Observe that the term in (6.1) corresponding to P = G is just K(x,x). In 
case G(Q)\G(A) 1 is compact, there are no proper parabolic subgroups P (over 
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Q). Therefore k T (x) equals K(x,x) in this case, and the truncation operation is 
trivial. In general, the terms with P ^ G represent functions on G(Q)\G(A) 1 that 
are supported on some neighbourhood of infinity. Otherwise said, k T (x) equals 
K(x,x) for x in some large compact subset of G(Q)\G(A) 1 that depends on T. 

Recall that G(A) is a direct product of G(A) 1 with ^4g(K)°. Observe also that 
k T (x) is invariant under translation of x by It therefore suffices to study 

k T (x) as a function of x in G(Q)\G(A) 1 . 

Theorem 6.1. The integral 



converges absolutely. 

Theorem 6.1 does not in itself provide a trace formula. It is really just a first 
step. We are giving it a central place in our discussion for two reasons. The state- 
ment of the theorem serves as a reference point for outlining the general strategy. 
In addition, the techniques required to prove it will be an essential part of many 
other arguments. 

Let us pause for a moment to outline the general steps that will take us to 
the end of Part I. We shall describe informally what needs to be done in order to 
convert Theorem 6.1 into some semblance of a trace formula. 

Step 1. Find spectral expansions for the functions K(x,y) and k T (x) that are 
parallel to the geometric expansions (1.1) and (6.1). 

This step is based on Langlands's theory of Eisenstein series. We shall describe 
it in the next section. 

Step 2. Prove Theorem 6.1. 

We shall sketch the argument in §8. 

Step 3. Show that the function 



defined a priori for points Te that are highly regular, extends to a polynomial 
in T G do- 

This step allows us to define J T (f) for any T e do- It turns out that there is a 
canonical point T G Oo, depending on the choice of K, such that the distribution 
J(.f) ~ J T ° (/) i s independent of the choice of Po (though still dependent of the 
choice of K). For example, if G = GL(n) and K is the standard maximal compact 
subgroup of GL(n,A), T = 0. We shall discuss these matters in §9, making full 
use of Theorem 6.1. 

Step 4. Convert the expansion (6.1) ofk T (x) in terms of rational conjugacy classes 
into a geometric expansion of J(f) = J T °(f). 

We shall give a provisional solution to this problem in §10, as a direct corollary 
of the proof of Theorem 6.1. 

Step 5. Convert the expansion ofk T (x) in §7 in terms of automorphic represen- 
tations into a spectral expansion of J(f) = J T °(f). 

This problem turns out to be somewhat harder than the last one. We shall 
give a provisional solution in §14, as an application of a truncation operator on 
functions on G(Q)\G(A) 1 . 



(6.2) 




T — J T {f), 
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We shall call the provisional solutions we obtain for the problems of Steps 4 
and 5 the coarse geometric expansion and the coarse spectral expansion, following 
[CLL] . The identity of these two expansions can be regarded as a first attempt at 
a general trace formula. However, because the terms in the two expansions are still 
of an essentially global nature, the identity is of little use as it stands. The general 
problem of refining the two expansions into more tractible local terms will be left 
until Part II. In order to give some idea of what to expect, we shall deal with the 
easiest terms near the end of Part I. 

In §11, we will rewrite the geometric terms attached to certain semisimplc 
conjugacy classes in G(Q). The distributions so obtained are interesting new linear 
forms in /, known as weighted orbital integrals. In §15, we will rewrite the spectral 
terms attached to certain induced cuspidal automorphic representations of G(A). 
The resulting distributions are again new linear forms in /, known as weighted 
characters. This will set the stage for Part II, where one of the main tasks will be 
to write the entire geometric expansion in terms of weighted orbital integrals, and 
the entire spectral expansion in terms of weighted characters. 

There is a common thread to Part I. It is the proof of Theorem 6.1. For 
example, the proofs of Corollary 10.1, Theorem 11.1, Proposition 12.2 and parts 
(ii) and (iii) of Theorem 14.1 cither follow directly from, or are strongly motivated 
by, the proof of Theorem 6.1. Moreover, the actual assertion of Theorem 6.1 is the 
essential ingredient in the proofs of Theorems 9.1 and 9.4, as well as their geometric 
analogues in §10 and their spectral analogues in §14. We have tried to emphasize 
this pattern in order to give the reader some overview of the techniques. 

The proof of Theorem 6.1 itself has both geometric and analytic components. 
However, its essence is largely combinatorial. This is due to the cancellation in 
(6.1) implicit in the alternating sum over P. At the heart of the proof is the 
simplest of all cancellation laws, the identity obtained from the binomial expansion 



Eisenstein series are responsible for the greatest discrepancy between what we 
need and what we can prove here. Either of the two main references [Lan5] or 
[MW2] presents an enormous challenge to anyone starting to learn the subject. 
Langlands's survey article [Lanl] is a possible entry point. For the trace formula, 
one can usually make do with a statement of the main theorems on Eisenstein 
series. We give a summary, following [A2, §2]. 

The role of Eisenstein series is to provide a spectral expansion for the kernel 
K(x, y). In general, the regular representation R of G(A) on L 2 (G(Q)\G(A)) does 
not decompose discretely. Eisenstein series describe the continuous part of the 
spectrum. 



We write Rg, disc for the restriction of the regular representation of G(A) 1 to 
the subspace L^(G(Q)\G(A) 1 ) of L 2 (G(Q)\G(A) 1 ) that decomposes discretely. 



of (1 + (-!))". 



Identity 6.2. Suppose that S is a finite set. Then 



(6.3) 




□ 
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Since G(A) is a direct product of G(A) 1 with Ag(IR) , we can identify i?G j disc 
with the representation of G(A) on the subspace L 2 disc (G(Q)A G (R)°\G(A)j of 
L 2 (G(Q)Ac(M.)°\G(A)) that decomposes discretely. For any point A £ a* G c , the 
tensor product 

i? G ,di S c,A(x) = R GAisc (x)e HHaix) \ * G G(A), 

is then a representation of G(A), which is unitary if A lies in ia* G . 

We have assumed from the beginning that the invariant measures in use satisfy 
any obvious compatibility conditions. For example, if P is a standard parabolic 
subgroup, it is easy to check that the Haar measures on the relevant subgroups of 
G(A) can be chosen so that 

/ f(x)dx 
Jg(a) 

= [ [ f(pk)d eP dk 
Jk Jp(A) 

/ / f (mnk)dndmdk 

K JMp(A) JNp(A) 

= 11 I I f(mank)dndadmdk, 

Jk JMp(A) 1 Ja p (r)° JNp(A) 

for any / £ G^°(G(A)). We are assuming implicitly that the Haar measures on 
K and N P (A) are normalized so that the spaces K and N P (Q)\N P (A) each have 
volume 1. The Haar measure dx on G(A) is then determined by Haar measures dm 
and da on the groups Mp(A) 1 and ^4p(]R) . We write dH for the Haar measure on 
op that corresponds to da under the exponential map. We then write dA for the 
Haar measure on ia* P that is dual to dH, in the sense that 



/ f h(H)c- x(H ^dHd\ = h(0), 

J ia* p J Op 



for any function h £ G^°(op). 

Suppose that P is a standard parabolic subgroup of G, and that A lies in a* PC . 
We write 

y — > X P (X,y), y G G(A), 

for the induced representation 

I n dp(A)(^Vp(A) Rm p , disc, a) 

of G(A) obtained from A and the discrete spectrum of the reductive group M P . 
This representation acts on the Hilbert space H P of measurable functions 

<(>: N P (A)Mp(Q)A P (R)°\G(A) — ► C 

such that the function 

<p x : m — > 4>{mx), m £ M P (Q)\M P (A) 1 , 

belongs to J L^ isc (M P (Q)\Mp(A) 1 ) for any x £ G(A), and such that 

U\\ 2 = [ [ \(j)(mk)\ 2 dmdk < oo. 

Jk Jm p (Q)\m p (A) 1 
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For any y £ G(A), Ip(A, y) maps a function £ Tip to the function 

(X P (\,V)<f>)(x) = 0( a;2/ )e( A +^)( ff Hx ! /)) e -(A+,p)(H P (a : )) > 

We have put the twist by A into the operator Tp(X,y) rather than the underlying 
Hilbcrt space Hp, in order that Tip be independent of A. Recall that the function 
c pp{Hp(-)) j g square root of the modular function of the group -P(A). It is in- 
cluded in the definition in order that the representation Ip(A) be unitary whenever 
the inducing representation is unitary, which is to say, whenever A belongs to the 
subset iap of a* PC . 
Suppose that 

Rm p ,disc = = ( (£k) 

TT TT V 

is the decomposition of Rm p , disc into irreducible representations it = <^)tt v of 

V 

Mp(A)/Ap(R)° . The induced representation Zp(A) then has a corresponding de- 
composition 

J P (A) = 0Xp(rr A ) - ((g) Z>K lA )) 

in terms of induced representations Ip(ir v \) of the local groups G(Q„) . This follows 
from the definition of induced representation, and the fact that 

e \(H Mp {m)) = JJ e A(H Mp (m„)) ; 

v 

for any point m = m M P (A). If A e zOp is in general position, all of 

V 

the induced representations Tp(tt V: \) are irreducible. Thus, if we understand the 
decomposition of the discrete spectrum of Mp into irreducible representations of 
the local groups Mp(Q v ), we understand the decomposition of the generic induced 
representations Ip(X) into irreducible representations of the local groups G(Q V ). 

The aim of the theory of Eisenstein series is to construct intertwining operators 
between the induced representations Xp(A) and the continuous part of the regular 
representation R of G(A). The problem includes being able to construct intertwin- 
ing operators among the representations Xp(A), as P and A vary. The symmetries 
among pairs (P, A) are given by the Weyl sets W(ap, ap') of Langlands. For a given 
pair P and P' of standard parabolic subgroups, W(ap, ap<) is defined as the set of 
distinct linear isomorphisms from ap C Oo onto ap' C ao obtained by restriction 
of elements in the Weyl group Wo- Suppose, for example that G = GL(n). If 
P and P' correspond to the partitions (m, . . . , n p ) and (n' l7 . . . , n' pl ) of n, the set 
W(ap, dp/) is empty unless p = p', in which case 

W(a P , ap/) = {s £ S p : n • = n s(i) , 1 < i < p}. 

In general, we say that P and P 1 are associated if the set W(ap, ap/) is nonempty. 
We would expect a pair of induced representations Xp(A) and Xp>(\') to be equiva- 
lent if P and P' belong to the same associated class, and A' = sA for some element 
s £ W(ap, ap>). 

The formal definitions apply to any elements x £ G(A), <f> £ Hp, and A £ a* MC . 
The associated Eisenstein series is 

(7.1) E(x,<f>,X)= 0(^)c (A+pf,)(Hp(fa)) . 

seP(Q)\G(d) 
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If s belongs to W(ap,ap>), the operator 

M(s,X) : Hp — > H P > 
that intertwines 2p(A) with Tp>(sX) is defined by 

(7.2) (M(s, X)<f>){x) = J ( p{w; 1 nx)e^ +pp ^ Hp ^ lnx) e { - sX+Pp '^ Hp,{x)) dn, 

where the integral is taken over the quotient 

N P ,(A) n w s Np(A)w- 1 \N P ,(A), 

and w s is any representative of s in G(Q) . A reader so inclined could motivate both 
definitions in terms of finite group theory. Each definition is a formal analogue of 
a general construction by Mackey [Ma] for the space of intertwining operators 
between two induced representations Ind^^pi) and Ind^ 2 (p2) of a finite group H. 
It follows formally from the definitions that 

E(x,l P {\, y)<j>, A) = E(xy, <p, A) 

and 

M(s, A)J P (A, y) = lp, (sX, y)M(s, A). 
These are the desired intertwining properties. However, (7.1) and (7.2) arc defined 
by sums and integrals over noncompact spaces. They do not generally converge. It 
is this fact that makes the theory of Eisenstein series so difficult. 

Let H° P be the subspace of vectors € Hp that are if- finite, in the sense that 
the subset 

{l P {\,k)(j> : keK} 

of Hp spans a finite dimensional space, and that lie in a finite sum of irreducible 
subspaces of Hp under the action lp(X) of G(A) . The two conditions do not depend 
on the choice of A. Taken together, they are equivalent to the requirement that the 
function 

•K^ooZfin), £ G(K), Z fin € G(A fin ), 

be locally constant in X[- m . and smooth, A'^-finitc and Z^-finite in x x , where Z x 
denotes the algebra of bi-invariant differential operators on G(R). The space Hp 
is dense in Hp. 

For any P, we can form the chamber 

(0p) + - {A G a* P : A(a v ) > 0, a e A P } 

in a* p . 

Lemma 7.1 (Langlands). Suppose that 4> € H P and that A lies in the open 
subset 

{A e a* PC : Re(A) e p P + (a* P ) + } 
°f a *pc- Then the sum (7.1) and integral (7.2) that define E(x,(f>,\) and 
(M(s 7 X)(f) (x) both converge absolutely to analytic functions of X. □ 

For spectral theory, one is interested in points A such that Tp(X) is unitary, 
which is to say that A belongs to the real subspace ia* P of a* PC . This is outside the 
domain of absolute convergence for (7.1) and (7.2). The problem is to show that 
the functions E(x, <fi, A) and M(s, A)</> have analytic continuation to this space. The 
following theorem summarizes Langlands' main results on Eisenstein series. 
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Theorem 7.2 (Langlands). (a) Suppose that </> e Hp. Then E(x,(j>,\) and 
M(s,\)(f) can be analytically continued to meromorphic functions of X e a* PC that 
satisfy the functional equations 

(7.3) E(x, M{s, \)<t>, sX) = E(x, <p, X) 
and 

(7.4) M{ts, X) = M(t, sX)M(s, A), t e W(a P >, a P »). 

If X £ ia P , both E(x, <j), X) and M(s, X) are analytic, and M(s, A) extends to a 
unitary operator from Hp to Hp> . 

(b) Given an associated class V = {P}, define Lp to be the Hilbert space of 
families of measurable functions 

F={F P : tap — » H P , P G V} 

that satisfy the symmetry condition 

F P ,(sX) - M(s,X)F P (X), s e W(ap,a P '), 

and the finiteness condition 

\\ F \\ 2 =J2 n p 1 [ \\FpW\\ 2 dX < oo, 

where 

n P = ^2 \W(a P ,a P >)\ 
p'ev 

for any P G V . Then the mapping that sends F to the function 

^rip 1 [ E(x,F P (X),X)dX, x e G(A), 

defined whenever F P (X) is a smooth, compactly supported function of X with values 
in a finite dimensional subspace of Hp, extends to a unitary mapping from Lp onto 
a closed G{k) -invariant subspace L V (G(Q)\G(A)) of L 2 (G(Q)\G(A)) . Moreover, 
the original space L 2 (G(Q)\G(A)) has an orthogonal direct sum decomposition 

(7.5) L 2 (G(Q)\G(A)) =04(G(Q)\G(A)). 

v 

□ 

Theorem 7.2(b) gives a qualitative description of the decomposition of R. It 
provides a finite decomposition 

v 

where Rp is the restriction of R to the invariant subspace L v (G(Q)\G(A)) of 
£ 2 (G(Q)\G(A)). It also provides a unitary intertwining operator from Rp onto 
the representation Rp of G(A) on Lp defined by 

(Rp(y)F) p (X)=l P (X,y)Fp(X), FeL 2 v , PeV. 

The theorem is thus compatible with the general intuition we retain from the theory 
of Fourier series and Fourier transforms. 
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Let Bp be an orthonormal basis of the Hilbert space Hp. We assume that 
every <j> £ Bp lies in the dense subspace H P . It is a direct consequence of Theorem 
7.2 that the kernel 

K(x,y)= ]T fix-^y), /eC~(G(A)), 

76G(Q) 

of R(f) also has a formal expansion 

(7.6) E^p 1 / E E(x,Xp{\,f)4>,X)E{v^)dX 

p ^ ia "p 4>eB P 

in terms of Eisenstein series. A reader to whom this assertion is not clear might 
consider the analogous assertion for the case H = R and r — {1}. If / belongs to 
C£°(R), the spectral expansion 

K(x,y) = f(-x + y) = -L / ^ A (/)e A ^dA, / e C C °°(M), 

of the kernel of R(.f), in which 

ta(/) = / /(«)e Au d«, 

is just the inverse Fourier transform of /. 

In the case of Eisenstein series, one has to show that the spectral expansion of 
K(x, y) converges in order to make the formal argument rigorous. In general, it is 
not feasible to estimate E(x, 4>, A) as a function of A £ ia* P . What saves the day is 
the following simple idea of Selberg, which exploits only the underlying functional 
analysis. 

One first shows that / may be written as a finite linear combination of con- 
volutions hi * h 2 of functions hi £ C£(G(A)), whose archimedean components are 
differentiable of arbitrarily high order r. An application of the Holder inequality to 
the formal expansion (7.6) establishes that it is enough to prove the convergence in 
the special case that / = hi*h*, where h*(x) = h^x^ 1 ), and x = y. The integrand 
in (7.6) is then easily seen to be nonnegative. In fact, the double integral over A and 
4> can be expressed as an increasing limit of nonnegative functions, each of which 
is the kernel of the restriction of R(f) to an invariant subspace. Since this limit is 
bounded by the nonnegative function 

K~i(x,x)= ^2 (hi * h* )(x _1 7x), 

7£G(Q) 

the integral converges. (See [A3, p. 928-934].) 

There is also a spectral expansion for the kernel 




of Rq(J), for any standard parabolic subgroup Q. One has only to replace the 
multiplicity np — rip and the Eisenstein series E(x, <f>, A) = E${x, <f>, A) in (7.6) by 
their relative analogues rip = UM Q nP and 

E${x,4>,\)= E <K<5z)e (A+ " p)(Hp(5x)) , 

<5eP(Q)\Q(Q) 
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for each P C Q. Since P\Q = MqC\P\Mq, the analytic continuation of Ep(x, <fi, A) 
follows from Theorem 7.2(a), with (Mq, Mq n P) in place of (G, P). The spectral 
expansion of Kq{x 1 y) is 




If we substitute this formula into (6.1), we obtain a spectral expansion for the 
truncated kernel k T (x). The two expansions of k T (x) ultimately give rise to two 
formulas for the integral J T (f)- They are thus the source of the trace formula. 

8. On the proof of the theorem 

Theorem 6.1 represents a significant step in the direction of a trace formula. 
It is time now to discuss its proof. We shall outline the main argument, proving 
as much as possible. There are some lemmas whose full justification will be left to 
the references. However, in these cases we shall try to give the basic geometric idea 
behind the proof. 

Suppose that Ti belongs to the real vector space Oo, and that w is a compact 
subset of Np a (A)M Po (A) 1 . The subset 

S G (T 1 )=S G (T 1 ,w) 

= {x = pak: p£uj, a£ A (R)°, k £ K, (3(H Pq (o) - 7\) > 0, (3 £ A } 

of G(A) is called the Siegel set attached to Ti and u. The inequality in the definition 
amounts to the assertion that 

t Po (H Po (x) -T 1 )= T Po (H Po (a) - Ti) = 1. 

For example, if G = SL(3), the condition is that the point H Po (x) in the two 
dimensional vector space do lies in the open cone in Figure 8.1. 

Theorem 8.1 (Borel, Harish-Chandra) . One can choose T\ and uj so that 

G(A) = G(Q)S G (Ti,iv). 

This is one of the main results in the foundational paper [BH] of Borel and 
Harish-Chandra. It was formulated in the adelic terms stated here in [Borl]. The 
best reference might be the monograph [Bor2]. □ 

From now on, T\ and to are to be fixed as in Theorem 8.1. Suppose that T £ Oq 
is a truncation parameter, in the earlier sense that (3(T) is large for each (i £ A . 
We then form the truncated Siegel set 

S G (T U T) =S g (T 1 ,T 1 lu) = {x£ S G (T l7W ) : w(H Po {x) - T) < 0, w £ A }. 

For example, if G = SL(3), S G (Ti , T) is the set of elements x £ S G (T 1 ) such that 
H Po (x) lies in the relatively compact subset of a illustrated in Figure 8.2. 

We write F G (x,T) for the characteristic function in x of the projection of 
S G (Ti,T) onto G(Q)\G(A). Since G(A) 1 n<S G (Ti,T) is compact, F G (-,T) has 
compact support on G(Q)\G(A) 1 , and is invariant under translation by ^(M) . 

More generally, suppose that P is a standard parabolic subgroup. We define 
the sets S p (2\ ) = 5 p (T 1; w) and 5 p (T 1; r) = 5 p (T!,T,w) and the characteristic 
function F p (x, T) exactly as above, but with A Po , A Po and G(Q)\G(A) replaced by 
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Figure 8.1. The shaded region is the projection onto a of a Siegel 
set for G = SL(3). It is the translate of the open cone ap~ o by a point 
T\ G do- If Ti is sufficiently regular in the negative cone (— dp o ), the 
Siegel set is an approximate fundamental domain. 




Figure 8.2. The shaded region represents a truncation of the Siegel 
set at a point T e ap g . The image of the truncated Siegel set in 

SL(3,Q)\SL(3, A) is compact. 

Ap o , Ap o and P(Q)\G(A) respectively. In particular, F p {x 1 T) is the characteristic 
function of a subset of P(Q)\G(A). More precisely, if 

x = nmak, n G N P (A), m e Mp(A) 1 , a e A P (R)°, k e K, 

then 

F p (x,T) = F p (m,T) = F Mp (m,T). 
Lemma 8.2. For any x e G(A), we have 

E F p (Sx,T)t p (H p (6x)) =1. 

P <5£P(Q)\G(Q) 
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In case G = SL(2), the lemma follows directly from classical reduction theory, 
as we shall see in Figure 8.3 below. The general proof is established from properties 
of finite dimensional Q-rational representations of G. (See [A3, Lemma 6.4], a result 
that is implicit in Langlands monograph, for example in [Lan5, Lemma 2.12].) 

Lemma 8.2 can be restated geometrically in terms of the subsets 

G P {T) = {xe P(Q)\G(A) : F p (x,T) = 1, t p (H p (x)-T) = 1} 

of P(Q)\G(A). The lemma asserts that for any P, the projection of P(Q)\G(A) 
onto G(Q)\G(A) maps G P (T) injectively onto a subset G P (T) of G(Q)\G(A), 
and that G(Q)\G(A) is a disjoint union over P of the sets Gp(T). Otherwise 
said, G(Q)\G(A) 1 has a partition parametrized by the set of standard parabolic 
subgroups, which separates the problem of noncompactness from the topological 
complexity of G(Q)\G(A) 1 . The subset corresponding to P — G is compact but 
topologically complex, while the subset corresponding to P = P is topologically 
simple but highly noncompact. The subset corresponding to a group P £ {Po, G} is 
mixed, being a product of a compact set of intermediate complexity with a simple 
set of intermediate degree of noncompactness. The partition of G(Q)\G(A) 1 is, 
incidentally, closely related to the compactification of this space defined by Borel 
and Serre. 

Consider the case that G = SL(2). If K is the standard maximal compact 
subgroup of SL(2,A), Theorem 2.1(a) tells us that 

SL(2,Q)\SL(2,A)/K = SL(2,Z)\SL(2,R)/SO(2) = SL(2,Z)\H, 

where H = SL(2,M.)/SO(2) is the upper half plane. Since they are right K- 
invariant, the two sets Gp(T) in this case may be identified with subsets of 
SL(2,Z)\H, which we illustrate in Figure 8.3. The darker region in the figure 
represents the standard fundamental domain for SX(2,Z) in H. Its intersection 
with the lower bounded rectangle equals Gq(T), while its intersection with the 
upper unbounded rectangle equals Gp (T) . The larger unbounded rectangle repre- 
sents a Siegel set, and its associated truncation. These facts, together with Lemma 
8.2, follow in this case from a basic fact from classical reduction theory. Namely, 
if 7 G SL(2,Z) and z G H are such that the y-coordinates of both z and -yz are 
greater than e T , then 7 is upper triangular. 

For another example, consider the case that G = SX(3). In this case there 
are four sets, corresponding to the four standard parabolic subgroups Po, Pi, P 2 
and G. In Figure 8.4, we illustrate the partition of G(Q)\G(A) 1 by describing the 
corresponding partition of the image in o of the Siegel set <S(Ti). □ 

Lemma 8.2 is a critical first step in the proof of Theorem 6.1. We shall actually 
apply it in a slightly different form. Suppose that P\ <Z P. Then 

Pi \P = (Pi n Mp)Np\M P Np = Pi n Mp\M P . 

We write Tp — T PinMp and Tp = T PinMp . We shall regard these two functions as 
characteristic functions on a that depend only on the projection of a onto a^, 
relative to the decomposition 



a = ao 1 8 a p \ © a P2 . 
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Gp (T) 



G G (T) 



I 



A 



-1 -1/2 



1/2 



Figure 8.3. An illustration for H = SL(2,R)/SO(2,R) of a stan- 
dard fundamental domain and its truncation at a large positive num- 
ber T, together with the more tractible Siegel set and its associated 
truncation. 




If P is fixed, we obtain the identity 

(8.1) J2 E F p i(5 1 x,T)T? i {H Pl (5 1 x)-T)=l 

{Pi:PiCP}5 1 £P 1 (Q)\P(Q) 
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by applying Lemma 8.2 to Mp instead of G, noting at the same time that 

F^(y,T)=F M ^(m,T) 

and 

h p Ay) = H MP A m ), 

for any point 

y = nmk, n G N P (A), m e M P (A), k E K. 

We can now begin the proof of Theorem 6.1. We write 
k T {x) = ^(_i)dim(A P /A G ) Kp(5x,6x)t p (Hp(5x) - T) 

P SeP(Q)\G(d) 

= E(- 1 ) dim( ^ MG) E( E E F^(S 1 5x,T)^ 1 (HpASiSx)-T)) 

P S PiCP«i€Pi(Q)\P(Q) 

■T P (Hp(Sx) -T)K P (Sx,6x), 
by substituting (8.1) into the definition of k T (x). We then write 

K P (Sx, 5x) = K P (5iSx, 5iSx) 

and 

T P (Hp(Sx) — T)= ?p(H P (S 1 Sx) - T), 

since both functions are left P(Q)-invariant. Combining the double sum over S and 
Si into a single sum over S e Pi{Q)\G(Q), we write k T (x) as the sum over pairs 
Pi C P of the product of (_i)dim(A P /A G ) with 

E (H Pl (Sx) - T)?p(H P (Sx) - T)K P (Sx, Sx). 

«5ePi(Q)\G(Q) 

The next step is to consider the product 

t£AH Pi (5x) - T)t p (H p (Sx) -T)= Tp x (Hi)tp(Hi), 

for the vector 

Hi = H Pl (Sx)-T Pl 
in Opj. (We have written T Pl for the projection of T onto ap 1 .) We claim that 

t^(Hi)?p(Hi) = E (-l) dim{A ^ /A ^rg(Hi)? Q (Hi), 

{P2,Q-PCP 2 CQ} 

for fixed groups Pi C P. Indeed, for a given pair of parabolic subgroups P C Q, 
the set of P 2 with P C P2 C Q is bijective with the collection of subsets Ap of 
Ap\ Since 

(_^dim(A P2 /A Q ) = (_ 1 - ) |aO|-|A?| ) 

the claim follows from Identity 6.2. We can therefore write 
(8.2) r^(Hi)? P (Hi)= E 

{P 2 :P 2 DP} 

where 

^(^1)= E (-i) dim(AP2/Ao) r«(^ 1 )f Q (^ 1 ). 

{Q:QDP 2 } 
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Lemma 8.3. Suppose that Pi C P 2 , and that 

H 1 = Hf + H 2 , H*ea%,H 2 ea%, 

is a point in the space ap^ = ©Cip 2 . The function ap^ (Hi) then has the following 
properties. 

(a) o~p^(Hi) equals or 1. 

(b) If (TpliHx) = I, then T^(Hf) = I, and \\H 2 \\ < c\\H%\\, for a positive 
constant c that depends only on Pi and P 2 . 

The proof of Lemma 8.3 is a straightforward analysis of roots and weights. It 
is based on the intuition gained from the example of G = SL(3), Pi = Po, and P 2 a 
(standard) maximal parabolic subgroup. For the general case, we refer the reader 
to Lemma 6.1 of [A3], which gives an explicit description of the function ap^ from 
which the conditions (a) and (b) are easily inferred. In the case of the example, Q 
is summed over the set {P 2 , G}, and we obtain a difference 

a^(Hi) = a%(Hi) = r^(Hi)r P2 (Hi) r Pa {Hi) 

of two characteristic functions. The first characteristic function is supported on 
the open cone generated by the vectors Pi and w 2 in Figure 8.5. The second 
characteristic function is supported on the open cone generated by vo\ and vj 2 . 
The difference ap^(Hi) is therefore the characteristic function of the half open cone 
generated by Pi and w\, the region shaded in Figure 8.5. It is obvious that this 
function satisfies the conditions (i) and (ii). 




FIGURE 8.5. The shaded region is the complement in the upper right 
hand quadrant of the acute angled cone spanned by vo\ and vo 2 . It 
represents the support of the characteristic function ap^(Hi) attached 
to G — SL(3), Pi = Pq minimal, and P 2 maximal. This function has 
compact support in the horizontal component H 2 of Hi, and semi- 
infinite support in the vertical component Hf. 



□ 
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We have established that k T (x) equals 

J- (-if™(Ap/Ao) J- F p i{6x,T)- 

PiCP <5ePi(Q)\G(Q) 

•( E <T^(H Pl (8x)-T) y jKp(5x,5x). 

{P 2 :P 2 DP} 

Therefore k T (x) — k T (x 7 f) has an expansion 

( 8 - 3 ) E E F p i(5x,T)a%(H Pl (5x)-T)k PuP2 (6x), 

PiCP 2 <5GPi(Q)\G(Q) 

where kp 1 ^p 2 (x) = kp 1 ^p 2 (x, /) is the value at y = x of the alternating sum 

(8.4) K Pu p 2 (x,y)= Yl (-l) dim{Ap/AG) K P (x,y) 

{P:PlCPCP 2 } 

= £ ( _ 1)dim (A P /A G ) £ f f{x -^ ny)dn . 

p 1 eM P (Q) jN ^W 

The function 

X T {x) = X T p u p 2 {x) = - T) 

takes values or 1. We can therefore write 

\k T (x)\< ]T E X T (Sx)\k Pu p 2 (6x)\. 

PiCP 2 «5GP 1 (Q)\G(Q) 

It follows that 

(8.5) f \k T (x)\dx< V I x T {x)\k Pu p 2 {x)\dx. 

JG(Q)\G(Ay PlC p 2 -JPim\G(AV 

Suppose that the variable of integration x <G Pi(Q)\G(A) 1 on the right hand side 
of this inequality is decomposed as 

(8.6) x = p\a\k, 
and 

(8.7) H Pl ( ai ) = Hi + H 2 , Hi e ap\, H 2 e a%, 

where pi G Pi (Q) \M Pl (A) 1 N Pl (A) , ai G A Pl (R)° n G(A) 1 , and k e K. The 
integrand is then compactly supported in p 1; fc and H 2 . We need only study its 
behaviour in Hf, for points Hi with Tp^{Hl — T) > 0. This is the heart of the 
proof. It is where we exploit the cancellation implicit in the alternating sum over 
P. 

We claim that the sum over 7 € M P (Q) in the formula for 

kp 1 ,p 2 {x) = K Pu p 2 {x,x) 

can be restricted to the subset -Pi(Q) n Mp(Q) of Mp(Q). More precisely, given 
standard parabolic subgroups Pi C P C P2, a point T e nj with /3(T) large 
(relative to the support of /) for each (3 € A , and a point a; € P 1 (Q)\G(A) 1 with 
X T (x) 7^ 0, we claim that 

/ /(x _1 7nx)dn = 0, 

JNp(A) 
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for any clement 7 in the complement of -Pi(Q) in M P (Q). 

Consider the example that G = SL(2), P t = P , and P = P 2 = G. Then 
N P = N G = {1}. Suppose that 7 belongs to the set 

M P (Q)-P 1 (Q) = G(Q)-P (Q). 
/ * *\ 

Then 7 is of the form , for some element ceQ*. Suppose that x is such 



c * 



that x (x) + 0. Then 



x = piaik, pi = u * 1 j , ai = ^ C Q c ° r j , fee K, 

for an element ui G A* with | = 1 and a real number r that is large. We see that 
/ f(x~ 1 "/nx)dn = f(x~ 1 ^x) 

JNp(A) 



-/i»-M.t; ft £)"'(: :)(o »:0(o ;^ 



= / (k- 



* 



Since / is compactly supported, and |w 2 e 2r c| = e 2r is large, the last expression 
vanishes. The claim therefore holds in the special case under consideration. 

The claim in general is established on p. 944 of [A3]. Taking it now for granted, 
we can then replace the sum over Mp(Q) in the expression for kp lj p 2 (x) by a 
sum over Pi(Q) n M P (Q). But P X (Q) n M P (Q) equals M Pl (Q)N^(Q), where 
Np = Np 1 n Mp is the unipotcnt radical of the parabolic subgroup Pi n Mp of 
Mp. We may therefore write kp 1 ,p 2 (x) as 

(_ 1 )dim(Ap/A G ) ^ E / fix^fjumx^n. 
{P.P1CPCP2} »eM Pl (®) veN^ (Q) NpW 

Now the restriction of the exponential map 



exp : n Pl = © n P — > N Pl = N^ N, 



p 



is an isomorphism of algebraic varieties over Q, which maps the Haar measure dxi 
on n Pl (A) to the Haar measure dni on N Pl (A). This allows us to write k Pl _p 2 (x) 
as 

E ( E (-l) dim( ^ /Ac) E / f{x-^eMC + X)x)dx). 

H€M Pl (Q) P:P 1 CPCP 2 } Cen^CQ) P( - A} 

There is one more operation to be performed on our expression for kp ly p 2 {x). 
We shall apply the Poisson summation formula for the locally compact abclian 
group n Pi (A) to the sum over the discrete cocompact subgroup n Pi (Q) . We identify 
np^ with dim(rip i )-copies of the additive group by choosing a rational basis of root 
vectors. We can then identify n Pi (A) with its dual group by means of the standard 

bilinear form (•, •) on A d,m< - np i' and a nontrivial additive character ip on A/Q. We 
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obtain an expression 

EE(- 1 ) dim( ' 4pMG) E / f(x- 1 ^e X p{X 1 )x)fl>(^,X 1 ))dX 1 

H P «en^(Q) Jnp i (A) 

for k Plt p 2 {x). But np x (Q) is contained in np^(Q), for any P with P x <Z P <Z P 2 - As 
P varies, certain summands will occur more than once, with differing signs. This 
allows us at last to effect the cancellation given by the alternating sum over P. Set 

n£(Q)' = {i e n£(<Q>) : £ $ n£(<Q>), for any P C P 2 }. 

It then follows from Identity 6.2 that kp 1 p 2 (x) equals 
(8.8) 

(-l) dim(Ap2Mc) E E (/ f{x-^X 1 x)^,X 1 ))dX 1 ). 

MeM Pl (Q) €£n P2 (Q) , V^iW / 

We have now obtained an expression for kp lt p 2 (x,x) that will be rapidly de- 
creasing in the coordinate H\ of x, relative to the decompositions (8.6) and (8.7). 
The main reason is that the integral 

h x , li (Y 1 ) = I f(x- 1 f i C xpX 1 x)^((Y 1 ,X 1 ))dX 1 

Jn Pl (A) 

is a Schwartz-Bruhat function of Y\ G r\p 1 (A) . This function varies smoothly with 
x G G(A), and is finitely supported in fi e M Pl (Q), independently of a; in any 
compact set. 

We substitute the formula (8.8) for kp 1 ,p 2 (x) into the right hand side of (8.5), 
and then decompose the integral over x according to the (8.6). We deduce that the 
the integral 

f |fc T (a;)|da; 
■/G(Q)\G(A)i 

is bounded by a constant multiple of 

( 8 - 9 ) EE E SU P / K,4 Ad («iK)|dai, 

PiCP 2 ^M Pl (Q) Sen P2 m , v 

where the integral is taken over the set of elements a\ in Ap^M) n G(A) 1 with 
<Tp 2 i (Hp 1 (ai) — T) = 1, and the supremum is taken over the compact subset of 
elements 

y = aT/Wfc, Pi G Pi(Q)\Mp 1 (A) 1 7V Pl (A), a E A Pl (R)° n G(A) 1 , fceJ(, 

in G(A) 1 with F Pl (p u T) = ap^ (if Pl (on) — T) = 1. We have used two changes 
of variables of integration here, with complementary Radon-Nikodym derivatives, 
which together have allowed us to write 

dX\dx = d(a^ 1 Xiai)dpidaidfc, x — p\aik. 

The mapping Ad(di) in (8.9) acts by dilation on £. We leave the reader to show 
that this property implies that (8.9) is finite, and hence that the integral of |fc T (x)| 
converges. (See [A3, Theorem 7.1].) This completes our discussion of the proof of 
Theorem 6.1. □ 
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We have seen that Lemma 8.3 is an essential step in the proof of Theorem 
6.1. There is a particularly simple case of this lemma that is important for other 
combinatorial arguments. It is the identity 



(8.10) Yl (-l) dim(ApiMp) ^ 1 (Fi)f P (^ 1 ) = I 

{P:P 1 CP} ' ' 



0, ifPi^G, 
if Pi = G, 



obtained by setting P 2 = Pi- The identity holds for any standard parabolic sub- 
group Pi and any point Hi e ap 1 . Indeed, the left hand side of (8.10) equals 
ap*(Hi), so the identity follows from condition (ii) of Lemma 8.3. 
There is also a parallel identity 



(8.11) {-^) dSm(ApJAp) T^{Hi)Tp{Hi) 

{P-.PxdP} 



0, if Pi ^ G, 

1, i£P 1 = G, 



related by inversion to (8.10). To see this, it is enough to consider the case that Pi 
is proper in G. One can then derive (8.11) from (8.10) by evaluating the expression 

E (-lf lm{Ap/AQ) r^(Hi)^(Hi)r Q (Hi) 

{P.Q-.PiCPCQ} 

as two different iterated sums. For if one takes Q to index the inner sum, and 
assumes inductively that (8.11) holds whenever G is replaced by a proper Levi 
subgroup, one finds that the expression equals the sum of 77^ (Pi) with the left 
hand side of (8.11). On the other hand, by taking the inner sum to be over P, 
one sees from (8.10) that the expression reduces simply to Tp 1 (Hi). It follows that 
the left hand side of (8.11) vanishes, as required. In the case that G = SL(3) and 
Pi = P is minimal, the reader can view the left hand side of (8.11) (or of (8.10)) as 
an algebraic sum of four convex cones, formed in the obvious way from Figure 5.1. 
In general, (8.11) is only one of several identities that can be deduced from (8.10). 
We shall describe these identities, known collectively as Langlands' combinatorial 
lemma, in §17. 



9. Qualitative behaviour of J T (f) 
Theorem 6.1 allows us to define the linear form 

J T (f) = J G ' T (f)= [ k T (xJ)dx, /eC~(G(A)), 

JG(Q)\G(A)! 

on C£°(G(A)). We are still a long way from converting the geometric and spectral 
expansions of k T (x, f) to an explicit trace formula. We put this question aside for 
the moment, in order to investigate two qualitative properties of J T (f). 
The first property concerns the behaviour of J T (f) as a function of T. 

Theorem 9.1. For any f e C£°(G(A)), the function 

T — J T (f), 

defined for TeaJ sufficiently regular, is a polynomial in T whose degree is bounded 
by the dimension of . 
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We shall sketch the proof of Theorem 9.1. Let T\ be a fixed point in Oo with 
P(Ti) large for every (3 £ A , and let T e o be a variable point with (5{T — T{) > 
for each ft. It would be enough to show that the function 

T — J T (f) J^(f) = [ (k T (x) k^(x))dx 

J G(Q)\G(A) 1 

is a polynomial in T. If we substitute the definition (6.1) for the two functions in 
the integrand, we see that the only terms in the resulting expression that depend 
on T and Ti are differences of characteristic functions 

?p(H P (6x) - T) - ? P (Hp(Sx) - Ti). 

We need to compare the supports of these two functions. We shall do so by ex- 
panding the first function in terms of analogues of the second function for smaller 
groups. 

Suppose that H and X range over points in a® . We define functions 

T' P (H,X), PDPo, 
inductively on d\u\{A P / Aq) by setting 

(9.1) T P (H-X)= {-^) d{m{AQ/AG) r^{H)T' Q {H,X), 

{Q-Qdp} 

for any P. Since the summand with Q = P equals the product of (— i^ dlra i A p/ A G) 
with T' P (H, X), (9.1) does indeed give an inductive definition of T' P (H, X) in terms 
of functions T'q(H, X) with dini^g/A^O less than dim(Ap / Aq) . It follows induc- 
tively from the definition that T' P {H 1 X) depends only on the projections Hp and 
T P of H and T onto a$. 

Lemma 9.2. (a) For any X and P, the function 
H — > T' P (H,X), 

is compactly supported. 
(b) The function 

X — ► / T' P {H,X)dH, 

Ja<£ 

is a homogeneous polynomial of degree equal to dim(ap) 

Once again, we shall be content to motivate the lemma geometrically in some 
special cases. For the general case, we refer the reader to [A5, Lemmas 2.1 and 
2.2]. 

The simplest case is when dp is one-dimensional. Suppose for example that 
G = SL(3) and P = Pi is a maximal parabolic subgroup. Then Q is summed over 
the set {P\,G}. Taking X to be a fixed point in positive chamber in dp, we see 
that H — > T' P {H 1 X) is the difference of characteristic functions of two open half 
lines, and is hence the characteristic function of the bounded half open interval in 
Figure 9.1. 

Suppose that G — SL(3) and P = P . Then Q is summed over the set 
{P , Pi,P2, G}, where Pi and P 2 are the maximal parabolic subgroups represented 
in Figure 5.1. If X is a fixed point in the positive chamber a q in dp = do, we 
can describe the summands in (9.1) corresponding to Pi and Pi with the help of 



He a% 



X e a% 
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Vp{H,X)=l T' P (H.X)=0 

■ a G P - 

X 

Figure 9.1. The half open, bounded interval represents the support 
of a characteristic function T' p (H, X) of H, for a maximal parabolic 
subgroup P C G. It is the complement of one open half line in 
another. 



Figure 9.1. We see that the function H — > T' p (H, X) is a signed sum of character- 
istic functions of four regions, two obtuse cones and two semi-infinite rectangles. 
Keeping track of the signed contribution of each region in Figure 9.2, we see that 
T'p(H, X) is the characteristic function of the bounded shaded region in the figure. 
It is clear that the area of this figure is a homogeneous polynomial of degree 2 in 
the coordinates of X. 



r+r~n 




Figure 9.2. The bounded shaded region represents the support of 
the characteristic function T' P (H,X) of H, for the minimal parabolic 
subgroup P = Po of SL(3). It is an algebraic sum of four unbounded 
regions, the two obtuse angled cones with vertices and X, and the 
two semi-infinite rectangles defined by and the projections of X onto 
the two spaces a Pl and ap 2 . 



a 



Let us use Lemma 9.2 to prove Theorem 9.1. We set H = Hp(Sx) — T\ and 
X = T - Ti. Then H - X equals H P (8x) - T, and the expansion (9.1) is 

tp(Hp(Sx)-T) = J2(-^ dim{AQ/AG) ^{Hp(Sx)-T 1 )T' Q (H P (Sx)~T 1 ,T-T 1 ). 

QDP 
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Substituting the right hand side of this formula into the definition of J T (f), we 
obtain 

J T {f) = ( J2(-l) dim(Ap/AG) E E (-l) dim{Ao/AG) C(5x)dx 

JG(Q)\G(A) 1 p <5GP(Q)\G(Q) QDP 

=e/ ^(-i)^/^) y: e w*) d - 

Q Jg (Q)\ g ( a ) 1 pcq «eQ(Q)\G(Q)7jeP(Q)\Q(Q) 

= E/ E (-i) dim(Ap/Ao) E C ^) A ^ 

Q J Q^)\ G W 1 PCQ r,GP(Q)nM Q (Q)\M Q (Q) 

where 

C(y) = K P (y,y)?Q(H P (y) - Ti)r' Q (ff Q (y) —T\,T — Ti). 

We are going to make a change of variables in the integral over x in Q(Q)\G(A) 1 . 
Since the expression we ultimately obtain will be absolutely convergent, this change 
of variables, as well as the ones above, will be justified by Fubini's theorem. 

We write x = UQiriQaQk, for variables nq 1 itiq, clq and k in Nq(Q)\Nq(A), 
Mq(Q)\M q (A) 1 , ^Q(R)°nG(A) 1 , and K respectively. The invariant measures are 
then related by 

dx = 6Q(aQ)driQdmQdaQdk. 
The three factors in the product C(rjx) become 

T' Q (H Q ( V x) —Ti,T — 7\) = T' Q (H Q (x) -T\,T — T\) = T' Q (H Q {a Q ) -T U T- Ti) , 
t^{H p { V x) - Ti) = f P e (iJp(^ Q ) - Ti), 

and 

7iVp(A) 7£Mp(Q) 

In this last integrand, the element r\ normalizes the variables uq and clq without 
changing the measures. The same is true of the clement 7. We can therefore absorb 
both variables in the integral over n. Since 

5 Q (a Q )dn = d(aQ 1 n^ Q 1 nnQa Q ), 

the product of <5q(ciq) with Kp{-qx,rjx) equals 

(9.2) f E /^"W 7 ?" 1 -7n-r]m Q k)dn. 

jNp W 7 eM P (Q) 

The original variable uq has now disappeared from all three factors, so we may as 
well write 

dn = d(n Q n Q ) = dn Q dn Q , e N®{A), n Q e Nq (A) , 
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for the decomposition of the measure in Np(A). The last expression (9.2) is the 
only factor that depends on the original variable k. Its integral over k equals 



HI V /(^V^n^W^dn^ 

JjfiiV Q (A)iiV«(A) 7eMjj(Q) 

= 1 v I I fik-W^-^.vrn^n^ 

-L 



fQ( m Q 1 V 1 ' l nQ ■ V m Q) dnQ 

1 7£M P (Q) 
= K PnMQ (r]m Q ,r]m Q ), 

where 

= SQ(m)^ / / f(k~ 1 mn Q k)dn Q dk 1 m G Mq(A), 

and XpnMoG, •) is the induced kernel (4.1), but with G, P, and / replaced by Mq, 
P n Mq, and Jq respectively. We have used the facts that 

dn Q = d((77m Q )" 1 n Q (?7TOQ)), 

for r\ and tuq as above, and that 

5 Q {m) = <?PQ(H Q { m )) = 1; 

when m = 7 lies in Mq(Q). The correspondence / — > /q is a continuous linear 
mapping from G^°(G(A)) to C^°(Mq(A)). It was introduced originally by Harish- 
Chandra to study questions of descent. 

We now collect the various terms in the formula for J T (/). We see that J T (f) 
equals the sum over Q and the integral over toq in Mq(Q)\Mq(A) 1 of the product 
of 

E (-l) dim(Ap/A ^ E KpnM^mQ^mQ^tHp^mQ) - Ti) 

PcQ >jeP(Q)nM Q (Q)\M Q (Q) 

with the factor 



Pq(T u T)= I T' Q (H Q (a Q )-T 1 ,T-T 1 )da 

J J 4 Q (R)0nG(R) 1 

= I T'q (H — Ti,T — Ti)dH. 



By Lemma 9.2, the last factor is a polynomial in T of degree equal to dim(ag). To 
analyze the first factor, we note that 

dim(A P /A Q ) = dim(Ap nMQ /A MQ ) 

and 

Tp(H P (r)m Q ) - Ti) = Tp^ Q MQ (Hp nMQ (vm Q ) - Ti), 

and that the mapping P — > PCiMq is a bijection from the set of standard parabolic 
subgroups P of G with P C Q onto the set of standard parabolic subgroups of Mq . 
The first factor therefore equals the analogue k Tl (rriQ, Jq) for Ti, tuq and /q of the 
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truncated kernel k T (x,f). Its integral over toq equals </ Mq ' Ti (/q). We conclude 
that 

(9-3) J T (/)= ]T J m ^Uq)Pq{Ti,T). 

QDPo 

Therefore J T (f) is a polynomial in T whose degree is bounded by the dimension 
of a^. This completes the proof of Theorem 9.1. □ 

Having established Theorem 9.1, we are now free to define J T (f) at any point T 
in do- We could always set T = 0. However, it turns out that there is a better choice 
in general. The question is related to the choice of minimal parabolic subgroup P . 

We write V(M ) for the set of (minimal) parabolic subgroups of G with Levi 
component M . The mapping 

s — > sP a = WsPoWj 1 , s e W , 

is then a bijection from Wo to V(Mq). We recall that w s is a representative of s 
in G(Q). If G = GL(n), we can take w s to be a permutation matrix, an clement 
in G(Q) that also happens to lie in the standard maximal compact subgroup K of 
G(A). In general, however, s might require a separate representative w s in K. The 
quotient wj 1 w s does belong to M (A), so the point 

in a is independent of the choice of P . By arguing inductively on the length of 
s e Wo, one shows that there is a unique point T G such that 

(9.4) Hp (w- 1 )=T -s- 1 T Q , 

for every s € Wo- (Sec [A5, Lemma 1.1].) In the case that G equals GL(n) and K 
is the standard maximal compact subgroup of GL(n, A), To = 0. 

Proposition 9.3. The linear form 

J(f) = J G (f), /eG c °°(G(A)), 

defined as the value of the polynomial 

J T (f) = J G ' T (f) 
atT = T , is independent of the choice of P <G V(M ). 

The proof of Proposition 9.3 is a straightforward exercise. If T e Oo is highly 
regular relative to P , sT is highly regular relative to the group Pq = sP in V(M ). 
The mapping 

P — > P' = sP = w s Pw~\ PDPo, 

is a bijection between the relevant families {P D Po} and {P' D Pq} of standard 
parabolic subgroups. For any P, the mapping 6 — > 6' = w s 6 is a bijection from 
P(Q)\G(Q) onto P'(Q)\G(Q). It follows from the definitions that 

T P (Hp(5x) - T) = ? P ,(sHp(w- 1 S'x) - sT) 

= ? P ,(sHp(w- 1 S / x) + sHp^w- 1 ) - sT) 

= r P , (H P , (S'x) - [sT - S T Q + T )). 

Comparing the definition (6.1) of the truncated kernel with its analogue for Pq = 
sPo, we see that 

^o(/) = ^ STO+T °(/)> 
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where the subscripts indicate the minimal parabolic subgroups with respect to 
which the linear forms have been defined. Each side of this identity extends to a 
polynomial function of T e o . Setting T — T , we see that the linear form 

J(f) = Jp° a tf) = JjpM) 

is indeed independent of the choice of P$. (See [A5, p. 18-19].) □ 

The second qualitative property of J T (f) concerns its behaviour under con- 
jugation by G(A). A distribution on G(A) is a linear form I on C£°(G(A)) that 
is continuous with respect to the natural topology. The distribution is said to be 
invariant if 

Hf y ) = /(/), /eG c °°(G(A)), yeG(A), 

where 

P{X) = fui.ru '). 

The proof of Theorem 6.1 implies that / — > J T (f) is a distribution if T € ap~ g is 
sufficiently regular. Since J T (f) is a polynomial in T, its coefficients are also dis- 
tributions. In particular, / — > J(/) is a distribution on G(A), which is independent 
of the choice of Po € V(M ). We would like to compute its obstruction to being 
invariant. 

Consider a point y e G(A), a function / e C£°(G(A)), and a highly regular 
point TeaJ. We are interested in the difference J T (f v ) ~ J T (f). 
To calculate J T (f v ), we have to replace the factor 

K P (5x, Sx) = E / f(x~ 1 S~ 1 ^yn5x)dn 

~,eM P (<Q) Np(A) 

in the truncated kernel (6.1) by the expression 

E / / ! '(x _1 (5 _1 7n7x)dn = Kp(8xy^ 1 , Sxy^ 1 ). 

1£ M P (Q) ^ iVp (A) 

The last expression is invariant under translation of y by the central subgroup 
A G (M)°. We may as well therefore assume that y belongs to the subgroup G(A) 1 
of G(A). With this condition, we can make a change of variables x — + xy in the 
integral over G(Q)\G(A) 1 that defines J T (f y ). We see that J T (f y ) equals 



L 



fE(- 1 ) dim( ' 4pMG) E A P ( ( 5x,(5a ; )Tp(Pp( ( 5 a; y)-T))d a ;. 

Gf(Q)\G(A)i V P «€P(Q)\G(Q) 

If <5x = nmafc, for elements n, to, a, and fc in N P (A), Mp(A) 1 , Ap(IR) n G(A) 1 , 
and K respectively, set kp(5x) = k. We can then write 

T P (H P (5xy) — T) = rp(Pp(a) + tfp(fcy) - T) 

= Tp(H P (5x) - T + H P (kp(6x)y)) . 

The last expression has an expansion 

E (-l) dim(A « /AG) r£ (Fp(fe) - T)r' Q (if P (fe) - T, -H P (kp(Sx)y)) 
Qdp 

given by (9.1), which we can substitute into the formula above for J T (f y ). 
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The discussion now is identical to that of the proof of Theorem 9.1. Set 

u' Q (k,y)= f r' Q (H,-H Q (ky))dH, k e K, 

a Q 

and 

fQ, y (m) = 8 Q (m)i / f(k~ 1 mnk)u' Q (k,y)dndk, m e Mq(A). 

Jkjnq(a) 

The transformation / — ► /q^ is a continuous linear mapping from G£° (G(A)) 
to C£°(Mq(A)), which varies smoothly with y e G(A), and depends only on the 
image of y in G( A) 1 . The proof of Theorem 9. 1 then leads directly to the following 
analogue 

(9-5) J T (n = J2 jMQ ' T (fQ,v) 

of (9.3). Since we have taken Kq = K n Mq(A) as maximal compact subgroup of 
Mq(A), Hp (w^ 1 ) equals i/p nM Q (w^ 1 ) for any s in the subgroup Wq 4 of Wo = 
Wq . The canonical point To € a^f, defined for G by (9.4), therefore projects onto 
the canonical point in a® attached to Mq. Setting T = T in (9.5), we obtain the 
following result. 

Theorem 9.4. The distribution J satisfies the formula 

J {f y )= J2 J M °(f Q ,y) 
QDPo 

for conjugation of f G (G(A)) by y e G(A). □ 

10. The coarse geometric expansion 

We have constructed a distribution J on G(A) from the truncated kernel 
k T (x) = k T (x, /). The next step is to transform the geometric expansion for k T (x) 
into a geometric expansion for J(/). The problem is more subtle than it might 
first appear. This is because the truncation k T (x) of K(x,x) is not completely 
compatible with the decomposition of K(x,x) according to conjugacy classes. The 
difficulty comes from those conjugacy classes in G(Q) that are particular to the 
case of noncompact quotient, namely the classes that are not semisimple. 

In this section we shall deal with the easy part of the problem. We shall give 
a geometric expansion of J(f) into terms parametrized by semisimple conjugacy 
classes in G(Q). The proof requires only minor variations of the discussion of the 
last two sections. 

Recall that any element 7 in G(Q) has a Jordan decomposition 7 = iiv. It is 
the unique decomposition of 7 into a product of a semisimple element \i — -f s in 
G(Q), with a unipotent element v = 7„ in G(Q) that commutes with 7 S . We define 
two elements 7 and 7' in G(Q) to be O-equivalcnt if their semisimple parts 7^ and 
7^ are G(Q)-conjugate. We then write O — O g for the set of such equivalence 
classes. A class € O is thus a union of conjugacy classes in G(Q). 

The set O is in obvious bijection with the semisimple conjugacy classes in G(Q). 
We shall say that a semisimple conjugacy class in G(Q) is anisotropic if it does not 
intersect P(Q), for any P C G. Then 7 G G(Q) represents an anisotropic class if 
and only if Aq is the maximal Q-split torus in the connected centralizcr H of 7 in 
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G. (Such classes were called elliptic in [A3, §2]. However, the term elliptic is better 
reserved for semisimple elements 7 in G(Q) such as 1, for which Aq is the maximal 
split torus in the center of H.) We can define an anisotropic rational datum to be 
an equivalence class of pairs (P, a), where P C G is a standard parabolic subgroup, 
and a is an anisotropic conjugacy class in Mp(Q). The equivalence relation is 
just conjugacy, which for standard parabolic subgroups is given by the Weyl sets 
W(ap, cipi) of §7. In other words, (P', a') is equivalent to (P, a) if a = w^ 1 a'w s for 
some element s G W(ap,ap>). The mapping that sends {(P, a)} to the conjugacy 
class of a in G(Q) is a bijection onto the set of semisimple conjugacy classes in G(Q). 
We therefore have a canonical bijection from the set of anisotropic rational data 
and our set O. Anisotropic rational data will not be needed for the constructions of 
this section. We mention them in order to be able to recognize the formal relations 
between these constructions and their spectral analogues in §12. 

In case G = GL(n), the classes O are related to basic notions from linear 
algebra. The Jordan decomposition is given by Jordan normal form. Two elements 
7 and 7' in GL(n,Q) are O-equivalcnt if and only if they have the same set of 
complex eigenvalues (with multiplicity). This is the same as saying that 7 and 
7' have the same characteristic polynomial. The set O of equivalence classes in 
GL(n, Q) is thus bijective with the set of rational monic polynomials of degree 
n with nonzero constant term. If G O is an equivalence class, the intersection 
n P(Q) is empty for all P 7^ G if and only if the characteristic polynomial of 
is irreducible over Q. This is the condition that consist of a single anisotropic 
conjugacy class in G(Q). A general equivalence class G O consists of only one 
conjugacy class if and only if the elements in are all semisimple, which in turn is 
equivalent to saying that the characteristic polynomial of has distinct irreducible 
factors over Q. We leave the reader to verify these properties from linear algebra. 

If G is arbitrary, we have a decomposition 



(10.1) 




oeo 



where 



K (x,x) 



J2f(x 1 -)x). 



7So 



More generally, we can write 




for any P, where 




7GM f ,(Q)no 



We therefore have a decomposition 



(10.2) 




oeo 
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of the truncated kernel, where 
kj(x) = kj(x,f) 

= E(- 1 ) dim(ApMG) / K P , (6x,6x)? P (H P (5x)-T). 

p J 5eP(Q)\G(Q) 

The following extension of Theorem 6.1 can be regarded as a corollary of its proof. 
Corollary 10.1. The double integral 

(10.3) V f kj(xj)dx 

0eO JG(®)\G(A)i 

converges absolutely. 

The proof of Corollary 10.1 is in fact identical to the proof of Theorem 6.1 
sketched in §8, but for one point. The discrepancy arises when we apply the Poisson 
summation formula to the lattice (Q), for standard parabolic subgroups Pi C P. 
To do so, we require a sum over the lattice, or what amounts to the same thing, a 
sum over elements v e Np (Q). In the proof of Theorem 6.1, we recall that such a 
sum arose from the property 

Pi(Q)nA4>(Q) = M Pi r> " 



That it also occurs in treating a class o G O is a consequence of the parallel property 

(10.4) Pi(Q) n M P (Q) n o = (M Pl (Q) n o)JV£(Q). 

This is in turn a consequence of the first assertion of the next lemma. 

Lemma 10.2. Suppose that P D P Q , 7 e M(Q), and cj> e C C (N P (A)). Then 

E E m -1 *- 1 ™*) = E *M 

<5eA r p(Q)- 7s \^p(Q)')6^p(Q)T S ^eWf>(Q) 

and 

/ / 0(7 _1 n ] ; 1 7n2"i)dn2dn 1 = / </>(n)dn, 

J Np(A)- ls \N P (A) JN p (A)- Is JNp(A) 

where A r p(-) 7s denotes the centralizer of j s in Np(-). 

The proof of Lemma 10.2 is a typical change of variable argument for unipotent 
groups. The first assertion represents a decomposition of a sum over N P (Q), while 
the second is the corresponding decomposition of an adclic integral over Np(A). 
(See [A3, Lemmas 2.1 and 2.2].) □ 

The first assertion of the lemma implies that P(Q) n equals 
(M P (Q) n 0) N P (Q). If we apply it to the pair (M P , Pi n M P ) in place of (G, P), 
we obtain the required relation (10.4). We then obtain Corollary 10.1 by following 
step by step the proof of Theorem 6.1. (Theorem 7.1 of [A3] was actually stated 
and proved directly for the functions kj(x) rather than their sum k T (x).) □ 

Once we have Corollary 10.1, we can apply Fubini's theorem to double integral 
(10.3). We obtain an absolutely convergent expansion 

^ T (/)-E J o T (/), 

oeo 
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whose terms are given by absolutely convergent integrals 

(10.5) Jj(.f)= f kj(xj)dx, oeO. 

JG(Q)\G(Ay 

The behaviour of Jj(f) as a function of T is similar to that of J T (f). We have 
only to apply the proof of Theorem 9.1 to the absolutely convergent integral (10.5). 
This tells us that for any / e C%°(G(A)) and o e O, the function 

T — J T (/), 

defined for T e sufficiently regular in a sense that is independent of o, is a 
polynomial in T of degree bounded by the dimension of off. We can therefore 
define Jj(f) for all values of T € ao by its polynomial extension. We then set 

Mf) = JJ°(f), oeO, 

for the point T e a§ given by (9.4). The proof of Proposition 9.3 tells us that 
J (f) is independent of the choice of minimal parabolic subgroup P e V(M ). 

The distributions J (f) = J G (/) can sometimes be invariant, though they are 
not generally so. To see this, we apply the proof of Theorem 9.4 to the absolutely 
convergent integral (10.5). For any Q D P Q and h e C£°(Mq(A)), set 

where Oq ranges over the finite preimage of o in Mq under the obvious mapping 
of Mq into O = O g . We then obtain the variance property 

(10.6) J (n - E j o 1q Uq,v), o € O, y € G(A), 

QDPa 

in the notation of Theorem 9.4. Observe that o need not lie in the image the map 
O m q — > Q attached to any proper parabolic subgroup Q C G. This is so precisely 
when o is anisotropic, in the sense that it consists of a single anisotropic (semisimplc) 
conjugacy class. It is in this case that the distribution J (f) is invariant. 

The expansion of J T (f) in terms of distributions Jj{f) extends by polynomial 
interpolation to all values of T. Setting T = T , we obtain an identity 

(10-7) -/(/) = E J °(/)' /eC~(G(A)), 

of distributions. This is what we will call the coarse geometric expansion. The 
distributions J (f) for which o is anisotropic are to be regarded as general analogues 
of the geometric terms in the trace formula for compact quotient. 

11. Weighted orbital integrals 

The summands J (f) in the coarse geometric expansion of J(/) were defined 
in global terms. We need ultimately to describe them more explicitly For example, 
we would like to have a formula for J (f) in which the dependence on the local 
components /„ of / is more transparent. In this section, we shall solve the problem 
for "generic" classes o € O. For such classes, we shall express J (f) as a weighted 
orbital integral of /. 
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We fix a class o € O, which for the moment we take to be arbitrary. Recall 

that 

K Pt0 (x,y)= ^ / f(x~ 1 jny)dn, 
1 eM P (Q)no jNl '^ 

for any P D Pq. Lemma 10.2 provides a decomposition of the integral over Np(A) 
onto a double integral. We define a modified function 

(11.1) K Pi0 (x,y)= ^ E / f(x- 1 i]- 1 jni 1 y)dn 

by replacing the outer adelic integral of the lemma with a corresponding sum of 
rational points. We then define a modified kernel kj(x) — kj(x,f) by replac- 
ing the function Kp^ (5x, Sx) in the formula for kj(x) with the modified function 
Kp t0 (Sx,Sx). That is, 

kJ(x,f) = Y / (-^ d[ia{Ap/AG) E Kp, (6x,6x)T P (Hp(6x)-T). 

P <5GP(Q)\G(Q) 

Theorem 11.1. IfTG ap~ o is highly regular, the integral 

(11.2) f kj(x,f)dx 

converges absolutely, and equals Jj{f)- 

The proof of Theorem 11.1 is again similar to that of Theorem 6.1, or rather 
its modification for the class o discussed in §10. Copying the formal manipulations 
from the first half of §8, we write 

(11.3) f kj(x)dx= V f X T (x)kp u P 2 , (x)dx, 

JG(Q)\G(Ay PiC p 2 JP!(Q)\G(A)i 

where x T ( x ) is as m (8-5), and 

k Pl , P2 , {x)= ]T (-l) dim{Ap/AG) KpAx,x)- 

{P:PlCPCP 2 } 

To justify these manipulations, we have to show that for any P\ d P2, the integral 

(11.4) f X T {x)\k Pu p 2 Ax)\dx 

JPi(Q)\G(A)i 

is finite. This would also establish the absolute convergence assertion of the theo- 
rem. 

We estimate the integral (11-4) as in the second half of §8. We shall be content 
simply to mention the main steps. The first is to show that if T is sufficiently 
regular and X T (x) 7^ 0, the summands in the formula for Kp t0 (x,x) vanish for 
elements 7 in the complement of Pi(Q) n M P (Q) n in M P (Q) n 0. The next step 
is to write Pi(Q) n M P (Q) n as a product (M Pl (Q) n o)N^(Q), by appealing to 
Lemma 10.2. We then have to apply Lemma 10.2 again, with (Mp,P\ n Mp) in 
place of (G, P), to the resulting sum over (/1, v) in the product of Mp 1 (Q) n with 
Ng (Q). This yields a threefold sum, one of which is taken over the set 

A£(QU=exp K(Q) Ms ), 
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where tip (Q) Als denotes the ccntralizcr of /i s in the Lie algebra rip (Q). The last 
step is to apply the Poisson summation formula to the lattice np^ (Q) jUs in np^ (A) Pa . 
The resulting cancellation from the alternating sum over P then yields a formula 
for kp lt p 2t0 (x) analogous to the formula (8.8) for kp lt p 2 (x). Namely kp lt p 2t0 (x) 
equals the product of (_i )dim(A P2 A4 G ) with thc sum ovcr ^ g M Pl (Q) n o of 

E E (/ /(^ 1 ^Vcxp(X 1 )^)V((e,X 1 ))dX 1 ), 

■»e«pi (Q)Ma\^i (Q) cen^ (Q)^ nPl (A) " 3 

where ripJ(Q)^ is thc intersection of np\(Q)^ s with thc set n^(Q)' in (8.8). Thc 
convergence of the integral (11.4) is then proved as at the end of §8. (See [A3, 
p. 948-949].) 

Once we have shown that the integrals (11.4) are finite, we know that the 
identity (11.3) is valid. The remaining step is to compare it with the corresponding 
identity 

/ kj(x)dx = V / x T (x)k Pl .p 2t0 (x)dx, 

JG(Q)\G(Ay PiC p 2 M(Q)\G(A)i 

which we obtain by modifying the proof of Theorem 6.1 as in the last section. 
Suppose that Pi C Pi are fixed. We can then write 

/ X T (x)k Pl .p 2 , (x)dx 

JP 1 (Q)\G(A)i 

X T (x)( / k Pl .p 2 . a (n 1 x)dn 1 )dx, 

M Pl (Q) N Pl ( A) \ G ( A) 1 J N P± (Q)\Np 1 (A) ' 

since x T ( x ) is left Np 1 (A)-invariant. Thc integral of kp 1 .p 2 . (nix) over n\ is equal 
to the sum over pairs 

(P, M ), P 1 dPdP 2 , M Pl (Q) n o, 

of the product of the sign (— i) dlm ( A p/ A c) with the expression 

/ E ( / /(x _1 n^ 1 ?7 _1 /xn?7nia;)dn)drii. 

K(Q)ft(A), e j p (Q)^ ffp ( Q) V ^ P (A)„ S ' 7 

If we replace the variable n\ by imi, and then integrate over v in Np(Q)\Np(A), 
we can change the sum over -q to an integral over v in Np(Q) fle \Np(A). Since 
the resulting integrand is invariant under left translation of v by elements in the 
larger group Np(A)^ s , we can in fact integrate v over Np(A)^ s \N P (A). We can 
thus change the sum of r\ in the expression to an adclic integral over v. Applying 
Lemma 10.2 to the resulting double integral over v and n, we see that the expression 
equals 

/ / f(x^ 1 n^[ 1 jinnix)dndni. 

Jn Pi (Q)\N Pi (A) Jnp(A) 

The signed sum over (P, jj) of this last expression equals 



-/ 

J A 



/ k Pl .p 2 . (n l x)dni. 

Jn Pi (Q)\n Pi (A) 
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We conclude that 

X T (x)k Pl .p 2 , (x)dx 



L 
-I 

J A 



X T {x)[ / kp l ^p 2 ^(n 1 x)dn 1 )dx 

M Pl (Q)iV Pl (A)\G(A)i V J N Pl (Q)\N Pl (A) ' 



\ X T (x)k Pu p 2i0 (x)dx. 

JP,(0)\G(A)i 



'Pi(Q)\G(A) 

We have shown that the summands corresponding to Pi C Pi in the two 
identities are equal. It follows that 

/ kj(x)dx = [ kj(x)dx=jj(f). 

JG(Q)\G(Ay JG(Q)\G(A)i 

This is the second assertion of Theorem 11.1. □ 

The formula (11.2) for jj '(/) is better suited to computation. As an example, 
we consider the special case that the class o G O consists entirely of scmisimplc 
elements. Then o is a semisimple conjugacy class in G(Q), and for any element 
7 G o, the centralizer G(Q) 7 of 7 — j s contains no nontrivial unipotcnt elements. 
In particular, the group Np(Q) Js = Np(Q) 7 attached to any P is trivial. It follows 
that 

Kp, (x,x)= H /(a;- 1 ^" 1 !^)- 

7£M P (Q)no J7£JV P (Q) 

To proceed, we need to characterize the intersection M P (Q) n 0. 

In §7, we introduced the Weyl set W(a Pl , Op^) attached to any pair of standard 
parabolic subgroups Pi and P[. Suppose that Pi is fixed. If P is any other standard 
parabolic subgroup, we define W{P\,P) to be the set of elements s in the union over 
P{ C P of the sets W(a Pl , a P ^) such that s~ 1 a > for every root a in the subset 
Ap, of Apj. In other words, s _1 a belongs to the set Qp ± for every such a. Suppose 
for example that G — GL(n), and that Pi corresponds to the partition (u\, . . . , v pi ) 
of n. We noted in §7 that each of the sets W(a Pl , ap^ ) is identified with a subset of 
the symmetric group S P1 . The union over P{ of these sets is identified with the full 
group S P1 . If P corresponds to the partition (m, . . . , n p ) of n, W(P\\P) becomes 
the set of elements s G S Pl such that (v s (i), ■ • • , ^s( Pl )) is finer than (m, . . . , n p ), 
and such that s _1 («) < s _1 (« + 1), for any i that is not of the form m + ■ ■ ■ + nk 
for some k. 

The problem is simpler if we impose a second condition on 0. Suppose that 
(Pi,ai) represents the anisotropic rational datum attached to in the last section, 
and that 71 belongs to the anisotropic conjugacy class ot\ in M Pl (Q). Then 71 
represents the semisimple conjugacy class in 0. We know that the group H, obtained 
by taking the connected component of 1 in the centralizer of 71 in G, is contained 
in Mp ± . For H would otherwise have a proper parabolic subgroup over <Q>, and 
H(Q) would contain a nontrivial unipotent element, contradicting the condition 
that consist entirely of semisimple elements. The group H(Q) is of finite index in 
G(Q) 7 . We shall say that is unramified if G(Q) 7 is also contained in Mp 1 . This 
is equivalent to asking that the stabilizer of the conjugacy class ot\ in W(a Pl ,a Pl ) 
be equal to {1}. In the case G = GL(n), the condition is automatically satisfied, 
since any centralizer is connected. 
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Assume that o is unramified, and that (Pi,ai) and 71 G a.\ are fixed as above. 
The condition that be unramified implies that if (P{,a[) is any other representa- 
tive of the anisotropic rational datum of 0, there is a unique element in W(ap 1 , dpi) 
that maps a\ to a'j. Suppose that P is any standard parabolic subgroup and that 
7 is an element in Mp no. It follows easily from this discussion that 7 can be 
expressed uniquely in the form 

7 = fi^w.-nwj 1 !*, s g W(Pv, P), m G Mp(Q) Ws7iWs -i\M P (Q), 

where as usual, 

Mp(Q) -i=M p -i(Q) 

is the centralizer of Wsjiwj 1 in M P (Q). (See [A3, p. 950].) 

Having characterized the intersection Mp(Q) n 0, we can write 

Xp i0 (a;,a;) 

= X! E E f{x~ 1 ri~ 1 ir 1 w s ^ 1 w~ 1 ii'qx) 
= E E /(^ _1 i" _1 «'s7i^r l7I " a; ). 

S TV 

where \i and 7r are summed over the right cosets of Mp(Q) w -1 in Mp(Q) and 
P(Q) respectively. Therefore fc^(x) equals the expression 

^(-l)dim(A P /A G ) ^ K P;0 (fe,fe)Tp(Fp(fe)-T) 

P 5eP(Q)\G(Q) 

= j2(-i) dim(Ap/AG) E E^~ lrl ^Vfe)M#p( fe )- T )> 

p sew(Pv,P) s 

where 8 is summed over the right cosets of M P (Q) w 7ltu -i in G(Q). Set <5i = w.T 1 ^. 
Since 

^(MpWUwH = G(Q)ti - M Pl (Q) 7l , 

we obtain 

= J2(-l) dim(Ap/AG) E E VtiMM^KM - T) 

P seW(P!;P) «i 

= E/(*~ 1 *rSiMV' T (M I 

where #1 is summed over right cosets of Mp 1 (Q) 7l in G(Q), and 

V> T (y) = ^(y) = E(- 1 ) dim( " p/Ac) E ^p(^pKy) - t) 

p sew(Pi-p) 

= E E E (-i) di ^ Ap/AG) MHpi(w s y)-T). 

PI seW(a Pl ,a p ^{P:seW(P 1 ;P)} 
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Therefore 

Jj(f)= [ k T {xJ)dx 

JG{Q)\G(ky 

= / f(x~ 1 jx)tp T (x)dx. 

JM Pl (Q) 71 \G(A)i 

The convergence of the second integral follows from the convergence of the first 
integral (Theorem 11.1), and the fact (implied by Lemma 11.2 below) that the 
function xt is nonnegative. 
We can write 

M Pl (Q) 7l \G(A) 1 - (M Pl (Q) 7l \M Pl (A) 7i ) x (M Pl (A) 7i \G(A) 1 ), 

where M Pl (A) 7i is the centralizer of -fi in the group M Pl (A) 1 . Since the centralizer 
of 71 in Mp 1 (A) equals its centralizer G(A) 7l in G(A), we can also write 

M Pl (A) 7i \G(A) 1 £* (A Pl (R)°nG(R) 1 ) x (G(A) 7l \G(A)). 

In the formula for Jj(.f) we have just obtained, we are therefore free to decompose 
the variable of integration as 

x = may, m £ M Pl (Q) 7l \M Pl (A) 7i , a £ A Pl (R)°nG(R)\ y £ G(A) 7l \G(A). 

Then f{x^ 1 ^fix) = /(j/ _1 7iy) and ip T (x) — -0 T (ay). Therefore 

(11.5) J t (/) = vo1(M Pi (Q) 7i Wp 1 (A) 7i ) f f{y^liy)v T Pl {y)dy, 

JG(A) 7l \G(A) 

where 

v Pl (y)= I i> T {ay)da= f ^ T (expH ■ y)dH. 

JA Pl (R)°nG(R) 1 Ja° l 

It remains to evaluate the function v Pi (y) . 

For any parabolic subgroup Q D P and any point A e Og, define £q(A) to 
be the sign +1 or —1 according to whether the number of roots a £ Aq with 
A(a v ) < is even or odd. Let 

H — cP Q (A,H), H£a Q , 

be the characteristic function of the set of H such that for any a £ Aq, m a {H) > 
if A(a v ) < 0, and zu a (H) < if A(a v ) > 0. These functions were introduced 
by Langlands [Lanl], and are useful for studying certain convex polytopes. We 
apply them to the discussion above by taking Q = P[ and A — sA±, for an element 
s £ W(a Pl , Op x ') and a point Ai in the chamber 

(apj+ = {Ai G a* Pl : A!(a v ) > 0, a £ A Pl }. 

Suppose that s belongs to any one of the sets W(a Pl , dp/). We claim that for 
any point H' £ a P ^, the expression 

(11.6) (-l) dim(Ap/AG) T P (H') 

{P:seW(Pv,P)} 

that occurs in the definition of ip T (y) equals 

(11.7) e Pl {sA 1 )4> P ,{8A 1 ,H'), A x G (a* Pi ) + . 
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To see this, define a parabolic subgroup P s D P[ by setting 

ApJ ={asA p; : s _1 a > 0}. 

The element s then lies in W(P\; P) if and only if P[ C P C P s . The expression 
(11.6) therefore equals 

^ (-l) dim (^M G ) fp ( ff '). 

{P:P[<ZP<ZP S } 

If wc write the projection of H' onto Op/ in the form 

^c Q a v , oeA p; , eel, 

we can apply (6.3) to the alternating sum over P. We see that the expression 
equals the sign e P >(sAi) if H' lies in the support of the function (f) P >(sAi, H'), and 
vanishes otherwise. The claim is therefore valid. 
The function ip T (exp H ■ y) equals 

EE E (-l) dim{AF/AG) M S H + H Pl ( Ws y)-T Pl ), 

P[ s£W(ap 1 ,a P ^){P:s£W(P 1 ;P)} 

where Tp^ is the projection of T onto ap^ . This in turn equals 

(11.8) E ep i { S k 1 )^p i (sk l , S H + Hp { {w s y)-T P{ ), 

P[ seW(a Pl ,a Pl ) 

by what we have just established. Now as a function H G a Pl , (11-8) would appear 
to be complicated. It is not! One shows in fact that (11-8) equals the characteristic 
function of the projection onto dp of the convex hull of 

{Y s = s-^Tp, - H Pi (w s y)) : a € W(a Pl ,a Pl ), P[ D P }. 

The proof of this fact [Al, Lemma 3.2] uses elementary properties of convex hulls 
and a combinatorial lemma of Langlands [Al, §2]. We shall discuss it in greater 
generality later, in §17. In the meantime, wc shall illustrate the property geomet- 
rically in the special case that G = SL('S). 

Assume for the moment then that G = SL(3) and P\ = Pq. In this case, the 
signed sum of characteristic functions 

cj)p, (sAi , sH + H P[ (w s y) —T)= 0pj (sAi, s(H — Y s )) , He a Pl = a% , 

is over elements s parametrized by the symmetric group S3. We have of course the 
simple roots Ap 1 — {ai,a 2 }, and the basis {a^a^} of a Pl dual to Ap x . Writing 

s(H-Y s ) =t 1 aZ+t 2 a%, tjSl, 

we see that <$> P i (sAi, s(H — Y s )) is the characteristic function of the affine cone 

{H = Y S + t^- 1 ^) + i 2 s _1 (a2 ) : U > if s^K) < 0; t t < if s -1 ^) > 0}. 

In Figure 11.1, we plot the six vertices {Y s }, the associated six cones, and the signs 

£ p i ( s A 1 ) = (-l) l{r ^ 1(Q ' )<0}1 , seS 3 , 

by which the corresponding characteristic functions have to be multiplied. Wc then 
observe that the signs cancel in every region of the plane except the convex hull of 
the set of vertices. 
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Figure 11.1. The shaded region is the convex hull of six points 
{Y s } in the two dimensional vector space ao attached to SX(3). It is 
a signed sum of six cones, with vertices at each of the six points. 

Returning to the general case, we take for granted the assertion that (11.8) 
is equal to the characteristic function of the convex hull. Then Vp (y) equals the 
volume of the given convex hull. In particular, the manipulations used to derive 
the formula (11.5) for Jj(f) are justified. Observe that 

Y^s-^Tp^-Hp^y)) 

= s" 1 ^ - H P ,(w s y) - Hp^WsWj 1 )) 

= s-^Tp, - H Pl (w s y) - (T Q ) P{ + s(T ) Pl ). 

When T — T , the point Y s equals 

-s-'Hp^w^ + ^p,. 

The point (Tq) Pi is independent of s, and consequently represents a fixed translate 
of the convex hull. Since it has no effect on the volume, it may be removed from 
consideration. 

We have established the following result, which we state with P and 7 in place 
of P\ and 71 . 

Theorem 11.2. Suppose that S O is an unramified class, with anisotropic 
rational datum represented by a pair (P, a). Then 

(11.9) J (f) =vol(M F (Q) 7 \Mp(A)i) / f(x- 1 1 x)v P (x)dx, 

JG(A) 7 \G(A) 

where 7 is any element in the Mp(ff)-conjugacy class a, and vp{x) is the volume 
of the projection onto dp of the convex hull of 

{- s - x H P >(w s x) : seW(a P ,a P >), P'dP }- 

□ 
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12. Cuspidal automorphic data 

We shall temporarily put aside the finer analysis of the geometric expansion 
in order to develop the spectral side. We are looking for spectral analogues of 
the geometric results we have already obtained. In this section, we introduce a 
set X that will serve as the analogue of the set O of §10. Its existence is a basic 
consequence of Langlands' theory of Eisenstein series. 

A function <p in L 2 (G(Q)\G(A) 1 ) is said to be cuspidal if 

(12.1) / <f>(nx)dn = 0, 

JNp(A) 

for every P ^ G and almost every x € G( A) 1 . This condition is a general analogue 
of the vanishing of the constant term of a classical modular form, which character- 
izes space of cusp forms. The subspace L^ usp (G(Q)\G(A) 1 ) of cuspidal functions 
in L 2 (G(Q)\G(A) 1 ) is closed and invariant under right translation by G(A) 1 . The 
following property of this subspace is one of the foundations of the subject. 

Theorem 12.1 (Gclfand, Piatetski-Shapiro) . The space i 2 usp (G(Q)\G(A) 1 ) 
decomposes under the action of G(A) 1 into a discrete sum of irreducible represen- 
tations with finite multiplicities. In particular, L 2 usp (G(Q)\G(A) 1 ) is a subspace 
«/^ isc (G(Q)\G(A) 1 ). 

The proof is similar to that of the discreteness of the decomposition of R, 
in the case of compact quotient. For if G(Q)\G(A) 1 is compact, there are no 
proper parabolic subgroups, by the criterion of Borcl and Harish-Chandra, and 
L 2 usp (G(Q)\G(A) 1 ) equals L 2 '(G(Q)\G(A) 1 ). In general, one combines the van- 
ishing condition (12.1) with the approximate fundamental domain of Theorem 
8.1 to show that for any / G G^ >0 (G(A) 1 ), the restriction R cusp {f) of R(f) to 
i c Usp (G(Q)\G(A) 1 ) is of Hilbert-Schmidt class. In particular, if f(x) = /(a;" 1 ), 
i? cusp (/) is a compact self-adjoint operator. One then uses the spectral theorem to 
show that L 2 usp (G(Q)\G(A) 1 ) decomposes discretely. See [Lan5] and [Har4]. □ 

The theorem provides a G(A) 1 -invariant orthogonal decomposition 

L 2 usp (G(Q)\G(A) 1 ) = 0C M (G(Q)\G(A) 1 ), 

(7 

where a ranges over irreducible unitary representations of G(A) 1 , and 
L 2 usp o .(G(Q)\G(A)) is G (A) isomorphic to a finite number of copies of a. We 
define a cuspidal automorphic datum to be an equivalence class of pairs (P, a), 
where P C G is a standard parabolic subgroup of G, and a is an irreducible rep- 
resentation of Mp(A) 1 such that the space L 2 usp (T (Mp(Q)\Mp(A) 1 ) is nonzero. 
The equivalence relation is defined by the conjugacy, which for standard parabolic 
groups is given by the Weyl sets W(ap, dpi). In other words, (P' , a') is equivalent 
to (P, cr) if there is an clement s e W(ap, a.p>) such that the representation 

s^V : m — ► a 1 (ws-mw^ 1 ), m G Mp(A) 1 , 

of Mp(A) 1 is equivalent to a. We write X = X G for the set of cuspidal automorphic 
data X ={Gf»}. 
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Cuspidal functions do not appear explicitly in Theorem 7.2, but they are an 
essential ingredient of Langlands's proof. For example, they give rise to a decom- 
position 

(12.2) L 2 (G(Q)\G(A)) = 0L 2 ,_ cusp (G(Q)\G(A)), 

v 

which is based on cuspidal automorphic data, and is more elementary than the 
spectral decomposition (7.5). Let us describe it. 

For any P, we have defined the right G(A)-invariant Hilbert space Hp of func- 
tions on G(A), and the dense subspace H° P . Let Hp )CUSp be the subspace of vectors 
4> € Hp such that for almost all x G G(A), the function (j) x {m) = 4>{mx) on 
Mp(Q)\M P (A) 1 lies in the space L 2 cusp (M P (Q)\Mp{A) 1 ) . Then 

cr 

where for any irreducible unitary representation a of Mp(A) 1 , Hp. CUS p,cr is the 
subspace of vectors cf) <G H-p^usp such that each of the functions 4> x lies in the 
space L^iMpmWpiA) 1 ). We write H% cusp and H° v ^ a for the respective 
intersections of Hp. cusp and Hp. cuspM with H P . 

Suppose that ^f(X) is an entire function of A e a* PC of Paley- Wiener type, with 
values in a finite dimensional subspace of functions x — > ^(A, x) in H° Pcusp cr . Then 
^(X,x) is the Fourier transform in A of a smooth, compactly supported function 
on ap. This means that for any point A € dp, the function 

V>(z)= / e (A+pp)(Hp(a:)) *(A,x)dA 

JA+ia' p 

of x e Np(A)M P (Q)\G(A) is compactly supported in H P (x). 

Lemma 12.2 (Langlands). The function 

{Ei>){x)= Yl xeG(Q)\G(A), 
<5eP(Q)\G(Q) 

lies in i 2 (G(Q)\G(A)). 

Lemma 12.3 (Langlands). Suppose that ^'(A',a;) is a second such function, 
attached to a pair (P 1 , a'). Then the inner product formula 

(12.3) (£V, £</>')= / Yl (M( s ,A)*(A),*'(- S A))dA 
/io/ds i/ A is any point in a* P such that (A — p P ){a J ) > for every a e Ap. 

If x is the class in X represented by a pair (P,v), let L 2 (G(Q)\G(A)) be the 
closed, G(A)-invariant subspace of L 2 (G(Q)\G(A)) generated by the functions i?^ 
attached to (P, a) . 

Lemma 12.4 (Langlands). There is an orthogonal decomposition 

(12.4) L 2 (G(Q)\G(A)) = 04(G(Q)\G(A)). 
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Lemmas 12.2-12.4 are discussed in the early part of Langlands's survey article 
[Lanl]. They are the foundations for the rest of the theory, and for Theorem 7.2 
in particular. We refer the reader to [Lanl] for brief remarks on the proofs, which 
are relatively elementary. □ 

The inner product formula (12.3) is especially important. It is used in the 
proof of both the analytic continuation (a) and the spectral decomposition (b) in 
Theorem 7.2. Observe that the domain of integration in (12.3) is contained in the 
region of absolute convergence of the cuspidal operator valued function M(s, A) in 
the integrand. Once he had proved the meromorphic continuation of this func- 
tion, Langlands was able to use (12.3) to establish the remaining analytic contin- 
uation assertions of Theorem 7.2(a), and the spectral decomposition of the space 
L^(G(Q)\G(A)). His method was based on a change contour of integration from 
A + iap to iap, and an elaborate analysis of the resulting residues. It was a tour de 
force, the details of which comprise the notoriously difficult Chapter 7 of [Lan5]. 

Any class \ = {{P^)} m 3£ determines an associated class V x = {P} of 
standard parabolic subgroups. We then obtain a decomposition (12.2) from (12.4) 
by setting 

£p_ cusp (G(Q)\G(A)) = 4(G(Q)\G(A)). 
{ X ex-.v x =r} 

However, it is the finer decomposition (12.4) that is more often used. We shall 
actually apply the obvious variant of (12.4) that holds for G(A) 1 in place of G(A), 
or rather its restriction 

(12.5) LLc(G(Q)\G(A) 1 ) = LLc, x (G(Q)\G(A) 1 ) 

xex 

to the discrete spectrum, in which 

^d iS c, x (G(Q)\G(A) 1 ) = L2. sc ( G(Q) \ G(A) i) n L\ (G(Q)\G(A) 1 ). 
If P is a standard parabolic subgroup, the correspondence 

(P.nMp^a,) — (Pi,^), Pi CP, {(Pi D Mp, <J\)} € X Mp , 

yields a mapping xp ^ X from X Mp to the set X = X G . We can then write 
LLc(Mp(Q)\Mp(A) 1 ) = 0lL lX (Mp(Q)\Mp(A) 1 ), 

where L^ isc x (Mp(Q)\Mp(A) 1 ) is the sum of those subspaces of 
L^ isc (Mp(Q)\Mp(A) 1 ) attached to classes \p G £ Mp in the fibre of \- Let H P<X 
be the subspace of functions 4> in the Hilbert space Hp such that for almost all 
x, the function (j> x (m) = <f)(mx) lies in L\ isc x ( y M P (Q)\M P (A) 1 ) . There is then an 
orthogonal direct sum 

Hp = 0M P , r 

x 

There is also an algebraic; direct sum 

(12.6) H P = ®H% X , 

x 

where H P% is the intersection of Hp yX with H° P . For any A and /, we shall write 
1p,x(^i I) f° r ^e restriction of the operator Xp(A, /) to the invariant subspace Hp tX 
of Hp.' 
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At the end of §7, we described the spectral expansions for both the kernel 
K(x,y) and the truncated function k T (x) in terms of Eiscnstein series. They were 
defined by means of an orthonormal basis Bp of Hp. We can assume that Bp is 
compatible with the algebraic direct sum (12.6). In other words, 

Bp =U B v, x , 

where B-p, x is the intersection of Bp with Hp . For any x G X we set 

(12.7) K x (x,y) = Y j n P l f ]T E(x,Ip tX (X, f)(j>, X)E(y, 4>, A)dA, 

p Jia'p <f,£B P , x 

where np is the integer defined in Theorem 7.2(b). It is a consequence of Lang- 
lands' construction of the spectral decomposition (7.5) from the more elementary 
decomposition (12.4) that K x (x,y) is the kernel of the restriction of R(f) to the 
invariant subspace l? x (G(Q)\G(A)) of L 2 (G(Q)\G(A)) . It follows, cither from this 
or from the definition (12.7), that 

(12.8) K{x,y) = Y,K x {x,y). 

This is the spectral analogue of the geometric decomposition (10.1). 

More generally, suppose that we fix P, and use Pi C P in place of P to index 
the orthonormal bases. Then we have 

Kp{x,y) = K PiX (x,y), 

where K P}X (x,y) is equal to 

EKr'/ E EP i (x,J Pl ^XJ)^X)EfJy~^X~)dX. 

Pi cp J%a 'p <peB Pl , x 

We obtain a decomposition 

(12.9) k T (x) - 

where 

k T x {x) = kl{x,f) 

= ^(_l)dim(A P /A G ) Kp tX (5x,8x)T P (Hp(5x)-T). 

p seP(Q)\G(Q) 

This is the spectral analogue of the geometric decomposition (10.2) of the truncated 
kernel. 

We have given spectral versions of the constructions at the beginning of §10. 
However, the spectral analogue of the coarse geometric expansion (10.7) is more 
difficult. The problem is to obtain an analogue of Corollary 10.1. We know from 
Theorem 6.1 that 

/ lE fc x( x ) dx = I \k T {x)\dx < oo. 

JG{Q)\G{ky 1 x JG(Q)\G(A)i 
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To obtain a corresponding expansion for J T (/), we would need the stronger asser- 
tion that the double integral 



L 



Y,K{x)\Ax 

G(Q)\G(A)i " 

is finite. Unlike the geometric case of Corollary 10.1, this is not an immediate 
consequence of the proof of Theorem 6.1. It requires some new methods. 



13. A truncation operator 

The process that assigns the modified function k T (x) = k T (x, f) to the original 
kernel K(x, x) can be regarded as a construction that is based on the adjoint action 
of G on itself. It is compatible with the geometry of classes o G 0. The process 
is less compatible with the spectral properties of classes \ G X. However, we still 
have to deal with the spectral expansion (12.9) of k T (x). We do so by introducing 
an operator that systematically truncates functions on G(Q)\G(A) 1 . 

The operator depends on the same parameter T used to define k T (x). It 
acts on the space Bi oc (G(Q)\G(A) 1 ) of locally bounded, measurable functions 
on G(Q)\G(A) 1 . For any suitably regular point T G and any function <f) € 
Sioc(G(Q)\G(A) 1 ), we define A T <j> to be the function in Si oc (G(Q)\G(A) 1 ) whose 
value at x equals 

(13.1) ^(_i)dim(A P /A G ) [ <f>{ndx)T P (H P {5x)-T)dn. 

P <5GP(Q)\G(Q) Jn p (Q)\N p (A) 

The inner sum may be taken over a finite set (that depends on x), while the 
integrand is a bounded function of n. Notice the formal similarity of the definition 
with that of k T (x) in §6. Notice also that if <j> belongs to L^ usp (G(Q)\G(Ay) , then 

There are three basic properties of the operator A T to be discussed in this 
section. The first is that A T is an orthogonal projection. 

Proposition 13.1. (a) For any P 1 , any fa € ^ioc(G(Q)\G(A) 1 ), and any 
x\ e G(A) 1 , the integral 

I (A T 0i)(nia;i)dni 

"'A r p 1 (Q)\A r p 1 (A) 

vanishes unless w(Hp 1 (xi) — T) < for every w e Ap 1 . 

(b) A T o A T = A T . 

(c) The operator A T is self-adjoint, in the sense that it satisfies the inner prod- 
uct formula 

(A T 0i,02) = (0i,A T 2 ), 
for functions fa G Si oc (G(Q)\G(A) 1 ) and fa G G C (G(Q)\G(A) 1 ) . 

The first assertion of the proposition is Lemma 1.1 of [A4]. (The symbol < 
in the statement of this lemma should in fact be <.) In the case G = SL(2), it 
follows directly from classical reduction theory, as illustrated in the earlier Figure 
8.3. In general, one has to apply the Bruhat decomposition to elements in the sum 
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over P(Q)\G(Q) that occurs in the definition of A T cj). We recall that the Bruhat 
decomposition is a double coset decomposition 

G(Q)= ]J (B (Q)w 8 N (®)) 
sew„ 

of G(Q), which in turn leads easily to a characterization 

P(Q)\G(Q)= ]J K^QK n 7V (Q)VVQ)) 

of P(Q)\G(Q). Various manipulations, which we will not reproduce here, reduce 
the assertion of (i) to Identity 6.2. 

The assertion (ii) follows from (i). Indeed, (A T (A T (/>)) (x) equals the sum over 
P 1 D P and ft g Pi(Q)\G(Q) of 



/ (A T <P)(n 1 S 1 x)T Pl (Hp 1 (S 1 x) - T)dni. 

J N Pl (Q)\N Pl (A) 

The term corresponding to Pi = G equals (A T 0)(x), while if Pi ^ G, the term 
vanishes by (i) and the definition of Tp 1 . 
To establish (iii), we observe that 



(A T 0i,0 2 ) 



P SeP(Q)\G(Q) 



/ <j>i(n5x)rp{Hp{8x) — T)(j) 2 (x)dndx 

J Np(Q)\Np(A) 



= V(-l) dim ( Ap / A °) / / ( /. 1 (nx)0 2 (x)fp(i/p(a;)-r)da;dn 

p Jn p (Q)\Np(A) ip(Q)\G(A)i 

= V(-l) dim (^Mo) / / ^(x)^(^)fp(Hp(x) - T)dzdn 

p J Np(Q)\Np(A) J P(Q)\G(A) 1 

ic(Q)\G(A)i p «6P(Q)\G(Q) 

• / <j>i(x)(j)2(nSx)Tp(Hp(8x) — T)dnda; 

J Np(Q)\Np(A) 

= (0!,A T 2 ). □ 

It is not hard to show from (ii) and (iii) that A T extends to an orthogonal 
projection from the space L 2 (G(Q)\G(A)) to itself. It is also easy to see that A T 
preserves each of the spaces Lp_ cusp (G(Q)\G(A) 1 ) in the cuspidal decomposition 
(12.2). On the other hand, A T is decidedly not compatible with the spectral decom- 
position (7.5). It is an operator built upon the cuspidal properties of §12, rather 
than the more sensitive spectral properties of Theorem 7.2. 

The second property of the operator A T is that it transforms uniformly tem- 
pered functions to rapidly decreasing functions. To describe this property quanti- 
tatively, we need to choose a height function || • || on G(A). 
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Suppose first that G is a general linear group GL(m), and that x — (xij) is a 
matrix in GL(m,A). We define 

— max | | ^ 

*,3 

if v is a p-adic valuation, and 

\\%v II v ^ ^ ^ l^ij'.f Id^ _ 

if v is the archimedean valuation. Then ||.T t) || t , = 1 for almost all v. The height 
function 

1 1^1 J^J ||*^v||d 

V 

is therefore defined by a finite product. For arbitrary G, we fix a Q-rational injection 
r: G — > GL(m), and define 

INI = lkO)ll- 

By choosing r appropriately, we can assume that the set of points x £ G(A) with 
< t is compact, for any t > 0. The chosen height function || • || on G(A) then 
satisfies 

(13.2) \\xy\\ < \\x\\\\y\\, x,y e G(A), 



(13.3) H^H^CoNr , .tgG(A), 
and 

(13.4) \{x e G(Q) : ||x|| < t}\ < C t N °, t>0, 

for positive contants Go and No- (See [Bor2].) 

We shall say that a function <j> on G(Q)\G(A) 1 is rapidly decreasing if for any 
positive integer N and any Siegel set S — S G (Ti) for G(A), there is a positive 
constant G such that 

W*) | < C\\x\\- N 

for every a; in S 1 = S n G(A) 1 . The notion of uniformly tempered applies to the 
space of smooth functions 

G°°(G(Q)\G(A) 1 ) = hmG 00 (G(Q)\G(A) 1 /^o)- 

K 

By definition, G°°(G(Q)\G(A) 1 / J ft:o) is the space of functions on G(Q)\G(A) X that 
are right invariant under the open compact subgroup Kq of G(Afi n ), and are infin- 
itely differentiable as functions on the subgroup G(M) 1 = G(R) n G(A) 1 of G(A) 1 . 
We can of course also define the larger space G r (G(Q)\G(A) 1 ) of functions of dif- 
ferentiability class C r in the same way. If X is a left invariant differential operator 
on G(M) 1 of degree k < r, and lies in C r (G(Q)\G(A) 1 / J ftT ) , X(j> is a function in 
C r - k (G(Q)\G(A) 1 /K ). Let us say that a function </> e G°° (G(Q)\G(A) 1 ) is ura- 
formly tempered if there is an iVo > with the property that for every left invariant 
differentiable operator X on G(IR) 1 , there is a constant cx such that 

IW)(oO| <c x \\x\\ N °, 

for every x S G(A) 1 . 
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PROPOSITION 13.2. (a) If 4> € G°° (G(Q)\G(A) 1 ) is uniformly tempered, the 
function A T (j> is rapidly decreasing. 

(b) Given a Siegel set S, positive integers N and N , and an open compact 
subgroup Kq o/G(Ag n ), we can choose a finite set {X{\ of left invariant differential 
operators on G(M) 1 and a positive integer r with the property that if (Ct,duj) is 
a measure space, and <j>{uj): x — * (f)(u,x) is any measurable function from ft to 
G r (G(Q)\G(A)V^o), the supremum 

(13.5) sup (\\x\\ N f \A T 4>(Lu,x)\du) 
is bounded by 

(13.6) sup (\\y\\- N °J2 [ \Xi<f>(u,v)\&>)- 

It is enough to prove (ii), since it is a refined version of (i). This assertion is 
Lemma 1.4 of [A4], the proof of which is reminiscent of that of Theorem 6.1. The 
initial stages of the two proofs are in fact identical. We multiply the summand 
corresponding to P in 

A T (j)(uj,x) 

= Y,(- 1 ) dim(Ap/Aa) Yl I cj){uj,nSx)dn-Tp(H P {5x)-T) 

by the left hand side of (8.1). We then apply the definition (8.2) to the product of 
functions Tp and Tp that occurs in the resulting expansion. The function A T <j)(o-, x) 
becomes the sum over pairs P\ C P2 and elements 8 € Pi(Q)\G(Q) of the product 

P Pl (fe,T)<7^(tf Pl (fe) - T)<p Pu p 2 (w,6x), 

where 

(13.7) <t>p u p 2 (u,y)= ]T (_i)dim(A P /A ) f 4,(u,ny)dn. 

{P:P lCPC p 2 } JNp(®)\N p (A) 

Suppose that y — Sx is such that the first two factors in the last product are 
both nonzero. Replacing S by a left Pi(Q)-translate, if necessary, we can assume 
that 

y = Sx = n^,n*mak, 

for k e K, elements ra*, n* and m in fixed compact subsets of Np 2 (A), iVp^(A) 
and Mp^A) 1 respectively, and a point a e A Pl (M.)° with ap\(H Pl (a) - T) ^ 0. 
Therefore 

y = Sx = n*a ■ a~ 1 n*amk — n*ab, 

where b belongs to a fixed compact subset of G(A) 1 that depends only on G. The 
next step is to extract an estimate of rapid decrease for the function 

<M,P2( W >2/) = ^Pi,P 2 ( w . fa ) = 0Pi,P 2 ( w ; a& ) 
from the alternating sum over P in (13.7). 

At this point the argument diverges slightly from that of Theorem 6.1. The 
quantitative nature of the assertion (ii) represents only a superficial difference, 
since similar estimates are implicit in the discussion of §8. However, the integrals 
in (13.7) are over quotients N P (Q)\N P (A) rather than groups N P (A), a reflection 
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of the left G(Q)-invariance of the underlying function y — > tp(<7,y). This alters the 
way we realize the cancellation in the alternating sum over P. It entails having 
to apply the Fourier inversion formula to a product of groups Q\A, in place of 
the Poisson summation formula for a product of groups A. The problem is that 
the quotient np\ (Q)\np^ (A) does not correspond with Np^(Q)\Np^(A) under the 
exponential mapping. However, the problem may be resolved by a straightforward 
combinatorial argument that appears in [Har4, Lemma 11]. One constructs a finite 
set of pairs 

(Nf, TV/), Np 2 C Ni CiVfC N Pl , 

of Q-rational groups, where is normal in Nj with abelian quotient N 1 . Each 
index I parametrizes a subset 

of roots of the parabolic subgroup Mp 2 n Pi of Mp 2 such that (3i. a contains a in its 
decomposition into simple roots. If Xj, a £ np x (Q) stands for a root vector relative 
to /3j )Ce , the space 

n J (Q) = Q*I,a 

becomes a linear complement for the Lie algebra of N]~(Q) in that of Nj(Q). The 
combinatorial argument yields an expansion of (j>p 1 ^p 2 (u, ab) as linear combination 
over / of functions 

(13.8) V / / <f>(u,uexp{X)ab)^({X,£))dudX, 

^..r^,Jn'(Q)\ni(A) JN-(Q)\N-(A) 

n J (Q)' = {^= r ^ x i^- r a eQ*}. 



ten' 



where 



r-2 



'Pi 

(See [A4, p. 94].) 

One can estimate (13.8) as in the proof of Theorem 6.1. In fact, it is not hard 
to show that for any positive integer n, the product of e n W Hp i( a ^ with the integral 
of the absolute value of (13.8) over w has a bound of the form (13.6). But 

c n\\H Po (a)\\ > Cl || a ||«e > C2 \\ n * ab ^e = C2 \\S X \\ n£ , 

for positive constants C\, c-i and s. Moreover, it is known that there is a positive 
constant c such that 

\\Sx\\ > c\\x\\, 

for any x in the Siegel set S, and any 5 £ G(Q). It follows that the supremum 

SUp SUp UNI" 6 / \ ( t ) Pi.P2( UJ ^ x )\ ( ^ u! ) 

x£S «£Pi(Q)\G(Q) v Jn ' 

has a bound of the form (13.6). Since this supremum is independent of 8, we have 
only to estimate the sum 

J2 F p i{8x,T)o p P l(H Pl {5x)-T). 

«€Pi(Q)\G(Q) 

It follows from the definition (8.3) and the fact that both F Pl (-,T) and cr^(') 
are characteristic functions that the summand corresponding to 6 is bounded by 
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Tpi (Hp 1 (Sx) — T). In §6 wc invoked Lemma 5.1 of [A3] in order to say that the 
sum over S in (6.1) could be taken over a finite set. The lemma actually asserts 
that 

E t Pi (H Pi (6x)-T) <c T \\x\\ N \ 

«€Pi(Q)\G(Q) 

for positive constants ct and Ni. We obtain an estimate (13.6) for (13.5) by 
choosing n > s~ 1 (N + N^. □ 

The proof of Proposition 13.2 we have just sketched is that of [A4, Lemma 
1.4]. The details in [A4] are a little hard to follow, thanks to less than perfect 
exposition and some typographical errors. Perhaps the discussion above will make 
them easier to read. 

The most immediate application of Proposition 13.2 is to an Eisenstein series 
x — ► E(x, <j>, A). Among the many properties established by Langlands in the course 
of proving Theorem 7.2 was the fact that Eisenstein series arc uniformly slowly 
increasing. More precisely, there is a positive integer Nq such that for any vector (f> € 
Tip and any left invariant differential operator X on G(R) 1 , there is an inequality 

\XE(x,(j),\)\ < Cx,<t>{X)\\x\\ N °, x G G(A), 

in which cx>(A) is a locally bounded function on the set of A e a* PC at which 
E(x, (j), A) is analytic. It follows from Proposition 13.2 that for any N and any 
Sicgcl set S, there is a locally bounded function ctv,</>(A) on the set of A at which 
E(x, 4>, A) is analytic such that 

(13.9) \A T E(x,j>,\)\<c Nt4) (X)\\x\\- N , 

for every x € S 1 . In particular, the truncated Eisenstein series A T E(x, (j), A) is 
square integrable on G(Q)\G(A) 1 . As we shall see, the spectral expansion of the 
trace formula depends on being able to evaluate the inner product of two truncated 
Eisenstein series. 

The third property of the truncation operator is one of cancellation. It concerns 
the partial truncation operator A T ' Pl attached to a standard parabolic subgroup 
Pi D P . If cj> is any function in fi loc (P 1 (Q)\G(A) 1 ), we define A T ' Pl (/) to be the 
function in fi loc (Mp 1 (Q)A r p 1 (A)\G(A) 1 ) whose value at x equals 

E (-l) dim(A ^ £ / 4>(nSx)r^(H Q (Sx)-T). 
{Q.PoCQGPi} «eQ(Q)\Pi(Q) J N Q(®)\ N Q( A ) 

Proposition 13.3. If<j> belongs to Si oc (G(Q)\G(A) 1 ), then 

E E ^ Pi ^x)t Pi (H Pl (Sx) -T) = 4>{x). 

PiDP <5GPi(Q)\G(Q) 

More generally, if (j) belongs to Bi oc (P(Q)\G(A) 1 ) for some P D P , the sum 

(13.10) E E AT^Wx^HplW-T) 
{Pv.PoCPiCP} «€Pi(Q)\P(Q) 

equals 

4>(nx)dn. 

Np(Q)\N P (A) 
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If we substitute the definition of A T ' Pl <j> into (13.10), we obtain a double sum 
over Q and P 1 . Combining the double sum over <2(Q)\Pi(Q) and Pi(Q)\P(Q) into 
a single sum over <3(Q)\P(Q), we write (13.10) as the sum over parabolic subgroups 
Q, with P cQ C P, and elements <5 € Q(Q)\P(Q) of the product of 



<j>{n5x) 

Nq{Q)\N q (K) 



with 



E (-l) dim(AQ/Api) r^(^ Q (fe) -T) T r(H Pl (Sx) -T). 

{Pv.QCPiCP} 

Since Tp (Hp 1 (Sx) —T)= Tp (Hq(Sx) — T), we can apply (8.11) to the alternating 
sum over Pi. This proves that the alternating sum vanishes unless Q = P, in which 
case it is trivially equal to 1. The formula of the lemma follows. (See [A4, Lemma 
1.5].) □ 

14. The coarse spectral expansion 

The truncation operator A T acts on functions on G(Q)\G(A) 1 . If h is a function 
of two variables and A is a linear operator on any space of functions in G(A), we 
write K\h and A 2 h for the transforms of h obtained by letting A act separately 
on the first and second variables respectively. We want to consider the case that 
A = A T , and h(x, y) equals the x-component K x (x, y) of the kernel K(x, y) of R(f). 
We recall that the parameter T in both the operator A T and the modified kernel 
k T (x) is a suitably regular point in Oq . 

Theorem 14.1. (a) The double integral 
(14.1) V f A^K x (x,x)dx 



converges absolutely. 

(b) If T is suitably regular, in a sense that depends only on the support of f, 
the double integral 

(14.2) E / k T x {x)dx 



G(Q)\G(A)i 



also converges absolutely. 

(c) IfT is as in (ii), we have 

I k^(x)dx = / AzK x (x, x)dx, 

JG(Q)\G(A)i 7g(Q)\G(A)i 

for any x G X. 

The assertions of Theorem 14.1 are among the main results of [A4]. Their 
proof is given in §2 of that paper. We shall try to give some idea of the argument. 

The assertion (i) requires a quantitative estimate for the spectral expansion of 
the kernel 

K{x,y)= E fi^iv)- 
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The sum here can obviously be taken over elements 7 in the support of the function 
u — ► f(x^ 1 uy). Since the support equals x-supp/- we can apply the properties 
(13.2)^(13.4) of the height function j| • ||. We see that 

\K(x,y)\<c(f)\\x\\^\\y\\ N \ 

for a positive number Ni that depends only on G. For any x e X, K x (x,y) is 
the kernel of the restriction of R(f) to the invariant subspace L 2 (G(Q)\G(A)) of 
L 2 (G(Q)\G(A)). It follows from the discussion at the end of §7 that the sum 

Y>\K x (x,y)\ 
xex 

of absolute values is bounded by a finite sum of products 

X X 

of kernels Ki(-,-) attached positive definite functions 

fi = tk*hl hi e G£(G(A)). 

It follows that 

y Z\K x (x,y)\=c(f)\\xny\\ N \ x,y€G(A), 
x 

for some constant c(/) depending on /. 

A similar estimate holds for derivatives of the kernel. Suppose that X and Y 
are left invariant differential operators on G(R) of degrees di and c?2- Suppose that 
/ belongs to C£(G(A)), for some large positive integer r. The corresponding kernel 
then satisfies 

X 1 Y 2 K x (x,y) = K^ Y (x,y), x e X, 

where K x - y (x lV ) is the kernel attached to a function f x ,y in C r ( T dl ~ d ' 2 (G(A)). It 
follows that 

for all x, y G G(A). 

We combine the last estimate with Proposition 13.2(b). Choose the objects <S, 
N, N Q and K of Proposition 13.2(b) so that G(A) = G(Q)S, N is large, N = N u 
and / is biinvariant under K . We can then find a finite set {Yi} of left invariant 
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differential operators on G(R) such that 

S u P (\\y\\ N ^\^K x (x,y)\) 

< sup (^\\y\\- N °\Y,(YihK x (x,y)) 

< sup (j2\\y\\- Na J2\( Y ^K x (x,y)\) 

< sup (^M'^^hrM^M 1 " 1 ) 

<(E c (/i,*))Nr. 



for any x G G(A). Setting x = y, we see that there is a constant ci = Ci(/) such 
that 

^2\^K x (x, X )\< Cl \\x\\^- N , 

x 

for any x e 5. Since any bounded function is integrable over S 1 = S n G(A) 1 , 
we conclude that the sum over x of the functions lAif-f^a:, x)\ is integrable over 
G(Q)\G(A) 1 . This is the assertion (a). 

The proof of (b) and (c) begins with an expansion of the function k x {x) = 
k x {x,f). We are not thinking of the x-form of the expansion (8.3) of k T (x), but 
rather a parallel expansion in terms of partial truncation operators. We shall derive 
it as in §8, using Proposition 13.3 in place of Lemma 8.2. 

The kernel Kp, x (x, y) defined in §12 is invariant under left translation of cither 
variable by iVp(A). In particular, we can write 

k p,x( x >v) = K PtX (x,ny)dn. 

JNp(Q)\N P (A) 

It follows from the definition in §12 that k x {x) equals 

J2(-1) (Ap/Ag) J2 t p (Hp(Sx)-T) f K P>x {Sx,n5x)dn. 



The integral over n can then be expanded according to Proposition 13.3. The 
resulting sum over Pi(Q)\P(Q) combines with that over P(Q)\G(Q) to give an 
expression 

E (-l) dim(Ap/AG) £ Tp(Hp(6x)-T)r^(H Pl (6x)-T)A^Kp tX (8x,5x) 

PiCP «€Pi(Q)\G(Q) 

for k x (x). Applying the expansion (8.2), we write 

?p(Hp(5x) - T)t£ (H Pl (Sx) - T) 
=tp (H Pl {Sx) - T) r£ (H Pl {Sx) - T) 
= £ ^:{H Pl {5x)-T). 

{P 2 :P 2 DP} 
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It follows that k x (x) has an expansion 

( 14 - 3 ) E E v?AHp^)-T)A^ Pi K Pi ,p 2 , x (5x,Sx), 

PiCP 2 <5ePi(Q)\G(Q) 

where 

K Pi ,p 2 , x (x,V) = E (-l) dim(Ap/AG) K Pa (x,y). 

{P:PlCPCP 2 } 

Observe that (14.3) is the same as the expansion (8.3) (or rather its x-analogue), 
except that the partial "cut-off" function F Pl (•, T) has been replaced by the partial 
truncation operator A 2 ' 1 . 

We recall from Lemma 8.3 that ap^ vanishes if Pi = P 2 7^ G, so the corre- 
sponding summand in (14.3) equals 0. If P\ = P 2 = G, crp^ equals 1, and the 
corresponding summand in (14.3) equals A 2 K x (x, x). It follows that the difference 

fc£(z) - A%K x (x,x) 

equals the modified expression (14.3) obtained by taking the first sum over Pi C P 2 . 
Consider the integral over G(Q)\G(A) 1 of the absolute value of this difference. The 
absolute value is of course bounded by the corresponding double sum of absolute 
values, in which we can combine the integral with the sum over Pi(Q)\G(Q). It 
follows that the double integral 

E/ \k T x {x)-A T 2 K x {x,x)\dx 

is bounded by 

( 14 - 4 ) E E / a%(H Pl (x)-T)\Al' Pl K PuP2 , x (x,x)\dx. 

The assertion (ii) would follow from (i) if it could be shown that (14.4) is finite. In 
fact, one shows that for T highly regular, the integrand in (14.4) actually vanishes. 
This obviously suffices to establish both (ii) and (iii). 

Consider the integrand in (14.4) attached to a fixed pair P\ C P 2 . In order to 
treat the factor A 2 r ' Pl K Pl ,p 2 . x , one studies the function 



/ K Plt p 2 (x 1 n 1 y)dn 1 

JN P , (Q)\Np, (A) 



lN Pl (Q)\N Pl (A) 

E (-l) dim (^M°) f K P (x,n iy )d ni 
{P:P lC PCP 2 } Jn Pi (Q)\n Pi (A) 

= E(" 1 ) dim( ' 4pMG) / / E /(z"Vriiy)dndni. 

p yjV Pl (Q)\iVp 1 (A)ijVp(A) 7£Mp(Q) 

In the last summand corresponding to P, we change the triple integral to a double 
integral over the product 

Mp(Q)N P (A)/N Pl (Q) x JV Pl (A). 

This in turn can be written as a triple integral over the product 

(M P (®)/Mp(Q)nN Pl (Q)) x (Np(A)/N P (Q)) x N Pl (A). 
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The integral over Np(A) /Np(Q) can then be absorbed in the integral over Np 1 ( 
Since 

Mp(Q)/M P (Q) n N Pl (Q) £* P(Q)/Pi(Q) x M Pl (Q), 
the sum over P takes the form 

J2(-l) dha{Ap/AG) E / E /(^W^dm 

P 7ePi(Q)\P(Q) ,7Arp i (A) 7i6M Pl (Q) 

= ^ ( _ 1) di m( A pMG ) ^ K Pl ( 7 ^y). 
p 7efi(Q)\P(Q) 

Let F(P 1 ,P 2 ) be the set of elements in Pi(Q)\P 2 (Q) which do not lie in Pi( 
for any P with Pi C P C P 2 . The alternating sum over P and 7 then reduces to a 
sum over 7 € F(Pi,P 2 ), by Identity 6.2. We have established that 

(14.5) f ^ Pl ,p 2 (a ; ,n l2 /)dn 1 = (-l) dim ^/ AG ) V # Pl ( 7 z,y). 

J N Pl (Q)\N Pl (A) „ . 



7GF(Pi,P 2 ) 



There remain two steps to showing that the integrand in (14.4) vanishes. The 
first is to show that for any x and y, h^' Pl Kp 1 ,p 2 , x {x,y) depends linearly on the 
function of m € M Pl (Q)\M Pl (A) 1 obtained from the left hand side of (14.5) by 
replacing y by my. This is related to the decompositions of §12, and is easily 
established from the estimates we have discussed. The other is to show that if T is 
highly regular relative to supp(/) , and a^p (P Pl (x) — T) ^ 0, then Kp 1 (jx, mx) = 
for all m and any 7 <E F(Pi,P 2 ). This is a consequence of the Bruhat decomposition 
for G(Q). In the interests of simplicity (rather than efficiency), we shall illustrate 
the ideas in the concrete example of G = GL(2), referring the reader to [A4, §2] 
for the general case. 

Assume that G = GL(2), Pi = Pq and P 2 = G. The partial truncation operator 
A T ' Pl is then given simply by an integral over A Po (Q)\A r Po (A). Therefore 

^I' Pl Kp u p 2 , x (x,y) = / (K x (x,ny) - K Pa . x (x,ny))dn. 

JN Po (Q)\N Po (A) 

If x = (G, 7r), the integral of K x (x,ny) over n vanishes, since 7r is a cuspidal 
automorphic representation of G(A), while Kp (hX (x, ny) vanishes by definition. The 
integrand in (14.4) thus vanishes in this case for any T. 

For G = GL(2), we have reduced the problem to the remaining case that % 
is represented by a pair (P ,<7o). Since M Po is the group of diagonal matrices in 
GL(2), we can identify do with a pair of characters on the group Q*\A X . It follows 
directly from the definitions that 

/ k p ,x( x > ny)dn = K P „ tX (x, y) 

J Np (®)\N Pa (A) 

K Po (x, my)a (m)dm. 

M Po (Q)\Mp (A)i 
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The spectral decomposition of the kernel K(x, y) also leads to a formula 

K x (x, ny)dn 



J 



I Np (®)\Np (A) 

= I / K (x, nmy)ao(m)dndm. 

■/Mp (Q)\Mp (A)i yjVp (Q)\JV Po (A) 

Indeed, the required contribution from the terms in K(x,y) corresponding to the 
Hilbert space Hq can be inferred from the fact that the representation of G(A) 
on Hq is a sum of cuspidal automorphic representations and one-dimensional au- 
tomorphic representations. To obtain the contribution from the terms in K(x, y) 
corresponding to Hp , we use the fact that for any <p € ^p > the function 



y — > E(ny,<j),\)dn 

J Np (Q)\N Po (A) 

also belongs to H Po . Combining the two formulas, we see that 
K l' Pl K Pu p 2 , x {x,y) 

Kp 1 ,p 2 (x, nmy)ao(m)dndm 



Mp (Q)\M Po (A)i J Np (Q)\Np (A) 



= / 



y~] K Pl (~fx , my) a (to) dm , 

Mp (Q)\Mp (A)i 7£F(PiP2) 

for any x and y. This completes the first step in the case of G = GL(2). 
For the second step, we note that 

F(P U P 2 ) = F(P ,G) = P (Q)\(G(Q) - P (A)) 
= {M Po (Q)(; J)aTp (Q)}, 
by the Bruhat decomposition for GL(2). Setting y = x, we write 

K Pl (fx,mx) 

■yeF(P u P 2 ) 

= ^ / f(x~ 1 j~ 1 nmx)dn 
1 eF(p u p 2 ) jN ^W 

= f Y, £ /(^"(S J)^mx)dn, 

JJVp » W f£JVp (Q) / ieMp (Q) v 7 

for any m e Mp(A) 1 . We need to show that if T is highly regular relative to 
supp(/), the product of any summand with <jp 2 i (Hp 1 (x) — T) vanishes for each 
x e G(A) 1 . Assume the contrary, and write 

x = m r ^ mifci, m e N Po (A), r e (R*)°, mi e M Po (A)\ fcj e K. 

On the one hand, the number 

a% (H Pl (x) — T)= cj% (H Po (x) -T)= t Po (Hp a ( V q r _i) - t) 
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is positive, so that r is large relative to supp(/). On the other hand, it follows from 
the discussion above that the point 



-l. 



1 



x v \ ^ Q | finmx 

belongs to supp(/), for some v £ N Pa (Q), \i £ Mp (Q), n £ N Pq (A), and m £ 
Mpg(A) 1 . Substituting for x, we see that there is a point ("J) in GL(2, A) 1 , with 
\c\ = r 2 , which lies in the fixed compact set K ■ supp / • K. This is a contradiction. 
The argument in the case of G = GL{2) is thus complete. □ 

We have finished our remarks on the proof of Theorem 14.1. We can now 
treat the double integral (14.2) as we did its geometric analogue (10.3) in §10. By 
Fubini's theorem, we obtain an absolutely convergent expression 

j t u) = E J x(f) 

whose terms are given by absolutely convergent integrals 

(14.6) 4(f) = I *£(x,f)dx, xel 

JG(Q)\G(A)i 

Following the discussion of §10, we analyze J x (f) as a function of T by means 
of the proof of Theorem 9.1. Defined initially for T £ Oq sufficiently regular, we 
see that J x {f) extends to any T £ do as a polynomial function whose degree is 
bounded by the dimension of a§. We then set 

J x (f) = J?(f), xeX, 

for the point T £ a$ given by (9.4). By the proof of Proposition 9.3, each distribu- 
tion J x (f) is independent of the choice of minimal parabolic subgroup P £ V(M ). 

The new distributions J x (f) = J x (f) are again generally not invariant. Ap- 
plying the proof of Theorem 9.4 to the absolutely convergent integral (14.6), we 
obtain the variance property 

(14-7) J X (H - ]T J^{f Q , y ), x e X, y £ G(A). 

QDPo 

As before, J x q {Jq. v ) is defined as afinite sum of distributions J XQ Q {Jq, v ), in which 
Xq ranges over the preimage of x m % Mq under the mapping of 3L Mq to X. Once 
again, x need not lie in the image of the map X Mq — > X attached to any proper 
parabolic subgroup Q C G. This is the case precisely when x 1S cuspidal, in the 
sense that it is defined by a pair (G, a). When \ is cuspidal, the distribution J x (f) 
is in fact invariant. 

The expansion of J T (f) in terms of distributions J x (f) extends by polynomial 
interpolation to all values of T. Setting T — Tq, we obtain an identity 

(14-8) •/(/)= £ J xCf)< /€C~(G(A)). 

This is what we will call the coarse spectral expansion. The distributions J x (f) for 
which x is cuspidal are to be regarded as general analogues of the spectral terms 
in the trace formula for compact quotient. 
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15. Weighted characters 

This section is parallel to §11. It is aimed at the problem of describing the 
summands J x (f) in the coarse spectral expansion more explicitly. At this point, 
we can give a partial solution. We shall express J x (f) as a weighted character for 
"generic" classes x G X. 

For any x e X, J x {f) is defined by the formula (14.6). However, Theorem 
14.1 (iii) and the definition (12.7) provide another expression 

4(f) = f A^K x (x,x)dx 

JG(Q)\G(A)i 

= Y / n p 1 [ (f V E(x,l P (X, f)4>, X)A T E(x, <j>, X)d\)dx 

p JG(®)\G(Ay y Jia' P<t>eBpx ' 

for J x (f). This second formula is better suited to computation. 

Suppose that A e ia* P . The function E(x,(f>',\) is slowly increasing for any 
4>' € ^p, x i while the function A T E(x,<f), A) is rapidly decreasing by (13.9). The 
integral 

/ E(x,<p',X)A T E(x,<f>, X)dx 

JG(Q)\G(Ay 

therefore converges, and consequently defines a Hermitian bilinear form on T~tp x - 
By the intertwining property of Eiscnstein series, this bilinear form behaves in the 
natural way under the the actions of K and on ~Hp x - It may therefore be 
written as 

(ikf£ x (A)0',0), 

for a linear operator Mp x (X) on T~tp x - Since A T is a self-adjoint projection, by 
Proposition 13.1, we see that 

(15.1) (\)<f/,<f>) = [ A T E(x, (j)', X)A T E{x, <£, X)dx, 

iG(Q)\G(A)i 

for any vectors <fi' and cf) in Hp x - It follows that the operator Mp x (X) is self-adjoint 
and positive definite. 

The following result can be regarded as a spectral analogue of Theorem 11.1. 

Theorem 15.1. IfTe. ap a is suitably regular, in a sense that depends only on 
the support of f , the double integral 

(15.2) / tr(Mj iX (A)Jp iX (A,/))dA 

p J ia* p 

converges absolutely, and equals J x (f). 

This is Theorem 3.2 of [A4]. It includes the implicit assertion that the operator 
in the integrand is of trace class, as well as that of the absolute convergence of 
the integral. The precise assertion is Theorem 3.1 of [A4], which states that the 
expression 

EE/ llMj^Tp^A^IUdA 

x p Jiap 

is finite. As usual, |j • ||i denotes the trace class norm, taken here for operators on 
the Hilbert space 'Hp. x - 
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Apart from the last convergence assertion, Theorem 15.1 is a formal conse- 
quence of the expression above for It follows from the definition of Mp x (X), 
once we know that the integral over G(Q)\G(A) 1 in the expression can be taken in- 
side the integral over A and the sum over <j>. The convergence assertion is a modest 
extension of Theorem 14.1(i). Its proof combines the same two techniques, namely 
the estimates for K(x,y) obtained from Selberg's positivity argument, and the 
estimates for A T given by Proposition 13.2. We refer the reader to §3 of [A4]. □ 

Suppose that P is fixed. Since the inner product (15.1) depends only on the 
image of T in the intersection (cip ) + of dp o with 0p g , we shall assume for the rest 
of this section that T actually lies in (ap o ) + . It turns out that the inner product 
can be computed explicitly for cuspidal Eisenstein series. The underlying reason 
for this is that the constant term 

/ E(nx, <j), A)dn, <f> £ Tip, A € a* PC , 

Jn q (®)\n q (A) 

defined for any standard Q D Pq, has a relatively simple formula if <p is cuspidal. 

Suppose that <j> belongs to H P cusp and that A lies in a* PC . If Q is associated to 
P, we have the basic formula 

[ E(nx,<jy,X)dn = V (M(s, X)<f>) ( x )e^ sX+p ^ H ^ x ^ 

Jn q (Q)\N q (A) seW(a P ,a Q ) 

This is established in the domain of absolute convergence of Eisenstein series from 
the integral formula for M(s,X)<j) and the Bruhat decomposition for G(Q) [Lanl, 
Lemma 3] . More generally, suppose that Q is arbitrary. Then 

(15.3) / E(nx, <j>, A)dn = V E Q (x, M(s, \)<f>, sX) , 

Jn q (Q)\Nq(A) seW(P;Q) 

where we have written E®(-, ■, •) = Ep {•, •, •), for the group P\ such that s belongs 
to W{ap,ap 1 ). This is established inductively from the first formula by showing 
that for any Q' C Q, the Q'-constant terms of each sides are equal. The formula 

(15.3) allows us to express the truncated Eisenstein series A T E(x, <f), A), for A in 
its domain of absolute convergence, in terms of the signs sq and characteristic 
functions <pQ defined in §11. 

Lemma 15.2. Suppose that 4> e Hp and X e A + iap, where A is any point 
in the affine chamber p P + (a* P ) + . Then 

(15.4) A T E(x,0,X)= ]T ^ Sx ^ 

Qdp <5eQ(Q)\G(Q) 

where for any y £ G(A), tpQ(y) is the sum over s £ W(dp, Oq) of the expression 

(15.5) e Q (sA)<j> Q ( s A,H Q (5x) - T Q )c( sX+ P^ H ^\M( s ,X)t)(y). 

This is Lemma 4.1 of [A4]. To prove it, we note that for any Q, s, and 5, the 
expression 

e Q (sA)4 Q ( s A,H Q (5x)-T Q ) 

equals 

£ (-l) di ^ A ^T R {H R (Sx) - T R ), 

{RDQ:seW(P;R)} 
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by the identity of (11.7) and (11.6) established in §11. We substitute this into 
the formula (15.5) for i/jq(Sx). We then take the sum over S in (15.4) inside the 
resulting sums over s and R. This allows us to decompose it into a double sum 
over £ G Q(Q)\R(Q) and S G R(Q)\G(Q). The sum 

^2 c (sX+p ^ H ^ ( ^(M( S ,X)(f,)^Sx) 



converges absolutely to E R (dx, M(s, \)<fr, sX). It follows that the right hand side 
of (15.4) equals 

E(- 1 ) dim( " W ' 4G) E { E ER ( 6x > M ( s ' A M sX ) }MHn{5x) - T R ), 

R 8 s 

with 5 and s summed over R(Q)\G(Q) and W(P; R) respectively. Moreover, the 
last expression in the brackets equals 

/ E(n8x, (f>, A)dn, 

JN r (Q)\N r (A) 

by (15.3). It then follows from the definition (13.1) that the right hand side of 
(15.4) equals the truncated Eisenstein series on the right hand side of (15.4). (The 
elementary convergence arguments needed to justify these manipulations are given 
on p. 114 of [A4].) □ 

For any Q, we treat the sum tpQ in the last lemma as a function on 
Nq(A)Mq(Q)\G(A) 1 . It then follows from the definition of the characteristic func- 
tions </>q(sA, •) and our choice of A that iPq{x) is rapidly decreasing in Hq(x). This 
is slightly weaker than the condition of compact support imposed on the function tp 
in §12. However, we shall still express the right hand side of (15.4) as the sum over 
Q of functions (Ei/jq)(x), following the notation of Lemma 12.2. In fact, the inner 
product formula (12.3) is easily seen to hold under the slightly weaker conditions 
here. We shall sketch how to use it to compute the inner product of truncated 
Eisenstein series. 

One has first to compute the Fourier transform 

*q(h,x)= I c-^ p ^ H ^ ax »ijj Q {ax)&a, 

JA Q (R)°nG(A)i 

for any /i G zOq. This entails computing the integral 

e {'^){BQ^))e Q {aK)4 >Q {aK,H Q {ax)-T Q )Aa, 

M Q (R)°nG(A)i 

which can be written as 



/ 

J A, 



L 



after the obvious change of variables. A second change of variables 

a£Aq 

simplifies the integral further. It becomes a product of integrals of rapidly decreasing 
exponential functions over half lines, each of which contributes a linear form in sX—fi 
to the denominator. We have of course to multiply the resulting expression by the 
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relevant Jacobian determinant, which equals the volume of Oq modulo the lattice 
Z(A^) generated by Aq. The result is 

(15.6) *g(/i,a;)= E c^ x -^ T \M( s , A)0)(x)#q( s A - p)~\ 

s£H'(op,Og) 

where 

(15.7) M,sA - M ) = vol^/Z^))- 1 II (*A-A*)(a v ). 

It is worth emphasizing that ^q(p,x) is a rather simple function of p, namely 
a linear combination of products of exponentials with quotients of polynomials. We 
have taken the real part A of A to be any point in p P + (a* P ) + . Assume from now 
on that it is also highly regular, in the sense that A(a v ) is large for every a £ Ap. 
Then v l , Q(/i, x) is an analytic function of p, in the tube in cIq c over a ball Bq around 
in a*Q of large radius. Moreover, for any Aq e Bq, 

: x — » *q(h,x), p e Aq + t(o§)* , 

is a square integrable function of p with values in a finite dimensional subspace of 

' "-QjCusp" 

Consider another set of data P', (f>' G H P , cusp and A' e A' + zap,, where P' is 
associated to P and A' is a highly regular point in p P , + (a* P ,) + . These give rise 
to a corresponding pair of functions ipQ>(x) and ^q,((j/ ,x), for each standard Q' 
associated to P'. Following the notation of Lemma 12.2, we write the inner product 

(15.8) / A T E(x, (j), X)A T E(x, fi, \')dx 

JG(Q)\G(A)i 

as 

E / (Ei> Q )(x)(E^ Q ,)(x)dx. 

Q Q ,JG(Q)\G(Ay 

We are taking for granted the extension of Lemma 12.3 to the rapidly decreasing 
functions ipQ and ipQ, . It yields the further expression 

E / E (M(t,/i)*Q(/i),*o,(-tp))d/i 

Q,Q' Ja <3+«*§)' teW(a Q ,a Q ,) 

for the inner product, where Aq is any point in the intersection of pq + (Qq)* 
with the ball Bq. It follows from (15.6) (and its analogue for P') that the inner 
product (15.8) equals the sum over Q and s € W(op, CIq), and the integral over 
p € Aq + i(Og)*, of the product of 

(15.9) Q (sA- M )-V sA -^ T ) 
with 

(15.10) E E E M S ' X ' + t/i)- 1 e<'' x ' +t ">< r > (M(t, M )M( S , A)0, M(s', \')<j>') . 

Q' t s< 

The inner sums in (15.10) are over elements t G W(ciq, <Xq,) and s' <G W (dp, , <Xq,) . 

There are three more steps. The first is to show that (15.10) is an analytic 
function of p if the real part of p is any point in pq + {Oq) + . The operator valued 
functions M(t, p) are certainly analytic, since the integral formula (7.2) converges 
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uniformly in the given domain. The remaining functions 8q(s'X' + tfi) 1 of fi have 
singularities along hypcrplanes 

{M : (s'A' + ^)(a V ) - 0}, a e Aq/, 

for fixed Q' , t, s' and A'. However, each such hyperplane occurs twice in the sum 
(15.10), corresponding to a pair of multi-indices (Q',t,s') and (Q' a , s a t, s a s') that 
differ by a simple reflection about a. (By definition, Q' a is the standard parabolic 
subgroup such that s a belongs to W(o.q> , a.Q> a ).) It is a consequence of the functional 
equations (7.4) that 

(M(s a t,iJ,)M(s,\)cf),M(s a s',\')(j>') = (M(t,/j,)M(s,\)(f),M(s',\')<i>'), 

whenever (s'A' + tfi)(a v ) = 0. It then follows that the singularities cancel from 
the sum (15.10), and therefore that (15.10) is analytic in the given domain. (This 
argument is a basic part of the theory of (G, M)-families, to be discussed in §17.) 

The second step is to show that if s ^ 1, the integral over [i of the product 
of (15.9) and (15.10) vanishes. For any such s, there is a root a. € Aq/ such that 
(sAq)(q: v ) < 0. As a function of ^, (15.9) is analytic on any of the affine spaces 

(A Q + rw a ) + i(a%)* , 0<r<oo. 

We have just seen that the same property holds for the function (15.10). We can 
therefore deform the contour of integration from Aq + «((1q)* to the affine space 
attached to any r. The function M(t, [i) is bounded independently of r on this 
affine space, as is the product 

e -/^(T) e (t (I1 )(T)_ 

This leaves only the product 

9 Q (s\-^- 1 9 Q ,( S '~X' + tfi)-\ 

which is the inverse of a polynomial in \i of degree twice the dimension of the affine 
space. The integral attached to r therefore approaches as r approaches infinity. 
The original integral therefore vanishes. 

The final step is to set s = 1 in (15.9) and (15.10), and then integrate the 
product of the resulting two expressions over /i in Aq + i(og)*. The group Q 
actually equals P when s equals 1. However, the point Aq in (dg)* = (tip)* does 
not equal the real part A of A. Indeed, the conditions we have imposed imply that 
(A — Aq)(q! V ) > for each a e Aq. We change the contour of integration from 
Aq + i(ag)* to the affine space 

K Q + r P p + i{a.^)\ 

for a large positive number r. As in the second step, the integral approaches as 
r approaches infinity. In this case, however, the function 

0q(sA-m) = 0p(A-m) 
contributes a multidimensional residue at /i = A. Using a change of variables 

aeAp 

one sees without difficulty that the residue equals the value of (15.10) at s = 1 and 
/i = A. This value is therefore equal to the original inner product (15.8). Since 
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the original indices of summation Q and s have disappeared, we may as well re- 
introduce them in place of the indices Q' and t in (15.9). We then have the following 
inner product formula. 

PROPOSITION 15.3 (Langlands). Suppose that 4> g Ti° Pcusp and ft € Tip, 
for standard parabolic subgroups P and P' . The inner product 



[ A T E(x,cj),X)A T E(x,ft,X')dx 

JGIO^GtA) 1 



cusp' 



is then equal to the sum 

(15.11) EEEM sA + s'ATV^+s'^) (M(s, X)ft M(s>, \')ft) , 

Q s s < 

taken over Q D P , s G W(ap, Oq) and s' e W(ap,, cxq), as meromorphic functions 
of Aeop C and A' e a* P , c . 

The discussion above has been rather dense. However, it does yield the required 
formula if the real parts of A and A' are suitably regular points in (a* P ) + and (a* P ,) + 
respectively. Since both sides are meromorphic in A and A', the formula holds in 
general. □ 

The argument we have given was taken from §4 of [A4]. The formula stated 
by Langlands [Lanl, §9] actually differs slightly from (15.11). It contains an extra 
signed sum over the ordered partitions p of the set Aq . The reader might find it 
an interesting combinatorial exercise to prove directly that this formula reduces to 
(15.11). 

We shall say that a class \ € X is unramified if for every pair (P, ir) in x, the 
stabilizer of n in W(ap,ap) is {1}. This is obviously completely parallel to the 
corresponding geometric definition in §11. Assume that \ is unramified, and that 
(P, 7r) is a fixed pair in \- We shall use Proposition 15.3 to evaluate the distribution 
JxU)- 

Suppose that <ft and ft are two vectors in the subspace Ti P cusp 7T of Tip. This 
represents the special case of Proposition 15.3 with P' = P. The factor 

(M(s,X)ftM(s',X')ft) 

in (15.11) vanishes if s ^ s' , since M(s,X)4> and M(s',X')ft lie in the orthogonal 
subspaces 7iQ. C usp,s7r and Hq iC usp. s'-k of Hq. We use the resulting simplification 
to compute the inner product (15.1). We have of course to interchange the roles 
of (0, A) and (ft,X'), and then let A' approach a fixed point A € ia* P . Writing 
A' = A + £, for a small point £ 6 zap in general position, we obtain 

(M J JX)ft, ft) = lim / A T E(x, ft, X + ()A T E(x,<f>,X)dx 

JG(Q)\G(A)i 

= J™E E ^«)^e (sC)(T) (^( s ^ + C)0',M( S ,A)0). 

seW(a P ,aQ) 

In particular, the last limit exists, and takes values in a finite dimensional space of 
functions of the highly regular point Te (&o) + ■ (This is also easy to show directly.) 
We can therefore extend both the limit and the operator Mp x (X) to all values of 
T € cip o so that the identity remains valid. Now, let M(w s ,X) be the operator on 
Tip denned by analytic continuation from the analogue of (7.2) in which tc s has 
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been replaced by the representative w s of s in K. Since M(s, A) is unitary, we see 
easily from the definition (9.4) that 

(M(s, A + C)0', M(s, X)4>) = (M(s, Xy'Mis, A + Q4>', <f) 

= C -«X T °) (M(w s , X)~ 1 M(w s , A + C)0', 0). 

It follows that 

(M% x {\)<f/, <f>) = lim ^ ^ MO" 1 (M(fiJ a , A^M^, A + 0^', <f) ■ 

Q s 

This formula does not depend on the choice of n. To compute the value 

(15.12) tr(M^(A)T P , x (A,/)) 

at T = To of the integrand in (15.2), we need only replace 0' by Jp jX (A, /)</>, and 
then sum <f) over a suitable orthonormal basis of Hp lX . 

Recall that lp(n\) denotes the representation of G(A) obtained by parabolic 
induction from the representation 

7r A (m) = 7r(m)c A ( Hp (" l », m G M(A), 

of Mp(A). We can also write M(w Sl ir\) for the intertwining operator from Ip(ir\) 
to 1q(stt\) associated to an element s € W(ap,a.Q). Finally, let m cusp (7r) denote 
the multiplicity of tt in the representation Rm p , cusp- Since 

^P,X = ^P,CUSp,S7T, 

s6W(op,Op) 

the representation I PtX {\) is then isomorphic to a direct sum of 

(15.13) \W(ap,a P )\m cusp (ir) 

copies of the representation Ip(n\). The trace (15.12) is therefore equal to the 
product of (15.13) with 

tr(Xp(7r A )Jp(7r A ,/)), 

where Mp(n\) is the operator on underlying Hilbert space of Ip(-K\) defined ex- 
plicitly in terms of intertwining operators by 

(15.14) M P (n x )= lim ]T ^ Q (sA)- 1 M(ii5 s ,7r A )- 1 M({i5 s ,7r A+c )). 

Q s£W(a P ,a Q ) 

Since P has been fixed, we shall let Pi index the sum over standard parabolic 
subgroups in the formula (15.2) for Jj(/). If -Pi docs not belong to V x , it turns 
out that Hp llX = {0}. This is a consequence of Langlands's construction [Lan5, 
§7] of the full discrete spectrum in terms of residues of cuspidal Eisenstein scries. 
For the construction includes a description of the inner product on the residual 
discrete spectrum in terms of residues of cuspidal self-intertwining operators. Since 
X is unramificd, there are no such operators, and the residual discrete spectrum 
associated to x is automatically zero. This leaves only groups Pi in the set V x . For 
any such P 1; the value at T — T of the corresponding integral in (15.2) equals the 
integral over A € ia* M of (15.11). Since 

n P 1 \V x \\W(a Pl ap)\ = l, 

we obtain the following theorem. 
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Theorem 15.4. Suppose that \ = {(P, n )} * s unramified. Then 
(15.15) J x (f) = m cusp (7r) / tr(Mp(7r A )Xp(7r A ,/))dA. 

J ia% 



□ 



Part II. Refinements and Applications 

16. The first problem of refinement 

We have completed the general steps outlined in §6. The coarse geometric 
expansion of §10 and the coarse spectral expansion of §14 give us an identity 

(16-1) E J o(f) = E J *(/)< / e C-~(G(A)), 

that holds for any reductive group G. We have also seen how to evaluate the 
distributions J (.f) and J x (/) explicitly for unramificd classes o and \- 

From now on, we shall generally work over an arbitrary number field F, whose 
adele ring Af we denote simply by A. We write 5oo for the set of archimedean 
valuations of F, and we let q v denote the order of the residue class field of the 
nonarchimedean completion F v attached to any v $ S^. We are now taking G to 
be a fixed, connected reductive algebraic group over F. We write 5 ram = S ram (G) 
for the finite set of valuations of F outside of which G is unramified. Thus, for any 
v $ SVarn, G is quasisplit over F v , and splits over some finite unramified extension 
ofF v . 

The notation of Part I carries over with F in place of Q. So do the results, since 
they are valid for the group G\ = Rp/qG over Q obtained from G by restriction 
of scalars. For example, the real vector space ogj is canonically isomorphic to its 
analogue clq for G. The kernel G(A) 1 of the canonical mapping Hq: G(A) — > ao 
is isomorphic to G\ (A) 1 . It is a factor in a direct product decomposition 

G(A) = G(A) 1 x A+ , 

whose other factor 

A+ =A Gl (R)° 
embeds diagonally in the connected, abelian Lie group 

n a o(Fv)°. 

We shall apply the notation and results of Part I without further comment. 

The results in Part I that culminate in the identity (16.1) are the content 
of the papers [A3], [A4] and [A5, §1-3], and a part of [Al, §1-3]. We note in 
passing that there is another possible approach to the problem, which was used 
more recently in a local context [A19]. It exploits the cruder truncation operation 
of simply multiplying functions by the local analogue of the characteristic function 
F G (-, T). Although the methods of [A 19] have not been applied globally, they could 
conceivably shorten some of the arguments. On the other hand, such methods are 
perhaps less natural in the global context. They would lead to functions of T that 
are asymptotic to the relevant polynomials, rather than being actually equal to 
them. 

The identity (16.1) can be regarded as a first approximation to a general trace 
formula. Let us write A" cusp for the set of cuspidal classes in X. A class x S ^cusp is 
thus of the form (G,7r), where it is a cuspidal automorphic representation of G(A) 1 . 
For any such \, the explicit formula of §15 specializes to 

J x (/)=a G W/ G (7r), 
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where 

/ g (tt) = tr(7r(/)) = tr( f f(x)n(x)dx) 

and 

a G (7r) = m cusp (7r). 

Recall that m cusp (7r) is the multiplicity of n in the representation R cusp of G(A) 1 
on icusp( G (Q)\ G ( A ) 1 )- In particular, 

tr(iW/))= E J x(/)- 
The identity (16.1) can thus be written as a trace formula 

(16.1)' tr(i? cusp (/)HE J °(/)- E J x(/)- 

oeo xex-x CUBp 

The problem is that the explicit formulas we have obtained so far do not apply to 
all of the terms on the right. 

It is also easy to see that (16.1) generalizes the Selberg trace formula (1.3) for 
compact quotient. Let us write an i s for the set of anisotropic classes in C A class 
o G Oanis is thus of form {7}, where 7 represents an anisotropic conjugacy class in 
G(Q). (Recall that an anisotropic class is one that does not intersect P(Q) for any 
proper P C G.) For any such 0, the explicit formula of §11 specializes to 

^o(/)-« G (7)/ G (7), 

where 

fail) = \ f{x~ 1 ^x)dx 

JG(A)-,\G(A) 

and 

a G ( 7 )-vol(G(^) 7 \G(A)i). 

The identity (16.1) can therefore be written 
(16.1)" 

E « G (7)/ G (7)+ E J o(f)= E « g w/gW+ E 

76r ani3 (G) t>eo-o aniB 7ren cusp (G) xex-x CUBp 

where r an ; s (G) is the set of conjugacy classes in G(F) that do not intersect any 
proper group P(F), and n cusp (G) is the set of equivalence classes of cuspidal au- 
tomorphic representations of G(A) 1 . Recall that G(F)\G(A) 1 is compact if and 
only if G has no proper rational parabolic subgroup P. In this case O = O a nis and 
X = A" cusp , and (16.1)" reduces to the trace formula for compact quotient discussed 
in §1. 

For general G, the equivalent formulas (16.1), (16.1)', and (16.1)" are of limited 
use as they stand. Without explicit expressions for all of the distributions J (f) and 
J x (f), one cannot get much information about the discrete (or cuspidal) spectrum. 
In the language of [CLL], we need to refine the coarse geometric and spectral 
expansions we have constructed. 

What exactly are we looking for? The unramified cases solved in §11 and §15 
will serve as guidelines. 

The weighted orbital integral on the right hand side of the formula (11.9) is 
defined explicitly in terms of /. It is easier to handle than the original global 
construction of the distribution J (/) on the left hand side of the formula. We 
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would like to have a similar formula in general. The problem is that the right hand 
side of (11.9) does not make sense for more general classes o £ O. It is in fact not 
so simple to define weighted orbital integrals for arbitrary elements in M. We shall 
do so in §18. Then in §19, we shall describe a general formula for J a (f) as a linear 
combination of weighted orbital integrals. 

The weighted character on the right hand side of (15.15) is also defined ex- 
plicitly in terms of /. It is again easier to handle than the global construction 
of the distribution J x (.f) on the left hand side. Weighted characters are actually 
rather easy to define in general. However, this advantage is accompanied by a del- 
icate analytic problem that does not occur on the geometric side. It concerns an 
interchange of two limits that arises when one tries to evaluate J x (f) for general 
classes \ € X. We shall describe the solution of the analytic problem in §20. In 
§21 we shall give a general formula for J x (f) as a linear combination of weighted 
characters. 

We adjust our focus slightly in Part II, which is to say, for the rest of the paper. 
We have already agreed to work over a general number field F instead of Q. We 
shall make three further changes, all minor, in the conventions of Part I. 

The first is a small change of notation. If H is a connected algebraic group over 
a given field k, and 7 belongs to H(k), we shall denote the centralizer of 7 in H by 
-ff 7 .+ instead of H 7 . We reserve the symbol H~ f for the Zariski connected component 
of 1 in i? 7 .+ . Then H 7 is a connected algebraic group over k, which is reductive if 
H is reductive and 7 is scmisimplc. This convention leads to a slightly different way 
of writing the formula (11.9) for unramified classes € O. In particular, suppose 
that is anisotropic. Then 



This would seem to be in conflict with the notation of (16.1)", since the group 
G 7 (A) 1 here is of finite index in the group denoted G(A) 7 above. There is in fact 
no discrepancy, for the reason that the two factors a G (j) and foil) depend in 
either case on an implicit and unrestricted choice of Haar measure on the given 
isotropy group. 

The second change is to make the discussion more canonical by allowing the 
minimal parabolic subgroup P to vary. We have, after all, shown that the distribu- 
tions J (/) and J x (f) are independent of Pq. Some new notation is required, which 
we may as well formulate for an arbitrary field k that contains F. We can of course 
regard G as a reductive algebraic group over k. Parabolic subgroups certainly make 
sense in this context, as do other algebraic objects we have discussed. 

By a Levi subgroup of G over k, we mean an fc-rational Levi component of 
some fc-rational parabolic subgroup of G. Any such group M is reductive, and 
comes with a maximal fc-split central torus Am, and a corresponding real vector 
space Om. (A Levi subgroup M of G over F is also a Levi subgroup over k, but 
Am and <Xm depend on the choice of base field. Failure to remember this can lead 
to embarrassing errors!) Given M, we write C(M) — £ G (M) for the set of Levi 



^(/)-« G (7)/g(7) 



where we now write 



a G ( 7 )=vol(G 7 (F)\G 7 (A) 1 ) 



and 
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subgroups of G over k that contain M, and !F(M) = !F G (M) for the set of parabolic 
subgroups of G over k that contain M. Any element Q € F(M) has a unique Levi 
component Mq in £(M), and hence a canonical Levi decomposition Q = MqNq. 
We write V(M) for the subset of groups Q G F(M) such that Mq = M. For any 
P G V(M), the roots of (P, Am) determine an open chamber dp in the vector space 
Om- Similarly, the corresponding coroots determine a chamber (a M )p in the dual 
space a* M . 

The sets V(M), C(M) and T(M) are all finite. They can be described in terms 
of the geometry on the space Om- To see this, we use the singular hypcrplanes in 
Om defined by the roots of (G,Am)- For example, the correspondence P — > Op is 
a bijection from V(M) onto the set of connected components in the complement in 
Om of the set of singular hypcrplanes. We shall say that two groups P, P' e V(M) 
are adjacent if their chambers share a common wall. The mapping L — > Ol is 
a bijection from C(M) onto the set of subspaces of Om obtained by intersecting 
singular hypcrplanes. The third set !F(M) is clearly the disjoint union over L G 
C(M) of the sets V(L). The mapping Q — > Oq is therefore a bijection from T{M) 
onto the set of "facets" in Om, obtained from chambers of subspaces at,. Since any 
element in Om belongs to a unique facet, there is a surjective mapping from Om to 
T(M). 

Suppose for example that G is the split group SL(3), that k is any field, and that 
M = M is the standard minimal Levi subgroup. The singular hyperplanes in the 
two dimensional space Om are illustrated in Figure 16.1. The set V(M) is bijective 
with the six open chambers in the diagram. The set C(M) has five elements, 
consisting of the two-dimensional space Om, the three one-dimensional lines, and 
the zero-dimensional origin. The set T(M) has thirteen elements, consisting of six 
open chambers, six half lines, and the origin. The intuition gained from Figure 
16.1, simple though it is, is often useful in understanding operations we perform in 
general. 



FIGURE 16.1. The three singular hyperplanes in the two dimensional 
space dM = do attached to G = SL(3). 

Suppose now that k — F. Even though we do not fix the minimal parabolic 
subgroup as in Part I, we shall work with a fixed minimal Levi subgroup M of G 
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over Q. We denote the associated sets C(M ) and .F(Mo) by C — C G and T = T G , 
respectively. 

The variance formulas (10.6) and (14.7) can be written without reference to P . 
The reason is that for a given Pq E V(Mq), any group R e T is the image under 
some element in the restricted Weyl group Wo — Wq of a unique group Q e T 
with Q D P . It is an easy consequence of the definitions that J^ R {fR,y) equals 
Jo lQ {fQ, y ) for any o, and that J^ R {fR,y) equals Jx Q (fQ,y) f° r an y X- The order 
of the preimage of Q in T is equal to the quotient |W ( f f °||W ( p| -1 . Letting Q now 
stand for an arbitrary group in J 7 , we can write the earlier formulas as 

(16.2) j a {fy) = iClKr 1 ^^,), o e o, 

and 

(16.3) j x (r>) = J2 i^iKr 1 ^^)' xex. 

The third point is a slight change of emphasis. The distributions J {f) and 
J x (/) in (16.1) depend only on the restriction of / to G(A) 1 . We have in fact 
identified / implicitly with its restriction to G(A) 1 , in writing i? cusp (/) above for 
example. Let us now formalize the convention by setting C^ > °(G(A) 1 ) equal to the 
space of functions on G(A) 1 obtained by restriction of functions in G^° (G(A)) . We 
can then take the test function / to be an clement in G^°(G(A) 1 ) rather than 
G£°(G(A)), thereby regarding (16.1) as an identity of distributions on G(A) 1 . This 
adjustment is obviously quite trivial. However, as we shall see in §22, it raises an 
interesting philosophical question that is at the heart of some key operations on 
the trace formula. 

17. (G, M)-families 

The terms in the refined trace formula will have some interesting combinato- 
rial properties. To analyze them, one introduces the notion of a (G, M)-family of 
functions. We shall see that among other things, (G, M)-families provide a partial 
unification of the study of weighted orbital integrals and weighted characters. 

We are now working in the setting of the last section. Then G is defined over 
the fixed number field F, and hence over any given extension k of F. Let M be a 
Levi subgroup of G over k. Suppose that for each P e V(M), 

c P (A), A e ia* M , 

is a smooth function on the real vector space ia* M . The collection 

{c P (A) : PeT(M)} 

is called a (G, M)-family if cp(A) = Cp/(A), for any pair of adjacent groups P, P' G 
V(M), and any point A in the hyperplanc spanned by the common wall of the 
chambers i(a* M )~^> and i(a* M )^,. We shall describe a basic operation that assigns a 
supplementary smooth function Cm(A) on ia* M to any (G, M)-family {cp(A)}. 

The algebraic definitions of §4 and §5 of course hold with the field k in place of 
Q. In particular, for any P € V(M) we have the simple roots Ap of (P, Am), and 
the associated sets A p , Ap and (Ap) v . We are assuming we have fixed a suitable 
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Haar measure on the subspace a M = dp of Om- We then define a homogeneous 
polynomial 

8 P (\) = vol(af i /Z(A P ))- 1 ■ [] A(a v ), A G ia* M , 

aeAp 

on ia M , where Z(A P ) is the lattice spanned by the basis A P of a M . 
Lemma 17.1. For any {G , M) -family {c P (\)}, the sum 

(17.1) c M (A)= ^ cp(A)0 P (A)- 1 

Pev(M) 

extends to a smooth function of A G za M . 

The only possible singularities of cm (A) are simple poles along hyperplanes 
in ia* M of the form A(a v ) = 0. These in turn come from adjacent pairs P and 
P' for which a and a' = (—a) are respective simple roots. Using the fact that 
cp(A) = cp'(A) for any A on the hypcrplanc, one sees directly that the simple poles 
cancel, and therefore that c M (A) does extend to a smooth function. (See [A5, 
Lemma 6.2].) □ 

We often write cm = cm(0) for the value of cm(A) at A = 0. It is in this form 
that the (G, M)-families from harmonic analysis usually appear. 

We shall first describe a basic example that provides useful geometric intuition. 
Suppose that 

y = {Y P : Pe T(M)} 

is a family of points in km parametrized by V(M). We say that y is a positive, 
(G, M) -orthogonal set if for every pair P and P' of adjacent groups in 'P(M), 
whose chambers share the wall determined by the uniquely determined simple root 
a e Ap, 

Y P - Y P , = r a a y , 

for a nonnegative number r a . Assume that this condition holds. The collection 

(17.2) c P {\,y) = c x{ - Yp \ A g ia* M , P G V(M), 

is then a (G, M)-family of functions, which extend analytically to all points A in the 
complex space a* M c . As with any (G, M) -family, the associated smooth function 
cm(A, y) depends on the choice of Haar measure on a^. In this case, the function 
has a simple interpretation. 
Observe first that 

Y P = Y P J + Y G , Y§ G a% Y G G a G , 

where Yq is independent of the choice of P G V(M). Subtracting the fixed point 
Yq G ao from each Yp, we can assume that Yp G o M . Now in §11, we attached 
a sign £p(A) and a characteristic function <fip(A, •) on Om to each P G V(M) and 
A G Om- Suppose that A is in general position, and that A is any point in a MC 
whose real part equals A. The function 

e P {K)M^H-Yp) C ^ H \ Heafj, 

is then rapidly decreasing. By writing 

H= ^a v , t a ER, 

aeA P 
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we deduce easily that the integral of this function over H equals 
It then follows that 

(17.3) ]T e^MAr 1 - / iM#,;V)c A(ff) dtf, 

Pev(M) a M 

where 

*l> M (H,y)= ep^M^H -Y P ). 

Pev(M) 

Lemma 17.2. The function 

H — > i> M (H,y), Hea^, 

is the characteristic function of the convex hull in ofy. 

The main step in the proof of Lemma 17.2 is the combinatorial lemma of 
Langlands mentioned at the end of §8. This result asserts that 



if A(a v ) >0,a€ A P , 
otherwise, 



(17.4) *£e$(A)4(A,H)T Q (H) = \ 

QDP I 

for any P G V(M) and H G omj where £p and </>p denote objects attached to 
the parabolic subgroup P D Mq of Mq. Langlands's geometric proof of (17.4) was 
reproduced in [Al, §2]. There is a different combinatorial proof [A3, Corollary 
6.3], which combines an induction argument with (8.10) and Identity 6.2. Given 
the formula (17.4), one then observes that ipM(H,y) is independent of the point 
A. This follows inductively from the expression obtained by summing the left hand 
side of (17.4) over P G V(M) [Al, Lemma 3.1]. Finally, by varying A, one shows 
that 

fl, if w(H-Yp) <0, w = A P , PeV(M), 
10, otherwise. 

The inequalities on the right characterize the convex hull of y, according to the 
Krcin-Millman theorem. (See [Al, Lemma 3.2].) □ 

The convex hull of y is of course compact. It follows that the integral on the 
right hand side of (17.3) converges absolutely, uniformly for A G ia* M c . We can 
therefore identify the smooth function Cm(A, y) with the Fourier transform of the 
characteristic function of the convex hull of y. Its value cm(3^) at A = is simply 
the volume of the convex hull. We have actually been assuming that the point 
Yq G aa attached to y equals zero. However, if Yq is nonzero, the convex hull of 
y represents a compactly supported distribution in the affine subspace Yq + of 
<Xm- The last two assertions therefore remain valid for any y. 

Consider the case that G = SL(3) and M equals the standard minimal Levi 
subgroup. The convex hull of a typical set y is illustrated in Figure 17.1, a diagram 
on which one could superimpose six convex cones, as in the earlier special case of 
Figure 11.1. The six points Yp are the six vertices in the diagram. We have chosen 
them here to lie in the associated chambers Op. Notice that with this condition, 
the intersection of the convex hull with the closure of a chamber dp equals a set 
of the kind illustrated in Figure 9.2. This suggests that the characteristic function 
ij)M{H,y) is closely related to the functions T' p (-,Y P ) defined in §9. 
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Y P 



Figure 17.1. The convex hull of six points {Yp} in the two dimen- 
sional space ao attached to SL(3). Observe that its intersection with 
any of the six chambers dp in the diagram is a region like that in 
Figure 9.2. 

Suppose that X is any point in a^. According to Lemma 9.2, the function 
H — > T' P (H,X) on is compactly supported for any P e V(M). The integral 

(17.5) / T'piH^^^dH 

therefore converges uniformly to an analytic function of A £ a* M c . To compute it, 
we first note that for any P S V(M), 

(-l) dim ^/ A ^T^(H)? Q (H - X) 

QDP 

= ^2{-l) dim{AQ ' AG) T^{H) J2 (-l) d[m{A Q' /AG) Tg \h)T' q ,(H,X) 

QDP Q'DQ 

= E ( E (-l) dim{AQ/A ^(H)r^'(H)y Q (H,X) 

Q'DP {Q:PCQCQ'} 
=T' P {H,X), 

by the inductive definition (9.1) and the formula (8.10). Suppose that the real part 
of A lies in the negative chamber — (a* M )p. Then the integral 

/ t^{H)t q {H-X)c^ h Mh 

converges. Changing variables by writing 

H= + E <QaV ' t m ,t a eR, 

one sees without difficulty that the integral equals 

(_l)«iim(^pMo)e^WgO(A)- 1 e < ,(AQ)- 1 , 
where Xq is the projection of A onto 0Lq C , and 

^(A)-0 P nM Q (A) = vol(a«/Z((A?) v ))- 1 J] A(tu v ). 
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(See [A5, p. 15].) It follows that the original integral (17.5) equals 

(17.6) (-l) dim(Ap/A « W^^A)" 1 ^^)- 1 . 

QDP 

In particular, the function (17.6) extends to an analytic function of A e &*m c- 

Suppose now that for a given P <G V(M), cp(A) is an arbitrary smooth function 
of A e ia* M . Motivated by the computation above, we set 

(17.7) c'p(A) = (-l) dim( - 4WAQ) c Q (A Q )^(A)- 1 Q (A Q )- 1 , 

QDP 

where cq is the restriction of cp to iOg, and Xq is again the projection of A onto 
ia*Q. Then c' p is defined on the complement of a finite set of hyperplanes in ia* M . 

Lemma 17.3. Cq(A) extends to a smooth function of X € ia* M - 

The lemma is not surprising, given what we have established in the special case 
that cp(A) = c A ( x ). One can either adapt the discussion above to the more general 
case, as in [A3, Lemma 6.1], or approximate cp(A) by functions of the form e x ( x \ 
and apply the results above directly. □ 

Assume now that {cp(A) : P € V(M)} is a general (G, M)-family. There 
are two restriction operations that give rise to two new families. Suppose that 
Q e T(M). If R belongs to "P M <5(M), we set 

c r( X ) = CQ(iJ)(A), 

where Q(R) is the unique group in V(M) that is contained in Q, and whose inter- 
section with M Q equals R. Then {c%(\) : R G V M ^(M)} is an (M Q , M)-family. 
The other restriction operation applies to a given group L e £(M). If A lies in the 
subspace ia* L of ia^f, and Q is any group in V(L), we set 

c q( a ) = cp(A), 

for any group P € V(M) with P C Q. Since we started with a (G, M)-family, this 
function is independent of the choice of P, and the resulting collection 
{cq(A) : Q € "P(L)} is a (G, L)-family. Observe that the definition (17.7) can 
be applied to any Q. It yields a smooth function c'q(A) on ia* L that depends only 
on cq(A). Again, we often write d'g = rfg(O) for the value of rfg(A) at A = 0. 

Let {d P (\) : P e V(M)} be a second (G, M)-family. Then the pointwise 
product 

(cd)p(X)=c P (X)dp(X), PeV(M), 

is also a (G, M)-family. 

Lemma 17.4. The product (G , M) -family satisfies the splitting formula 
Mm(A)= J2 c%(X)d' Q (X Q ). 

QeV(M) 

In particular the values at X = of the functions in the formula satisfy 

(17.8) (cd) M = J2 c M d Q- 
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The lemma is an easy consequence of a formula 
(17.9) cp(A)MA)- 1 - E c' Q (A Q )^(A)-\ P g P(M), 

QDP 

where #p = Op n M Q , which we obtain by inverting the definition (17.7). To derive 

(17.9) , we write 

E ^(Aq)^(a)- 1 

QDP 

= E E (-l) dim( ^ MQ ' ) CQ'(AQ')^'(A Q )- 1 ^(A Q 0- 1 ^(A)- 1 

QDP Q'DQ 

= E MAqOMV)^ E (-l) dim(A « M «' ) ^(A)- 1 ^'(A Q )- 1 ). 

Q'DP {Q:PCQCQ'} 

The expression in the brackets may be written as a Fourier transform 
f ( £ (-l) dim (^MQ) ? Q (jff)r Q' (i/) ) c A(H) diJ; 

a ? {Q:PCQCQ'} 

provided that the real part of A lies in — (o* M )p. The identity (8.11) tells us that 
the expression equals or 1, according to whether Q' properly contains P or not. 
The formula (17.9) follows. Once we have (17.9), we see that 

(cd) M (X)= E c P (A)dp(A)0p(A)- 1 
PeV(M) 

= Ecp(A)E d Q( A Q)^(A)^ 

P QDP 

= E ( E cp(A)^(A)- 1 )rf' Q (A Q ) 
QeF(M) {Pev(M)-.PcQ} 

= E 4(AKq(Aq), 
Qer(M) 

as required. (See [A3, Lemma 6.3].) □ 

Suppose for example that c P (A) = 1 for each P and A. This is the family 
attached to the trivial positive (G, M) -orthogonal set 3^ = 0. Then c^(A) equals 
unless Q lies in the subset V(M) of T(M), in which case it equals 1. It follows 
that 

(17.10) d M {\)= E d 'p(A)- 

pgp(m) 

In the case that dp(X) is of the special form (17.2), this formula matches the 
intuition we obtained from Figure 17.1 and Figure 9.2. For general {dp(X)}, and 
for {cp(A)} subject only to a supplementary condition that the numbers 

(17.11) = LeC(M), QeP(L), 

be independent of the choice of Q, (17.10) can be applied to the splitting formula 
(17.8). We obtain a simpler splitting formula 

(17.12) {cd) M = E c M d L 

LeC(M) 
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Suppose that {cp(A)} and {dp(X)} correspond to positive (G, M)-orthogonal 
sets y = {Y P } and Z = {Z P }. Then the product family {(cd)p(A)} corresponds 
to the sum y + Z = {Y P + Zp]. In this case, (17.8) is similar to a classical formula 
for mixed volumes. In the case that G = SL(3) and M is minimal, it is illustrated 
in Figure 17.2. 




Yp+ p 



Figure 17.2. The entire region is the convex hull of six points { Yp + 
Zp} in the two dimensional space do attached to SL(3). The inner 
shaded region is the convex hull of the six points {Yp}. For any P, 
the area of the darker shaded region with vertex Y P equals the area 
of a region in Figure 9.2. The areas of the six rectangular regions 
represent mixed volumes between the sets {Yp} and {Zp}. 

In addition to the splitting formula (17.8) , there is a descent formula that relates 
the two restriction operations we have defined. It applies in fact to a generalization 
of the second operation. 

Suppose that M contains a Levi subgroup M\ of G over some extension k\ of 
k. Then <xm is contained in the vector space Omi attached to M\. Suppose that 
{c Pl (Ai) : Pi e V{Mx)} is a {G u Mi)-family. If P belongs to V{M) and A lies in 
the subspace ia* M of ia* Ml , we set 

cp(A) = c Pl (A) 

for any Pi e V(M\) with Pi C P. This function is independent of the choice 
of Pi, and the resulting collection {c P (A) : P e V(M)} is a (G, M) -family. We 
would like to express the supplementary function c M (A) in terms of corresponding 
functions c^(Ai) attached to groups Qi G T(Mi). A necessary step is of course 
to fix Haar measures on each of the spaces aj^, as L\ — Lq 1 ranges over jC(Mi). 
For example, we could fix a suitable Euclidean inner product on the space Omu 
and then take the Haar measure on attached to the restricted inner product. 
For each Li, we introduce a nonnegative number d < ^ [i (M, Li) to make the relevant 
measures compatible. We define d < £ Ii (M, L\) to be unless the natural map 

a Mi © a Mi > a Mi 
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is an isomorphism, in which case d Mi (M, L\) is the factor by which the product 
Haar measure on a Ml must be multiplied in order to be equal to the Haar 
measure on a Mi . (The measure on ojJJ is the quotient of the chosen measures on 
«m, and a M .) 

There is one other choice to be made. Given M and Mi, we select a small 
vector £ in general position in ojJJ . If £1 is any group C{M{) with df I± (M, L{) ^ 0, 
the affine space £ + a M intersects at one point. This point is nonsingular, and 
so belongs to a chamber a^, for a unique group Q\ <E V(L\). The point £ thus 
determines a section 

Li — > Qi, Lie£(Mi), ^(M.LO^O, 

from Li to its fibre V(L\). 

Lemma 17.5. For F 1 Df, M[C A'/, and {c Pl (Ai)} as above, we have 

c M (A)= J] Aem; f . 

L 1 G£(M 1 ) 

In particular, the values at A = o/ i/iese functions satisfy 
(17.13) c M = £ 4W £ i) c t 

L 1 eC(M 1 ) 

Lemma 17.5 is proved under slightly more general conditions in [A13, Propo- 
sition 7. 1] . We shall be content to illustrate it geometrically in a very special case. 
Suppose that k — k\, G — SL(3), M is a maximal Levi subgroup, Mi is a minimal 
Levi subgroup, and {cp 1 (Xi)} is of the special form (17.2). The points {Yp ± } are 
the six vertices of the polytope in Figure 17.3. They are of course bijective with the 
set of minimal parabolic subgroups Pi € V(Mi). The six edges in the polytope are 
bijective with the six maximal parabolic subgroups Qi e T{M\). The two vertical 
edges are perpendicular to om, so the corresponding coefficients d M (M,Li) van- 
ish. The remaining four edges occur in pairs, corresponding to two pairs of groups 
Qi € Villi) attached to the two maximal Levi subgroups Li ^ M. However, the 
upward pointing vector £ e aj$ singles out the upper two edges. The projections of 
these two edges onto the line <Xm are disjoint (apart from the interior vertex), with 
union equal to the line segment obtained by intersecting cim with the polytope. 
The length of this line segment is the sum of the lengths of the two upper edges, 
scaled in each case by the associated coefficient ^^(M, Li). 

If this simple example is not persuasive, the reader could perform some slightly 
more complicated geometric experiments. Suppose that dim(ciMi ) = 3 and {cp 1 (Xi)} 
is of the special form (17.2), but that k, G, k\, and Mi are otherwise arbitrary. It 
is interesting to convince oneself geometrically of the validity of the lemma in the 
two cases dim Om = 1 and dim cim = 2. The motivation for the general proof is 
based on these examples. □ 

We sometimes use a variant of Lemma 17.5, which is included in the general 
formulation of [A13, Propositon 7.1]. It concerns the case that F = Fi, but where 
M is embedded diagonally in the Levi subgroup M — M x M of Q = G x G. Then 
Om is embedded diagonally in the space o^vi = o-m®&m- Elements in C{M) consist 
of pairs C = (Li,L 2 ), for Levi subgroups Li,L 2 € C{M) of G. (We have written 
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Figure 17.3. An illustration of the proof of Lemma 17.5, with 
G = SL(3), M maximal, and Mi = M minimal. The two up- 
per edges of the polytope project onto the two interior intervals on 
the horizontal axis. In each case, the projection contracts the length 
by the appropriate determinant dfj^M, L\). 



Ai, Q, and £ in place of Mi, Gi, and Li, since we are now using Li to denote the 
first component of C.) The corresponding coefficient in (17.13) satisfies 

d% l (M,£) = 2 k * dim ^d G I (L 1 ,L 2 ), 
while if P belongs to V(M), the pair V = (P, P) in V(M) satisfies 

9 V {\) = 25 dim (°M)0p(A), A e ia* M . 

We choose a small point £ in general position in the space 

a%t = {(H,-H) : Hea M }, 

and let 

(Li,L 2 ) — > (Qi,Q 2 ), Li,L 2 e C(M), d G M {Li,L 2 ) ± 0, 

be the corresponding section from (Li,L 2 ) to its fibre V{L\) xV(L 2 ). If £ is written 
in the form — |£ 2; Qi is m fact the group in ViLj) such that £j belongs to a^.. 

Lemma 17.6. The product (G,M)- family of Lemma 17.4 satisfies the alternate 
splitting formula 

(cd) M (X)= J2 d G M {Li,L 2 )c Q M \\)c Q M \\). 

L 1 ,L 2 eC(M) 

In particular, the values at A = of the functions in the formula satisfy 

(17.14) (cd) M = J2 d M(. L ^ L *) C M d M- 

L 1 ,L 2 eC(M) 

(See [A13, Corollary 7.4].) □ 
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18. Local behaviour of weighted orbital integrals 

We now consider the refinement of the coarse geometric expansion (10.7). In 
this section, we shall construct the general weighted orbital integrals that are to be 
the local ingredients. In the next section, we shall describe how to expand </(/) as 
a linear combination of weighted orbital integrals, with certain global coefficients. 

Recall that invariant orbital integrals (1.4) arose naturally at the beginning of 
the article. Weighted orbital integrals are noninvariant analogues of these distribu- 
tions. We define them by scaling the invariant measure dx with a function vm(x) 
obtained from a certain (G, M)-family. 

The simplest case concerns the setting at the end of §16, in which A: is a com- 
pletion F v of F. Then M is a Levi subgroup of G over F v . We also have to fix a 
suitable maximal compact subgroup K v of G(k) = G(F V ). If x v is an element in 
G(F V ), and P belongs to V(M), we form the point Hp(x v ) in Om as in §4. It is a 
consequence of the definitions that 

{Y P = -H P (x v ) : PeT(M)}. 

is a positive (G, M)-orthogonal set. The functions 

v P (X, x v ) = e - x ^ x -\ X g ia* M , P e P(M), 

then form a (G, M)-family. The associated smooth function 

v M (X,x v )= ^ v P (X,x v )9p(X)~ 1 
Pev(M) 

is the Fourier transform of the characteristic function of the convex hull in af 4 of 
the projection onto afj of the points {— Hp(x v ) : P € V(M)}. The number 

vm(x v ) = v M (0,x v ) = lim ^ v P (X,x v )8p(Xy 1 

PeV(M) 

equals the volume of this convex hull. 

For the trace formula, we need to consider the global case that k — F. Until 
further notice, the maximal compact subgroup K = FJ K v of G(A) will remain 
fixed. Suppose that M is a Levi subgroup in the finite set C = £(M ), and that x 
belongs to G(A). The collection 

(18.1) v P (X,x) = c -Hh p (x))^ Xeia* M , P eV{M), 

is then a (G, M)-family of functions. The limit 

(18.2) v M (x) = 1im ^p(\x)0 p (X)- 1 

~^ Pev(M) 

exists and equals the volume of the convex hull in of the projection of the points 
{— Hp(x) : P e V(M)}. To see how this function is related to the discussion of 
§11, choose a parabolic subgroup P G V(M), and a minimal parabolic subgroup Pq 
of G over Q that is contained in P. The correspondence 

(P',s) — » Q = w- 1 P'w Sl P'DPo, 8€W(a P ,a P >), 

is then a bijection from the disjoint union over P' of the sets W(dp, dpi) onto the 
set P(M), with the property that 

S - 1 H P ,(w s x) = H Q (x). 

It follows that v M (x) equals the weight function v P (x) of Theorem 11.2. 
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The local and global cases arc of course related. For any x G G(A), we can 
write 

H P (x) = H P {x v ), P e V(M), 

V 

where x v is the component of x in G(F V ). For almost every valuation v, x v lies in 
K v , and Hp(x v ) = 0. We obtain a finite sum 

Hp{x) = Y,Hp{x v ), 

ves 

where S is a finite set of valuations that contains the set of archimedean valu- 
ations. We may therefore fix S, and take x to be a point in the product 

G(F S ) = I] G(F V ). 

ves 

The (G, M)-family {vp{\, x)} decomposes into a pointwise product 

v P {\,x) = Y[ v P {\,x v ), \£ia* M , PeV(M), 

ves 

of (G, M)-familics {vp(X, x v )}. We can therefore use the splitting formula (17.14) 
and the descent formula (17.13) (with k = F and fc x = F v ) to express the volume 
vm(x) in terms of volumes associated to the points x v <G G(F V ). 

We fix the Levi subgroup M of G over F. We also fix an arbitrary finite set 5* 

of valuations, and write Ks = W K v for the maximal compact subgroup of G(Fs). 

ves 

Suppose that 7 = Y[ lv is an element in M(Fs). Our goal is to construct a weighted 
orbital integral of a function / e (G(Fs)) over the space of -Fg-valued points 
in the conjugacy class of G induced from 7. More precisely let j G be the union 
of those conjugacy classes in G(Fs) that for any P G V(M) intersect jNp(Fs) in 
a nonempty open set. We shall define the weighted orbital integral attached to M 
and 7 by means of a canonical, noninvariant Borcl measure on 7°. 

For any v, the connected centralizer G 7v is an algebraic group over F v . We 

regard the product G 7 — Yl G 7v as a scheme over F$, which is to say simply that 

ves 

G,(F 3 )^l[G 7v (Fv). 

ves 

It is known [R] that this group is unimodular, and hence that there is a right invari- 
ant measure dx on the quotient G 1 (Fs)\G(Fs). The correspondence 
x — > x~ 1 -fx is a surjective mapping from G 7 (Fs)\G(Fs) onto the conjugacy class of 
7 in G(F$), with finite fibres (corresponding to the connected components in the full 
centralizer G 7i+ (i*s)). Now if 7 is not semisimplc, the prcimagc in G 7 (Fs)\G(Fs) 
of a compact subset of the conjugacy class of 7 (in the topology induced from 
G(Fs)) need not be compact. Nevertheless, a theorem of Dclignc and Rao [R] as- 
serts that the measure dx defines a G(.Fs)-invariant Borel measure on the conjugacy 
class of 7. We obtain a continuous G(Fg)-invariant linear form 

/ — > / f(x-^x)dx, f€C?(F s ), 

JG y (Fs)\G(Fs) 

onCf(G(F s )). 
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Suppose first that G 7 is contained in M. In other words, G 7 = M 7 . This 
condition holds for example if 7 is the image in M(Fg) of an element in M(F) that 
represents an unramified class G O, as in Theorem 11.2. With this condition, we 
define the weighted orbital integral 

■M7,/) = .J&(7,/) 

of feC™(G(F s )) at 7 by 

(18.3) Jm(7,/) = \Dh)\ k I f(x- 1 jx)v M (x)dx. 

JG-,(Fs)\G(Fs) 

The normalizing factor 

d( 7 ) - £ g ( 7 ) = n ^ G (>) 

ves 

is the generalized Weyl discriminant 

ndet(l-AdK)) 8/ ^, 

ves 

where a v is the semisimple part of j v , and is the Lie algebra of G av . Its presence 
in the definition simplifies some formulas. Since G 7 is contained in M, and 
equals Vm{x) for any m e M(Fs), the integral is well defined. 

Lemma 18.1. Suppose that y is any point in G(Fs). Then 

(18.4) Jm(7,.P)= E J% Q (-r>fQ,v)> 

where 

(18.5) /g lV H = S Q {m)i / f{k~ 1 mnk)u' Q (k,y)dndk, 

Jk s Jn q (f s ) 

for m e Mq(Fs), and 

(18.6) «'<,(*, y)= / r / Q (F,- J ff Q (%))dF. 

This formula is Lemma 8.2 of [A5]. It probably does not come as a surprise, 
since the global distributions J (/) satisfy a similar formula (16.2), and Theorem 
11.2 tells us that for many 0, J (f) is a weighted orbital integral. 

To prove the lemma, we first write 

J M (7,f) = |£>( 7 )|5 / /(yx-V^ 1 )^/^ 
JG y (Fg)\G(F s ) 

= |D(7)|2/ /(x" 1 7a;)wM(xy)dx. 

JG y (Fs)\G(F s ) 

We then observe that 

« P (A,xy) = C - A (^(^)) = e -A(ffp(x)) e -A(H P (fep(x)y)) 

= w P (A,a;)up(A,a;,y), 

where 

u P (A,a:,y) = c^f^^^', 
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and kp(x) is the point K$ such that xkp(x) 1 belongs to P(Fs) ■ It is a consequence 
of Lemma 17.4 that 

v M {xy) = E v m( x ) u 'q( x ^)- 

If k belongs to Kg, it follows from the definition (18.6) of u'qik, y), and the equality 
of (17.5) with (17.6) established in §17, that u'q(k,y) is indeed of the form (17.7). 
Making two standard changes of variables in the integral over x in G 1 {Fs)\G{Fs), 
we write 

\ D {l)\^ j f(x~ 1 jx)v M (xy)dx 

= E \ D W\ h I f(x- 1 lx)v^(x)u' Q (x,y)dx 

= |D(7)|^ J J J f(k~ 1 n~ 1 m~ 1 ^mnk)v2 I (m)uQ(k,y)dmdndk 
Q 

= ^|£> M (7)I^Q(7)' / / J f(k- 1 m- 1 1 mnk)v^(m)u / Q (k,y)dndkdm 
Q 

= E 1^(7)1* //0, B ("»- 1 7m)^(m)dm, 
Q J 

for integrals over m, n, and k in Mq^(Fs)\Mq(F) , Nq(F s ), and K$ respectively. 
This equals the right hand side of (18.4), as required. □ 

The distribution (18.3) is to be regarded as a local object, despite the fact that 
M is a Levi subgroup of G over F. It can be reduced to the more elementary 
distributions 

Jm v (7„, fv), lv G M V (F V ), f v g (G(F V )) , 

defined for Levi subgroups M v of G over F v by the obvious analogues of (18.3). 

Suppose for example that S is a disjoint union of two sets of valuations Si and 
S 2 . Suppose that 

/ = /i/ 2 , /,e^(G(F s ,)) 

and that 

7 = 7i72, li&M{F Si ). 

We continue to assume that G 7 = M 7 , so that G 7i = M li for i = 1,2. We apply 
the general splitting formula (17.14) to the (G, M)-family 

v P {\,Xi,x 2 ) = v P (\,xi)v P (\,x 2 ), PeV(M), Xi e G(Fs i ). 

We then deduce from (18.3) that 

(18.7) Jm(7,/)= E <^{Li,L 2 )J^{ lu f Ql )J^{ l2 ,f Q2 ), 

L lt L 2 eC(M) 

where (Li,L 2 ) — > (Qi,Q2) is the section in (17.14), and 

fi.Qi( m i) — ^Qi( m i)^ / / f l {kr 1 m l n l k i ),dn i dk i , 
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for rrii G MQ i (-FIsJ . If we apply this result inductively, we can reduce the compound 
distributions (18.3) to the simple case that S contains one element. 

Suppose that S does consist of one clement v. Assume that M v is a Levi 
subgroup of G over F v , and that j v is an element in M V (F V ) with G lv — M v>7v . 
Then M v>lv = M 7v and M 7tj = G lv . The first of these conditions implies that the 
induced class 7^ equals the conjugacy class of -f v in M(F V ). The second implies 
that the distribution 

Jm^Jv) = Jm(JvJv) 

is defined by (18.3), for any f v G (G(F V )) . We apply the general descent formula 
(17.13) to the (G,M)-family 

vp(X,x v ), P G V(M), x v G G(F V ). 

We then deduce from (18.3) that 

(18.8) Jm(i™J v )= d M v (M,L v )J^ v ( lv ,f v , Qv ), 

L v eC{Mv) 

where L v — > Q v is the section in (17.13). The two formulas (18.7) and (18.8) 
together provide the required reduction of (18.3). 

Suppose now that 7 G M(Fs) is arbitrary. In the most extreme case, for 
example, 7 could be the identity element in M(Fg). The problem of defining a 
weighted orbital integral is now much harder. We cannot form the integral (18.3), 
since Vm(x) is no longer a well defined function on G 7 (Fs)\G(Fs). Nor can we 
change the domain of integration to M 1 (Fs)\G(Fs), since the integral might then 
not converge. 

What we do instead is to replace 7 by a point 07, for a small variable point 
a G Am(Fs) in general position. Then G ai = M a7 , so we can define Jm(&7>/) by 
the integral (18.3). The idea is to construct a distribution Jm(i, I) from the values 
taken by Jm(o7, /) around a = 1. This is somewhat subtle. To get an idea of what 
happens, let us consider the special case of GL(2). 

Assume that F = Q, G — GL(2), M — Mo is minimal, S is the archimedean 

valuation , and 7=1. Then aj = a = ^ ^ , for distinct positive real 

numbers t\ and t<i. Since 

G a7 (R)\G(R) - M(R)\P(R)K M £* N P (R)K Rl 

where P is the standard Borel subgroup of upper triangular matrices, the integral 
(18.3) can be written as 

(18.9) J M (a,f) = \D(a)\* [ [ /(fc- 1 n~ 1 anfc)w M (n)dndfc. 

It is easy to compute the function D M (n). We first write 

v M (n) = lim (c- A( ^ (ll)) P (A)- 1 + e^^™))^)- 1 ) 
= lim(l -e-^^MAr 1 

A^O 

= lim A(ffp(n))A(a v )- 1 vol(a^/Z(a v )) 
= el(Hp(n)), 
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where P is the Borcl subgroup of lower triangular matrices, a is the simple root 
of (P,A P ), el is the linear form on cim = R 2 defined by projecting R 2 onto the 
first component, and the measure on = {(H,—H) : H <G M} is defined by 

Lebesgue measure on K. We then note that n lies in a set iVp-(R) ^ u~^) 
for a positive real number u, and hence that 

el(Hp(n)) = log H = log ||(1, 0)n||. 

It follows that if n = I ^ J , then 

(18.10) v M (n) = log ||(1, a;) || = ^log(l + a; 2 ). 

We make the standard change of variables 



(18.11) n — ► = a n an 



o i y voi 



in the last integral over Np(R). This entails multiplying the factor |D(a)|2 by the 
Jacobian determinant 

\D{a)\-h pp ^ = 1^(0)1-3(^^-1)5 
of the transformation. We conclude that Jm(«, /) equals 

The logarithmic factor in the last expression for Jm{cl, /) blows up at a = 1. 
However, we can modify it by adding a logarithmic factor 

r^(a) = log \a(a) - a(a)- 1 ! = log It^ 1 - t^ 1 t 2 \ 

that is independent of £. This yields a locally integrable function 

whose integral over any compact subset of R is bounded near a = 1. Observe that 

= |D(o)|' / / .f(fc- 1 n- 1 anfc)dndfc 
= Ma,f). 

It follows from the dominated convergence theorem that the limit 

lim (J M (a, f) + r^(a)J G (a, /)) 

exists, and equals the integral 

■Ml,/) = ^ (J f) fc ) log(2|CI)dedfc. 

This is how we define the weighted orbital integral in the case G — GL(2). As 
a distribution on GL(2,R), it is given by a noninvariant Borel measure on the 

conjugacy class 1 G of the matrix ( ^ j 
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For arbitrary F, G, M, S, and 7, the techniques are more elaborate. However, 
the basic method is similar. One begins with the general analogue of the formula 
(18.9), valid for a fixed group P G V(M). One then computes the function as 
above, using a variable irreducible right G-modulc over F in place of the standard 
two-dimensional GL(2)-module, and a highest weight vector in place of (1,0). If 

v — ► n = n{y, 7a) 

is the inverse of the bijection n — > {"fa)~ 1 n~~ 1 {"fa)n of Np(M), the problem becomes 
that of understanding the behaviour of the function 

v M (n(v, 7a)) 

near a = 1 . This leads to general analogues of the factor rfj (a) defined above for 
GL(2). 

Theorem 18.2. For any F, G, M, S, and 7 e M(F S ), there are canonical 
functions 

r&(7,a), L e C(M), 

defined for small points a G Am{Fs) in general position, such that the limit 
(18.12) J M (7,/)=lim r^,a)J L (a 7 ,f) 

a— >1 ^— ' 

LeC{M) 

exists and equals the integral of f with respect to a Borel measure on the set 7°. 

This is Theorem 5.2 of [A12], one of the principal results of [A12]. There are 
two basic steps in its proof. The first is construct the functions 7-^(7, a). The 
second is to establish the existence and properties of the limit. 

The function 7^(7, a) is understood to depend only on L, M, 7, and a (and 
not G), so we need only construct it when L = G. In this case, the function is 
defined as the limit 

r£(7,a)= lim( £ r P (X, 7, a)9 P (\)~ 1 ^ 
^ Pev(M) 

associated to a certain (G, M)-family 

r P (X,j,a) = YlYlr^,^X,u v ,a v y X e ia* M . 

ves V 

The factors in this last product are defined in terms of the Jordan decomposition 
7„ = o- v u v of the w-component of 7. Let P av be the parabolic subgroup P n G CTv of 
G av . The indices (3 V then range over the reduced roots of (P Gv ,AM a )■ Any such 
[3 V determines a Levi subgroup G a ^ ^ of Gcr^ , and a maximal parabolic subgroup 
Prr v ,ti v = P&V n G&v,i3v °f ^cr„,/3„ with Levi component M^^. We will not describe 
the factors in the product further, except to say that they are of the form 

r^(A,u v ,a v ) = |ag- - a^l^-)^-), A = JA, 

for positive constants p(/3 v ,u v ), and that they are defined by subjecting G av! p v , 
M r7v , and u v to an analysis similar to that of the special case GL(2), M , and 1 
(with v = Woo) above. 

The existence of the limit (18.12) is more subtle. The functions rp v (A,u v ,a v ) 
are defined so as to make the associated limits for G^^, M av , and u v exist. 
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However, these limits are simpler. They concern a variable a v that is essentially one- 
dimensional (since M„ v is a maximal Levi subgroup in G„ v while the variable 
a in (18.12) is multidimensional (since M is an arbitrary Levi subgroup of G). 
The existence of the general limit depends on algebraic geometry specifically a 
surprising application by Langlands of Zariski's main theorem [A12, §4], and some 
elementary analysis [A12, Lemma 6.1]. The fact that the resulting distribution 
/ — * Jm(j, /) is a measure is a consequence of the proof of the existence of the 
limit. □ 

Once we have defined the general distributions Jm(7, /), we can extend the 
properties established in the special case that G 7 = M 7 . First of all, we note that 
Jm(j, /) depends only on the conjugacy class of 7 in M(F S ). It is also easy to see 
from the definition (18.12) that 

Jmi(7i>/) = Jm{iJ), 
where 71 = Ws-fw^ 1 = uis-fw^ 1 and M\ = WgMwJ 1 , for elements 7 £ M{Fs) and 
a € Wo. 

Suppose that y lies in G(Fs), and that 7 e M(Fs) is arbitrary. It then follows 
from (18.12) and Lemma 18.1 that 

J M (lJ v ) = lim J2 r L M {l,o)J L { all fy) 

a— >1 L — ' 

LeC{M) 

= ]™i E E r^(-/,a)J^ Q (ajJ Q . y ) 

= 1™! J2 ( ^M(7,a)^f Q (a7,/Q,s/)) 

^ Qef(M) LeC M Q(M) 

Qer{L) 

The formula (18.4) therefore holds in general. 

The splitting formula (18.7) and the descent formula (18.8) also hold in gen- 
eral. In particular, the general distributions Jm(7,/) can be reduced to the more 
elementary local distributions Jm v (Jv, fv)- The proof entails application to the 
general definition (18.12) of the special cases of these formulas already established. 
One has to also apply Lemmas 17.5 and 17.6 to the coefficients ^(7, a) in (18.12). 
The argument is not difficult, but is more complicated than the general proof of 
(18.4) above. We refer the reader to the proofs of Theorem 8.1 and Proposition 9.1 
of[A13]. 

19. The fine geometric expansion 

We now turn to the global side of the problem. It would be enough to express 
the distribution J (f) in explicit terms, for any € O. We solved the problem 
for unramified classes in §11 by writing J (f) as a weighted orbital integral. We 
would like to have a similar formula that applies to an arbitrary class 0. 

The general weighted orbital integrals defined in the last section arc linear 
forms on the space (G(Fs)) , where S is any finite set of valuations. Assume 
that S is a large finite set that contains the archimedean valuations Soo, and write 
C C 00 (G( J F 1 5 ) 1 ) for the space of functions on G(Fg) 1 = G(F S ) n G(A) 1 obtained by 
restriction of functions in G^°(G(F S )). If 7 belongs to the intersection of M{F$) 
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with G(Fs) 1 , we can obviously define the corresponding weighted orbital integral 
as a linear form on G^° (G(Fg) 1 ) . Let 

x s = n 

be the characteristic function of the maximal compact subgroup 

k s = n k v 

of G(A S ). The mapping / — > /x s is then an injection of C^°(G(F5) 1 ) into 
C C °°(G(A) 1 ). We shall identify G C °°(G(F S ) 1 ) with its image in G c co (G(A) 1 ). We 
can thus form the distribution J (/) for any / e G c °° (G(Fs) 1 ) . Our goal is to write 
it explicitly in terms of weighted orbital integrals of /. 

Suppose first that o consists entirely of unipotent elements. Then o = o un j p = 
Uq(F), where Uq is the closed variety of unipotent elements in G. It is this class 
in O that is furthest from being unramified, and which is consequently the most 
difficult to handle. In general, there are infinitely many G(.F)-conjugacy classes in 
Uq{F). However, we say that two elements 71,72 € Ug{F) are (G, S)- equivalent if 
they are G(Fg)-conjugate. The associated set (Ug{F)) g s of equivalence classes is 
then finite. The next theorem gives an expansion of the distribution 

Ju„ip(/) = J u G nip (/) = J G mlp (J) 

whose terms are indexed by the finite sets (Um{F)) m g . 

Theorem 19.1. For any S as above, there are uniquely determined coefficients 
a M (S,u), M eC, ue(U M (F)) M S , 

with 

(19.1) « M (S,1) = vol(M( J F)\M(A) 1 ), 
such that 

(19.2) J U ni P (/)= ]T KlKl" 1 E a M (S,u)J M (u,f), 

Mec ue(u M (F))M,s 

for any f £C™(G{FsY). 

This is the main result, Theorem 8.1, of the paper [A10]. The full proof is too 
long for the space we have here. However, the basic idea is easy to describe. 

Assume inductively that the theorem is valid if G is replaced by any proper 
Levi subgroup. It is understood that the coefficients a M (S,u) depend only on M 
(and not G). The induction hypothesis therefore implies that the coefficients have 
been defined whenever M is proper in G. We can therefore set 

w/) = -w/)- E i^ii^r 1 E a M (s, U )j M (uj), 

™%% ue{u M {F)) M , s 

for any / e G^°(G(F 5 ) 1 ). Suppose that y e G(F S ). By (16.2) and (18.4), we can 
write the difference 

F U nip{f^) Tunip(/) 
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as the difference between the global expression 

Junip(f) - Junip(/) = £ |Wo MO |Kr^S(/0,y) 



and the local expression 

E K'iKr 1 E « M (5,«)(jM(«,f)-jM(«,/)) 

u£(Um(Q))m,s 

= E E l< lK|- 1 El W o M |l< Q |- 1 a M (^«)^ K/Q„)- 

The difference between T , unip (/ y ) and T , unip (/) is therefore equal to the sum over 
Q e T with Q ^ G of the product of \W^ Q \\Wf\- 1 with the expression 

&fQ,y)~ E l^ll^r 1 E a M {S,u)J^{u,f Q , y ). 

M£C M Q ue(U M (F)) M ,s 

The last expression vanishes by our induction assumption. It follows that T un i p (f v ) 
equals T unip (f), and therefore that the distribution T un j p on G(-Fg) 1 is invariant. 
Recall that J un i P (/) is the value at T = T of the polynomial 

^ni P (/) = / k* ni (xj)dx, 

JG(F)\G(Ay 

where 

fcu„ip(^ /) = E (-l) dim(Ap/Ac) E Kp^Sx, Sx)? P (H P (8x) T) 

PDPo SeP(F)\G(F) 

and 

Kp, unip(5x, 5x) — y ' / f(x 1 S 1 un5x)dn. 
ueu M (F) Jn ?W 

It follows that J U nip(/) vanishes for any function / <G C^°(G(A) 1 ) that vanishes 
on the unipotent set in G(Fs) 1 ■ For any such function, the distributions Jm(u,/) 
all vanish as well, according to Theorem 18.2. We conclude that the invariant 
distribution T un ; p annihilates any function in (G(Fs) 1 ) that vanishes on the 
unipotent set. It follows from this that 

T unip (/) = E aG ( 5 ' M ) J G 

u 

for coefficients a G (S,u) parametrized by unipotent classes u in G(Fs). 

It remains to show that a G (S, u) vanishes unless u is the image of a unipotent 
class in G(F), and to evaluate a G (S, u) explicitly as a Tamagawa number in the case 
that u = 1. This is the hard part. The two assertions are plausible enough. The 
integrand fc^ nip (x, /) above is supported on the space of G(A)-conjugacy classes that 
come from ^-rational unipotent classes. Moreover, the contribution to k^ nip (x, f) 
from the class 1 equals /(l), which is obviously independent of x and T. The 
integral over G(F)\G(A) 1 of this contribution converges, and equals the product 

vol(G(F)\G(A) 1 )/(l)=vol(G(F)\G(A) 1 )j G (l,/). 

However, J un ip(/) is defined in terms of the polynomial J^ n i p (f), which depends 
on a fixed minimal parabolic subgroup P € V(M ), and is equal to an integral 
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whose convergence we can control only for suitably regular points T € cip o . Among 
other difficulties, the dependence of Jj nip (/) on the local components f v is not at 
all transparent. It is therefore not trivial to deduce the remaining two assertions 
from the intuition we have. 

There are two steps. The first is to approximate J^nipif) by the integral of the 
function 

K unip (x,x) = fix^ux) 

ueUa(F) 

over a compact set. The assertion is that 



(19.3) J u T nip (/)-/ F G (x,T)K unip (x,x)dx 

J G(F)\G(A') 1 



< e" 



■ld Po {T) 



/G(F)\G(A)! 

where F G {- 1 T) is the compactly supported function on G(F)\G(A) 1 defined in §8, 
and 

d Po (T)= inf a{T). 

aeA Po 

This inequality is Theorem 3.1 of [A 10]. Its proof includes an assertion that 
F G (-,T) equals the image of the constant function 1 on G(F)\G(A) 1 under the 
truncation operator A T [A10, Lemma 2.1]. The estimate (19.3), incidentally, is 
reminiscent of our remarks on the local trace formula at the beginning of §16. 

The second step is to solve a kind of lattice point problem. Let U be a unipotent 
conjugacy class in G(F). If v is a valuation in S and e > 0, one can define a function 
ffj v G G^°(G(A) 1 ) that, roughly speaking, truncates the function f(x) whenever 
the distance from x v to the G(F V )-conjugacy class of U is greater than e. (See the 
beginning of §4 of [A10]. The function ffj v equals / at any point in G(A) 1 that 
is conjugate to any point in U(F), where U is the Zariski closure of U.) One then 
establishes an inequality 

(19.4) f F G (x,T) Yl \fZ r , v (x- 1 7x)\dx<s'-\\f\\(l+\\T\\)*>, 

where || • || is a continuous seminorm on G^?° (G(A) 1 ) , and d = dim(oo). This 
inequality is the main technical result, Lemma 4.1, of the paper [A10]. Its proof 
in §5-6 of [A10] relies on that traditional technique for lattice point problems, the 
Poisson summation formula. 

The inequalities (19.3) and (19.4) are easily combined. By letting e approach 
0, one deduces the remaining two assertions of Theorem 19.1 from the definition of 
Ju„i P (/) = J u T ° ip (/) in terms of J u T nip (/). (See [A10, §4].) □ 

Remark. The explicit formula (19.1) for a M (S, 1) is independent of the set 
S. For nontrivial elements u € Um{F), the coefficients a M (S,u) do depend on S. 
One sees this in the case G = GL{2) from the term (v) on p. 516 of [JL]. As 
a matter of fact, it is only in the case G = GL(2) that the general coefficients 
a M (S,u) have been evaluated. It would be very interesting to understand them 
better in other examples, although this does not seem to be necessary for presently 
conceived applications of the trace formula. 

The case o = o un i p we have just discussed is the the most difficult. It is the 
furthest from the unramified case solved explicitly in §11. For a general class o, one 
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fashions a descent argument from the techniques of §11. This reduces the problem 
of computing J (/) to the unipotent case of Theorem 19.1. 

We need a couple of definitions before we can state the general result. We say 
that a semisimple element a G G(F) is F- elliptic if Aq, equals Aq. In the case 
G = GL(n), for example, a diagonal element a in G(F) is F-elliptic if and only if 
it is a scalar. 

Suppose that 7 is an element in G(F) with semisimple Jordan component a, 
and that S is a large finite set of valuations of F that contains . We shall say 
that a second element 7' in G(F) is (G, 5)-equivalent to 7 if there is a S e G(F) 
with the following two properties. 

(i) a is also the semisimple Jordan component of S^ 1 ^^. 

(ii) The unipotent elements cr~ 1 7 and a~ 1 5~ lr y'5 in G a (F) are (G a , S)-equivalent, 
in the sense of the earlier definition. 

There could be several classes u € (Mg„{F)) G g such that au is (G, -equivalent 
to 7. The set of such u, which we write simply as {u : au <~ 7}, has a transitive 
action under the finite group 

L G (a) = G^ + (F)/G a (F). 

We define 

(19.5) a G (S, 1 )^e G (a)\i G (a)\- 1 £ a G °(S,u), 
where 

q ^ ^ ( 1, if a is F-elliptic in G, 
10, otherwise. 

Then a G (S, 7) depends only on the (G, S')-cquivalcncc class of 7. If 7 is semisimple, 
we can use (19.1) to express a G (S, 7). In this case, we see that 

(19.6) a G (S, 7 ) = e G ( 7 )k G (7)r 1 vol(G 7 (f )\G 7 (A) 1 ), 

and in particular, that a G (S, 7) is independent of S. 

Theorem 19.2. Suppose that is any class in O. Then there is a finite set S 
of valuations of F that contains such that for any finite set S D S and any 
function f e G C °°(G( J F 1 S ) 1 ), 

(19.7) J (f)= ICIKI" 1 E a M (S, 1 )J M ( 1 ,f), 

Mec -ye(M(F)no) M ,s 

where (M(F) n o) M s is the finite set of (M, S) -equivalence classes in M(F) n 0, 
and Juilif) is the general weighted orbital integral of f defined in $18. 

This is the main result, Theorem 8.1, of the paper [All]. The strategy is to 
establish formulas of descent that reduce each side of the putative formula (19.7) 
to the unipotent case (19.2). We are speaking of what might be called "semisimple 
descent" here. It pertains to the Jordan decomposition, and is therefore different 
from the property of "parabolic descent" in the formula (18.8). We shall attempt 
to give a brief idea of the proof. 
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The reduction is actually a generalization of the unramified case treated in §11. 
In particular, it begins with the formula 

Jj(f)= [ kj(xj)dx 

JG(F)\G(Ay 

of Theorem 11.1. We recall that 

kj(x,f)= (-l) dim ^^ Yl K Pi0 (Sx,Sx)r P (H P (Sx)-T), 

PDPo SeP(F)\G(F) 

where Pq € V(Mq) is a fixed minimal parabolic subgroup. The definition (11.1) 
expresses Kp i0 (5x, Sx) in terms of /, and the Jordan decomposition of elements 
7 G Mp n o. The formula contains integrals over unipotent adelic groups N R (A) = 
Np(A) ls , where R is the parabolic subgroup P P\ G ls of G 7s . It is therefore quite 
plausible that Jj(f) can be reduced to unipotent distributions J^J^ 1 (*&) attached 
to reductive subgroups H of G, and functions <J> € (iJ(A) 1 ) obtained from 
/ and T by descent. However, the combinatorics of the reduction are somewhat 
complicated. 

One begins as in §11 by fixing a pair (Pi,ai) that represents the anisotropic 
rational datum of o. Then Pi is a parabolic subgroup, which is standard relative 
to the fixed minimal parabolic subgroup Po <G V(Mq) used to construct J (/). One 
also fixes an element a = 71 in the anisotropic (semisimple) conjugacy class ai in 
Mp 1 (F). Then Pi a = Pi n G a is a minimal parabolic subgroup of Go-, with Levi 
component Mi„ = Mp 1 n G^ . The groups H above are Levi subgroups M a of Co- 
in the finite set C a — £ G "(M lcr ). The corresponding functions $ = <fr y of descent 
in C^? (M (T (A) 1 ) depend on T, and among other things, a set of representatives y 
of G CT (A)\G(A) in G(A). (See [All, p. 199].) 

We take S to be any finite set of valuations of F that contains S^, and such 
that any v £ S satisfies the following four conditions. 

(i) \D G (a)\ v = l. 

(ii) The intersection K a ^ v = K v n G a {F v ) is an admissible maximal compact 
subgroup of G a {F v ). 

(iii) crKvU^ 1 = K v . 

(iv) If y v e G(F V ) is such that y~ 1 aUG a {F v )y v meets aK v , then y v belongs to 
G a {F v )K v . 

(See [All, p. 203].) We choose S D S and / e G c °° (G(F) 1 ) , as in the statement 
of the theorem. It then turns out that for any group M a € C a , the corresponding 
functions of descent <Z> V all lie in the subspace G C 00 (M <T (F 5 ) 1 ) of G^° (^^^(A) 1 ) . 

Recall that J (f) is the value at T = T of the polynomial J T (/). The unipotent 
distribution J^ p (Q y ) is the value of a polynomial J^^" (& y ) of T a in a subspace 
Oicr of a at a fixed point T 0cr . In the descent formula, the groups M a are of the 
form Mr, where R ranges over the set T a = T Ga {Mi a ). The formula is 

(19.8) J (f) = \i G (a)\-' f ( £ \W^\\W G °\-\j^ R ^ Tl ))dy, 

where Qr^^ is obtained from the general descent function $ y by specializing T 
to the point T\ — T — T 0a [All, Lemma 6.2]. Since the general functions <i> y 
and their specializations $a i2/ ,Ti are somewhat technical, we have not attempted to 
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define them. However, their construction is formally like that of the functions /q i3/ 
in (18.5). In particular, it relies on the splitting formula of Lemma 17.4. 

The formula (19.8) of geometric descent has an analogue for weighted orbital 
integrals. Suppose that M is a Levi subgroup of G that contains Mi = Mp 1 . Then 
a is contained in M(F). Set 7 = au, where u is a unipotent element in M a (Fs). 
The formula is 

(19.9) J M {l,f)=l ( £ J^(u,$ R , y , Tl ))dy, 

where / is any function in C c °° (G(Fs) 1 ) , and T a (M a ) = T G °(M a ) ([All, Corol- 
lary 8.7]). 

The formulas (19.8) and (19.9) of geometric descent must seem rather murky, 
given the limited extent of our discussion. However, the reader will no doubt agree 
that the existence of such formulas is plausible. Taking them for granted, one 
can well imagine that an application of Theorem 19.1 to the distributions in these 
formulas would lead to an expansion of J {f)- The required formula (19.7) for J (f) 
does indeed follow from Theorem 19.1, used in conjunction with the definition (19.5) 
of the coefficients a M (S, 7). □ 

If A is a compact neighbourhood of 1 in G(A) 1 , we write G A °(G(A) 1 ) for the 
subspace of functions in G|?°(G(A) 1 ) that are supported on A. For example, we 
could take A to be the set 

A N = {xeG(A) : log < N} 

attached to a positive number N. In this case we write G^'(G(A) 1 ) in place of 
Ca F° r an Y A, we can certainly find a finite set 5* of valuations of F 

containing Soo, such that A is the product of a compact neighbourhood of 1 in 
G(Fs) 1 with K s . We write <S* A for the minimal such set. We also write 

CZiGiFs) 1 ) = Ga (G(A) 1 ) n G C °°(G(^) 1 ), 

for any finite set S D S 1 ^. The fine geometric expansion is given by the following 
corollary of the last theorem. 

Corollary 19.3. Given a compact neighbourhood A of 1 in G(A) 1 , we can 
find a finite set 5a 3 S* A of valuations of F such that for any finite set S D 
and any f G G A =(G(F S ) 1 ), 

(19.10) J(/)= iK'Wtfr 1 ]T a M (S, 1 )J M ( 1 ,f), 

Mec je(M(F)) M ,s 

where (M(F)) M s is the set of(M, S) -equivalence classes in M(F). The summands 
on the right hand side of (19.10) vanish for all but finite many 7. 

The corollary is Theorem 9.2 of [All]. It follows immediately from Theorem 
19.2 above, once we know that there is a finite subset of O outside of which J (f) 
vanishes for any / e G A °(G(A) 1 ). This property follows immediately from [All, 
Lemma 9.1], which asserts that there are only finitely many classes G O such that 
the set 

{x _1 7x : x e G(A), 760} 
meets A, and is proved in the appendix of [All]. □ 
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20. Application of a Paley- Wiener theorem 

The next two sections will be devoted to the refinement of the coarse spectral 
expansion (14.8). These sections are longer and more intricate than anything so 
far. For one reason, there are results from a number of different sources that we 
need to discuss. Moreover, we have included more details than in some of the 
earlier arguments. The refined spectral expansion is deeper than its geometric 
counterpart, dependent as it is on Eisenstein series, and we need to get a feeling for 
the techniques. In particular, it is important to understand how global intertwining 
operators intervene in the "discrete part" of the spectral expansion. 

The spectral side is complicated by the presence of a delicate analytic problem, 
with origins in the theory of Eisenstein series. It can be described as that of 
interchanging two limits. We shall see how to resolve the problem in this section. 
The computations of the fine spectral expansion will then be treated in the next 
section. 

In order to use the results of Part I, we shall work for the time being with a 
fixed minimal parabolic subgroup P e V(M ). Suppose that \ <= % indexes one 
of the summands in the coarse spectral expansion. According to Theorem 15.1, 




where T G dp o is suitably regular, and Mp x {\) is the operator on TLp tX defined 
by the inner product (15.1) of truncated Eisenstein series. In the next section, 
we shall see that the explicit inner product formula for truncated Eisenstein series 
in Proposition 15.3 holds in general, provided it is interpreted as an asymptotic 
formula in T. We might therefore hope to compute Jj(/) as an explicit polynomial 
in T by letting the distance 

d Pa (T)= inf a(T) 

approach infinity. However, any such computation seems to require estimates for 
the derivatives of Mp x (\) that are uniform in A. This would amount to estimating 
derivatives in A of Eisenstein series outside the domain of absolute convergence, 
something that is highly problematical. On the other hand, if we could multiply 
the integrand in the formula for above by a smooth, compactly supported 

cut-off function in A, the computations ought to be manageable. The analytic 
problem is to show that one can indeed insert such a cut-off function. 

In the formula for Jj(/) we have just quoted from Part I, / belongs to 
C^°(G(A)). We are now taking / to be a function in (G(A) 1 ) . For any such /, 
the integrand in the formula is a well defined function of A in ia* P /ia G . The 
formula remains valid for / € C^°(G(A) 1 ), so long as we take the integral over 
A e ia P /ia* G . 

The class x <= X wm be fixed for the rest of this section. We shall first state 
three preliminary lemmas, all of which are consequences of Theorem 14.1 and its 
proof. For any P D P , we write 

7T 

where tt ranges over the set n un i t (Mp( A) 1 ) of equivalence classes of irreducible 
unitary representations of Mp(A) 1 , and Wp jX;7r is the intersection of Hp iX with 
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the subspace Wp l7r of vectors <j> G Tip such that for each x G G(A), the function 
(f) x (m) — (f>(mx) in Lj isc (Mp(Q)\Mp(A) 1 ) is a matrix coefficient of 7r. We write 
2p,x,tt(A /) f° r the restriction of Tp iX (A, /) to Tip ay7T . We then set 

C(A,/) = n p 1 tr(M^ x (A)Xp, x , 7r (A,/)), 

for any / G C^°(G(A) 1 ) and A G zap/ia^. 

Lemma 20.1. There are positive constants Go and oIq such that for any 
f € C^ (G(A) 1 ) ; any n > 0, and any T G a witfi dp (T) > G , 

Y, [ ^|^(A,/)|(l + ||A||)"dA<c„ ;/ (l + ||T||) d o, 

PDP ■ / *°p/* G TT 

for a constant c n j that is independent of T. 

The lemma is a variant of Proposition 14.1(a). One obtains the factor 
(1 + ||A||) rl in the estimate by choosing a suitable diffcrcntiable operator A on 
G(R), and applying the arguments of Theorem 14.1(a) to A/ in place of /. (See 
[A7, Proposition 2.1]. One can in fact take d = dim do-) □ 

Lemma 20.2. There is a constant Go such that for any N > and any 
f G G^ ) (G(A) 1 ), the expression 

(20.1) EE/ *£(A,/)dA 

equals J%(f), and is hence a polynomial in T of degree bounded by d = dim do, 
whenever 

d Po (T) > C (l + N). 

The expression equals 

/ Af A%K x (x, x)dx = / hJ,K x {x,x)dx. 

JG(F)\G(A) 1 JG(F)\G{kY 

The lemma follows from Theorem 14.1(c), and an analysis of how the proof of this 
result depends quantitatively on the support of /. (See [A7, Proposition 2.2].) □ 

If t~i, r 2 G n un it(-ftTK) are irreducible unitary representations of Kr, set 
f Tl , T2 (x)= f f tr(r 1 (fc 1 ))/(fcr 1 xfc 2 - 1 )tr(r 2 (fc 2 ))dfc 1 dA :2 , 
for any function / G G^°(G(A) 1 ). Then 

f{x) = E frur^x). 
Ti,r 2 

Lemma 20.3. There is a decomposition 

Jx(f)=Y J x(fr l ,r 2 ). 
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The lemma follows easily from an inspection of how the estimates of the proof 
of Theorem 14.1 depend on left and right translation of / by K R . (See [A7, Propo- 
sition 2.3].) □ 

The last three lemmas form the backdrop for our discussion of the analytic 
problem. The third lemma allows us to assume that / belongs to the Hecke algebra 

H(G) = W(G(A) 1 ) = H(G(A)\ K) 

of if -finite functions in C^ >0 (G'(A) 1 ). We recall that / is if -finite if the space of 
functions on G(A) 1 spanned by left and right if -translates of / is finite dimensional. 
The second lemma describes the qualitative behaviour of J^(f) as a function of T, 
quantitatively in terms of the support of /. If we could somehow construct a family 
of new functions in W(G) in terms of the operators Xp ay7T (f), with some control 
over their supports, we might be able to bring this lemma to bear on our analytic 
difficulties. 

Our rescue comes in the form of a Paley- Wiener theorem, or rather a corollary 
of the theorem that deals with multipliers. Multipliers are defined in terms of 
infinitesimal characters. To describe them, we have to fix an appropriate Cartan 
subalgebra. 

For each archimedean valuation v e Soo of F, we fix a real vector space 

i) v = ib v © do, 

where b v is a Cartan subalgebra of the compact Lie group K v n M (F V ). We then 
set 

f) = f)cc = ifv 

This space can be identified with a split Cartan subalgebra of the Lie group G* (Foo ) , 
where 

Foe =F Sx = F v , 

ves^ 

and G* is a split F-form of the group G. In particular, the complex Weyl group 
W = Woo of the Lie group G(Foo) acts on f). The space f) comes with a canonical 
projection f) dp, for any standard parabolic subgroup P D P a , whose transpose 
is an injection a* P C f)* of dual spaces. It is convenient to fix a positive definite, 
HMnvariant inner product (•, •) of f). The corresponding Euclidean norm || • j| on f) 
restricts to a HVinvariant Euclidean norm on Oo- We assume that it is dominated 
by the height function on G(A) fixed earlier, in the sense that 

||-ff|| < log || exp H\\, H e Oo- 

The infinitesimal character of an irreducible representation -Koo € ll^G^oo)) is 
represented by a W-orbit y Voo in the complex dual space [)£ of (). It satisfies 

TTooO/oo) = (/l(z),J/ 7roo )7T 00 (/ 00 ), Z G , foo € G^°(G(F oc )), 

where h: Zoo — * S(i)c) w is the isomorphism of Harish-Chandra, from the algebra 
Zoo of bi-invariant differential operators on G(i 7 ' 00 ) onto the algebra of VF-invariant 
polynomials on f)^, that plays a central role in his work on representations of real 
groups. The algebra Zoo acts on the Hecke algebra H(G(A)) of G(A) through 
the G(Foo )-component of a given function /. However, the space of functions zf, 
z e Zoo, is not rich enough for us to exploit Lemma 20.2. 
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Let £(\)) w be the convolution algebra of VF-invariant, compactly supported 
distributions on f). According to the classical Paley- Wiener theorem, the adjoint 
Fourier transform a — > a is an isomorphism from £(i)) w onto the algebra of entire, 
IF-invariant functions a(v) on f)£ of exponential type that are slowly increasing on 
cylinders 

{^Gl)£: ||Re(i/)||<r}, r > 0. 

The subalgebra C^°(t)) w is mapped onto the subalgebra of functions a that are 
rapidly decreasing on cylinders. (By the adjoint Fourier transform a we mean 
the transpose-inverse of the standard Fourier transform on functions, rather than 
simply the transpose. In other words, 

a{ v ) = [ afFJe^dff, 

h 

in case a is a function.) 

We write H(G(F co )) = H(G{F 00 ),K 00 ) for the Hecke algebra of = J] K v 

finite functions in (G^oo)) , and Hn(G(F oc ) s ) for the subspace of functions in 
H(G(F 00 )) supported on the set 

KeG(foc) : log \\ Xoo || < N}. 

Theorem 20.4. There is a canonical action 

a: U — > /«,,„, a^(Dr, /» eH(G(F 00 )), 

o/£(t)) w ' on Tt(G(F 00 ) s ) with the property that 

7Too(/oo : q) = S(^ 7roo )7T 00 (/ 00 ), 

for any ir^ G IlfG^oo)) . Moreover, if f^ belongs to Hn(G(F 00 )^ and a is 
supported on the subset of points H G \) with \\H\\ < N a , then /oo ja lies in 
Ti-N+N a (G(Foo)) . 

(See [A9, Theorem 4.2].) □ 

This is the multiplier theorem we will apply to the expression (20.1). We shall 
treat (20.1) as a linear functional of / in the Hecke algebra H(G) = ?i(G(A) 1 ). If 
t) 1 is the subspace of points in t) whose projection onto ac vanishes, we shall take 
a to be in the subspace £ (f) 1 ) 1 ^ of distributions in £(i)) w supported on f) 1 . If / 
belongs to the Hecke algebra W(G(A)) on G(A), we define f a to be the function 
in 7i(G(A)) obtained by letting a act on the archimcdean component of /. The 
restriction of f a to G(A) 1 will then depend only on the restriction of / to G(A) 1 . In 
other words, f a G H(G) is defined for any / G H(G). We shall substitute functions 
of this form into (20.1). 

Suppose that P D Po and ir G n un i t (Mp(A) 1 ) are as in (20.1). Then tt is the 
restriction to Mp(A) 1 of a unitary representation 

TToo <S> 7T fin , 71-oc G Hunit(Mp(F 00 )) , 7T fin G II un i t (Mp(A fin )) , 

of Mp(A). We obtain a linear form v v = on h c , which we decompose 

v m = Ajr + iY n , X n ,Y n G t)*, 

into real and imaginary parts. These points actually stand for orbits in \f of the 
complex Weyl group of M P (F 00 ), but we can take them to be fixed representatives 
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of the corresponding orbits. Then X„ is uniquely determined by 7r, while the 
imaginary part Y v is determined by 7r only modulo a* p . However, we may as well 
identify Y n with the unique representative in f)* of the coset in i)* /a* P of smallest 
norm ||5^r||. This amounts to taking the representation ir^ of Mp(F oc ) to be 
invariant under the subgroup ^ of Mp(F oa ), a convention that is already 
implicit in the notation Hp t7T above. 

If B is any VK-invariant function on if)*, we define a function 

B n (X) = B(iY n + X), Xeia* P , 

on ia* P . We also write 

B e {v) = B{ev), v£i\)\ 

for any e > 0. We shall want B to be rapidly decreasing on it)* /ia G . An obvious can- 
didate would be the Paley- Wiener function a attached to a function a £ C^ > °(f) 1 ) w ' r . 
However, the point of this exercise is to allow B to be an arbitrary clement in the 
space S(it)* /ia G ) w of VF-invariant Schwartz functions on i\)*/ia G . 

The next theorem provides the way out of our analytic difficulties. 

Theorem 20.5. (a) For any B £ S(it)*/ia G ) w and f £ H{G), there is a unique 
polynomial P T (B, f) in T such that the difference 

(20.2) ]T / ^<( A ,/)^(A)dA-P T (i?,/) 

approaches as T approaches infinity in any cone 

a Pa = {T£a : d Po (T) > r\\T\\}, r > 0. 



(b) 7/B(0) = 1, then 

jJ(/) = limP r (^,/). 

This is the main result, Theorem 6.3, of the paper [A7]. We shall sketch the 
proof. 

The idea is to approximate B by Paley- Wiener functions a, for a £ C^f) 1 )^. 
Assume that / belongs to the space 

for some fixed N > 0, and that a is a general clement in ^(f) 1 ) 1 ^. Then f a lies in 
7~(-N+N a (G). For any P D P and A £ ia* P , Ip(X, f a ) is an operator on Hp whose 
restriction to Hp iX ^ equals 

a(u v + A)Jp iX;7r (A,/). 
Applying Lemma 20.2 with f a in place of /, we see that the expression 

(20.3) J2 f 5>(^ + A X( A '/) dA 

PDP Jia *p/ ia h TT 

equals Jj(/ Q ) whenever dp a (T) > Co(l + N + N a ), and is hence a polynomial in T 
in this range. The sum over n in (20.3) can actually be taken over a finite set that 
depends only on \ an d /■ This is implicit in Langlands's proof of Theorem 7.2, 
specifically his construction of the full discrete spectrum from residues of cuspidal 
Eiscnstcin series. 
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Suppose that a belongs to the subspace Cf{\^) w of £{^) w . Then Jj(/„) 
equals 

E / E / *J(A,/)e^+ A )Wa(fl)dffdA. 

PDP Jia 'p/ ia 'G TT 

By Lemma 20.1, integral 

converges to a bounded, smooth function of H G rj 1 . It follows that 

J x(f«)= I ( E E^(^/) e " (H) ) a( ^ )d ^' 

whenever d Po (T) > C (l + 7V + iV Q ). Since Cf (tf) w is dense in 5(f) 1 ) (in the weak 
topology), the assertion actually holds for any a E 5(f) 1 ) 147 (with the integral being 
interpreted as evaluation of the distribution a). 

If H is any point in f) 1 , let Sh be the Dirac measure on f) 1 at H. The sym- 
metrization 

an = |WT 1 E 

sew 

belongs to £(l) 1 ) w . The function 

p T {H,f) = J%(f aH ) 

is therefore a well defined polynomial in T, of degree bounded by do- The support 
of an is contained in the ball about the origin of radius \\H\\, so we can take 
N aH = \\H\\. It follows that 

(20.4) p T (H,f) = ]T ^^r 1 £ ^(s-'H,^'- 1 ^, 

PDPo ir sGVK 

for all H and T with dp (T) >Co(l + -/V+||-ff||). The right hand expression may 
be regarded as a triple sum over a finite set. It follows that p T (H, /) is a smooth 
function of H e t) 1 for all T in the given domain, and hence for all T, by polynomial 
interpolation. Observe that ao = So, and therefore that f ao = f. It follows that 

p T (0,f) = 4(f). 

To study the right hand side of (20.4), we group the nonzero summands with 
a given real exponent X^ . More precisely, we define an equivalence relation on the 
triple indices of summation in (20.4) by setting (P',ir',s') ~ (P,n,s) if s'X n i = 
sX^. If T is any equivalence class, we set Xr = sX v , for any (P, it, s) e L. We also 
define 

#(#,/) = iwr 1 E e^- 1 *)^- 1 ^/). 

(p,7r,s)er 

Then tl>f(H, /) is a bounded, smooth function of H e f) 1 that is defined for all T 
with dp (T) greater than some absolute constant. In fact, Lemma 20.1 implies that 
for any invariant differential operator D on f) 1 , there is a constant cdj such that 

(20.5) \rhft{H, f)\ < c DJ (l + \\T\\) d °, H e f)\ d Pa (T) > C , 

for constants Cq and d independent of /. In particular, we can assume that the 
constants C in (20.4) and (20.5) are the same. Let £ = £f be the finite set of 
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equivalence classes T such that the function ip^(H,f) is not identically zero. It 
then follows from (20.4) that 

^ XAH H T AHj)-p T {H 1 . f ) = ^ 

whenever d Po (T) > C (l + N + \\H\\). The proof of Theorem 20.5 rests on an 
argument that combines this last identity with the inequality (20.5). We shall 
describe it in detail for a special case. 

Suppose that there is only one class T, and that X T = 0. In other words, if tt 
indexes a nonzero summand in (20.4), X„ vanishes. The identity (20.4) becomes 

(20.6) ^(H,f)-p T (H,f)=Q, d Po (T)>C (l + N+\\H\\). 

It is easy to deduce in this case that p T (H, /) is a slowly increasing function of H . 
In fact, we claim that for every invariant differential operator D on f) 1 , there is a 
constant Cjjj such that 

(20.7) \Dp T (HJ)\<c DJ (l + \\H\\) d <>(l+\\T\\) d °, 

for all H e t) 1 and T e do- Since p T (H,f) is a polynomial in T whose degree 
is bounded by do, it would be enough to establish an estimate for each of the 
coefficients of p T (H, /) as functions of H . For any H, we choose T so that dp (T) 
is greater than C (l + N + \\H\\), but so that ||T|| is less than C\(l + \\H\\), for 
some large constant C\ (depending on Co and N). It follows from (20.6) and (20.5) 
that 

\Dp T {HJ)\ = \D^(HJ)\ < c DJ (l + ||T||) d ° 

< c DJ {l + d(l + \\H\\)) d0 < c' DJ (l + \\H\\) d °, 

for some constant c' D j. Letting T vary within the chosen domain, we obtain a sim- 
ilar estimate for each of the coefficients of p T (H, f) by interpolation. The claimed 
inequality (20.7) follows. 

We shall now prove Theorem 20.5(a), in the special case under consideration. 
We can write 

B{v) = [ c v ^(3(H)dH, 

where (3 e ^(f) 1 )^ is the standard Fourier transform B of the given function B e 
S{ttf /ia* G ) w . We then form the integral 

P T (B, f) = p T (f3, f) = f p T (H, f)f3(H)dH, 

which converges by (20.7). This is the required polynomial in T. We have to show 
that it is asymptotic to the expression 



(20.8) 



E /. . . E<( A </)^( A ) dA - 
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We write the expression (20.8) as 

p Jia' p /ia' G n Jb 1 



= f ^(H,f)p(H)dH, 
Jb 1 



hl P 7T SGIV 



6 

/,T/ 



by the definition of B 7r (X), the definition of ip*(H,f), the fact that /?(.ff) is W- 
symmetric, and our assumption that Xp = 0. It follows that the difference (20.2) 
between p T (B, /) and (20.8) has absolute value bounded by the integral 

/ \^(H,f)-p T (H,f)\\f3(H)\dH. 

We can assume that T lies in a fixed cone a r Po , and is large. If dp (T) is greater 
than Co(l + N+ \\H\\), the integrand vanishes by (20.6). We may therefore restrict 
the domain of integration to the subset of points H G f) 1 with 

\\H\\ > C^d Po (T) -(l + N)> C^r\\T\\ (1 + N) > n\\T\\, 

for some fixed positive number n. For any such H, we have 

\^(H, f) p T (H, f)\ < \^(H, f)\ + \p T (H, f)\ 

< Cl (l+||tf||) 2d °, 

for some ci > 0, by (20.5) and (20.7). We also have 

\P(H)\ < c 2 (l + \\H\\)-( 1+2d °+ 2dilB H e f)\ 

for some c 2 > 0. The integral is therefore bounded by 

Cl C 2 / (1 + !|H||) 2<i0 (l + ||)-(l+2*>+2dim l, 1 )^ 

JllHll^nllTH 

a quantity that is in turn bounded by an expression 

cic 2 rr 1 ||T|r 1 / (l + \\H\\)- 2d ^^dH 
Jb 1 

that approaches as T approaches infinity. It follows that the difference (20.2) 
approaches as T approaches infinity in a P() . We have established Theorem 20.5(a), 
in the special case under consideration, by combining (20.5), (20.6), and (20.7). 

Next we prove Theorem 20.5(b), in the given special case. Recall that J%{f) 
is the value of p T (H, /) at H = 0. We have to show that this equals the limit of 
P T (B e ,f) as e approaches 0, under the assumption that -B(O) = 1. Now 

m(H) = (B) £ (H) = [3 e (H), 

where 

(3 £ {H) = e- {dimt,1) P{e- 1 H). 
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Therefore 

P T (5 £ , /) = p T {P £ , f) = f p T (H, f)P e (H)dH 

= J x(f) + I (P T ( H > /) - P T (°> f))Pe(H)&H, 

•V 

since J%(f) = p T (0,f), and J (3 e = B £ (0) = 1. But if we combine the mean value 
theorem with (20.7), we see that 

\p T {HJ) -p T (0J)\ < c\\H\\(l + \\H\\) d °(l + \\T\\) d <>, 

for some fixed c > 0, and all H and T. We can assume that e < 1. Then 

/ \ P T (HJ)-p T (0J)\\(3 £ (H)\dH 

= £ -d-(" 1 ) f \p T (H,f)-p T (0,f)\\(3(e- 1 H)\dH 

= [ \ P T (eHJ)-p T (0J)\\f3(H)\dH 

< c [ e\\H\\(l + \\eH\\) d °(l + \\T\\) d ° \0(H)\dH 
•V 

<c's(l + \\T\\) d », 

where 

c' = c[ \\H\\(1 + \\H\\) d °\P(H)\dH. 

It follows that 

lim(^,/)-jJ(/))=0, 

as required. 

We have established Theorem 20.5 in the special case that there is only one 
class r e £, and that X r = 0. In general, there are several classes, so there can be 
nonzero points Xp. In place of (20.6), we have the more general identity 

]T e x ^ H ^(H, f) - p T (H, f) = 0, d Pa {T) > C (l + N+\\H\\). 

r 

In particular, p T (H,f) can have exponential growth in H, and need not be tem- 
pered. It cannot be integrated against a Schwartz function (3 of H. Now each 
function ipp(H,f) is tempered in H, by (20.7). The question is whether it is as- 
ymptotic to a polynomial in T. In other words, does the polynomial p T (H, /) have 
a T-component e Xr ^ p^ (H , /)? 

To answer the question, we take Hp to be the point in f) 1 such that the inner 
product (Hr,H) equals Xr(H), for each H e f). We claim that for fixed H, the 
function 

t — ► ip^{tH T + H,f), iel, 

is a finite linear combination of unitary exponential functions. To see this, we first 
note that the function equals 

\\V\- 1 ]T e iY ^ s ~ 1 ^ +H ^^(s- 1 (tH r + H),f). 
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For any (P, n, s) G T, the linear form X v = s X? is the real part of the in- 
finitestimal character of a unitary representation it of Mp(A) 1 . It follows that the 
corresponding point s _1 iJ r in f) 1 lies in the kernel t) p of the projection of f) onto 
op. On the other hand, the function 

is invariant under translation by rj p . Consequently 
The claim follows. 

It is now pretty clear that we can construct the T-component of the polynomial 
p T (H, f) = e x ^^(H, f), d Po (T) > C (l + N+\\H\\), 

in terms of its direction of real exponential growth. If one examines the question 
more closely, taking into consideration the derivation of (20.7) above, one obtains 
the following lemma. 

Lemma 20.6. There are functions 

Pr(HJ) He\)\Te£, 

which are smooth in H and polynomials in T of degree at most d , such that 

p T (HJ) = Y. GXr(H) Pr( H J)> 
res 

and such that if D is any invariant differential operator on fj , then 

(20.6) ' \D(^(H,f)-p^(H,f)) \ <c D , f e- Sd ro( T )(l + \\T\\) d °, 
for allH and T with d Po (T) > C (l + N + \\H\\), and 

(20.7) ' \DpT{H, f)\ < c DJ (l + ||if ||) d °(l + \\T\\) d \ 
for all H and T, with C a , S and c D j being positive constants. 

See [A 7, Proposition 5.1]. □ 
Given Lemma 20.6, we set 

p$((3,f)= f pZ(H,f)(3(H)dH, 

for any function j3 € ^(f) 1 )^ and any T E £. We then argue as above, using the 
inequalities (20.5), (20.6)' and (20.7)' in place of (20.5), (20.6), and (20.7). We 
deduce that for any T and (3, 

(20.9(a)) Urn ( / $ (H, f)/3(H)dH - £(0, fj) = 0, Tea Po , 

and that 

(20.9(b)) limj£(/3 e ,/)=l£(0,/), 

if J (3 = 1, exactly as in the proofs of (a) and (b) in the special case of Theorem 
20.5 above. (See [A7, Lemmas 6.2 and 6.1].) 
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To establish Theorem 20.5 in general, we set 

P t (BJ) = J2pI((3J), (3 = B. 

res 

Then, as in the proof of the special case of Theorem 20.5(a) above, we deduce that 
W 2*J(A,/)B ff (A)dA = 2 / 1%(H,f)/3(H)dH. 

p Jia* p /ia* G w re£ Jt) 1 

It follows from (20.9(a)) that the difference between the expression on the right 
hand side of this identity and P T (B, /) approaches as T approaches infinity in 
Op Q . The same is therefore true of the difference between the expression on the left 
hand side of the identity and P T (B, /). This gives Theorem 20.5(a). For Theorem 
20.5(b), we use (20.9(b)) to write 

limP T (B £ ,/) = lim l£pF(&,/) 

s— >0 e— »0 ^ — ' 

res 

= £*>r(0,/) =p T {0J) = jT {f)j 
res 

if B(0) = J (3 = 1. This completes our discussion of the proof of Theorem 20.5. □ 
21. The fine spectral expansion 

We have taken care of the primary analytic obstruction to computing the distri- 
butions J x (/). Its resolution is contained in Theorem 20.5, which applies to objects 
X e X, Pa e V(M ), f e H(G), and B G S(if>* /ia* G ) w , with 5(0) = 1. We take B 
to be compactly supported. The function 

B v {\) = B(iY v + A), A e iap, 

attached to any P D P and tt e n un i t (Mp (A) 1 ) then belongs to (ia* P / ia* G ) . 

Suppose that a T and b T are two functions defined on some cone dp (T) > Co 
in do- We shall write a T ~ b T if a T — b T approaches as T approaches infinity in 
any cone a P . Theorem 20.5(a) tells us that 

P T (BJ)~ J2 I £<(A,.f)i?„(A)dA 

= E n p'E / tr(Mj iX (A)X P , x , 7r (A,/))^(A)dA, 

where P T (B,f) is a polynomial in T that depends linearly on B. The fact that 
each -Btt(A) has compact support is critical. It removes the analytic problem of 
reconciling an asymptotic limit in T with an integral in A over a noncompact space. 
Our task is to compute P T (B,f) explicitly, as a bilinear form in the functions 
{B 7T (X)} and the operators {Xp jXjW (A, /)}. We will then obtain an explicit formula 
for J£{f) from the assertion 

J x T (/) = limP T (B £ ,/) 

*• e— »0 

of Theorem 20.5(b). 

The operator Mp x (X) is defined by (15.1) in terms of an inner product of 
truncated Eisenstein series attached to P. Proposition 15.3 gives the explicit inner 
product formula of Langlands, which applies to the special case that the Eisenstein 
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series are cuspidal. It turns out that the same formula holds asymptotically in T 
for arbitrary Eisenstein series. 

Theorem 21.1. Suppose that <fi £ H° P and <j>' G TL P ,, for standard parabolic 
subgroups P, P' D P . Then the difference between the inner product 

[ A T E(x, <j), \)A T E(x,(t)',\')dx 

^G(F)\G(A) 1 

and the sum 

(21.1) E E E °Q( sX + s'A'rV^'^) (M(s, X)4>, M(s', X'W) 

Q s s> 

over Q D P a , s € W(ap, <Xq), and s' e W(<Xp>, <Xq) is bounded by a product 

c (A,A',0,0>~ edp ° (T) , 

where e > 0, and c(A, A', 4>, (j)') is a locally bounded function on the set of points 
A e cip C and A' £ ap, c at which the Eisenstein series are analytic. 

This is [A6, Theorem 9.1], which is the main result of the paper [A6]. The 
proof begins with the special case already established for cuspidal Eisenstein series 
in Proposition 15.3. One then uses the results of Langlands in [Lan5, §7], which 
express arbitrary Eisenstein series in terms of residues of cuspidal Eisenstein series. 
This process is not canonical in general. Nevertheless, one can still show that (21.1) 
is an asymptotic approximation for the expression obtained from the appropriate 
residues of the corresponding formula for cuspidal Eisenstein series. □ 

Let us write uj t (X, A', <p, <fi') for the expression (21.1). If B x is any function in 
C^(ia P /ia* G ), the theorem tells us that 

/ (M£ x (A)Z P , x (A,/)^)i? x (A)dA 
~/ u> T (A,A,Zp, x (A,/)0,0)B x (A)dA. 

J ia* p /ia* G 

We shall apply this asymptotic formula to the functions B x — B^. Since / is in- 
finite, Xp jX (A, f)<f> vanishes for all but finitely many vectors <f> in the orthonormal 
basis Bp_ x oiHp tX . This is a consequence of Langlands' construction of the discrete 
spectrum, as we have noted earlier. We assume that Bp tX is a disjoint union of 
orthonormal bases Bp. x ^ of the spaces r rip_ x ^. It then follows that 

P T (B,f) 

-E^'Ef/ E ^ T (A,A,Xp x ^(A,/)^,0)^(A)dA). 

The problem is to find an explicit polynomial function of T, for any P and n, which 
is asymptotic in T to the expression in the brackets. 

Suppose that P, ir, and <fr are fixed, and that A lies in ia* P . Changing the indices 
of summation in the definition (21.1), we write 



T 

UJ 



(A, A, Jp jXi7r (A, f)<j>,( 
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as the limit as A' approaches A of the expression 

= £££** ( <,y - *A)- 1 e (t ' V - tA)(r) (M(f, A')X P (A, f)<j>, M(t, A)0) 
Pi t' t 

= E E £ Pi - A )) _1 c (t(sA '- A))(T) (M(t«, V)X P (A, /)</», M(t, A)0) , 

S Pj t 

for sums over Pi D Pq and t',t £ ^(opjOpJ, and for s = ranging over 

the group W(Mp) = W(ap,ap). Since A is purely imaginary, the adjoint of the 
operator M(t, A) equals M(t, A) -1 . The sum 

(21.2) w T (A,A,Tp, Xi7r (A,/)<^) 

therefore equals the limit as A' approaches A of 

J2 £ Pl {t(s\' - X)y 1 C W sX '- x ^ T hr(M(t, Xy'Mits, A')Xp, Xi7r (A, /)). 

s (Put) 

Set M = Mp. The correspondence 

(Pi.t) — > Q = tu^Pm*, Pi^Po, t G VK(a P ,a Pl ), 

is then a bijection from the set of pairs (Pi, t) in the last sum onto the set V(M). For 
any group Q £ V(M) and any element s e W(M), there is a unitary intertwining 
operator 

M Q]P (s,X): Hp — ► W Q , Aem;. 

It is defined by analytic continuation from the analogue of the integral formula 
(7.2), in which P' is replaced by Q. If (Pi, t) is the preimage of Q, it is easy to see 
from the definitions that 

M{ts,X') =tMQ|p( S ,A')e (sA ' + "« )(To - t_lTo) , 

where £: — > Wpj is the operator defined by 

(i0)(a;) = 0(w t _1 a;), <j)<EHp. 

The point T is used as in §15 to measure the discrepancy between the two repre- 
sentatives w t and w t of the clement t £ Wo- (Sec [A8, (1.4)].) It follows that 

M(t, X)~ 1 M(ts, A') - M Q |p(A)- 1 M Q |p( S ,A')e( sA '' A )( To - t " T »), 

where Mq| P (A) = Mq| P (1, A). Next, we define a point Yq(T) to be the projection 
onto aju of the point 

i- 1 (T-T )+T . 

Then 

e (t( S A'-A))(T) e ( s A'-A)(T -t- 1 T ) = e (sV-A)(y Q (T))_ 

Finally, it is clear that 

^^(sA'-A))" 1 =^ Q (sA'-A)- 1 . 

It follows that (21.2) equals the limit as A' approaches A of the sum over s £ W(M) 
of 

(21.3) Yl tr(M Q |p(A)- 1 M Q |p( S ,A')Xp x ^(A,/))c( sA '- A )(^( T »0 Q ( S A'-A)- 1 . 
Qev(M) 
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The expression (21.3) looks rather like the basic function (17.1) we have at- 
tached to any (G, M)-family. We shall therefore study it as a function of the 
variable 

A = sX' - X. 

The expression becomes 

]T c Q (A)d Q (A)6 Q (A)-\ 

Qev(M) 

where 

c Q (A)=c A ^( T », 

and 

d Q (A)=tv(M QlP (X)- 1 M QlP (s,X')l PtXi7V (X,f)). 
It follows easily from the definition of Yq(T) that {eg (A)} is a (G, M)-family. The 
operators Mq\p(s, A') in the second factor satisfy a functional equation 

Mq,\p(s, A') = M Q , lQ (s\')M QlP (s, A'), Q' G P(M). 

It follows easily from this that {dg(A)} is also a (G, M)-family. (See [A8, p. 1298]. 
Of course c£g(A) depends on the kernel of the mapping (A', A) — > A as well as on A, 
but at the moment we are only interested in the variable A.) The expression (21.3) 
therefore reduces to something we have studied, namely the function (ccZ)m(A) 
attached to the (G, M)-family {(cc()q(A)}. By Lemma 17.1, the function has no 
singularities in A. It follows that the expression (21.3) extends to a smooth function 
of (A', A) in ia* M x ia* M . 

Remember that we are supposed to take the limit, as A' approaches A, of the 
sum over s € W(M) of (21.3). We will then want to integrate the product of B 7T (X) 
with the resulting function of A over the space ia* M /ia* G . From what we have just 
observed, the integral and limit may be taken inside the sum over s. It turns out 
that the asymptotic limit in T may also be taken inside the sum over s. In other 
words, it is possible to find an explicit polynomial in T that is asymptotic to the 
integral over A of the product B 7T (X) with value at A' = A of (21.3). We shall 
describe how to do this, using the product formula of Lemma 17.4. 

Suppose that s € W(M) is fixed. Let L be the smallest Levi subgroup in C(M) 
that contains a representative of s. Then o-l equals the kernel of s in cim- The 
element s therefore belongs to the subset 

W L (M) rcg = W L (M) : ker(i) = a L }, 

of regular elements in W L (M). Given s, we set A' = A + £, where ( is restricted to 
lie in the subspace ia* L of ia* M associated to s. Then s£ = £, and 

A = (s\ - A) + C 

is the decomposition of A relative to the direct sum 

If Xl is the projection of A onto ia* L , the mapping 

(A,C) — » (A,A L ), Xeia* M , CeioJ,, 

is a linear automorphism of the vector space ia* M ia* L . In particular, the points A 
and A' = A + ( are uniquely determined by A and Xl- Let us write 

c Q (A,T)=e A ^» 
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and 

d Q (A, \ L ) = tr(M Q |p(A)- 1 M Q |p( S , A + QTp, x ,*(\, /)) , 

in order to keep track of our two (G, M)-families on the supplementary variables. 
They of course remain (G, M)-families in the variable A. For A' = A + ( as above, 
the expression (21.3) equals 

c Q (A,T)dQ(A,A L )^(A)- 1 = c s M (^T)d' s (A s ,\ L ), 

Q£F(M) SeF(M) 

by the product formula of Lemma 17.4. To evaluate (21.3) at A' = A, we set £ = 0. 
This entails simply replacing A by sA — A. The value of (21.3) at A' — A therefore 
equals 

c s M ( S \~\,T)d / s ((s\-\) s ,\L). 

ser(M) 

We have therefore to consider the integral 

(21.4) / ( Yl cf f (sA-A,T)rf / s (( S A-A)s,A i ))s 7r (A)dA, 

Jia' M /ia G S£ jr {M) 

for M = M P , 7T e n unit (M(A) 1 ), L e C(M) and s e W L (M) leg , and for T in a 
fixed domain a r p Q . We need to show that the integral is asymptotic to an explicit 
polynomial in T. This will allow us to construct P T (B) simply by summing the 
product of this polynomial with rip 1 over P D P , n, L, and s. 

We first decompose the integral (21.4) into a double integral over i(aj^)* and 
ia* L /ia* G . If A belongs to ia* M , sX — A depends only on the projection ix of A onto 
i(a^f)*. Since the mapping 

F s : ii — > sn - ii 

is a linear isomorphism of i(a^,j)*, (21.4) equals the product of the inverse 

IdetOs-l)^- 1 

of the determinant of this mapping with the sum over S € !F(M) of 

(21.5) / / c s M (^T)d' s (n s ,\)B 7I (F- 1 (ri + \)d\dv. 

Next, we note that the dependence of the integral on T is through the term 
cfj(fj,,T). For fixed S, the set 

y^(T) = {Y S{R) (T) : ReV Ms (M)} 

is a positive (Ms, M)-orthogonal set of points in om, which all project to a common 
point Ys(T) in as- It follows from Lemma 17.2 that 



JYs(T) +a %s 



where ipf{(-,T) is the characteristic function of the convex hull in hm of yfiiT). 
We can therefore write (21.5) as 

(21.6) f <p s M (H,T)cf> s (H)dH, 

JYs(T) +a Z s 
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where 

<t>s(H)= f I e^d / s (fi S ,\)B 7I (F- 1 ( f i) + X)dXd f i, 

■''«)* Jia* L /ia a 

for any H e Om- Since •) is smooth, and £?„•(•) is both smooth and compactly 
supported, 4>s(H) is a Schwartz function on Om/ciz,. 

There are two cases to consider. Suppose first that S does not belong to the 
subset F(L) of T{M). Then as is not contained in ol, and Y$(T) projects to a 
nonzero point Yg(T)^ in o^. In fact, it follows easily from the fact that T lies in 



Op Q that 



IWOkll^nllTU, 



'Mil 

for some r x > 0. The function i/'m(-,7 1 ) is supported on a compact subset of the 
affine space Y$(T) + a M s whose volume is bounded by a polynomial in T. One 
combines this with the fact that <j>s(H) is a Schwartz function on cim/&l to show 
that (21.6) approaches as T approaches infinity in a r Po . (See [A8, p. 1306].) 
We can therefore assume that S belongs to F(L). Then 

a M S = a M © a L Ib ■ 

Since 4*$ is o^-invariant, we are free to write (21.6) as 

/ (/ MU)^ S M (U + H,T)du)dH. 

As it turns out, we can simplify matters further by replacing 

i, s M {U + H,T) 

with iPl(H, T), where 4>f{H, T) is the characteristic function in a L of the set y[ (T) 
obtained in the obvious way from yf^iT). More precisely, the difference between 
the last expression and the product 

(21.7) / MU)dU- f i> S L (H,T)dH 

approaches as T approaches infinity in a r Po . Suppose for example that G = SL(3), 
M = Mo is minimal, Ms = G, and that L is a standard maximal Levi subgroup 
Mi. Then Y S (T) = 0, and the difference 

tP s l (H,T)-4> s m (U + H,T), U€a^,H€a L , 

is the characteristic function of the darker shaded region in Figure 21.1. Since 
4>s(U) is rapidly decreasing on the vertical a^-axis in the figure, the integral over 
(U, H) of its product with the difference above does indeed approach 0. In the 
general case, the lemmas in [A8, §3] show that the convex hull of y^(T) has the 
same qualitative behaviour as is Figure 21.1. (See [A8, p. 1307-1308].) 

The problem thus reduces to the computation of the product (21.7), for any 
element S € F(V). The first factor in the product can be written as 



f MU)dU= [ d / s (0,X)B 7I (\)dX, 

Ja L M Jia* L /ia* G 

by the Fourier inversion formula in a^. The second factor equals 
/ 1>l(H,T)dH = 4(0,T) 

JYs(T)+a™ s 
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Figure 21.1. The vertices represent the six points Y P (T), as P 
ranges over V{Mq). Since T ranges over a set a r P , the distance from 
any vertex to the horizontal a^-axis is bounded below by a positive 
multiple of ||T||. 



by Lemma 17.2, and is therefore a polynomial in T. In particular, (21.7) is already 
a polynomial in T. To express its contribution to the asymptotic value of (21.4), wc 
need only sum S over F(L). We conclude that (21.4) differs from the polynomial 

(21.8) | det( S - l) a& I" 1 / ( J2 c|(0,TK s (0,A)W(A)dA 

Jial/ia* G SeJF(L) 

by an expression that approaches as T approaches infinity in a r Po . 
The sum 



(21.9) 



]T c s L (0,T)d' s (0,X) 

SeF(L) 



in (21.8) comes from a product 

CQl (A,T)d Ql (A,A), Qi e V(L), A e ia* L , 

of (G, L)-families. By Lemma 17.4, it equals the value at A = of the sum 

J2 c Ql (A,T)d Ql (A 1 X)9 Ql (A)- 1 . 

QieV(L) 

Recall the definition of the (G, M)-family {g?q(A,A)} of which the (G, L)-family 
{dQ 1 (A, A)} is the restriction. Since A and A lie in the subspace ia* L of ia* M , Xl 
equals A, and 

C = A- (sX- A) = A. 

It follows from the definitions and the functional equations of the global intertwining 
operators that 

d Q (A, A) - tr(M Q |p(A)- 1 M Q |p( s , A + A)J P>Xi7r (A, /)) 

= tr(M Q |p(A)- 1 M Q |p(A + A)M PlP (s, X + A)1 P ^{X, /)), 
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for any Q G V(M). Since the point A + A lies in the space ia* L fixed by s, the 
operator 

M P (s,0) = Mp| P 0,A + A) 
is independent of A and A. To deal with the other operators, we define 
M Q (A, A, P) = M Q |p(A)- 1 M Q |p(A + A), 

and 

M T Q (K A, P) = e A ^( T ))M Q |p(A)- 1 M Q |p(A + A) 
= c q (A,T)Mq(A,X,P), 

for any Q £ T(M). As functions of A in the larger domain ia* M , these objects form 
two (G, M)-families as Q varies over V(M). With A restricted to ia* L as above, the 
functions 

Ml 1 (A,X,P)=Ml(A,X,P), QieV(L), Q c Q u 

form a (G, L)-family as Q\ varies over V(L). It follows from the definitions that 
(21.9) equals 

Urn Yl c Ql (A,T)d Ql (A,X)0 Ql (A)- 1 
^ QieV(L) 

= lim Yl tr(M5 i (A,A,P)Mp( S ,O)Xp x ^(A,/))0 Ql (A)- 1 
^ QieV(L) 

= lim tr(Ml(A, A, P)M P (s, 0)J P;X , OT (A, /)) 

= tr(A4l(A, P)M P ( S , 0)Jp, X;7r (A, /)) . 

We substitute this formula into (21.8). The resulting expression is the required 
polynomial approximation to (21.4). 

The following proposition is Theorem 4.1 of [A8]. We have completed a rea- 
sonably comprehensive sketch of its proof. 

Proposition 21.2. For any f e H(G) and B e C™(il)* /ia* G ) w , the polyno- 
mial P T (B,f) equals the sum over P D P , ^ € H un it(Mp(A) 1 ) , L G C{Mp), and 
s G W L (Mp) YCg of the product of 

np^dctis - l) a i| _1 

with 

[ tv(Ml(X,P)M P (s,0)l PtX , n (X,f))B n (X)dX. D 

Jia* L /ia* G 

Recall that 

J x T (/) = limP r (^,/), 
where B e (v) = B(sv), and B(0) is assumed to be 1. Therefore 
Jx(f) = 4°tf) = ^P To (B s J). 
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Now 

M?(A,P)=Um Yl c 0l (A ) ro)MQ 1 (A,A,P)fl 0l (A)- 1 
^ QieV(L) 

= }im ^ e A ^i( T °))M Ql (A,A,P)0 Ql (A)- 1 
~* QieV(L) 

= |™ cA(To) E AtQ 1 (A,A,P)fl 0l (A)- 1 
Qiev(L) 

= M L (X,P), 

since 1q 1 (To) is just the projection of T onto a^. We substitute this into the 
formula above. The canonical point T € ao is independent of the minimal parabolic 
subgroup Po € V(Mq) we fixed at the beginning of the section. Moreover, if M — 
Mp, the function 

tr(M L (A, P)M P ( S , 0)Z P ^(A, /)) 
is easily seen to be independent of the choice of P G P(M). We can therefore 
rewrite the formula of Proposition 21.2 in terms of Levi subgroups M G C rather 
than standard parabolic subgroups P D Po- Making the appropriate adjustments 
to the coefficients, one obtains the following formula as a corollary of the last one. 
(See [A8, Theorem 5.2].) 

Corollary 21.3. For any f G TL{G), the linear form J x {f) equals the limit as 
e approaches of the expression obtained by taking the sum over M e£,Le £(M), 
G n unit (M(A) 1 ), and s G W L (M) reg o/ tfte product of 

l^lKl-^det^-l)^!- 1 

luitft 

/ tr(M L (A,P)Mp( s ,0)X PiX , 7r (A,/))P^(A)dA. □ 

Jia* L /ia G 

The final step is to get rid of the function B^ and the associated limit in e. 
Recall that B had the indispensable role of truncating the support of integrals that 
would otherwise be unmanageable. The function 

Bl(\) = B(e(iY w + \)) 

is compactly supported in A G ia* L /ia* G , but converges pointwise to 1 as e approaches 
0. If we can show that the integral 

(21.10) / tr(A^(A,P)Mp( S ,0)T PiX>7r (A,/))dA 

Jia' L /ia* G 

converges absolutely, we could remove the limit in e by an appeal to the dominated 
convergence theorem. One establishes absolute convergence by normalizing the 
intertwining operators from which the operator A4z,(A,P) is constructed. 

Suppose that n v G Yl(M(F v )) is an irreducible representation of M(F V ), for a 
Levi subgroup M G C and a valuation d of F. We write 

7r v ,x{m v ) = 7r v {m v )e x ^ m ^\ m v G M(F V ), 

as usual, for the twist of ir v by an element A G oJj C . If P € V(M), Ip(tt v ,\) 
denotes the corresponding induced representation of G(F V ), acting on a Hilbcrt 
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space Ttp(ir v ) of vector valued functions on K v . If Q <G V(M) is another parabolic 
subgroup, and <p belongs to H P (n v ), the integral 

/ 0(n v X v )e( X+ ^)(Hr(n^)) e -(X +PQ )(H Q (x,)) dnv 
J N Q (F v )nN P (F v )\N Q (F v ) 

converges if the real part of A is highly regular in the chamber (a* M ) P - It defines 
an operator 

Jq\p(k v ,\) ■ Ti-p^v) — > 'Hq^v) 

that intertwines the local induced representations X p {t: v ^\) and 1q(tt v ,\). One 
knows that JQ\p{it v .\) can be analytically continued to a meromorphic function of 
A € a *M c with values in the corresponding space of intertwining operators. (See 
[Har5], [KnS], and [Shal].) This is a local analogue of Langlands' analytic contin- 
uation of the global operators Mq\ p {\). Unlike the operators Mq\ p (\), however, 
the local operators Jq\p{i^ v .\) are not transitive in Q and P. For example, if P is 
the group in V{M) opposite to P, Harish-Chandra has proved that 

Jp\p{ 7r v,x)Jp\p{'^v,x) = MM^a) -1 , 

where hm{t^v,\) is a meromorphic scalar valued function that is closely related to 
the Plancherel density. To make the operators Jq\p{^ v ,\) have better properties, 
one must multiply them by suitable scalar normalizing factors. 

Theorem 21.4. For any M, v, and n v € Tl(M(F v )), one can choose mero- 
morphic scalar valued functions 

r Q \p(n v ,x), A e a^ c , P,Q e T(M), 

such that the normalized intertwining operators 

( 21 -n) r q\p(kv,\) = r Q \p(TT V .xy 1 j Q ip(TT Vt x) 

have the following properties. 

(i) Rq>\p{iTv,\) = Rq>\q(kv,\)Rq\p(kv,\), Q', Q,Pe T(M). 

(ii) The K v -finite matrix coefficients of Rq\ p (tt v \) are rational functions of 
the variables {A(a v ) : a G A P } if v is archimedean, and the variables 

{qv X(aV) : aeA P } if v is nonarchimedean. 

(iii) // n v is unitary, the operator Rq\ p (tt v ^\) is unitary for A e ia* M , and 
hence analytic. 

(iv) If G is unramified at v, and <p € H(ir v ) is the characteristic function of 
K v , Rq\p(^v,\)4> equals <j>. 

See [A15, Theorem 2.1] and [CLL, Lecture 15]. The factors rQ\ P (ir Vi \) are 
defined as products, over reduced roots (3 of (Q, Am) that are not roots of (P,Am), 
of meromorphic functions rp(-K\) that depend only on A(/3 V ). The main step is to 
establish the property 

(21.12) r Pl p(TT Vi x)rp\p(n Vi x) = MmK,a) _1 , 

in the case that M is maximal. □ 

Remarks. 1. The assertions of the theorem are purely local. They can be 
formulated for Levi subgroups and parabolic subgroups that are defined over F v . 
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2. Suppose that ® 7r„ is an irreducible representation of M(A), whose restric- 
ts 

tion to M(A) 1 we denote by w. The product 

(21.13) Rq\p{*\) = <g) Rq\p{^v,x) 

V 

is then a well defined transformation of the dense subspace TL p {t:) of if -finite 
vectors in Hp(ir). Indeed, for any <fi € H P (ir), RQ\p(ir\)cj) can be expressed as a 
finite product by (iv). If tt is unitary and A £ ia* M , Rq\ p (tt\) extends to a unitary 
transformation of the entire Hilbert space H.p(tt). 

Suppose that tt £ n un i t (M(A) 1 ) is any representation that occurs in the dis- 
crete part Rm. disc °f Rm- hi other words, the subspace Tip ^ of Tip is nonzero. The 
restriction of the global intertwining operator Mq\ p {\) to Hp^ can be expressed in 
terms of the local intertwining operators above. It is isomorphic to m disc (7r)-copies 
of the operator 

Jq\p{k\) = Jq\p{k v ,\), 

v 

defined for any unitary extension ®tt v of n to M(A) by analytic continuation in 

V 

A. If {rQ\p(ir Vt \)} is any family of local normalizing factors that for each v satisfy 
the conditions of Theorem 21.4, the scalar- valued product 

(21-14) r QlP (7r x )=H 

V 

is also defined by analytic continuation in A, and is analytic for A £ ia* M . Let 
Rq\p(\) be the operator on Hp whose restriction to any subspace TLp.n equals 
the product of r-Q|p(7r A ) _1 with the restriction of Mq| P (A). In other words, the 
restriction of Rq\ p {\) to TLp^ is isomorphic to TO disc (7r)-copies of the operator 
(2.13). We define 

(21.15) r Q (A, tt a , P) = r Q |p(7r A )- 1 r Q |p(7r A+ A), H Pl7r + {0}, 

and 

K Q (A, A, P) = i? Q | P (A)- 1 i? Q |p(A + A), 

for points A and A in ia* M . Then {rQ(A,7r A )} and {7£q(A, A, P)} are new (G, M)- 
familics of A. They give rise to functions rT.(ir\,P) and 7\Ll(A, P) of A for any 
L £ C(M). We write r^itx) = rL(n\,P), since this function is easily seen to be 
independent of the choice of P. 

LEMMA 21.5. (a) There is a positive integer n such that 
( 1^(^)1(1+ ||A||)-"dA<oo. 

Jia' M /ia* G 

(b) The integral (21.10) converges absolutely. 

The integrand in (21.10) depends only on the restriction A4l(\, P) X 7T of the 
operator 7W L (A,P) to Wp, Xl7r . But 7W L (A,P) v . 7r can be defined in terms of the 
product of the two new (G, M)-families above. Moreover, we are free to apply 
the simpler version (17.12) of the usual splitting formula. This is because for any 
S £ T{L) and Q £ V(S), the number 

rf(TTA) - r?(7r A ) 
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is independent of the choice of Q [A8, Corollary 7.4]. Therefore 

M L (X,P) X ,*= r s L ^ x )n s (\p) x ,„ 

sef(L) 

where 7\Ls(A, P) Xi7r denotes the restriction of 1Zs(\,P) to Hp. Xt7T . The integral 
(21.10) can therefore be decomposed as a sum 

(21.16) ]T / rf(7r A )tr(7e s (A,P)Mp( S ,0)Jp, x>7r (A,/))dA. 
ser(L) Jia l/ ia h 

Since / lies in the Hcckc algebra H(G), the operator Zp jXi7r (A, /) is supported on 
a finite dimensional subspace of 7ip jXj7r - Moreover, it is an easy consequence of 
the conditions (ii)-(iv) of Theorem 21.4 that any matrix coefficient of the operator 

TZs(X, P) is a rational function in finitely many complex variables {A(a v ), qv X< " a 
which is analytic for A <E ia* M . Since Zp jXj7r (A, /) is rapidly decreasing in A, part (b) 
of the lemma follows inductively from (a). (See [A8. §8].) 

It is enough to establish part (a) in the case that M is a maximal Levi subgroup. 
This is because for general M and L, r^i^x) can be written as a finite linear 
combination of products 

r M 1 (7r A )...r M p (7r A ), 

for Levi subgroups Mi, . . . ,M p in £(M), with dim(ciM /ciMi) = 1, such that the 
mapping 

p 

0-m/o-g — > ^(im/QmJ 

i=l 

is an isomorphism. (Sec [A8, §7].) In case M is maximal, one combines (21.16) with 
estimates based on Selberg's positivity argument used to prove Theorem 14.1(a). 
(See [A8, §8-9].) □ 

It is a consequence of Langlands' construction of the discrete spectrum of M in 
terms of residues of cuspidal Eisenstein series that the sum over 7r G n un i t (M(A) 1 ) 
in Corollary 21.3 can be taken over a finite set. Lemma 21.5(b) asserts that for any 
7T, the integral (21.10) converges absolutely. Combining the dominated convergence 
theorem with the formula of Corollary 21.3, we obtain the following theorem. 

Theorem 21.6. For any f e H(G), the linear form J x (f) equals the sum over 
M e C, Le C(M), 7T e n unit (M(A) 1 ) ; and s e W L (M) rcg of the product of 

(21.17) iW^lKl-^det^-l)^!" 1 
with 

[ tr(_M L (A, P)M P (s, 0)lp, x ,*(\, f))d\. 

Jia* L /ia* G 

(See [A8, Theorem 8.2].) □ 

Remarks. 3. There is an error in [A8, §8]. It is the ill-considered inequality 
stated on p. 1329 of [A8], three lines above the expression (8.4), which was taken 
from [A5, (7.6)]. The inequality seems to be false if / lies in the complement of 
Ti-iG) in C^ )0 (G(A) 1 ), and 7r is nontempered. Consequently, the last formula for 
J x (f) does not hold if / lies in the complement of H{G) in Cf (G(A) 1 ). 
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The fine spectral expansion of J(f) is the sum over \ £ X of the formulas for 
J x (f) provided by the last theorem. It is convenient to express this expansion in 
terms of infinitesimal characters. 

A representation ir £ H U nit (M(A) 1 ) has an archimedean infinitesimal character, 
consisting of a W-^-orbit of points i/ n = X v + iY„ in [)i[./iag. The imaginary part 
is really an a^-coset in I)*, but as in §20, we can identify it with the unique point 
in the coset for which the norm Hl^l is minimal. We then define 

n t , unit (M(A) 1 ) = {n£ n unit (M(A) 1 ) : \\lm(^)\\ = \\Y W \\ = t}, 

for any nonnegative real number t. 

Recall that a class \ £ X is a W-o-orbit of pairs (Mi,7Ti), with m being a 
cuspidal automorphic representation of M 1 (A) 1 . Setting v x = v 7Vl , we define a 
linear form 

Mf)= E J x(/)> t>0,f€H(G), 

{xeX:\\lm(v x )\\=t} 

in which the sum may be taken over a finite set. Then 

t>0 

We also write Xp,t(A, /) for the restriction of the operator lp(X, f) to the invariant 
subspace 

of Hp. It is again a consequence of Langlands' construction of the discrete spectrum 
that if ||Im(z/ x )|| = t, the space Hp ay7T vanishes unless n belongs to n tjUn i t (M(A) 1 ). 
In other words, the representation 2p. t (A) is equivalent to a direct sum of induced 
representations of the form Xp(n\), for tt £ II t;Un i t (M(A) 1 ) . The fine spectral 
expansion is then given by the following corollary of Theorem 21.6. 

Corollary 21.7. For any f £ H(G), the linear form J(f) equals the sum 
over t > 0, M £ C, L £ C{M), and s £ W L (M) Icg of the product of the coefficient 

(21.17) with the linear form 

(21.18) / tv(M L (X,P)Mp(s,0)l Pit (XJ))dX. □ 

Jia* L /ia* G 

The fine spectral expansion is thus an explicit sum of integrals. Among these 
integrals, the ones that are discrete have special significance. They correspond to 
the terms with L = G. The discrete part of the fine spectral expansion attached to 
any t equals the linear form 
(21.19) 

itA-un = E i^iiwfr 1 E i det ( s - i)» £ r 1 tr(Mp( S ,o)x^(o,/)). 

Mec sew(M) leg 

It contains the £-part of the discrete spectrum, as well as singular points in the t- 
parts of continuous spectra. Observe that we have not shown that the sum over t of 
these distributions converges. To do so, one would need to extend Miiller's solution 
of the trace class conjecture [Mul], as has been done in the case G = GL(n) by 
Miillcr and Speh [MS]. It is only after iodise (/) has been enlarged to the linear 
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form J*(/), by including the corresponding continuous terms, that the spectral 
arguments we have discussed yield the absolute convergence of the sum over t. 
However, it turns out that this circumstance does not effect our ability to use trace 
formulas to compare discrete spectra on different groups. 

22. The problem of invariance 

In the last four sections, we have refined both the geometric and spectral sides 
of the original formula (16.1). Let us now step back for a moment to assess the 
present state of affairs. The fine geometric expansion of Corollary 19.3 is transpar- 
ent in its overall structure. It is a simple linear combination of weighted orbital 
integrals, taken over Levi subgroups M € C. The fine spectral expansion of Corol- 
lary 21.7 is also quite explicit, but it contains a more complicated double sum over 
Levi subgroups M C L. In order to focus our discussion on the next stage of devel- 
opment, we need to rewrite the spectral side so that it is parallel to the geometric 
side. 

We shall first revisit the fine geometric expansion. This expansion is a sum 
of products of local distributions Jm(i, f) with global coefficients a M (S, 7), where 
S D 5 ram is a large finite set of valuations depending on the support of /, and 
7 € (M(F)) MS is an (M, ^-equivalence class. Let us write 

(22.1) T(M) S = (M(F)) MfS , S D S ram , 

in order to emphasize that this set is a quotient of the set L(M) of conjugacy 
classes in M(F). The semi-simple component 7 S of a class 7 e T(M)s can be 
identified with a scmisimplc conjugacy class in M(F). By choosing S to be large, 
we guarantee that for any class 7 with Jm(i, /) 7^ 0, the set 

lnt(M(A s '))7 s = {m _1 7 s m : m e M(A 5 )} 

intersects the maximal compact subgroup Kfj of M(A S ). If S is any finite set 
containing SVam, and 7 is a class in L(M)s, we shall write 

_ U M (S,j), if lnt(M(A s )) 7s DKii^O, 
10, otherwise. 

n(G(A) 1 ), we also write 

Jm{iJ) = Jm("/Js), 

where fg is the restriction of / to the subgroup G(Fg) 1 of G(A) 1 . We can then write 
the fine geometric expansion slightly more elegantly as the limit over increasing sets 
S of expressions 

E KiKr 1 E « m (7Km(7,/). 

Mec 7er(M) s 

The limit stabilizes for large finite sets S. 

To write the spectral expansion in parallel form, we have first to introduce 
suitable weighted characters Jm(k, /). Suppose that n belongs to n un i t (M(A) 1 ). 
Then w can be identified with an orbit tt\ of ia* M in n un ; t (M(A)). In the last 
section, we defined normalized intertwining operators Rq\p(it\) in terms (21.11) 



(22.2) a M ( 7 ) = 

If / belongs to H{G) = 
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and (21.13) of a suitable choice of local normalizing factors {rQ\p(ir v .\)}. We now 
introduce the corresponding (G, M)-family 

K Q (A,ir x ,P) = i?Q|p(7r A )- 1 i?Q| P (^ A+A ), Q G V(M), A e ia* M , 

of operators on Hp(n), which we use to define the linear form 

(22.3) JM(7rA,/)=tr(7e M (7rA,P)Xp(7r A ,/)) /GW(G(A)), 
on H(G{A)). We then set 

(22.4) J M ( 7r ,/)=/ J M ( 7rA ,/)dA, feH(G), 

where / is any function in 7i(G(A)) whose restriction to G(A) 1 equals /. The 
last linear form does indeed depend only on 7r and /. It is the required weighted 
character. 

The core of the fine spectral expansion is the t-discrete part It,disc(f)i defined 
for any t > and / € Ti.(G) by (21.19). The term "discrete" refers obviously to the 
fact that we can write the distribution as a linear combination 

(22.5) / t ,disc(/)= £ ag sc (n)f G (n) 

7ren t , unit (G(A)i) 

of irreducible characters, with complex coefficients a^isd 71 )- ^ is a consequence of 
Langlands' construction of the discrete spectrum that for any /, the sum may be 
taken over a finite set. (See [A14, Lemmas 4.1 and 4.2].) Let n ijdisc (G) be the 
subset of irreducible constituents of induced representations 

<t\, M eC, at n t , unit (M(A) 1 ), A g ia* M /ia* G , 

of G(A) 1 , where the representation cr A of A'/(A)nG(A) 1 satisfies the two conditions. 

(i) «dt» * o. 

(ii) there is an element s e T / L G (aM)ro g such that scr A = cr A . 

As a discrete subset of n t;Unit (G(A) 1 ), n tidisc (G) is a convenient domain for the 
coefficients a disc (7r). 

It is also useful to introduce a manageable domain of induced representations 
in lit un it (G(A) 1 ). We define a set 

(22.6) II t (G) - : M e C, w g n t;disc (M), A G ia* M /ia* G }, 
equipped with the measure dn^ for which 

(22.7) f H^)d^= £ K'lKr 1 E / ^) dA ' 

for any reasonable function on II t (G). If 7r belongs to a set II tj disc(-M), the global 
normalizing factors rQ| P (7r A ) can be defined by analytic continuation of a product 
(21.14). We can therefore form the (G, M)-family {r Q (A,7r A )} as in (21.15). The 
associated function r M (-K\) — r^ f (7r A ) is analytic in A, and satisfies the estimate of 
Lemma 21.5(a). We define a coefficient function on II t (G) by setting 

(22.8) a G ( 7 r A ? ) = a d f sc ( 7 r)r G / (7r A ), M G C, n G II Misc (M), A G ia^/ia^. 

It is not hard to show that the right hand side of this expression depends only on 
the induced representation 7r G , at least on the complement of a set of measure in 

n t (G). 



22. THE PROBLEM OF INVARIANCE 



141 



For any M £ £, we write LT(M) for the union over t > of the sets U t (M). 
The analogues of (22.7) and (22.8) for M provide a measure dir and a function 
a M (7r) on II(M). Since we have now terminated our relationship with the earlier 
parameter of truncation, we allow ourselves henceforth to let T stand for a positive 
real number. With this notation, we write H(M) T for the union over t < T of the 
sets II t (M). The refined spectral expansion then takes the form of a limit, as T 
approaches infinity, of a sum of integrals over the sets II(M) T . 

We can now formulate the refined trace formula as an identity between two 
parallel expansions. We state it as a corollary of the results at the end of §19 and 
§21. 

Corollary 22.1. For any / £ H(G), </(/) has a geometric expansion 

(22.9) J(/) = lim£ KH^r 1 £ fl M ( 7 )J M (7,/) 

Me£ 7 er(M) s 

and a spectral expansion 

(22.10) J(/) = lim £ ItOKP 1 / a M (7r)J M (7Tj)dn. 

Mec Jn ( M ) T 

The geometric expansion (22.9) is essentially that of Corollary 19.3, as we 
noted above. The spectral expansion (22.10) is a straightforward reformulation of 
the expansion of Corollary 21.7, which is established in the first part of the proof 
of Theorem 4.4 of [A14]. One applies the appropriate analogue of the splitting 
formula (21.16) to the integral (21.18). This gives an expansion of Jt(f) as a triple 
sum over Levi subgroups M C L C S and a simple sum over s £ W L (aM)reg- One 
then observes that the sum over M gives rise to a form of the distribution / t L disc , 
for which one can substitute the analogue of (22.5). Having removed the original 
sum over M, we are free to write M in place of the index S. The expression (21.18) 
becomes a sum over M £ C{L) and an integral over A £ ia* L /ia* G . The last step 
is to rewrite the integral as a double integral over the product of ia* L /ia* M with 
ia* M /ia.Q. The spectral expansion (22.10) then follows from the definitions of the 
linear forms Jm^/), the coefficients a M (ir), and the measure dir. □ 

Although the refined trace formula of Corollary 22.1 is a considerable improve- 
ment over its predecessor (16.1), it still has defects. There are of course the ques- 
tions inherent in the two limits. These difficulties were mentioned briefly in §19 (in 
the remark following Theorem 19.1) and in §21 (at the end of the section). The 
spectral problem has been solved for GL(n), while the geometric problem is open 
for any group other than GL{2). Both problems will be relevant to any attempt to 
exploit the trace formula of G in isolation. However, they seem to have no bearing 
on our ability to compare trace formulas on different groups. We shall not discuss 
them further. 

Our concern here is with the failure of the linear forms Jm(i, f) and Jm(^, f) 
to be invariant. There is also the disconcerting fact that they depend on a non- 
canonical choice of maximal compact subgroup K of G(A). Of course, the domain 
H(G) of the linear forms already depends on K, through its archimedean com- 
ponent Koc. However, even when we can extend the linear forms to the larger 
domain C^°(G(A) 1 ), which we can invariably do in the geometric case, they are 
still fundamentally dependent on K. 
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To see why the lack of invariance is a concern, we recall the Jacquct-Langlands 
correspondence described in §3. Their mapping ir — > ir* of automorphic repre- 
sentations was governed by a correspondence / — > /* from functions / on the 
multiplicative group G(A) of an adelic quaternion algebra, and functions /* on 
the adelic group G*(A) attached to G* = GL(2). The correspondence of functions 
was defined by identifying invariant orbital integrals. It is expected that for any 
G, the set of strongly regular invariant orbital integrals spans a dense subspace 
of the entire space of invariant distributions. (The same is expected of the set of 
irreducible tempered characters.) We might therefore be able to transfer invariant 
distributions between suitably related groups. However, we cannot expect to be 
able to transfer distributions that are not invariant. 

The problem is to transform the identity between the expansions (22.9) and 

(22.10) into a more canonical formula, whose terms are invariant distributions. How 
can we do this? The first thing to observe is that the weighted orbital integrals in 
(22.9) and the weighted characters in (22.10) fail to be invariant in a similar way. 
By the construction of §18, the weighted orbital integrals satisfy the relation 

JMhJ V )= ]T J™ Q (%f Q ,y), 

for any / G G^*°(G(A) 1 ), 7 e T(M) S , and y e G(A). A minor technical lacuna 
arises here when we restrict / to the domain H(G) of the weighted characters, since 
the transformation / — > f y does not send Ti(G) to itself. However, the convolutions 
Lhf = h* f and Rhf = f * h of / by a fixed function h e H(G) do preserve H(G). 
We define a linear form on H(G) to be invariant if for any such h it assumes the 
same values at Lhf and Rhf- The relation above is equivalent to a formula 

(22.11) J M (l,L h f)= ]T J^ Q h,R Q , h f), 

Qer(M) 

where 

RQ.hf = / h{y){R y -if) Q . h dy 

JG(A) 1 

and (Ry-i f)(x) = f(xy), which applies equally well to functions / in cither 
G^ ) °(G(A) 1 ) or H(G). It is no surprise to discover that the weighted characters sat- 
isfy a similar formula, since we know that the original distributions J (f) and J x (f) 
satisfy the parallel variance formulas (16.2) and (16.3). It follows from Lemma 6.2 
of [A15] that 

(22.12) J M (*,L h f)= J m°K R Q,hf), 

Qer(M) 

for any / G H(G), tt E U(M) and h e H(G). 

We have just seen that the two families of linear forms in the trace formula 
satisfy parallel variance formulas. It seems entirely plausible that we could con- 
struct an invariant distribution by taking a typical noninvariant distribution from 
one of the two families, and subtracting from it some combination of noninvariant 
distributions from the other family. Two questions arise. What would be the pre- 
cise mechanics of the process? At a more philosophical level, should we subtract 
some combination of weighted characters from a given weighted orbital integral, or 
should we start with a weighted character and subtract from it some combination 
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of weighted orbital integrals? We shall discuss the second question in the rest of 
this section, leaving the first question for the beginning of the next section. 

Consider the example that G — GL(2), and M is the minimal Levi subgroup 
GL(1) x GL(l) of the diagonal matrices. Suppose that / € Ti-(G), and that S 
is a large finite set of valuations. We can then identify / with a function on 
H(G(Fs) 1 ) ■ The weighted orbital integral 7 — > Jm(i, /) is a compactly supported, 
locally integrable function on the group 

M(Fs) 1 = {(a, b) e F s x F s : \a\ = \b\ = 1}. 

The weighted character 7r — > Jm{k, f) is a Schwartz function on the group 
n un it(-M(-F 1 s) 1 ) of unitary characters on M(Fs) 1 - We could form the distribution 

(22.13) Jm(7,/)- / 7r(7- 1 )J M (7r,/)d7r, 7 e M(Fs) 1 , 

Jn unit (M(F s )i) 

by modifying the weighted orbital integral. We could also form the distribution 

(22.14) J M (irJ)- f 7T( 7 ) J M (7, /)d7, n G U unit (M(F s y) , 

JM(Fs) 1 

by modifying the weighted character. According to the variance formulas above, 
each of these distributions is invariant. Which one should we take? 

The terms in the trace formula for G = GL(2) that are not invariant are the 
ones attached to our minimal Levi subgroup M. They can be written as 

ivol(M(o s )\M(F s ) 1 ) Yl J M(lJ) 

yeM{o s ) 

and 

7ren(M(o s )\M(F s ) 1 ) 

respectively, for the discrete, cocompact subring 

o s = { 1 eF: |7|„<1, v^S} 

of i 7 ^. Can we apply the Poisson summation formula to either of these expressions? 
Such an application to the first expression would yield an invariant trace formula 
for GL(2) with terms of the form (22.14). An application of Poisson summation 
to the second expression would yield an invariant trace formula with terms of the 
form (22.13). 

We need to be careful. Continuing with the example G = GL(2), suppose 
that / lies in the Hecke algebra H(G(Fs)) on G(Fs), and consider Jm(i, /) an d 
Jm{^tJ) as functions on the larger groups M(Fg) and n un i t (M(Fs)) respectively. 
The function Jm(i, /) is still compactly supported. However, it has singularities 
at points 7 whose eigenvalues at some place v € S are equal. Indeed, in the 
example v = M examined in §18, we saw that the weighted orbital integral had a 
logarithmic singularity. If the logarithmic term is removed, the resulting function 
of 7 is bounded, but it still fails to be smooth. Langlands showed that the function 
was nevertheless well enough behaved to be able to apply the Poisson summation 
formula. He made the trace formula for GL(2) invariant in this way, using the 
distributions (22.14) in his proof of base change for GL{2) [Lan9]. A particular 
advantage of this approach is a formulation of the contribution of weighted orbital 
integrals in terms of a continuous spectral variable, which can be separated from the 
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discrete spectrum. For groups of higher rank, however, the singularities of weighted 
orbital integrals seem to be quite unmanageable. 

The other function Jm(tt, /) belongs to the Schwartz space on H un i t (M(Fs)) , 
but it need not lie in the Paley- Wiener space. This is because the operator- valued 
weight factor 

n M {TT,P), 7ren unit (M(F s )), 

is a rational function in the continuous parameters of n, which acquires poles in the 
complex domain H(M(Fs))- Therefore Jm(tt, /) is not the Fourier transform of a 
compactly supported function on M(Fg). This again does not preclude applying 
Poisson summation in the case under consideration. However, it does not seem to 
bode well for higher rank. 

What is one to do? I would argue that it is more natural in general to work with 
the geometric invariant distributions (22.13) than with their spectral counterparts 
(22.14). Weighted characters satisfy splitting formulas analogous to (18.7). In the 
example under consideration, the formula is 

where tt = (^) it v and / = Yi Am an d Jm(tt Vi f v ) is the local weighted character 

ties ves 

defined by the obvious analogue of (22.3). It follows from this that the Fourier 
transform 

Jm(i, J) = [ 7r v ( 7 ) J M (^, /)d7r, 7 e M(F S ), 

Jn unit (M(F s )) 

of Jm(tt, /) is equal to a sum of products 

JUlJ) = E ( J m(1vJv) ■ II /»,c(7™)), 

for 7 = Yi lv- The invariant orbital integrals fw.cilw) are all compactly sup- 

veS 

ported, even though the functions J^(j V ifv) arc n °t- Remember that we are 
supposed to take the Poisson summation formula for the diagonal subgroup 

M(Fs) 1 = { 7 £ M(F S ) : H M {l) = ]T H M { lv ) = o} 

of M(Fs). The intersection of this subgroup with any set that is a product of a 
noncompact subset of M(F V ) with compact subsets of each of the complementary 
groups M(F W ) is compact. It follows that if / belongs to H(G(Fs) 1 ) , the weighted 
character 

JM(n,f)= ( J M (7TA,/)dA, 7ren unit (M(F s ) 1 ), 

that actually occurs in the trace formula belongs to the Paley- Wiener space on 
n unit (M(F s ) 1 ) after all. 

Suppose now that G is arbitrary. It turns out that the phenomenon we have 
just described for GL{2) holds in general. The underlying reason again is the fact 
that the weighted characters occur on the spectral side in the form of integrals 
(22.4), rather than as a discrete sum of linear forms (22.3). Otherwise said, the fine 
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spectral expansion of Corollary 21.7 is composed of continuous integrals (21.18), 
while the fine geometric expansion of Corollary 19.3 is given by a discrete sum. 

What if it had been the other way around? What if the weighted orbital 
integrals had occurred on the geometric side in the form of integrals 

/ J M (7«, 7)da, / e H(G), 7 G T(M) S , 

over the subgroup A\ t ^ of M(A), with / now being a function in H(G(A)) such 
that 

f(x) = / f(xz)dz, 

while the weighted characters had occurred as a discrete sum of distributions (22.4)? 
It would then have been more natural to work with the general analogues of the 
spectral invariant distributions (22.14), rather than their geometric counterparts 
(22.13). Were this the case, we might want to identify / e H(G) with a function 
on the quotient Aq ocj \G(A). We would then identify LT(M) with a family of rep- 
resentations of \M(A). In the example G = GL(2) above, this would lead to 
an application of the Poisson summation formula to the discrete image of M(os) 
in A~m oc \M(A), rather than to the discrete subgroup M(os) of M(A) 1 . 

These questions are not completely hypothetical. In the local trace formula 
[A19], which we do not have space to discuss here, weighted characters and weighted 
orbital integrals both occur continuously. One could therefore make the local trace 
formula invariant in one of two natural ways. One could equally well work with 
the general analogues of either of the two families (22.13) or (22.14) of invariant 
distributions. 



23. The invariant trace formula 

We have settled on trying to make the trace formula invariant by adding com- 
binations of weighted characters to a given weighted orbital integral. We can now 
focus on the mechanics of the process. 

For flexibility, we take S to be any finite set of valuations of F. The trace 
formula applies to the case that S is large, and contains S ram . In the example of 
G = GL(2) in §22, the correction term in the invariant distribution (22.13) is a 
Fourier transform of the function 

Jm(tt,/), 7ren unit (M(F s )). 

In the general case, M of course need not be abelian. The appropriate analogue of 
the abelian dual group is not the set n un ; t (M(Fs)) of all unitary representations. 
It is rather the subset H te mp(M(Fs)) of representations n e n un i t (M(Fs)) that 
are tempered, in the sense that the distributional character / — > /g(tt) on G(Fs) 
extends to a continuous linear form on Harish-Chandra's Schwartz space C(G(Fs)). 
Tempered representations are the spectral ingredients of Harish-Chandra's general 
theory of local harmonic analysis. They can be characterized as irreducible con- 
stituents of representations obtained by unitary induction from discrete series of 
Levi subgroups. 

The tempered characters provide a mapping 

/ — > /gW, fGH(G(F s )), 7rGlI tomp (G(F s )), 
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from n(G(F s )) onto a space l(G(Fs)) of complex-valued functions on 
ntomp(G(i 7 s)). The image of this mapping has been characterized in terms of the in- 
ternal parameters of n t omp(G(F 5 )) ([CD], [BDK]). Roughly speaking, l(G(F s )) 
is the space of all functions in n temp (G(.Fs)) that have finite support in all discrete 
parameters, and lie in the relevant Paley- Wiener space in each continuous param- 
eter. Consider a linear form i on l(G(Fs)) that is continuous with respect to the 
natural topology. The corresponding linear form 

/ — i(fo), fen{G(F s )), 

on H(G(Fs)) is both continuous and invariant. Conversely suppose that / is any 
continuous, invariant linear form on Tt(G(Fs)). We say that / is supported on 
characters if /(/) = for any / G Tt(G(Fs)) with f G = 0. If this is so, there is a 
continuous linear form I on l(G{F s )) such that 

IUg) = /(/), f€H(G(F s )). 

We refer to / as the invariant Fourier transform of /. It is believed that every 
continuous, invariant linear form on X(G(Fs)) is supported on characters. This 
property is known to hold in many cases, but I do not have a comprehensive refer- 
ence. The point is actually not so important here, since in making the trace formula 
invariant, one can show directly that the relevant invariant forms are supported on 
characters. 

We want to apply these notions to Levi subgroups M of G. In particular, we 
use the associated embedding / — > / of distributions as a substitute for the Fourier 
transform of functions in (22.13). However, we have first to take care of the problem 
mentioned in the last section. Stated in the language of this section, the problem 
is that the function 

7T — ► Jm{ttJ), tt g n tomp (M(Fs)), 

attached to any / G H(G(F S )) does not generally lie in X(M(F S )). To deal with 
it, we introduce a variant of the space l( y M{Fs))- 

We shall say that a set 5* has the closure property if it either contains an 
archimedean valuation v, or contains only nonarchimedean valuations with a com- 
mon residual characteristic. We assume until further notice that S has this property. 
The image 

a G , s = ff G (G(F s )) 

of G(Fs) in a G is then a closed subgroup of a G . It equals a G if S contains an 
archimedean place, and is a lattice in <xq otherwise. In spectral terms, the action 
tt — > 7Ta of iOq on n tom p(G(Fs)) lifts to the quotient 

ia* G ^ s = i(a* G /al^ s ), a G S = Hom(a G ,s, 2ttZ), 

of ia* G . If 4> belongs to X(G(i*s)), we set 

0(7r, Z) = f <K^)c- A(z) dA it G n tcmp (G(F s )), Z G a G , s . 

This allows us to identify J(G(F's)) with a space of functions 4> on n tC mp (G(i*s)) x 
a G ,s such that 

^7T X ,Z) = e^ z U(7T,Z). 
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If / belongs to H(G(F S )), we have 

/ G (7T, Z) = tr(n(f z )) = tr ( / f(x)n(x)dx) , 

K JG(Fs) z ' 

where f z is the restriction of / to the closed subset 

G{F S ) Z = {x£ G(F S ) : H G {x) = Z} 

of G(Fs). In particular, /g(tt, 0) is the character of the restriction of 7r to the 
subgroup G(Fs) 1 of G(F S ). 

We use the interpretation of l(G(Fs)) as a space of functions on G{F S ) x a<3,s 
to define a larger space I ac (G{F s )) ■ It is clear that 

l(G(F s ))=liml(G(F s )) r , 
r 

where T ranges over finite sets of irreducible representations of the compact group 
Ks = Yl K v , and T(G(Fs)) r is the space of functions <fi £ T(G(Fs)) such that 

</>(7r, Z) vanishes for any w £ n temp (G(i 7 5)) whose restriction to Ks does not con- 
tain some representation in T. For any T, we define X ac (G(Fs)) r to be the space of 
functions cf) on G(Fs) x a<3,s with the property that for any function b £ C£°(cig,s), 
the product 

<jy(n,Z)b(Z), 7reII tcmp (G(fs)), Z £ a G , s , 

lies in X(G(i ;l s)) r . We then set 

(G(F S )) =limJ ac (G(F s )) r . 
r 

It is also clear that 

W(G(F S )) =limW(G(F s )) r , 
r 

where 7i(G(Fs)) r is the subspace of functions in H(G(Fg)) that transform on each 
side under Ks according to representations in T. We define H ac (G(F s )) r to be the 
space of functions / on G(Fs) such that each product 

f(x)b(H G (x)), x £ G(F S ), b £ G c °°(a G , s ), 

belongs to H(G(F s )) r . We then set 

H ac (G(F s )) =limH ac (G(F s )) T . 
r 

The functions / £ H ac (G(Fs)) thus have "almost compact support", in the sense 
that f z has compact support for any Z £ a G ,s- If / belongs to H ac (G(Fs)) , we 
set 

f G (*,Z) -tr(rr(/ z )), rr £ n tcmp (G(F s )), Z £ a G , s . 

Then / — > / G is a continuous linear mapping from H ac (G(i ; 5)) onto T ac (G(i<s)). 
The mapping I —> I can obviously be extended to an isomorphism from the space 
of continuous linear forms on H. ac (G(Fs)) that are supported on characters, and 
the space of continuous linear forms on X ac (G(Fs)). 
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Having completed these preliminary remarks, we are now in a position to in- 
terpret the set of weighted characters attached to M as a transform of functions. 
Suppose that / € 'H aiC (G(Fs)). We first attach a general meromorphic function 

(23.1) J M (7r x ,f z ) = tr(n M (7Tx,P)lp(7Tx,f z )) 1 A e a* M>c , 

to any M e C, n € n(M(.Fs)) and Z £ Og,s- We can then attach a natural linear 
form Jm(k,X, f) to any X G om,s- For example, if Jm(^x, f Z ) is analytic for 
A e ia^f, we set 

(23.2) J M (n,X,f)= [ J M (n x J z )e- x(x UX, 

-> ia M,s/ ia G,S 

where Z is the image of X in <Xg,s- (In general, one must take a linear combination 
of integrals over contours ep + ia* M s/i a h.s> f° r g rou P s P & V(M) and small points 
ep € (a^f)p. See [A15, §7].) The premise underlying (23.2) holds if tt is unitary. If 
in addition, S D S ram and X = 0, (23.2) reduces to the earlier definition (22.4). Our 
transform is given by the special case that tt belongs to the subset n tcmp (M(Fs)) 
of n unit (M(Fg)). We define 0m(/) to be the function 

(ir,X) — ► <f> M (f,w,X) = J m {tt,XJ), it e n temp (M(F s )) , X e a M ,s, 

on n tomp (M(Fs)) x a M ,5- 

PROPOSITION 23.1. The mapping 

/— JeWac(G(F s )), 

is a continuous linear transformation from Ti ac (G(Fs)) to l ac i y M{Fs)) ■ 

This is Theorem 12.1 of [A15]. The proof in [A15] is based on a study of the 
residues of the meromorphic functions 

A — > J M (nx,f Z ), A G a^ c , tt e U tcmp (M(F s )) . 



A somewhat simpler proof is implicit in the results of [A13]. (See the remark on 
p. 370 of [A13].) It is based on the splitting and descent formulas for the functions 
(23.1), which are parallel to (18.7) and (18.8), and are consequences of Lemmas 
17.5 and 17.6. These formulas in turn yield splitting and descent formulas for the 
linear forms (23.2), and consequently, for the functions (f>M(f,n,X). They reduce 
the problem to the special case that S contains one element v, M is replaced by a 
Levi subgroup M v over F v , and tt is replaced by a tempered representation ir v of 
M V (F V ) that is not properly induced. The family of such representations can be 
parametrized by a set that is discrete modulo the action of the connected group 
i<X* Mv Fv = ia* M ^ v y The proposition can then be established from the definition of 

l ac (M(F s )). □ 

It is the mappings (f>M that allow us to transform the various noninvariant 
linear forms to invariant forms. We state the construction as a pair of parallel 
theorems, to be followed by an extended series of remarks. The first theorem 
describes the general analogues of the invariant linear forms (22.13). The second 
theorem describes associated spectral objects. Both theorems apply to a fixed finite 
set of valuations S with the closure property, and a Levi subgroup M € C. 
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Theorem 23.2. There are invariant linear forms 

Im(jJ) = /£(7,/), 7 G M(F S ), f e W ac (G(F s )), 

i/iai are supported on characters, and satisfy 

(23.3) /m(7,/) = J M (-r,f)- E ? m(7,^»l(/)). 



iec(M) 



Theorem 23.3. There are invariant linear forms 

I M (n,X,f) = I M (n,X,f), tt e n(M(F s )), X e a M ,s, / G W ac (G(F s )), 
i/iai ore supported on characters, and satisfy 

(23.4) 7m(tt,X,/) = J M (ir,X,f)- ]T /^(tt,X, ^(/)). 

Le£(M) 

Remarks. 1. In the special case that G equals GL(2), M is minimal, and S 
contains the set S ram = >Soo, the right hand side of (23.3) reduces to the original 
expression (22.13). For in this case, the value of 4>m{k, X, f) at X = equals the 
function Jm(tt, /) in (22.13). Since the linear form I^il) m this case is just the 
evaluation map of a function on M(Fs) 1 at 7, 1$ (7, 0m(/)) reduces to the integral 
in (23.13) by the Fourier inversion formula for the abelian group M(Fg) 1 . 

2. The formulas (23.3) and (23.4) amount to inductive definitions of 7m (7 j /) 
and Im(tt,X, /). We need to know that these linear forms are supported on char- 
acters in order that the summands on the right hand sides of the two formulas be 
defined. 

3. The theorems give nothing new in the case that M = G and X = Z. For it 
follows immediately from the definitions that 

/g(7,/) = Jail, f) = fail) 

and 

I G (7r,Z,f) = J G (ir,Z,f) = f G (Tr,Z). 

4. The linear forms Im (7,/) °f Theorem 23.2 are really the primary ob- 
jects. We see inductively from (23.3) that Im(i, f) depends only on f z , where 
Z = /7g (7). In particular, Im (7, /) is determined by its restriction to the subspace 
H(G(Fs)) of Tt ac (G(Fs)) ■ One can in fact show that as a continuous linear form on 
H(G(F S )), 7m (7, /) extends continuously to the Schwartz space C(G(F S )) [A21]. 
In other words, 7m (7, /) is a tempered distribution. It has an independent role in 
local harmonic analysis. 

5. The linear forms Im(tt,X, /) of Theorem 23.3 are secondary objects, but 
they are still interesting. We see inductively from (23.4) that Im(jt, X, f) depends 
only on f z , where Z is the image of X in a G ,s, so Im(k,X, f) is also determined 
by its restriction to TL{G{Fs)) ■ However, it is not a tempered distribution. If n is 
tempered, 

J M (ir,X,f) - Mf,TT,X) = I%(n,X,<t> M (f)), 
by definition. It follows inductively from (23.4) that 



(23.5) I M (n,X,f) = 



f G (*,Z), if M = G, 
0, otherwise, 
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in this case. But if tt is nontcmpered, 7m(tt, X, /) is considerably more complicated. 
Suppose for example that G is semisimple, M is maximal, F = Q, 5 = {woo} ; and 
7r = (7^, for a <E n temp (M(R)) and fj, e a MC - We assume that Re(yu) is in general 
position. Then 

J m (tt,X,/)= / J M K +A ,/)e- A(x) dA, 

while 

M (/, tt, X) = e"W / JmK, .f)e- A < x MA. 

It follows that /m(7T) -X'j /) is the finite sum of residues 

]TWjM(<7A,/)e^- A )W), 

* — ' A— 

obtained in deforming one contour of integration to the other. In general, Im(t, X, /) 
is a more elaborate combination of residues of general functions J^ 2 (a\, /). 

6. The linear forms Jm(i, /) and Jm(k, X, f) are strongly dependent on the 

choice of maximal compact subgroup K$ = Y[ K v of G(Fs). However, it turns 

ves 

out that the invariant forms Im{i, /) and Im{^, X, /) are independent of K s . The 
proof of this fact is closely related to that of invariance, which we will discuss 
presently. (See [A24, Lemma 3.4].) The invariant linear forms are thus canonical 
objects, even though their construction is quite indirect. 

7. The trace formula concerns the case that S D S ram , 7 € M(Fs) 1 , and 
X = 0. In this case, the summands corresponding to L in (23.3) and (23.4) depend 
only on the image of </>l(/) in the invariant Hecke algebra I (L(Fs) 1 ) on L(Fs) 1 - 
We can therefore take / to be a function in H(G(Fs) 1 ) , and treat 0m as the 
mapping from H^GlFs) 1 ) to J^L(Fs) 1 ) implicit in Proposition 23.1. In fact, since 
these spaces both embed in the corresponding adelic spaces, we can take / to be a 
function in the space Ti.(G) = W(G(A) 1 ), and 4>m to be a mapping from H(G) to 
the adelic space T(M) = l^M(A) 1 ) . This is of course the setting of the invariant 
trace formula. Recall that on the geometric side, 7 represents a class in the subset 
T(M)s of conjugacy classes in M(Fg). We write 

(23.6) lM(l,f)=lM(l,fs) 

as before, where fs is the restriction of / to the subgroup G(Fs) 1 of G(A) 1 . On 
the spectral side, ir is a representation in the subset II(M) of n un i t (-M(A) 1 ) . In 
this case, we write 

(23.7) Mtt,/) =Im(tts,OJs), 

where S D 5 ram is any finite set outside of which both / and tt are unramified, and 
tts € n un it (M(Fs) 1 ) is the M(Fs) ^component of tt, or rather a representative in 
n un it(M(A)) of that component. 

8. The distributions Imilif) satisfy splitting and descent formulas. We have 

(23.8) /m(7,/)= E d M(ii^2)/ M 1 (7i,/i,L 1 )/M 2 (72,/ 2 ,L 2 ), 

L 1 ,L 2 £C(M) 

and 

(23.9) / M (7f,/„)= £ d G Mv {M,L v )I^ v { lv ,f v , Lv ), 

L v eC{M v ) 
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under the respective conditions of (18.7) and (18.8). (In (23.8), we of course have 
also to ask each of the two subsets Si and S 2 of S satisfy the closure property.) The 
formulas are established from the inductive definition (23.3), the formulas (18.7) 
and (18.8), and corresponding formulas for the functions Jm(tta,/). (Sec [A13, 
Proposition 9.1 and Corollary 8.2]. If / belongs to H(G(F S )) and L e C(M), f L 
is the function 

T — > /i(7r) - f G (ir G ), tt e n tcmp (L(F s )), 

in I(L(F S )). It is the image in l(L(F s )) of any of the functions f Q e H(G(F S )), 
but is independent of the choice of Q £ T(L).) The linear forms Jm(tt, X, /) satisfy 
their own splitting and descent formulas. Since these are slightly more complicated 
to state, we simply refer the reader to [A13, Proposition 9.4 and Corollary 8.5]. 
One often needs to apply the splitting and descent formulas to the linear forms 
(23.6) and (23.7) that are relevant to the trace formula. This is why one has to 
formulate the definitions in terms of spaces H ac (G(Fs)) and X ac (L(Fsj) , for general 
sets S, even though the objects (23.6) and (23.7) can be constructed in terms of 
the simpler spaces H(G) and T(L). 

The two theorems are really just definitions, apart from the assertions that 
the linear forms are supported on characters. These assertions can be established 
globally, by exploiting the invariant trace formula of which they are the terms. In 
so doing, one discovers relations between the linear forms (23.3) and (23.4) that 
are essential for comparing traces on different groups. We shall therefore state the 
invariant trace formula as a third theorem, which is proved at the same time as the 
other two. 

The invariant trace formula is completely parallel to the refined noninvariant 
formula of Corollary 22.1. It consists of two different expansions of a linear form 
/(/) = I G (f) on H(G) that is the invariant analogue of the original form J(f). We 
assume inductively that for any L G C with L ^ G, I L has been defined, and is 
supported on characters. We can then define /(/) inductively in terms of J(f) by 
setting 

(23.10) /(/) = J(f) J2 KlKr^OM/)), / G H(G). 

The (refined) invariant trace formula is then stated as follows. 

Theorem 23.4. For any f e H(G), 1(f) has a geometric expansion 

(23.11) 7(/)=lim£ ICIKI" 1 Yl « M (7Km(7,/), 

Me£ 7er(M) s 

and a spectral expansion 

(23.12) /(/) = lim £ l^lKl" 1 / a M (ir)I M (nJ)dn. 

Remarks. 9. The limit in (23.11) stabilizes for large S. Moreover, for any 
such S, the corresponding sums over 7 can be taken over finite sets. One can in 
fact be more precise. Suppose that / belongs to the subspace H(G(Fy) 1 ) of H(G), 
for some finite set V D S ram , and is supported on a compact subset A of G(A) 1 . 
Then the double sum in (23.11) is independent of S, so long as S is large in a 
sense that depends only on V and A. Moreover, for any such S, each sum over 
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7 can be taken over a finite set that depends only on V and A. These facts can 
be established by induction from the corresponding properties of the noninvariant 
geometric expansion (22.9). Alternatively, they can be established directly from 
[A14, Lemma 3.2], as on p. 513 of [A14]. 

10. For any T, the integral in (23.12) converges absolutely. This follows by 
induction from the corresponding property of the noninvariant spectral expansion 
(22.10). There is a weak quantitative estimate for the convergence of the limit, 
which is to say the convergence of the sum 

i(f) = 52 w) 



t>0 



of the linear forms 



I t (f) = 7 t G (/) = J2 KlKl" 1 / a M (n)I M (n,f)dn, 
Mec Jn t (M) 

in terms of the multipliers of §20. For any r > 0, set 

0;(r,T) = {v e K : \\Re(u)\\ < r, \\Imv\\ > T}, 

where f)* is a subset of \fc/ia* G that is defined as on p. 536 of [A 14], and contains 
the infinitesimal characters of all unitary representations of G{F OQ ) 1 . Then for any 
/ € Ti.(G), there are positive constants C, k and r with the following property. For 
any positive numbers T and N, and any a in the subspace 

C%{tf) w = {a e C c °°(f) 1 ) w : ||suppa|| < N} 

of £(() 1 ) M/ , the estimate 

(23.13) V|/ t (/ Q )| <Ce feT sup (\a(u)\) 

t>T v&K{r,T) 

holds. (See [A14, Lemma 6.3].) This "weak multiplier estimate" serves as a sub- 
stitute for the absolute convergence of the spectral expansion. It is critical for 
applications. 

As we noted above, the three theorems are proved together. We assume induc- 
tively that they all hold if G is replaced by a proper Levi subgroup L. 

It is easy to establish that the various linear forms are invariant. Fix S and 
M as in the first two theorems, and let h be any function in H(G(Fs)) ■ It follows 
easily from (22.12) that 

<t> L {L h f)= 52 <t>L Q {RQ,hf), fen ac {G(F s )), 
Qef(L) 

for any L € C(M). It then follows from (22.11) and the definition (23.3) that 
I M {l,L h f) 

= 52 JM Q ^RQM.f)- 52 52 T M^<t>L Q (RQ, h f)) 
= 52 (/m q (7,^w)- 52 f Mh,^ Q (R Q ,hf) 

QeF(M) L ec M Q(M) 
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for any element 7 e M(Fs). If Q ^ G, the associated summand can be written 
J^ Q (%R Q , h f)- E I M (^4>^(R Q , h f)) 

LeC M Q(M) 

= (j^h,R QJl f) - E Im(^^ q (RqjJ))) - iM Q h^QM.f). 

Lec M Q(M) 

L^Mq 

It therefore vanishes by (23.3). If Q = G, the corresponding summand equals 

I^,R G ,hf) = lM(i,R h f), 

again by (23.3). Therefore lM(l,L h f) equals Im(i, Rhf)- It follows that Im(i, •) 
is an invariant distribution. Similarly, I m (tt,X, •) is an invariant linear form for 
any tt e LT(M(Fs)) and X e Om,s- A minor variant of the argument establishes 
that the linear form / in (23.10) is invariant as well. 

It is also easy to establish the required expansions of Theorem 23.4. To derive 
the geometric expansion (23.11), we apply what we already know to the terms on 
the right hand side of the definition (23.10). That is, we substitute the geomet- 
ric expansion (22.9) for </(/), and we apply (23.11) inductively to the summand 
^ (</>£(/)) attached to any L ^ G. We see that /(/) equals the difference between 
the expressions 

lim^l^lKr 1 £ a M ( 7 )J M ( 7 ,/) 
Mec 7 er(M) s 

and 

lim^l^lKr 1 ]T \W M \\W L \~i ]T a M { 1 )I L M { 1 Mf)). 

L^G MeC L 7 er(M)s 

The second expression can be written as 

lim^l^lKl- 1 £ « M ( 7 ) £ MlMf)). 
Mec iev{M) s l \ c Jg' ] 

Therefore 1( f) equals 

lim^l^HWfr 1 £ « M (7)(Jm(7,/)- E ihbMf))) 

m jer(M) s Le L £ /t i G ) 

= limEl^o M |Kr 1 E « M (7)/m(7,/), 

M 76r(M) s 

by (23.3). This is the required geometric expansion (23.11). An identical argument 
yields the spectral expansion (23.12). 

We have established the required expansions of Theorem 23.4. We have also 
shown that the terms in the expansions are invariant linear forms. The identity 
between the two expansions can thus be regarded as an invariant trace formula. If 
we knew that any invariant linear form was supported on characters, the inductive 
definitions of Theorem 23.2 and Theorem 23.3 would be complete, and we would be 
finished. Lacking such knowledge, we use the invariant trace formula to establish 
the property directly for the specific invariant linear forms in question. 
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Proposition 23.5. The linear forms of Theorem 23.3 can be expressed in 
terms of those of Theorem 23.2. In particular, if the linear forms {Im(i)} are 
all supported on characters, so are the linear forms {Im(^,X)}. 

The first assertion of the proposition might be more informative if it contained 
the phrase "in principle" , since the algorithm is quite complicated. It is based on 
the fact that the various residues that determine the linear forms {Im(k,X)} are 
themselves determined by the asymptotic values in 7 of the linear forms {Im{i)}- 
We shall be content to illustrate the idea in a very special case. 

Suppose that G = SL(2), and that M is minimal. Since M is also maximal, the 
observations of Remark 5 above are relevant. Assume then that F = Q, 5 , = {w 00 }, 
and 7r — cr^, as earlier. For simplicity, we assume also that / e H(G(R)) is invariant 

under the central element ^ ^ ^^}' &U( ^ ° ^ tr ^ v ^ rc P rescn tation of 
M (M). It then follows from Remark 5 that for any X e Om, Im(k, X, f) equals the 
sum of residues of the function 



for any 7 G M(M). Given X, we choose 7 so that Hm{"i) = X. Since / is compactly 
supported, Jm{i, f) is compactly supported in X. However, the integral over ia* M is 
not generally compactly supported in X, since its inverse transform A — > Jm{o~\, /) 
can have poles in the complex domain. Therefore 7m(7i/) need not be compactly 
supported in X. In fact, it is the failure of Im(i> f) to have compact support that 
determines the residues of the function (23.14). For if we apply the proof of the 
classical Paley- Wiener theorem to the integral over ia* M , we see that the family of 
functions 



in which C is a suitable compact subset of M(R) and 7 is large relative to C 
and /, spans a finite dimensional vector space. Moreover, it is easy to see that 
this space is canonically isomorphic to the space of functions of X spanned by the 
space of residues of (23.14). It follows that the distributions I'm (7; f) determine the 
residues (23.14), and hence the linear forms Im(k, X, /). In particular, if Im(i, f) 
vanishes for all such 7, then Im{tt,X, f) vanishes for all X. Applied to the case 
that fc = 0, this gives the second assertion of the proposition in the special case 
under consideration. 

For general G and M, the ideas are similar, but the details are considerably 
more elaborate. When the dimension of <Xm/&g is greater than 1, we have to be 
concerned with partial residues and with functions whose support is compact in 
various directions. These are best handled with the supplementary mappings and 
linear forms of [A 13, §4]. The first assertion of the proposition is implicit in the 
results of [A13, §4-5]. The second assertion is part of Theorem 6.1 of [A13]. □ 




lM{l,f) = JM{l,f)-I%{lAM{f)) 

= Jm(% /) - / JmK, /)e- A(H » W) dA, 



7 



Jm(7i7,/), 



71 6C, 
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It remains to show that the distributions of Theorem 23.2 arc supported on 
characters. From the splitting formula (23.8), one sees easily that it is enough 
to treat the case that S contains one valuation v. We therefore fix a function 
/„ G Ti(G(F v )) with f Vy c — 0. The problem is to show that Im(Jv, fv) = 0, for any 
M G C and 7„ G M(F V ). How can we use the invariant trace formula to do this? 
We begin by choosing an arbitrary function /" G H(G(A V )) and letting / be the 
restriction of f v f v to G(A) 1 . We have then to isolate the corresponding geometric 
expansion (23.11) in the invariant trace formula. But how is this possible, when 
our control of the spectral side provided by Proposition 23.5 requires an a priori 
knowledge of the terms on the geometric side? 

The point is that the terms on the spectral side are not arbitrary members 
of the family defined by Theorem 23.3. They are of the form Im{k,0, f), where 
S D SVam is large enough that / belongs to H(G(F S ) 1 ), and tt G U unit (M(F s )) . We 
need to show only that these terms vanish. Combining an induction argument with 
the splitting formula [A13, Proposition 9.4], one reduces the problem to showing 
that Im (tt v , X v , f v ) vanishes for any ir v G H UD i t (M(F v )) and X v G &m v ,f v - The 
fact that ir v is unitary is critical. The representation need not be tempered, but 
within the Grothendieck group it can be expressed as an integral linear combination 
of induced (standard) representations 

<a. ^en temp (M„),Ae«J*, 

for Levi subgroups M v of M over F v . If M v = M, A equals 0, and 

Im{p^a, X v , f v ) = Im{<?v, X v ,f v ) = 0, 
by (23.5). If M v ^ M, we use the descent formula [A13, Corollary 8.5] to write 
^m(c^a> Xv>fv) m terms of linear forms 

for Levi subgroups L v € £(M V ) with L v ^ G. It follows from Proposition 23.5 
and our induction hypotheses that Im^^a, X v , f v ) again equals 0. Therefore 
Im{k Vi X v , f v ) vanishes, and so therefore do the integrands on the spectral side. 

We conclude that for the given function /, the spectral expansion (23.12) of 
/(/) vanishes. Therefore the geometric expansion (23.11) of /(/) also vanishes. In 
dealing with the distributions Im{i, /) m this expansion, we are free to apply the 
splitting formula (23.8) recursively to the valuations v G S. If L G C(M) is a proper 
Levi subgroup of G, the induction hypotheses imply that /j^-(7„, /„) vanishes for 
any clement j v G M(F V ). It follows that 

/m(7, /) = Im(7v, fv)f v M (l v ), 7 G T(M) S , 

where 7 = 7„7" is the decomposition of 7 relative to the product 

M(F S ) - M(F V ) x M{Fg). 

Therefore 

(23.15) lim IW^HWfl" 1 Yl ^(^MhvJ^fUll^O. 

Mec ier{M) s 

We are attempting to show that Im{1v,Jv) = 0, for any M G C and 
7„ G M(F V ). The definition (18.12) reduces the problem to the case that M lv — 
G 7u . A further reduction based on invariant orbital integrals on M(F V ) allows us 
to assume that 7„ is strongly G-regular, in the sense that its centralizer in G is a 
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maximal torus T v . Finally, in view of the descent formula (23.9), we can assume 
that T v is elliptic in M over F v , which is to say that T v lies in no proper Levi sub- 
group of M over F v . The problem is of course local. To solve it, one should really 
start with objects G\, Mi, and T\ over a local field -Fi, together with a function 
fi € TL(G\{F{j) such that /i,Gi = 0. One then chooses global objects F, G, M, 
and T such that Fi = F v , Gi = G v , Mi = M v , and Ti = T v for some valuation 
v of F, as for example on p. 526 of [A14]. Among the general constraints on the 
choice of G, M, and T is a condition that T(F) be dense in T(F V ). This reduces the 
problem to showing that Im(8, fv) vanishes for any G-regular element 5 G T(F). 

We can now sketch the proof of the remaining global argument. To exploit the 
identity (23.15), we have to allow the complementary function f v € Ti(G(A v )) to 
vary. We first fix a large finite set V of valuations containing v, outside of which 
G and T arc unramified. We then restrict /" to functions of the form f v f v , with 
f v being the product over w V of characteristic functions of K w , whose support 
is contained in a fixed compact neighbourhood A v of S v in G(A V ). According to 
Remark 9, the sums over 7 g T(M)s can be then taken over finite sets that are 
independent of /" , for a fixed finite set of valuations S D V that is also independent 
of Since the factors /Xf(7 u ) in (23.15) are actually distributions, we can allow 
fy to be a function in (G(F v j) . We choose this function so that it is supported 
on a small neighborhood of the image S v of 5 V in G(F V ), and so that Jm(S v ) = 1. 
It is then easy to see that (23.15) reduces to an identity 

7 

where 7 is summed over the conjugacy classes in M(F) that are G(F w )-conjugate 
to 5 for any w e V — {v} and are G^^-conjugate to a point in K w for every 
w (jL V , and where each coefficient 0(7) is positive. A final argument, based on the 
Galois cohomology of T, establishes that any such 7 is actually G(F)-conjugate to 
S. This means that 7 = w~ 1 Sw s for some element w s € W(M), and hence that 

Im{iJv) = Im(SJv)- 
(See [A14, pp. 527-529].) It follows that 

Im(SJ v )=0, 

as required. 

We have completed our sketch of the proof that the linear forms of Theorems 
23.2 and 23.3 are supported on characters. The proof is a generalization of an 
argument introduced by Kazhdan to study invariant orbital integrals. (See [Kal], 
[Ka2].) With its completion, we have also finished the collective proof of the three 
theorems. □ 

We have just devoted what might seem to be a disproportionate amount of 
space to a fairly arcane point. We have done so deliberately Our proof that the 
linear forms 7m(7j/) an d Im^, X, f) are supported on characters can serve as a 
model for a family of more sophisticated arguments that are part of the general 
comparison of trace formulas. Instead of showing that /m(7, /) and Im{k, X, f) 
vanish for certain functions /, as we have done here, one has to establish identities 
among corresponding linear forms for suitably related functions on different groups. 

The invariant trace formula of Theorem 23.4 simplifies if we impose local van- 
ishing conditions on the function /. We say that a function / g H(G) is cuspidal 
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at a place w if it is the restriction to G(A) 1 of a finite sum of functions Y[ fv whose 

V 

in-component f w is cuspidal. This means that for any proper Levi subgroup M w of 
G over F w , the function 

fw,M m {^w) = fw,G(T w ), ™w € n tomp (Af \F W )) , 

inl(M u ,(i ;l , 1 ,)) vanishes. 

Corollary 23.6. (a) /// is cuspidal at one place w, then 

/(/)=lim/ «§ S cW/gW, 

where n disc (G) T is i/ie intersection o/n disc (G) tuitft n(G) T . 
(b) If f is cuspidal at two places W\ and w 2 , then 

7(/)=lim ^ a G ( 7 )/ G (7). 
7er(G) s 

To establish the simple form of the spectral expansion in (a), one applies the 
splitting formula [A13, Proposition 9.4] to the linear forms Im(k, /) m (23.12). 
Combined with an argument similar to that following Proposition 23.5 above, this 
establishes that Im{k, /) = 0, for any M ^ G, and for / as in (a). Since the 
distribution 

f G (*)=I G (*,f) 

vanishes for any it in the complement of IIdisc(G) T in LT(G) T , the expansion (a) 
follows. To establish the simple form of the spectral expansion in (b), one applies 
the splitting formula (23.8) to the terms Im(i, /) in (23.11). This establishes that 
Im{i, f) = 0, for any M ^ G, and for / as in (b). The expansion in (b) follows. 
(See the proof of Theorem 7.1 of [A14].) □ 

24. A closed formula for the traces of Hecke operators 

In the next three sections, we shall give three applications of the invariant 
trace formula. The application in this section might be called the "finite case" of 
the trace formula. It is a finite closed formula for the traces of Hecke operators on 
general spaces of automorphic forms. The result can be regarded as an analogue 
for higher rank of Sclberg's explicit formula for the traces of Hecke operators on 
classical spaces of modular forms. 

In this section, we revert to the setting that F = Q, in order to match standard 
notation for Shimura varieties. We also assume for simplicity that A G is the split 
component of G over R as well as over Q. The group 

G(M) 1 = G(R) n G(A) 1 

then has compact center. The finite case of the trace formula is obtained by special- 
izing the archimedean component of the function / G 7i(G) in the general invariant 
trace formula. Before we do so, we shall formulate the problem in terms somewhat 
more elementary than those of recent sections. 

Suppose that 7Tr € n un ; t (G(IR)) is an irreducible unitary representation of 
G(R), and that K is an open compact subgroup of G(Afi n ). We can write 

(24.1) Ll^faGiQWiAf/Ko) 
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for the 7TR-isotypical component of L^ [sc (G(Q)\G(A) 1 / Kq\ , which is to say, the 
largest subspace of L^ SC (^G(Q)\G(A) 1 / Kq) that decomposes under the action of 
G(K) 1 into a sum of copies of the restriction of 7Tr to G(M) 1 . We can also write 

^discC 71 *)^) = ^disc^R' G(Q)\G(A)/K ,{m) 

for the space of functions <j> on G(Q)\G(A) / K such that 

4>(zx)=^t(z)<f>(x), zeA G (R)°, 

where (r is the central character of 7Tr on Ag(R)°, and such that the restriction 
of (j> to G(A) 1 lies in the space (24.1). The restriction mapping from G(A) to 
G(A) 1 is then a G(M) 1 -isomorphism from L\ {sc {it R , Kq) onto the space (24.1). The 
action of G(R) by right translation on L"^ isc (n R , K ) is isomorphic to a direct sum 
of copies of 7Tr, with finite multiplicity m disc (7r R , K ). One would like to compute 
the nonnegative integer TOdisc^R, Kq). 

More generally suppose that h belongs to the nonarchimedcan Hccke algebra 
W(G(Afi n ), K ) attached to K - Let i?disc(7i"R, h) be the operator on L^^ttr, K ) 
obtained by right convolution of h. As an endomorphism of the G(R)-modulc 
L^ isc (TT R , K ) , i?disc( 7r R, h) can be regarded as a square matrix of rank equal to 
iodise (tHR) K ). One would like a finite closed formula for its trace. 

The problem just posed is too broad. However, it is reasonable to consider the 
question when 7Tr belongs to a restricted class of representations. We shall assume 
that 7Tr belongs to the subset n temP; 2(G(R)) of representations in II un i t (G(M)) that 
are square integrable modulo the center of G(R). Selberg's formula [Sell] describes 
the solution to this problem in the case that G = SL(2), Ko = Kf\ n is maximal, 
and 7Tr is any representation in the set n 2 (G(M)) = n tomp , 2 (G(R)) that is also 
integrable. 

The set n te mp,2(G(R)) is known as the discrete series, since it consists of those 
unitary representations of G(R) whose restrictions to G(M) 1 occur discretely in the 
local spectral decomposition of L 2 (G(M) 1 ). The set is nonempty if and only if G 
has a maximal torus Tq that is elliptic over R, which is to say that Tg(R)/Ag(R) 
is compact. Assume for the rest of this section that Tq exists, and that Tg(R) is 
contained in the subgroup K R A G (R) of G(R). Then n temp , 2 (G(R)) is a disjoint 
union of finite sets H2(/x), parametrized by the irreducible finite dimensional repre- 
sentations n of G(R) with unitary central character. For any such //, the set n 2 (yu) 
consists of those representations in n tC mp.2 (G(R)) with the same infinitesimal char- 
acter and central character as /i. It is noncanonically bijective with the set of right 
cosets of the Weyl group W(K R , Tq) of K R in the Weyl group W(G, Tq) of G. In 
particular, the number of elements in any packet n 2 (/u) equals the quotient 

w(G) = \W(K R ,T G )\- 1 \W(G,T G )\. 

The facts we have just stated are part of Harish-Chandra's classification of 
discrete series. The classification depends on a deep theory of characters that 
Harish-Chandra developed expressly for the purpose. We recall that the character 
of an arbitrary irreducible representation 7Tr of G(R) is defined initially as the 
distribution 

/r — > /r,g(7t r ) =tr(7r R (/ R )), / K eG c °°(G(R)), 

on G(R). Harish-Chandra proved the fundamental theorem that a character equals 
a locally integrable function 0(7r R , •) on G(R), whose restriction to the open dense 
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set G rcg (K) of strongly regular elements in G(R) is analytic [Harl], [Har2]. That 

is, 

/m,gM= / / R (x)e(7r R ,x)dx, / R G C™(G(R)). 

After he established his character theorem, Harish-Chandra was able to prove 
a simple formula for the character values of any representation 7Tr € n te mp,2 (G(M)) 
in the discrete series on the regular elliptic set 

T Gircg (M) = T G (R) n G rcg . 

The formula is a signed sum of exponential functions that is remarkably similar 
to the formula of Weyl for the character of a finite dimensional representation [i. 
However, there are two essential differences. The first is that the sum over the 
full Weyl group W(G, Tq) in Weyl's formula is replaced by a sum over the Weyl 
group W(K^,Tq) of K^. This is the reason that there are w(G) representations 
7Tr associated to /i. The second difference is that the real group G(R) generally 
has several conjugacy classes of maximal tori T(R) over R. This means that the 
character of 7r R has also to be specified on tori other than T G . Harish-Chandra gave 
an algorithm for computing the values of 0(7Tr, •) on any set T reg (R) in terms of 
its values on TG ireg (M). The resulting expression is again a linear combination of 
exponential functions, but now with more general integral coefficients, which can 
be computed explicitly from Harish-Chandra's algorithm. (For a different way of 
looking at the algorithm, see [GKM].) 

We return to the problem we have been discussing. We are going to impose 
another restriction. Rather than evaluating the trace of a single matrix i?disc (ttk, h), 
we have to be content at this point with a formula for the sum of such traces, taken 
over 7Tr in a packet n 2 (/^). (Given fi, we shall actually sum over the packet n 2 (/^ v ), 
where 

H v (x) = x E G(R), 

is the contragredicnt of /i.) This restriction is dictated by the present state of 
the invariant trace formula. There is a further refinement of the trace formula, 
the stable trace formula, which we shall discuss in §29. It is expected that if the 
stable trace formula is combined with the results we are about to describe, explicit 
formulas for the individual traces can be established. 

We fix the irreducible finite dimensional representation /i of G(M). The formula 
for the corresponding traces of Hecke operators is obtained by specializing the 
general invariant trace formula. In particular, it will retain the general structure of 
a sum over groups M e C. Each summand contains a product of three new factors, 
which we now describe. 

The most interesting factor is a local function 

$m(m,7r), TteM(R), 

on M(R) attached to the archimedean valuation v^. Assume first that 7r lies in 
Tm(R) n G rcg , where Tm is a maximal torus in M over R such that Tm(R)/Am(R) 
is compact. In this case, we set 

(24.2) $W(M,7R) = \Dft(7R)\ h J2 (^7R), 

TK6n 2 (Ai) 
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where 

^( 7K ) = ^ g (7r)^ M (7r) _1 
is the relative Weyl discriminant. It is a straightforward consequence of the charac- 
ter formulas for discrete series that <f>' M ((j,, tr) extends to a continuous function on 
the torus T M (R). (See [A16, Lemma 4.2].) If 7r e M(R) does not belong to any 
such torus, we set $' M (n, 7k) = 0. The function <&' M (^, 7r) on M(R) is complicated 
enough to be interesting (because it involves characters of discrete scries on noncl- 
liptic tori in G(R)), but simple enough to be given explicitly (because there are 
concrete formulas for such characters). It is supported on the scmisimplc elements 
in M(R), and is invariant under conjugation by M(R). 

The second factor is a local term attached to the nonarchimedean valuations. 
If 7 is any semisimple element in M(Q), we write 
(24.3) 

^'m(i) — <5p(7fin) 5 / / / h(k~ 1 m~ lr ymnk)dndndk, 

JK tin J Np ( Af ; n ) >/M 7 (A fin )\M(A fin ) 

where P is any group in T(M), Sp(-fa n ) is the modular function on P(Afi n ), and 
Kf\ n is our maximal compact subgroup of G(Ag n ). ( In [A16], this function was 
denoted /im(7) rather than h' M {^). However, the symbol /im( 7 ) has since been 
used to denote the normalized orbital integral 

h M { 1 ) = \D M { 1 ^h' M { 1 )) 

Since the integrals in (24.3) reduce to finite linear combinations of values assumed 
by the locally constant function h, h' M (-f) can in principle by computed explicitly. 

The third factor is a global term. It is defined only for semisimple elements 
7 € M(Q) that lie in Tm(R), for a maximal torus Tm in M over R such that 
Tm(R)/^4m(R) is compact. For any such 7, we set 

(24.4) X (M 7 ) = (-l)«( M -')vol(M 7 (Q)\M 7 (A fin )) U ;(M 7 ), 
where 

q{M. t ) = idim(M 7 (M)/if 7iR A M (K)°) 

is one-half the dimension of the symmetric space attached to M 7 , while M 7 is an 
inner twist of M 7 over Q such that M 7 (IR)/Am(R) is compact, and w(M 1 ) is the 
analogue for M 1 of the positive integer w(G) defined for G above. The volume 
in the product x(M 7 ) is taken with respect to the inner twist of a chosen Haar 
measure on M 7 (Afj n ). We note that the product of the Haar measure on M 7 (Af; n ) 
with the invariant measures in the definition of h' M {^f) determines a Haar measure 
on G(Afi n ). This measure is supposed to coincide with the Haar measure used to 
define the original operator i?disc(7rR, h) by right convolution of h on G(A). 

Theorem 24.1. Suppose that the highest weight of the finite dimensional rep- 
resentation fi of G(R) is nonsingular. Then for any element h G W(G(A fin ), Kq) , 
the sum 

(24.5) ]T tr(i? disc (7r R ») 

7mten 2 (/i v ) 

equals the geometric expansion 

(24.6) £(-l) dim (^ G )| W M| |WoG |-i J- | i M ( 7 )r 1 X (M 7 )<I>' M ( M , 7)^(7)- 
Mec yer(M) 
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To establish the formula, one has to specialize the function / in the general 
invariant trace formula. The finite dimensional representation /i satisfies 

H{zx) = &(*)~V(aO. z e a g(R)°, x g G(K), 

for a unitary character £r on ^4g(R)°- Its contragredient /i v has central character £r 
on Ag(E)°. The associated packet n 2 (/x v ) is contained in the set n tC mp(G(IR), Cr) 
of tempered representations of G(R) whose central character on Ag(IR) equals (r. 
Now the characterization [CD] of the invariant image X(G(R)) of W(G(R)) applies 
equally well to the (^-equi variant analogue W(G(]R),(r) of the Hecke algebra. It 
implies that there is a function /r in W(G(R), £r) such that 



(24.7) /r,gM 



if ttr e n 2 (M v ), 

otherwise, 



for any representation 7Tr £ n te inp (G(R) , (r). The restriction / of the product /r/i 
to G(A) 1 is then a function in H(G). We shall substitute it into the invariant trace 
formula. 

Since /r,g vanishes on the complement of the discrete series in Iltemp (G(R) , (r), 
/r is cuspidal. By Corollary 23.6(a), the spectral expansion of /(/) simplifies. We 
obtain 

/(/) = lim ]T ag sc (ir)f G (n) 

= ^ It, disc( f) 

t 

= E E KlKl" 1 E |det( S -l) o or 1 tr(Mp( S ,0)X Pit (0,/)). 

t Me£ sew(M) ro8 

The irreducible constituents of the representation 2p it (0, /) could well be nontem- 
pered. However, given that s € W(M) is regular, and that the tempered support of 
/r,g contains no representation with singular infinitesimal character, one deduces 
that 

tr(Mp(s,0)J P , t (0,/)) =0, 

as long as M 7^ G. (See [A16, p. 268].) The terms with M ^ G therefore vanish. 
The expansion reduces simply to 

(24.8) '(/) = E E "MiBcWtr(7r(M)), 

* 7ren tjdisc (G) 

the contribution from the discrete spectrum. There can of course be nontempered 
representations ir with rridiscM ^ 0. But the condition that the highest weight of 
fi be nonsingular is stronger than the conditions on / R; g used to derive (24.8). It 
can be seen to imply that the summands in (24.8) corresponding to nontempered 
archimedean components ttr vanish. (The proof on p. 283 on [A16], which uses the 
classification of unitary representations 7Tr with cohomology, anticipates Corollary 
24.2 below.) It follows that 

'(/) - E E 

W /R,G (tr) h M (TTfin) • 

* {7r:7r B en 2 (Ai v )} 

This in turn implies that /(/) equals the sum (24.5). 
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The problem is then to compute the geometric expansion (23.11) of 1(f), for 
the chosen function / defined by /r/i. Consider the terms 

M7,/), M e C, 7 e r(M) s , 

in (23.11). We apply the splitting formula (23.8) successively to the valuations in 5. 
If L e C(M) is proper in G, the contribution I M (-y R , ,/r.l) to the formula vanishes. 
It follows that 

Im(7, f) = Im(jr, /m)/iM(7fin)- 
The sum of traces (24.5) therefore equals 

(24.9) lim ^ KlKr 1 Yl « M (7)/A/(7K,/R)/iM(7fin). 

Me£ 7 er(M) s 

The problem reduces to that of computing the archimedean component Im(jr, /r), 
for elements 7r e M(R). 

Suppose that 7r = £r is strongly G-regular. In this case, the main theorem 
of [Al] provides a formula for /m^Rj/r) m terms of character values of discrete 
series at £r. The proof uses differential equations and boundary conditions satisfied 
by 7m(£r)/r) to reduce the problem to the case M — G, which had been solved 
earlier by Harish-Chandra [Har3]. A more conceptual proof of the same formula 
came later, as a consequence of the local trace formula [A20, Theorem 5.1]. (A p- 
adic analogue for Lie algebras of this result is contained in the lectures of Kottwitz 
[Ko8].) If % is elliptic in M(R), the formula asserts that /m(£r,/r) equals the 
product of 

(-l) dim ( AM / AG Vol(T M (M)/A M (R) )" 1 

with 

\D G (t R )\^e(ir R ,t R )f R , G (Tr R ) 7 

where Tm is the centralizer of t R . It follows that 
(24.10) 

/M(%jR) = (-l) dim(AMMG) vol(T M (R)M M (R)°)- 1 |D M (i R )|5$' M ( M ,£R). 

If tm. is not elliptic in M(R), the formula of [Al] (or just the descent formula (23.9)) 
tells us that Im(£r, /r) vanishes. Since & M (l-t, t R ) vanishes by definition in this case, 

(24.10) holds for any strongly G-regular element t R . 

It remains to sketch a generalization of (24.10) to arbitrary elements 
7r e M(R). From the definitions (18.12) and (23.3), we deduce that 

-7m(7r>/r)= 1™ VI 7M(7R>aR)-fL(aR7R>/R)> 

LeC(M) 

for small points or G Am(R) in general position. Since /r is cuspidal, the descent 
formula (23.9) implies that the summands on the right with L ^ M vanish. Re- 
placing 7r by or7r, if necessary, we can therefore assume that the centralizer of 7 R 
in G is contained in M. In this case, /m(7r7 /r) can be approximated by functions 
^m(£r, /r), for G-rcgular elements t R in M(R) that are close to the scmisimple part 
cr of 7R. We can actually assume that ctr lies in an elliptic torus Tm, again by the 
descent formula (23.9). The approximation of /m(t», /r) then takes the form of a 
limit formula 

Im(ir, /r) = lim (d(h UR )I M (tR, /r)), 



24. A CLOSED FORMULA FOR THE TRACES OF HECKE OPERATORS 



163 



where d(h UK ) is a harmonic differential operator on Tm(R) attached to the unipotent 
part wr of 7k [A16, Lemma 5.2]. One can compute the limit from the properties 
of the function <& M (/i, in) on the right hand side of (24.10). The fact that this 
function is constructed from a sum of characters of discrete series in the packet 
Il2(/i) is critical. One uses it to show that the limit vanishes unless u-g. = 1. The 
conclusion [A16, Theorem 5.1] is that 

im(i r j r ) = (-y^^MMnr^DMfat'&MU*,-*), 

where 

«(M 7s ) - (-1)"( m -h)vo1(M 7r (]R)M m (]R) ) U ;(M 7s )- 1 . 

In particular, I'm (7rj/r) vanishes unless 7r is scmisimplc and lies in an elliptic 
maximal torus Tm- 

We substitute the general formula for 7m(7r, /k) into the expression (24.9) for 
/(/). We see that the summand in (24.9) corresponding to 7 e T(M)s vanishes 
unless 7 is semisimple. Since (M, S*)-equivalence of semisimple elements in T(M)s 
is the same as M (Q)-conjugacy, we can sum 7 over the set T(M) instead of T(M)s, 
removing the limit over S at the same time. We can also write 

l^ M (7R)I^M(^7R)M7fin) 

= \D M ( lR )D M ( 1&n )\^' M (n, lR )h' M ( lfin ) 
= & M {H, l)h' M {i), 

for any semisimple element 7 G M(Q), by the product formula for Q. Finally, 
it follows from the definitions (19.5) and (22.2) of a M (-y), together with the main 
theorem of [K06], that 

a M (7MM 7R )- 1 = X (M 7 )|, M (7)|- 1 , 

again for any semisimple clement 7 E M(Q). We conclude that /(/) is equal to 
the required expression (24.6). Since it is also equal to the original sum (24.5), the 
theorem follows. □ 

Remarks. 1. The theorem from [K06] we have just appealed to is that the 
coefficient 

a G (l) = vol(G(F)\G(A) 1 ) 

is invariant under inner twisting of G. Kottwitz was able to match the terms with 
M = G and 7 = 1 in the fine geometric expansion (22.9) for any two groups related 
by inner twisting. This completed the proof of the Weil conjecture on Tamagawa 
numbers, following a suggestion from [JL, §16]. It represents a different and quite 
striking application of the general trace formula, which clearly illustrates the need 
for a fine geometric expansion. Unfortunately, we do not have space to discuss it 
further. 

2. The condition that the highest weight of fi be nonsingular was studied by 
F. Williams [Wi], in connection with multiplicity formulas for compact quotient. 
It is weaker than the condition that the relevant discrete series representations 
be integrable, which was used in the original multiplicity formulas of Langlands 
[Lan2]. 

If our condition on the highest weight of /i is removed, the expression (24.6) 
still makes sense. To what docs it correspond? 
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Assume that 

li : G — ► GL(V) 

is an irreducible finite dimensional representation of G that is defined over <Q>. This 
represents a slight change of perspective. On the one hand, we are asking that the 
restriction of fi to the center of G be algebraic, and that the representation itself 
be defined over Q. On the other, we are relaxing the condition that the central 
character (^T 1 of /j, on A G (R)° be unitary. The corresponding packet II 2 (/Lt) still 
exists, but it is now contained only in the set II 2 (G(M)) of general (not necessarily 
tempered) representations of G(R) that are square integrable modulo the center. 
We define the function ^^-(tr,^) exactly as before. 
If K!g, = K R A G (R) a , the quotient 

X = G(R)/K 

is a globally symmetric space with respect to a fixed left G(M)-invariant metric. Let 
us assume that none of the simple factors of G is anisotropic over R. We assume 
also that the open compact subgroup Kq C G(Afi n ) is small enough that the action 
of G(Q) on the product of X with G(Afi n ) / Kq has no fixed points. The quotient 

M(K ) = G(Q)\(X x G(A fin )/^ ) 

is then a finite union of locally symmetric spaces. Moreover, the restriction of the 
representation [i to G(Q) determines a locally constant sheaf 

^(K ) = V(C) x (X x G(A fin )/X ) 

G(Q) 

on M(K ). 

One can form the L 2 -cohomology 

H^(M(K ),^(K )) = Q)H« 2) {M(K ),^(K )) 

q>0 

of M(Ko) with values in T^. It is a finite dimensional graded vector space, which 
reduces to ordinary de Rham cohomology in the case that M.{Kq) is compact. The 
clement h in the Hccke algebra 7i(G(Afi n ), i^o) ac ts by right convolution on any 
reasonable space of functions or differential forms on M(K ). It yields an operator 

H{ 2) (h, ^(K )) = Hf 2) (h, ^{Ko)) 
q 

on the L 2 -cohomology space. Let 

(24.11) C,{h) = ^(-m^H^iK^K,))) 

be its Lefschetz number. 

Corollary 24.2. The Lefschetz number C^h) equals the product of (-l) q( - G ^> 
with the geometric expression (24-6). 

The reduction of the corollary to the formula of the theorem depends on the 
spectral decomposition of L 2 -cohomology [BC], and the Vogan-Zuckermann clas- 
sification [VZ] of unitary representations of G(R) with (fl(R), K^) -cohomology. 
These matters are discussed in §2 of [A16]. We shall include only a few words here. 

The space H? 2 s (M(Kq), T^(Kq)) is defined by square-integrable differential q- 
forms on M(K ). Consider the case that M(K ) is compact. Elements in the space 
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are then defined by smooth, differential g-forms on M(Kq) with values in T^{Kq). 
By thinking carefully about the nature of such objects, one is led to a canonical 
isomorphism 

7ren unit (G(A),c K ) 

in which n un ;t(G(A), (r) denotes the set of representations in n(G(A), (r) that are 
unitary modulo Ag(K)°, K^; •) represents the (g(]R), if^)-cohomology 

groups defined in [BW, Chapter II], for example, and ir^" stands for the space of 
ifo-invariant vectors for the finite component 7Tfi n of n. (See [BW, Chapter VII].) 
This isomorphism is compatible with the canonical action of the Hecke algebra 
H(G(Afi n ), Kq) on each side. It follows that there is a canonical isomorphism of 
operators 

H q [2) (h-T^K ))= m disc ( 7 r)-dim(F«( (R), J K-;;7r K ®M)) -TTfin^). 
7ren unit (G(A),CR) 

In the paper [BC], Borel and Casselman show that this isomorphism carries over 
to the case of noncompact quotient (with our assumption that G(K) has discrete 
series). Define 

X/*faO = E(-!)" dim (H q (m),K R ; ® /*)), 

for any unitary representation 7Tr of G(R). It then follows that 

(24.12) J! ^di S c(7r)x AJ (^ R )tr(7r fin (fe)). 

7ren unit (G(A),c R ) 

The second step is to describe the integers x m (7Tr). This is done in [CD]. The 
result can be expressed as an identity 

x^M = (-i) 9(g) /r,g(7t r ), ttr e n unit (G(M),c R ), 

where /r € ?<(G(R), Cm) is a function that satisfies (24.7). It follows that if tt is as 
in (24.8), then 

X M (7r R )tr(7r fin (/i)) = (-l) 9(G Hr(7rR(/R))tr(7r fin (/>)) 

= (-l)«( G >tr(7r(M)), 

where 7TR(g)7r nn is the representation in II un i t (G(A) , £r) whose restriction to G(A) 1 
equals w. It follows from (24.8) and (24.12) that 

Since we have already seen that /(/) equals the geometric expression (24.6), the 
corollary follows. □ 

The formula of Corollary 24.2 is relevant to Shimura varieties. The reader will 
recall from the lectures of Milne [Mi] that with further conditions on G, the space 
M(K ) becomes the set of complex points of a Shimura variety. It is a fundamen- 
tal problem for Shimura varieties to establish reciprocity laws between the analytic 
data contained in Hecke operators on L 2 -cohomology, and the arithmetic data con- 
tained in i?-adic representations of Galois groups on etale cohomology. Following 
the strategy that was successful for GL(2) [Lan4], one would try to compare geo- 
metric sides of two Lefschetz formulas. Much progress has been made in the case 
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that Ai(Ko) is compact [Ko7]. In the general case, the formula of Corollary 24.2 
could serve as the basic analytic Lcfschetz formula. (One still has to "stabilize" this 
formula, a problem closely related to that of computing the individual summands 
in (24.5), as opposed to their sum.) The other ingredient would be a Lefschetz trace 
formula for Frobcnius-Hecke correspondences on the £-adic intersection cohomol- 
ogy of the Bailey-Borel compactification A4(K ), and a comparison of its gemetric 
terms with those of the analytic formula. 

The general problem is still far from being solved. However, Goresky, Kottwitz, 
and Macpherson have taken an important step. They have established a formula 
for the Lefschetz numbers of Hccke correspondences in the complex intersection 
cohomology of M(K ), whose geometric terms match those of the analytic formula 
[GKM]. Since one knows that the spectral sides of the two formulas match, by 
Zucker's conjecture [Lo], [SS], the results of Goresky, Kottwitz, and Macpherson 
can be regarded as a topological proof of the formula of Corollary 24.2. It is hoped 
that their methods can be applied to £-adic intersection cohomology. 

25. Inner forms of GL(n) 

The other two applications each entail a comparison of trace formulas. They 
concern higher rank analogues of the Jacquet-Langlands correspondence, and the 
theorem of Saito-Shintani and Langlands on base change for GL(2). These two 
applications are the essential content of the monograph [AC] . Since we are devoting 
only limited space to them here, our discussion will have to be somewhat selective. 

The two comparisons were treated together in [AC]. However, it is more in- 
structive to discuss them separately. In this section we will discuss a partial gen- 
eralization of the Jacquet-Langlands correspondence from GL{2) to GL{n). We 
shall describe a term by term comparison of the invariant trace formula of the 
multiplicative group of a central simple algebra with that of GL(n). 

We return to the general setting of Part II, in which G is defined over a number 
field F. In this section, G* will stand for the general linear group GL(n) over F. 
We take G to be an inner twist of G* over F. This means that G is equipped with 
an isomorphism ip: G — > G* such that for every clement r in Tp = Gal(F/F), the 
relation 

tp o T^y 1 = Int(a(r)) 
holds for some element a(r) in G* . 

The general classification of reductive groups over local and global fields assigns 
a family of invariants 

{inv^ = mv v (G,tp)} 

to (G,tp), parametrized by the valuations v of F. The local invariant inv„ is at- 
tached to the localization of (G,ip) at F v , and takes values in the cyclic group 
(Z/nZ). It can assume any value if v is nonarchimedean, but satisfies the con- 
straints 2inv t , = if F v = R, and inv v = if F v = C. The elements in the family 
{invt,} vanish for almost all v, and satisfy the global constraint 

^ mv v = 0. 

V 

Conversely, given G* and any set of invariants {inv„} in Z/nZ with these con- 
straints, there is an essentially unique inner twist (G, tp) of G* with the given 
invariants. These assertions are special cases of Theorems 1.2 and 2.2 of [Ko5]. 
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(To see this, one has to identify (Z/nZ) with the group of characters on the center 
Z sc of the complex dual group SL(n,C) of G* ad = PGL(n).) We write n = d v m v , 
where d v is the order of the element inv^ in (Z/nZ), and n = dm, where d is the 
least common multiple of the integers d v . 

The notation {inv„} is taken from the older theory of central simple algebras. 
Since the inner automorphisms Int(a(r)) of G* extend to the matrix algebra M n (F), 
one sees easily that ip extends to an isomorphism from Al^)F to M n (F), where A 
is a central simple algebra over F such that 

G(k) = (A®k)*, 

for any k D F, and the tensor products are taken over F. It is a consequence 
of the theory of such algebras [We] that A is isomorphic to M m (D), where D 
is a division algebra over F of degree d. Similarly, for any v, the local algebra 
A v = A0F v is isomorphic to M m ^(D v ). It follows that G(F) = GL(m, D) and 
G(F V ) = GL(m v , D v ). (These facts can also be deduced from the two theorems 
quoted from [Ko5].) In particular, the minimal Levi subgroup Mo of G we suppose 
to be fixed is isomorphic to a product of m copies of multiplicative groups of D. 
It is easy to see that by replacing tp with some conjugate 

int^rW, geG*(F), 

if necessary, we can assume that the image Mq = tp(M ) is defined over F. The 
mapping 

M — ► M* — ip(M), MeC, 

is then a bijection from C onto the set of Levi subgroups £(Mq) in G* . For any 
M E C, there is a bijection P — > P* from T(M) to V{M*). Similar remarks apply 
to any completion F v of F. We can choose a point g v € Mq(F v ) such that the 
conjugate 

ip v = Int^) -1 o ip 

maps a fixed minimal Levi subgroup M v0 C M over F v to a Levi subgroup 
M* C Mq over F v . The mapping M v M* is then a bijection from C v — C(M v q) 
to £(M* ). In the special case that inv v = 0, the isomorphism ip v from G to G* is 
defined over F v . 

In order to transfer functions from G to G* , one has first to be able to transfer 
conjugacy classes. Working with a general field k D F, we start with a semisimple 
conjugacy class a € F ss (G(fc)) in G(fc). The image V(< 7 ) °f a m C* generates a 
semisimple conjugacy class in G(fc). Since 

r(V(<7)) = T(V)(r(a)) = Int(a(r)) _ VW, 

for any element r e Gal(fc//c), the characteristic polynomial of this conjugacy class 
has coefficients in k. It follows from rational canonical form that the conjugacy class 
of ipicr) intersects G{k). It therefore determines a canonical semisimple conjugacy 
class a* € r ss (G* (fc)) . We thus obtain a canonical injection a — > cr* from r ss (G(k)) 
into r ss (G*(/c)). Now if cr is a semisimple element in G(k), it is easy to see that 
G CT (fc) is isomorphic to GL{m a , D a ), where is a division algebra of rank d a 
over an extension field k a of degree e CT over k, with n = d a e a m a , while G* a ,{k) 
is isomorphic to GL{d a m a ,k a ). The unipotent classes w in G a (k) correspond to 
partitions of m a . For any such u, let u* be the unipotent class in G*.(k) that 
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corresponds to the partition of d a m a obtained by multiplying the components of 
the first partition by d„. Then 

7 = era — ► 7* = o*u* 

is a canonical injection from the set r(G(fc)) of all conjugacy classes in G(k) into 
the corresponding set r(G*(fc)) in G*(k). 

Suppose that k = F. If M £ C, ip restricts to an inner twist from M to the 
Levi subgroup M* of G*. It therefore defines an injection 7m — * 7m from T(M) to 
r(M*), by the prescription above. If 7 £ T(G) is the induced class 7 M , it follows 
immediately from the definitions that 7* is the induced class (7m) g in T(G*). 

For the transfer of functions, we need to take Ho be a completion F v of F, 
and 7 to be a strongly regular class j v £ r rcg (G(F t ,)) in G(F V ). Suppose that /„ 
is a function in W(G(_F„)). We define a function /* on r rog (G*(F t ,)) by setting 



fvilv) 



fvM'Yv), if lv maps to 7;, 

0, if 7* is not in the image of T(G{F V )), 



for any class 7* £ r rcg (G*(F„)). In the case that 'mv v = 0, /* is the image in 
l(G*(F v )) of the function f v o ip^ 1 in H(G*(F V )). In particular, if v is also nonar- 
chimedean (so that G is unramified at v) , and /„ is the characteristic function of the 
maximal compact subgroup K v , f* is the image in l(G*(F v )) of the characteristic 
function of the maximal compact subgroup K* = tjj(K v ) of G*(F V ). 
The next theorem applies to any valuation v of F. 

Theorem 25.1. (Deligne, Kazhdan, Vigneras) 

(a) For any f v £ H(G(F V )), the function f* belongs to l{G*{F v )). In other 
words, f* represents the set of strongly regular orbital integrals of some function in 
H(G*(F V )). 

(b) There is a canonical injection n v — > n* from n tomp (G(F t ,)) into 
n te mp(G*(F v )) such that 

/;«) - e(G v )f VtG (n v ), f v £ H(G(F V )), 

where e(G v ) is the sign attached to the reductive group G over F v by Kottwitz [Ko2] . 

These results were established in [DKV]. The largely global argument makes 
use of a simple version of the trace formula, such as the formula provided by Corol- 
lary 23.6 for functions / £ H(G) that are cuspidal at two places. Part (a) is 
Theorem B.2.C of [DKV]. Part (b) follows from Theorems B.2.a, B.2.C, and B.2.d 
of [DKV]. □ 

The assertions of the theorem remain valid if G is replaced by a Levi subgroup. 
This is because a Levi subgroup is itself a product of groups attached to central 
scmisimple algebras. 

Recall that the invariant trace formula depends on a choice of normalizing 
factors for local intertwining operators. In the case of the group G* = GL(n), 
Shahidi [Sha2] has shown that Langlands' conjectural definition of normalizing 
factors in terms of L-functions satisfies the required properties. Now if we are 
to be able to compare terms in the general trace formulas of G and G*, we will 
need a set of local normalizing factors for G that are compatible with those of G* . 
Suppose then that v is a valuation, and that M v £ C v . It is enough to define 
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normalizing factors rp\Q(n Vt \) for tempered representations ir v € f\ iemp (M(F v )) , 
by [A15, Theorem 2.1]. We set 

(25.1) rp|oK,A)=r P .|Q.« iA ), tt„ e U teiap (M(F v )), P, Q e V(M), 
where the right hand side is Langlands' canonical normalizing factor for GL(n). 

Lemma 25.2. The functions (25.1) give valid normalizing factors for G. 

This is [AC, Lemma 2.2.1]. One has to show that the functions (25.1) satisfy 
the conditions of Theorem 21.4. The main point is to establish the basic iden- 
tity (21.12) that relates the normalizing factors to Harish-Chandra's ^-function 
Mm(tTw,a)- To establish this identity, one first deduces that 

Mm(tiVa) = f-M*(K,\) 

from the formula 

f v (l) = e(G v )f* v (l), f v GH(G(F v )), 

the Plancherel formulas for G(F V ) and G*(F V ), and the relationship between /x- 
functions and corresponding Plancherel densities. The required identity for G then 
follows from its analogue for G* established by Shahidi. □ 

Suppose that / is the restriction to G(A) 1 of a function in H(G(A)) of the 
form Let /* be the corresponding restriction of the function J}/*. Then 

/ ~~ > /* extends to a linear mapping from Tt(G) to 1(G*). It takes any subspace 
H(G(F S ) 1 ) of H(G) to the corresponding subspace l(G*(F s ) 1 ) of 1(G). 

We define 

/ £ (/) = /*(/*), / e H(G*), 

where I* — I G is the distribution given by either side of the invariant trace formula 
for G* . We of course also have the corresponding distribution I = I G from the trace 
formula for G. One of the main problems is to show that I £ (f) = 1(f)- There 
seems to be no direct way to do this. One employs instead an indirect strategy of 
comparing terms, both geometric and spectral, in the two trace formulas. 

If S is a finite set of valuations of F that contains SVam, an d 7 belongs to 
L(M) S , we define 

(25.2) a M > £ (j) = a M *( 7 *), MeC, 
and 

(25.3) I £ M (j,f) = T M . ( 7 *, /*), feH(G). 

More generally, the definition (25.3) applies to any finite set of valuations S 
with the closure property, any conjugacy class 7 in M(Fs), and any function 

fen ac (G(F s )). 

Lemma 25.3. There is an expansion 

(25.4) 7 £ (/)=lim£ KlKl" 1 £ a M > £ (7)^(7,/)- 

MG£ 7er(M) s 



170 



JAMES ARTHUR 



This is Proposition 2.5.1 of [AC]. By definition, 

i £ (f) = T*(n 



Lee f)ev(L) s 

where C* is the finite set of Levi subgroups of G* that contain the standard minimal 
Levi subgroup. This can in turn be written 

iim^|w G * (L)r 1 J2 * L w)wn, 

{L} i3er(L) s 

where {L} is a fixed set of representations of conjugacy classes in C* . A global 
vanishing property [A5, Proposition 8.1] asserts that Jl(/3, /*) vanishes unless the 
pair comes from G, in the sense that it is conjugate to the image (M*,-f*) 

of a pair (M, 7) . We can assume in this case that our representative L actually 
equals M* . Moreover, M* is G*-conjugate to another group M-j* if and only if M 
is G-conjugate to Mi. Since W G * (M*) = W G (M), we see that 

J £ (/) = lim^|^ G (M)r 1 J2 « M *(7*Km.(7*,D 
{m} 7er(M) s 

= Hm£ KiKl" 1 E a M VKM-(7*,.f), 
Me£ 7er(M) s 

where {M} is a fixed set of representatives of conjugacy classes in C. This in turn 
equals the right hand side of (25.4). □ 

If we could somehow establish identities between the terms in (25.4) and their 
analogues in the geometric expansion of /(/), we would know that I s (f) equals 
/(/). We could then try to compare the spectral expansions. In practice, one has 
to consider the two kinds of expansions simultaneously. Before we try to do this, 
however, we must first establish a spectral expansion of I £ (/) in terms of objects 
associated with G. The process is slightly more subtle than the geometric case just 
treated. This is because the local correspondence ir v — > ir* works only for tempered 
representations, while nontempered representations occur on the two spectral sides. 

We have been writing n(G(A) 1 ) for the set of irreducible representations of 
G(A) 1 . If r belongs to the corresponding set for G*, we can write 

fc(r)= E Mt.tO/gM, feH(G), 

iren(GiA) 1 ) 

for uniquely determined complex numbers 5q (t, n) . This definition would be su- 
perfluous if we were concerned only with the tempered case. For if r and tt are 
tempered, 

1, if T = 7T*, 

0, otherwise, 

since the product Il e ( < -'f) °f sig ns equals 1. If r and tt are nontempered, how- 



ever, 5(t, it) could be more complicated. This is because the decompositions of 
irreducible representations into standard representations for G and G* might not 
be compatible. 
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If 7T e n(G(A) 1 ), we define 

(25.5) 4scW= E «disc(T)fc(r,7T). 

ren disc (G*) 

It is not hard to show that the sum may be taken over a finite set [AC, Lemma 
2.9.1]. Using the coefficients a G ^ c (n) in place of a G isc (n), we modify the definition 
of the set n Misc (G) in §22. This gives us a discrete subset nf disc (G) of L T (G(A) 1 ) 
for every t > 0. We then form the larger subset 

nf (G) = {nf: M e C, n e nf idi8C (M), A e 

of Il(G(A) 1 ), equipped with a measure dir G defined as in (22.7). Finally, we define 
a function a G ' £ on nf (G) by setting 

(25.6) a G,£ (^) = a^f(7r)r°(7r A ), 

as in (22.8). The ultimate aim, in some sense, is to show that the discrete coefficients 
a disc( 7r ) an d a disc( 7r ) ma t cn - We now assume inductively that this is true if G is 
replaced by any proper Levi subgroup M. Then nf disc (M) equals n t; di sc (M), and 
in particular, consists of unitary representations of M(A) 1 . It follows that the 
function a G ' £ (ir G ) is analytic, and slowly increasing in the sense of Lemma 21.5. 

The extra complication arises when we try to describe the function a ' as a 
pullback of the corresponding function for G*. Suppose that 7r € n(M(A) 1 ) and 
r e n(M*(A) 1 ) are representations with Sm(t, n) ^ 0. Given a point A £ ia* M /ia* G 
in general position, and groups P,Q G V(M), we set 

rQ\p{T\,K\) = r Q , l p,(Ts,\y 1 r Ql p(irs,\), 

where S D SVam is a large finite set of valuations, and t$ and 77,5 are the S- 
components of t and 77. The condition that Sm{t,tt) ^ implies that t v = n v for 
almost all v [AC, Corollary 2.8.3], so that rQ\ P (T\, 77 A ) is independent of the choice 
of S. Moreover, rQ\ P (r\, 77 A ) is a rational function in the relevant variables A(a v ) 

or q v {a attached to valuations v in S [A15, Proposition 5.2]. As Q varies, we 
obtain a (G, M)-family of functions 

»*q(A, t\, tt a , P) = S m (t, 77)r Q |p(r A+A , t7 A+ a)?'q|p(ta, 77 A ) _1 

of A e zo^ f , which we define for any t and 77. 

Assume now that 77 belongs to nf disc (M). For any representation t e n(M*(A) 1 ), 
the (G, M)-family of global normalizing factors 

5 M (T,77)r Q (A,77 A ,P), Q e V(M), 

is defined, and equals the product of (G, M)-families 

r Q .(A, r A , P> Q (A, r A , 77 A , P), Q e 7>(M). 

It follows from the product formula (17.12) that 

<5 m (t, 77) (t7 A ) = ^2 r M'( T \) r L( T \^ x ). 

LeC(M) 

Multiplying each side of this last identity by a^ isc (T), and then summing over t, we 
obtain an identity 

(25.7) a^(77 A G )= E E ^(rf )^(r A ,77 A ). 

ren t , diBC (M«) Lec(M) 
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The description of the coefficient (tt\) as a pullback of coefficients from 
G* is thus more elaborate than its geometric counterpart. This has to be reflected 
in the construction of the corresponding linear forms that occur in the spectral 
expansion of I £ (f). Suppose that S is any finite set of valuations with the closure 
property. The function t^{t\ : h\) can obviously be defined for representations 
r e TL(M*(F s )) and 7r <G U(M(F s ))- If either t or tt is in general position, 
rj^(T\, ir\) is an analytic function of A in ia* M s /ia* L s . In this case, we define linear 
forms 

Xea M , s , f € H ac (G(F s )) , 

inductively by setting 
(25.8) 

T M .(r,X,f*)= J2 E /. r L M {Tx,Kx)I e L {rt,XL,f)e- X{X) &\ 

for any r. (For arbitrary r and tt, the functions rj^(T\ 7 ir\) can acquire poles in 
the domain of integration, and one has to take a linear combination of integrals 
over contours ep + ia* MS /ia* LS . See [AC, pp. 124-126]. The general definition 
in [AC] avoids induction, but is a three stage process that is based on standard 
representations.) It is of course the summands with L ^ M in (25.8) that we 
assume inductively to be defined. The summand of L = M equals 

Y, S M (r,n)I £ M (7r,X,f). 

7ren(M(F s )) 

By applying the local vanishing property [AC, Proposition 2.10.3] to the left 
hand side of the relation (25.8), one shows without difficulty that Im(tt, X, /) is 
well defined by this relation. We extend the definition to adelic representations 
7T e Il(Af(A) 1 ) and functions / e H{G) by taking S D 5 ram to be large. If in 
addition, tt is unitary, we write 

I £ M (7T,f)=I £ M (7r,0J), 

as before. 

Lemma 25.4. There is an expansion 

(25.9) I s (f) =lim ]T KlKl" 1 / a M < £ (n)I £ M (*,.f)d?r. 

This is Proposition 2.12.2 of [AC]. The inductive definition (25.8) we have 
given here leads to a two step proof. The first step is a duplication of the proof of 
Lemma 25.3, while the second is an application of the formulas (25.7) and (25.8). 

We begin by writing 

i £ u) = T*(n 

= lim £ KlK'l- 1 / a L (T)T L (T,n*T, 

by the spectral expansion (23.12) for G* . The global vanishing property [A14, 
Proposition 8.2] asserts that Il{t, /*) vanishes unless L is conjugate to the image 



I M (n,X, /), 
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of a group M in L. Using the elementary counting argument from the proof of 
Lemma 25.3, we see that 

I £ (f) = lim J2 ICIK!" 1 / a M '(T)I M *(T,r)&T. 

For the second step, we have to substitute the formula (25.8), with S D S r am 
large and X = 0, for Im*{j, /*). More correctly, we substitute the version of 
(25.8) that is valid if any of the functions rj^(T\,n\) have poles, since we do not 
know a priori that the representations ir over which we sum are unitary. We then 
substitute the explicit form (22.7) of the measure dr on LI(M*) T . In the resulting 
multiple (seven-fold, as a matter of fact) sum-integral, it is not difficult to recognize 
the expansion (25.7). There is some minor effort involved in keeping track of the 
various constants and domains of the integration. This accounts for the length of 
some of the arguments in [AC]. In the end, however, the expression collapses to 
the required expansion (25.9). □ 

Theorem 25.5. If belongs to T(M) S for some S D S ram , then 

(25.10) I £ M (l,f) = lM(l,f) 
and 

(25.11) a M ' £ ( 7 )=a M (j). 

Theorem 25.6. If it belongs to the union ofU(M) T and U £ (M) T , for some 
T > {), then 

(25.12) I £ M (n,f) = I M (n,f) 
and 

(25.13) a M ^(7r) = a M (^). 

Theorems 25.5 and 25.6 correspond to Theorems A and B in Sections 2.5 and 
2.9 of [AC], which are the main results of Chapter 2 of [AC]. They are proved 
together, by an argument that despite its length sometimes seems to move forward 
of its own momentum. In following our sketch of the proof, the reader might keep 
in mind the earlier argument used in §21 to establish that the terms in the invariant 
trace formula are supported on characters. 

The combined proof of the two theorems is by double induction on n and 
dim(Ajvf). The first induction hypothesis immediately implies that the global for- 
mulas (25.11) and (25.13) are valid for proper Levi subgroups M ^ G. If M = G, 
on the other hand, the local formulas (25.10) and (25.12) hold by definition, the 
two sides in each case being equal to fail) and /g(tt) respectively. We apply these 
observations to the identity obtained from the right hand sides of (25.4) and (25.9). 
Combining the resulting formula with the invariant trace formula for G, we see that 
the limit over S of the sum of 

(25.14) £ KlKl" 1 E « M (7)(^m(7,/)-/m(7,/)) 

M^G yer(M) s 

and 

(25.15) ]T (a G ' £ ( 1 )-a G ( 1 ))f G ( 1 ) 

ier(G) s 
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equals the limit over T of the sum of 

(25.16) J2 KlKl" 1 / a M (ir)(lf,(n,f)-I M (n,f))dir 
and 

(25.17) / (a G > £ (7r)-a G (7r))/ G (7r)d7r, 
Jn'(G) T 

where n*(G) T is the union of Tl £ (G) T with H(G) T . 

The linear forms Im(j, /) and Im{k, X, /) were defined for any finite set S with 
the closure property, and any / S T~t a c(G(Fs)) ■ They each satisfy splitting and 
descent formulas. The linear forms -^(7,/) and /^(rr, JT, /) have been defined in 
the same context, and satisfy parallel splitting and descent formulas. The required 
local identities (25.10) and (25.12) can be broadened to formulas 

(25.18) /m(7,/) = -Tm(7,/), 7 er(M(F s )), 
and 

(25.19) I £ M (Tr,X,f) = I M (Tr,X,f), 7ren(M(F s )), X e a M ,s, 

which we postulate for any / e Tt(G(F s )y These general identities were originally 
established only up to some undetermined constants [AC, Theorem 2.6.1], but they 
were later resolved by the local trace formula [A18, Theorem 3.C]. We assume 
inductively that (25.18) and (25.19) hold if n is replaced by a smaller integer. This 
allows us to simplify the local terms in (25.14) and (25.16). In so doing, we can 
assume that the function / € Ti-(G) is the restriction to G(A) 1 of a product of Y[ fv 

Consider first the expression (25.16). We recall that Proposition 23.5 applies to 
the linear forms Im(j, /) and Im(tt, X, /). This proposition can also be adapted to 
the linear forms if^ (7, /) and 1^ (tt 7 X 1 /) [AC, §2.8]. Its first assertion implies that 
either of the two spectral linear forms can be expressed in terms of its geometric 
counterpart. The analogue of the more specific second assertion of Proposition 23.5 
can be formulated to say that if (25.18) holds for all M, S, 7 and /, then so does 
(25.19) [AC, Theorem 2.10.2]. We combine this with the splitting and descent 
formulas satisfied by the terms in the brackets in (25.16). As in §23, the fact that 
the representations tt G II(M) are unitary is critical to the success of the argument. 
Following the corresponding discussion after Proposition 23.5, one deduces that the 
required local identity (25.12) is valid. The expression (25.14) therefore vanishes. 

Now consider the expression (25.14). It follows from the splitting formulas 
(23.8) and [AC, (2.3.4) f ], together with our induction hypotheses, that 

v 

where 

Em(/»,7«) = luilvifv) - lM{lv,fv), 

and 

w) = n 
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If v does not belong to the set 5 ram , Em(/»,7«) = 0, since G and G* are isomorphic 
over F v . The expression (25.14) therefore reduces to 

(25.20) J2 KiKr 1 E ftM ^( E ^(z^)/^)). 

M^G 76r(M) s »6S„ n 

The remaining global coefficients can also be simplified. Consider a class 
7 € T(G)s in (25.15) whose semisimple part is represented by a noncentral ele- 
ment a £ G(F). Then G a is a proper subgroup of G. It follows from the definitions 
(19.6), (22.2), and (25.2), together with our induction hypothesis, that a G ' £ {~f) 
equals a G (j). The expression (25.15) therefore reduces to 

(25.21) Yl E (a G ' £ (zu) - a G (zu))f G (zu), 
zeAa(F) «er unip (G) s 

where r un i p (G),s = (U G (F)) G s is the set of unipotent classes in T(G)s- 

Consider a representation ir <G II*(G) T in (25.17) that does not lie in the union 
n( disc (G) of nf disc (G) and n t> di sc (G), for any t. The induction hypothesis we 

have taken on includes the earlier assumption that the coefficients a^ £ an d a df sc 
are equal, for any M ^ G. It follows from the definitions (22.8) and (25.6) that 
a G - £ (ir) equals a G (7r). The expression (25.17) therefore reduces to 

E E ("discM - a di S cW)/G(7r)- 
t<T7ren« disc (G) 

We conclude that the limit in T of the sum of (25.16) and (25.17) equals 

(25.22) ]T ]T (a G ; £ (n)-ag sc (n))f G (ir). 
1 »en' dlK (G) 

This expression is conditionally convergent, in the sense that the iterated sums 
converge absolutely. 

Using the induction hypothesis, we have reduced the original four expressions 
to (25.20), (25.21), and (25.22). It follows that if S D 5" ram is large, in a sense that 
depends only on the support of /, the sum of (25.20) and (25.21) equals (25.22). 
The rest of the proof is harder. It consists of several quite substantial steps, each 
of which we shall attempt to sketch in a few words. 

The first step concerns the summands in (25.20). The problem at this stage is 
to establish something weaker than the required vanishing of these summands. It 
is to show that for any M £ C and v G S^am, an d for certain /„ e H(G(F V )), the 
function 

£m(/v) = lv — > £mUv,1v) = ifthvifv) ~ lM{lv,fv), 7»er rcg (M(f„)), 

belongs to T ac (M(F„)). The functions lff{"f v , fv) and Im^v, fv) are smooth on the 
strongly G-regular set in M(F V ), but as j v approaches the boundary, they acquire 
singularities over and above those attached to invariant orbital integrals on M(F V ). 
The problem is to show that these supplementary singularities cancel. 

If v is nonarchimedean, let H(G(F V )) be the subspace of functions 
/„ € 7i(G(F„)) such that for every central element z v € Aq(F v ) and every non- 
trivial unipotent element u v ^ 1 in G(F V ), fc(z v u v ) vanishes. If v is archimedean, 
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we set Tt(G(F v ))° equal to Ti(G(F v )). The result is that the correspondence 

fv — * fv € H(G(F V ))°, 

is a continuous linear mapping from H(G(F V ))° to T ac (M(F v )). If w is archimedean, 
one establishes the result by combining the induction hypothesis with the differen- 
tial equations and boundary conditions [A12, §11-13] satisfied by weighted orbital 
integrals . If v is nonarchimcdean, one combines the induction hypotheses with 
the germ expansion [A12, §9] of weighted orbital integrals about a singular point. 
In this case, one has also to make use of the explicit formulas for weighted or- 
bital integrals of supcrcuspidal matrix coefficients, in order to match the germs 
corresponding to u v — 1. (See [AC, Proposition 2.13.2].) Let H(G(A) )) be the 
subspace of H(G(A)) spanned by products / = f\ fv such that for every v £ S lam , 
f v belongs to H(G(F V ))° . The result above then implies that the correspondence 

/ — e M (f) = Yl £ M(f v )f v G 

is a continuous linear mapping from H(G(A)) to J ac (M(A)). 

Suppose now that M e C is fixed. We formally introduce the second induction 
hypothesis that the analogue of (25.18), for any Le£ with dim(A^) < dim(AM), 
holds for any 5". We define H(G(A),M) to be the space of functions / in H(G(A)) 
that are M- cuspidal at two nonarchimedean places v, in the sense that the lo- 
cal functions f v ^ vanish unless L contains a conjugate of M. We also define 
H(G(A),M) to be the space of functions / in the intersection 

H(G(A),M) nW(G(A))° 

that satisfy one additional condition. We ask that / vanish at any element in G(A) 
whose component at each finite place v belongs to Aq(F v ). In combination with 
the definition of H(G(A)) , this last condition is designed to insure that the terms 
fa( zu ) in (25.21) all vanish. Notice that / may be modified at any archimedean 
place without affecting the condition that it lie in H(G(A), M)° . 

Suppose that / belongs to H (G(A) , M) ° . The last induction hypothesis then 
implies that the summand in (25.20) corresponding to any Levi subgroup that is 
not conjugate to our fixed group M vanishes. The expression (25.20) reduces to 

(25.23) \W{M)\-^ ]T a M ( 7 ) £M (/,7)- 

ier(M) s 

It is an easy consequence of the original induction hypothesis and the splitting 
formulas that the function £m(/) in Za,c(M(A)) is cuspidal at two places. It then 
follows from the simple form of the geometric expansion for M in Corollary 23.6 that 
the original expansion (25.20) equals the product of ^(M)! -1 with 7 m (£m(/))- 
The conditions on / imply that the second expression (25.21) vanishes. Recall that 
the third expression (25.22) was the ultimate reduction of the spectral expansion 
°f I £ {f) " 1(f)- Since the third expression equals the sum of the first two, we can 
write 

(25.24) Yl ( T t(f) '*(/)) - \W(M)\^Y,^ ( £ m(/)) = 0, 

t t 

in the notation of Remark 10 in §23. (See [AC, (2.15.1)].) 
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The second step is to apply the weak multiplier estimate (23.13) to the sums in 

(25.24) . Suppose that / e H(G(A),M)° is fixed. If a € £{tf-) w is any multiplier, 
f a also belongs to H(G(A),M) , and the identity (25.24) remains valid with f a in 
place of a. It is a consequence of the definitions that lf(f a ) — It(fa)- O nc shows 
also that e M (f a ) = £M{f) a [AC, Corollary 2.14.4]. It then follows from (23.13) 
that there are positive constants C, k and r such that for any T > 0, any N > 0, 
and any a in the subspace Cjy (f) 1 ) w ' of £(f) 1 ) w/ , the sum 

(25.25) | £ (If (f a ) - I t (f a )) \W{M)\^ J2 ^ M M/«)) 

t<T t<T 

is bounded by 

(25.26) Ce kN sup {\a{u)\). 

vef)*(r,T) 

To exploit the last inequality, one fixes a point v\ in f)*. Enlarging r if necessary, 
we can assume that v\ lies in the space f)£(r) = f)*,(r, 0). It is then possible to choose 
a function ol\ € C^°(f) 1 ) vl/ such that Si maps f)^(r) to the unit interval, and such 
that the inverse image of 1 under a\ is the VT-orbit W(y\) of v\ [AC, Lemma 
2.15.2]. If ol\ belongs to ^(f) 1 )^, and r and k are as in (25.26), we chose T > 
so that 

|Si(i/)| <e" 2feAri 

for all v G f)*(r, T). We then apply the inequality, with a equal to the function 
a m obtained by convolving ct\ with itself m times. Since a m (v) equals a\{v) m , the 
expression (25.26) approaches as m approaches infinity. One shows independently 
that the second sum in (25.25) also approaches as m approaches infinity [AC, 
p. 183-188]. Therefore, the first sum in (25.25) approaches as m approaches 
infinity. But this first sum equals the double sum 

E E ( a difcW - a% sc {*))f G {*) ai {^T, 
*< T -en* diac (G) 

which can be taken over a finite set that is independent of m. We can assume that 
T > ||Im(fi)||. It follows that the double sum approaches 

E (4LcW-«discW)/ G W 

as m approaches infinity, where II* disc (G) is the set of representations ir in the 
set n* lisc (G) with = v\. Summing over the infinitesimal characters v\ with 
||Im(z/i)|| = t, we conclude that 

(25.27) E (°diLc(^) - adLM)/GM = 0, 

^en* disc (G) 

for any t > 0. 

The identity (25.27) holds for any function / in H(G(A),M)°. The third step 
is to show that it extends to any / in the larger space Ti(G(A), M). This is a 
fairly standard argument. On the one hand, the left hand side of (25.27) is a linear 
combination of point measures in the spectral variables of fa- On the other hand, 
the linear forms whose kernels define the subspace W(G(A),M) of W(G(A),M) 
are easily seen to be continuous in the spectral variables. Playing one against the 
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other, one sees that (25.27) does indeed remain valid for any/inW(G(A),M). (See 
[AC, §2.16].) In particular, (25.22) vanishes for any such /. Since (25.20) equals 
(25.23), we deduce that the sum of (25.23) and (25.21) vanishes for any function / 
in H(G(A),M). 

The fourth step is to apply what we have just established to the expression 
(25.23). Suppose that for each v <G S lam , f v is a given function in H(G(F V )). 
Suppose also that 71 is a fixed G-regular clement in M(F) that is M-elliptic at 
two unramificd places W\ and u>2- At the places w $ SVam, we choose functions 
f w G H(G(F W )) so that fw.odi) = 1, an d so that the product f = Y\f v lies in 
7i(G(A)). We fix f w for w distinct from w\ and u>2, but for w equal to w\ or W2, 
we allow the support of f w to shrink around a small neighbourhood of 71 in G{F W ). 
Then / belongs to H (G( A) , M) . Since the support of / remains within a fixed 
compact set, we can take S to be some fixed finite set containing SVam, w\, and W2- 
We can also restrict the sum in (25.23) to a finite set that is independent of /. (See 
Remark 9 in §23.) 

Since we are shrinking f Wl and f W2 around 71, the terms fo( zu ) in (25.21) all 
vanish. In addition, the function 

£m(/,7)= £ M{fv 1 l)f v M {l) 

in (25.23) is supported on the subset r<3_ reg (M) of G-rcgular classes in T(M)s- It 
is in fact supported on classes 7 that are G(F u , i )-conjugate to 71. For the group 
G at hand, any such class is actually G(F)-conjugate to 71, and hence equal to 
w^ 1 -fiw s , for some s £ W(M). But 

^M{fv,W7 1 ll W s)f V M{w~ l ^iW s ) = Em(/„, 71 )/m (7l) • 

Moreover, since 71 is i^-elliptic in M, the coefficients 

a M {w- 1 ll w s ) = a M ( 7 i) = vol(M 7l (F)\M 7l (A) 1 ) 

are all positive. The vanishing of the sum of (25.23) and (25.21) thus reduces to 
the identity 

£m(/,7i)= £ m(/i,,7i)/m(7i) = 0. 

»es r , m 

This holds for any choice of functions /„ € H.(G(F V )^ at the places v £ S lam . 

Consider a fixed valuation v G SVam- It follows from what we have just estab- 
lished that if f v ,G{li) = 0, then £m(/i,,7i) = 0. This in turn implies that if f v is 
arbitrary, then 

£m(/«,7i) = £v{li)fv.M{li), 

for a complex number £,,(71) depending on the chosen element 71 € M(F). Now, 
it is known that G(F) is dense in G(F$), for any finite set S D S lam . Letting the 
G-regular point 71 £ M(F) vary, we see that 

£m(/«,7«) = £v(lv)fv,Mhv), Iv e T G _ rcg (M(F v )), f v € H(G(F V )), 

for a function sm on rc_ rcg (M(F„)) that is smooth. 

The last identity is a watershed. It represents a critical global contribution to 
a local problem. It is also the input for one of the elementary applications of the 
local trace formula in the article [A18]. The result in question is Theorem 3C of 
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[A18], which asserts that the function Sm{1v) actually vanishes. We can therefore 
conclude that the linear form 

£mUv,1v) = Im(JvJv) - Im(JvJv), f e H(G(F V )), 

vanishes for any G-regular class 7„ in M(F V ). It is then not hard to see from the 
definitions (18.3), (18.12), (23.3) and (25.3) that the linear form vanishes for any 
element -f v e M(F V ) at all. 

The fourth step we have just sketched completes the induction argument on 
M. Indeed, the general identity (25.18) follows for any S from the splitting formula 
(23.8), and the case S = {v} just established. In particular, the required identity 
(25.10) is valid for any M. We have already noted that (25.18) implies the com- 
panion identity (25.19). In particular, both required local identities (25.10) and 
(25.12) of the two theorems are valid for any M . 

The last step is to extract what remains of the required global identities (25.11) 
and (25.13) from the properties of the expressions (25.21) and (25.23) we have 
found. Since we have completed the induction argument on M, and since 
H(G(A),M ) equals H(G(A)) by definition, the identity (25.27) holds for any 
function / E H(G(A)). The sum in (25.27) can be taken over a finite set that 
depends only on a choice of open compact subgroup K C G(A fin ) under which / 
is bi-invariant. It is then not hard to show that the coefficients 

«discW-«discW, tt e n* disc (G), 

in (25.27) vanish. This completes the proof of (25.13). Since (25.27) vanishes for any 
/, so does the expression (25.22). We have already established that (25.20) vanishes. 
It follows that the remaining expression (25.21) vanishes for any / € Ti(G). By 
varying /, one deduces that the coefficients 

a G > £ (zu) - a G (zu), z G A G (F), u e r unip (G) s , 

in (25.21) vanish. This completes the proof of (25.11). It also finishes the original 
induction argument on n. (See [AC, §2.16] and [A18, §2-3].) □ 

For global applications, the most important assertion of the two theorems is 
the identity (25.13) of global coefficients. It implies that 

(25.28) I tAisc (f) = WD' 

for any t > and / <G Ti(G). Given the explicit definition (21.19) of /t,disc(/)j 
one could try to use (25.28) to establish an explicit global correspondence 7r — > tt* 
from automorphic representations in the discrete spectrum of G to automorphic 
representations in the discrete spectrum of G*. However, this has not been done. 
So far as I know, the best results are due to Vigneras [Vi], who establishes the 
correspondence in the special case that for any v, G(F V ) is either the multiplicative 
group of a division algebra, or is equal to GL(n, F v ). (See also [HT].) Since the 
local condition implies that G(F)\G(A) 1 is compact, this special case relies only on 
the trace formula for compact quotient, and a simple version of the trace formula 
(such as that of Corollary 23.6) for GL(n). The general problem seems to be 
accesssible, at least in part, and would certainly be interesting. 
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26. Functoriality and base change for GL(n) 

The third application of the invariant trace formula is to cyclic base change 
for GL(n). This again entails a comparison of trace formulas. The base change 
comparison is very similar to that for inner twistings of GL(n). We recall that 
the two were actually treated together in [AC]. Having just discussed the inner 
twisting comparison in some detail, we shall devote most of this section to some 
broader questions related to base change. 

Base change is a special case of Langlands' general principle of functoriality. 
It is also closely related to a separate case of functoriality, Langlands' conjectural 
formulation of nonabelian class field theory. We have alluded to functoriality earlier, 
without actually stating it. Let us make up for this omission now. 

For the time being, G is to be a general group over the number field F. In fact, 
we regard G as a group over some given extension k of F. The theory of algebraic 
groups assigns to G a canonical based root datum 

*(G) = (X,A,X V ,A V ), 

equipped with an action of the Galois group 

T fe = Gal(fc/fc). 

Recall that there are many based root data attached to G. They are in bijection 
with pairs (B,T), where T is a maximal torus in G, and B is a Borel subgroup 
of G containing T. However, there is a canonical isomorphism between any two 
of them, given by any inner automorphism of G between the corresponding two 
pairs. It is this property that gives rise to the canonical based root domain ^f(G). 
By construction, the group Aut(W(G)) of automorphisms of *f?(G) is canonically 
isomorphic to the group 

Out(G) = Aut(G)/Int(G) 

of outer automorphisms of G. The T^-action on *f?(G) comes from a choice of 
isomorphism ip s from G to a split group G* . It is given by the homomorphism from 
r fe to Out(G) defined by 

a > ip s o u(V' s )~ 1 , a E T k . 

(See [Spr2, §1], [Ko3, (1.1)-(1.2)].) 

Recall that a splitting of G is a pair (B, T), together with a set {X a : a E A} 
of nonzero vectors in the associated root spaces {g a : a E A}. There is a canonical 
isomorphism from the group Out(G), and hence also the group Aut(^(G)), onto 
the group of automorphisms of G that preserve a given splitting [Spr2, Proposition 
2.13]. Recall also that an action of any finite group by automorphisms on G is called 
an L- action if it preserves some splitting of G. We define a dual group of G to be a 
complex reductive group G, equipped with an L-action of Tfe, and a T^-isomorphism 
from *(G) to the dual 

*(G) V = (X V ,A V ,X,A) 
of ^(G). Suppose for example that G is a torus T. Then 

*(T)= (X(T),0,X(T) v ,0), 

where A(T) V = Rom(X(T), Z) is the dual of the additive character group X(T). 
The dual group of T is the complex dual torus 

T = X{T)®C, 
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defined as a tensor product over Z of two abelian groups. In general, G comes with 
the structure that assigns to any pair (B,T) for G, and any pair (B,T) for G, a 
r fe -isomorphism from T to a dual torus for T. 

An L- group for G can take one of several forms. The Galois form is a semidirect 
product 

L G = G*r fe , 

with respect to the L-action of on G. For many purposes, one can replace the 
profinite group Tk with a finite group T k > / fe = G&l(k' /k), for a Galois extension /c'/fc 
over which G splits. For example, if G is a group such as GL(n) that splits over 
k, one can often work with G instead of the full L-group. If k is a local or global 
field, one sometimes replaces Tk with the corresponding Weil group Wk, which we 
recall is a locally compact group equipped with a continuous homomorphism into 
Tk [Tat 2]. The Weil form of the L-group is a semidirect product 

L G = G x Wk 

obtained by pulling back the L-action from Tk to Wk- The symbol L G is generally 
used in this way to denote any of the forms of the L-group. Suppose that k is 
the completion F v of F with respect to a valuation v. The local Galois group Tp v 
or Weil group Wf v comes with a conjugacy class of embeddings into its global 
counterpart or Wf- There is consequently a conjugacy class of embeddings of 
the local L-group L G V into L G, which is trivial on G. 

Suppose that as a group over F, G is unramified at a given place v. As we 
recall, this means that v is nonarchimedean, that G is quasisplit over F v , and that 
G splits over a finite unramified extension F„ of F v . We recall also that Tp> if v 1S a 
finite cyclic group, with a canonical generator the Frobcnius automorphism Frobt,. 
We take the finite form 

^ G.„ = G X r F' v jF v 

of the L-group of G over F v determined by the outer automorphism Frobt, of G. We 
can choose a pair (B V ,T V ) defined over F v such that the torus T v splits over F v , and 
a hyperspecial maximal compact subgroup K v of G(F V ) that lies in the apartment of 
T v [Ti]. The unramified representations of G(F V ) (relative to K v ) are the irreducible 
representations whose restrictions to K v contain the trivial representation. 
If A belongs to the space c , and I^a is the unramified quasicharacter 



q> 



the induced representation l Bv (l v ,\) contains the trivial representation of K v with 
multiplicity 1. This representation need not be irreducible. However, it does have 
a unique irreducible constituent n Vl \ that contains the trivial representation of K v , 
and is hence unramified. Obviously tt v .\ depends only on the image of A in the 
quotient of c by the discrete subgroup 

/ 27ri \ i 
A ^ (bg^) H ° m(aT -^ Z) = to^"*- 

It also depends only on the orbit of A under the restricted Weyl group W v o of 
(G,At v ). The correspondence A — » tt v> \ is thus a mapping from the quotient 

(26.1) W„o\a^, c /A„ 
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to the set of unramified representations of G(F V ). One shows that the mapping 
is a bijection. (See [Ca], for example.) On the other hand, there is a canonical 
homomorphism A — ► q~ x from c /k v to the complex torus T v , which takes a 
point in (26.1) to a W„ -orbit of points in T v . One shows that the correspondence 

A — ► q~ x x Frob^ 

is a bijection from (26.1) onto the set of semisimple conjugacy classes in L G V whose 
image in T F ^ Fv equals Frob„. (See [Bor3, (6.4), (6.5)], for example.) It follows 
that there is a canonical bijection 

tt v — ► c(n v ) 

from the set of unramified representations of G(F V ) onto the set of semisimple 
conjugacy classes in L G V that project to Frob„. This mapping is due to Langlands 
[Lan3], and in itself justifies the introduction of the L-group. 

The reader may recall that the symbol c(n v ) also appeared earlier. It was 
introduced in §2 (in the special case F = Q) to denote the homomorphism from 
the unramified Hecke algebra H v — H(G V ,K V ) to C attached to n v . The two uses 
of the symbol are consistent. They are related by the Satake isomorphism from 
H v to the complex co-ordinate algebra on the space (26.1). (See [Ca, (4.2)], for 
example. By the co-ordinate algebra on (26.1), we mean the subalgcbra of W v $- 
invariant functions in the co-ordinate algebra of C /A„, regarded as a subtorus 

of T v .) The complex valued homomorphisms of H v are therefore bijective with the 
points in (26.1), and hence with the set of semisimple conjugacy classes in L G V that 
project to Frobt,. 

Suppose now that 7r is an automorphic representation of G. Then tt = ir v , 
where tt v is unramified for almost all v. We choose a finite form L G = G x T F i i F 
of the global L-group, for some finite Galois extension F' of F over which G splits, 
and a finite set of valuations S outside of which tt and F' are unramified. For any 
v £ S, we then write c v (tt) for the image of c(ir v ) under the canonical conjugacy 
class of embeddings of L G V = G x T F , j Fv into L G. This gives a correspondence 

7r — ► c(ir) = \c v (ir) : v £ S} 

from automorphic representations of G to families of semisimple conjugacy classes 
in L G. The construction becomes independent of the choice of F' and S if we agree 
to identify to families of conjugacy classes that are equal almost everywhere. 

An automorphic representation thus carries some very concrete data, namely 
the complex parameters that determine the conjugacy classes in the associated fam- 
ily. The interest stems not so much from the values assumed by individual classes 
c v (ir), but rather in the relationships among the different classes implicit in the 
requirement that tt be automorphic. Following traditions from number theory and 
algebraic geometry, Langlands wrapped the data in analytic garb by introducing 
an unramified L-function 

(26.2) L s ( S , ir, r)=l[dct (I -r(c v (7r))q- s )-\ 

for any automorphic representation tt, any reasonable finite dimensional represen- 
tation 

r: L G — ► GL(N, C), 
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and any finite set S of valuations outside of which ir and r are unramificd. He 
observed that the product converged for Re(s) large, and conjectured that it had 
analytic continuation with functional equation. 

Langlands' principle of functoriality [Lan3] postulates deep and quite unex- 
pected reciprocity laws among the families c(ir) attached to different groups. As- 
sume that G is quasisplit over F, and that G' is a second connected reductive group 
over F. Suppose that 

p: L G' — ► L G 

is an L-homomorphism of L-groups. (Besides satisfying the obvious conditions, an 
L-homomorphism between two groups that each project onto a common Galois or 
Weil group is required to be compatible with the two projections.) The principle 
of functoriality asserts that for any automorphic representation n' of G' , there is 
an automorphic representation it of G such that 

(26.3) c(n)=p(c(ir')). 

In other words, c v (ir) — p(c v (n')) for every valuation v outside some finite set 
S. Functoriality thus postulates a correspondence n' — > tt of automorphic repre- 
sentations, which depends only on the G-orbit of p. We shall recall three basic 
examples. 

Suppose that G is an inner form of a quasiplit group G* , equipped with an 
inner twist 

i/>: G^G*. 

In other words, ip is an isomorphism such that ipoa^) -1 is an inner automorphism 
of G* for every a e IV. It determines an L-isomorphism 

L V> : L G — ► L G*, 

which allows us to identify the two L-groups. Functoriality asserts that the set of 
automorphic families {c(tt)} of conjugacy classes for G is contained in the set of 
such families {c(tt*)} for G*. Our last section was devoted to the study of this 
question in the case G* = GL(n). It is pretty clear from the conclusion (25.28), 
together with the explicit formula for It,disc(f) and the fact that /„ = /* for almost 
all v, that something pretty close to the assertion of functoriality holds in this case. 
However, the precise nature of the correspondence remains open. 

Langlands introduced the second example in his original article [Lan3], as a 
particularly vivid illustration of the depth of functoriality. It concerns the case that 
G is an arbitrary quasisplit group, and G' is the trivial group {1}. The L-group L G' 
need not be trivial, since it can take the form of the Galois group Tp. Functoriality 
applies to a continuous homomorphism 

P '■ ► L G 

whose composition with the projection of L G on T F equals the identity. Since T F 
is totally disconnected, p can be identified with an L-homomorphism from T F i / F to 

the restricted form L G = G xiT F , / F of the L-group of G given by some finite Galois 
extension F' of F. Let S be any finite set of valuations v of F outside of which 
F 1 is unramificd. Then for any v (jL S, F' v , / F v is an unramificd extension of local 
fields, for any (normalized) valuation v' of F' over v. Its Galois group is cyclic, 
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with a canonical generator Frobt, = Frob„j?/, whose conjugacy class in Tpi/p is 
independent of the choice of v'. Thus, p gives rise to a family 

|p(Frob„) : v $ S} 

of conjugacy classes of finite order in L G. If it' is the trivial automorphic represen- 
tation of G' = {1} and v £ S, the image of c v (ir') in the group L G' = T F , j F equals 
Frob-u, by construction. Functoriality asserts that there is an automorphic repre- 
sentation tt of G such that for any v £ S, the class c v (ir) in L G equals p(Frob„). A 
more general assertion applies to the Weil form of L G' . In this form, functoriality 
attaches an automorphic representation tt to any L-homomorphism 

<t>: W F — ► L G 

of the global Weil group into L G. 

The third example is general base change. It applies to an arbitrary group 
G' over F, and a finite extension E of F over which G' is quasisplit. Given these 
objects, we take G to be the group R E /p(G' E ) over F obtained from the quasisplit 
group G' over E by restriction of scalars. Following [Bor3, §4-5], we identify G 
with the group of functions g from T F to G' such that 

g(cr T ) = ag(r), a eT E , t e T F , 

with pointwise multiplication, and r F -action 

(ns)(r) = g(rn), r,n e T F . 

We then obtain an L-homomorphism 

p: L G' — » L G 

by mapping any g' <G L G' to the function 

g(r) = rg', r e r F , 

on T F . This case of functoriality can be formulated in slightly more concrete terms. 
The restriction of scalars functor provides a canonical isomorphism from G(A) onto 
G'(A E ), which takes G(F) to G'(E). The automorphic representations of G are 
therefore in bijection with those of G' E . This means that we can work with the 
L-group L G' E — G' xi T E of G' E instead of L G. Base change becomes a conjectural 
correspondence tt' — > n of automorphic representations of G' and G' B such that for 
any valuation v of F for which 7r' and E are unramified, and any valuation w of E 
over v, the associated conjugacy classes are related by 

c v (n') = c t0 (7r) / ™, f w = dcg(E w /F v ). 

We should bear in mind that Langlands also postulated a local principle of func- 
toriality. This takes the form of a conjectural correspondence ir' v — ► -n^, of irreducible 
representations of G'(F V ) and G(F V ), for any i; and any local L-homomorphism p v 
of local L-groups, which is compatible with the global functoriality correspondence 
tt' — ► 7r. Representations 7r„ of the local groups G(F V ) are important for the func- 
tional equations of L-functions (among many other things). Langlands conjectured 
the existence of local L-functions L(s, ir v , r v ), which reduce to the relevant factors 
of (26.2) in the unramified case, and local e-factors 



e(s,ir v ,r v , i[> v ) = aq,_ 



a e C, beZ, 
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which equal 1 in the unramified case, such that the finite product 

e(s, ir,r) = Y[ n v ,r v ,i> v ) 

V 

is independent of the nontrivial additive character ip of A/F of which tp v is the 
restriction, and such that the product 

L(s, 7T, r) = ( J| L ( s > 7r «' r -")) lS ( s i 71 ". r ) 
satisfies the functional equation 

(26.4) L(s, 7T, r) = s(s, n, r)L(l - s, n, r v ). 

We have written r v here for the contragredicnt of the representation r. The local L- 
functions and e-factors should be compatible with the local version of functoriality, 
in the sense that 

L(s,n' v ,r v op v ) = L(s,Tr v ,r v ) 

and 

s(s, ir v ,r v o p v ,ip v ) = e(s,Tr v ,r v ,tp v ). 
These relations are obvious in the unramified case. In general, they imply corre- 
sponding relations for global L-functions and £-factors. 

Suppose now that G = GL(n). The constructions above are, not surprisingly, 
more explicit in this case. There is no harm in reviewing them in concrete terms. 

Let v be a nonarchimedean valuation, and take (B V ,T V ) to be the standard pair 
(B, Mo). If A belongs to c = C™, the induced representation Ig v (l v x) acts by 
right translation on the space of functions <j) on G(F V ) such that 

(t>{bx) = \b 11 \^ +r ^\b 22 \ X2+ ^ ...\b nn \ x --^4>{x), beB v (F v ), xeG(F v ). 

It has a unique irreducible constituent ir Vt \ that contains the trivial representation 
of K v — GL(n, o v ). Two such representations ir Vi \' and ir v ^\ are equivalent if and 
only if the corresponding vectors A', A G C™ are related by 

(Ai, ...,X' n ) = (A ff(1) , . . . , X a(n) ) (mod(j^-)z n ) , 

for some permutation a e S n . The dual group G equals GL(n, C). We give it the 
canonical structure, which assigns to the standard pairs (B, T) and (B, T) in G and 
G the obvious isomorphism of T with the complex dual torus of T. Since the action 
of Tp on G is trivial, we can take the restricted form L G = G of the i-group. The 
semisimple conjugacy class of the representation ir V! \ is then given by 

Given an automorphic representation it of GL(n), let S be any finite set of valua- 
tions outside of which ir is unramified. Then ir gives rise to a family 

c(tt) = {c v (ir) = c(ir v ) : v £ S} 

of semisimple conjugacy classes in G = GL(n,C). It is known that if tt occurs in 
the spectral decomposition of L 2 (G(F)\G(A)^j , it is uniquely determined by the 
family c(ir) [JaS]. This remarkable property is particular to G = GL(n). 
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Consider a continuous n-dimcnsional representation r of IV . Then r lifts to a 
representation of a finite group T F i/ F , for a finite Galois extension F' of F. We 
may as well take F' to be the minimal such extension, for which Tp> is the kernel 
of r. Let S be any finite set of valuations outside of which F' is unramificd. The 
representation r then gives rise to a family 

c(r) = {c„(r) = r(Frob„) : v £ S) 

of semisimple conjugacy classes in G = GL(n,C). As in the automorphic setting, 
the equivalence class of r is uniquely determined by c(r). For the Tchcbotarev 
density theorem characterizes F' as the Galois extension of F for which 

Spl F ,/ F = {v S : c v (r) = 1} 

is the set of valuations outside of S that split completely in F' . Since the Tcheb- 
otarev theorem deals in densities of subsets, the characterization is independent 
of the choice of S. The theorem also implies that every conjugacy class in the 
group r pi jp is of the form Frob^, for some v £ S. The character of r is therefore 
determined by the family c(r). 

According to the second example of functoriality above, specialized to the case 
that G = GL(n), there should be an automorphic representation n attached to 
any r such that c(w) = c(r). Consider the further specialization to the case that 
n = 1 . The one dimensional characters of the group Tp are the characters of its 
abelianization Tp°. The case n = 1 of Langlands' Galois representation conjecture 
could thus be interpreted as the existence of a surjective dual homomorphism 

(26.5) GL(1,F)\GL(1,A) = F*\A* — ► Tf. 

The condition c(ir) = c(r) specializes to the requirement that the composition 
of (26.5) with the projection of onto the Galois group of any finite abelian 
extension F' of F satisfy 

x v — » (Frob,) ord ^), x v GF*, 

where v is any valuation that is unramificd in F' , Frob^ is the corresponding 
Frobcnius element in the abelian group T F i/ F , and 

ord(a;„) = -log 9v (|a;„|). 

The mapping (26.5) has been known for many years. It is the Artin reciprocity 
law, which is at the heart of class field theory. (See [Has], [Tatl].) Langlands' 
Galois representation conjecture thus represents a nonabelian analogue of class field 
theory. If n = 2 and Tpi jp is solvable, it was established as a consequence of cyclic 
base change for GL(2) [Lan9], [Tu]. If n is arbitrary and Tpi/p is nilpotent, it is 
a consequence [AC, Theorem 3.7.3] of cyclic base change for GL(n), the ostensible 
topic of this section. Other cases for n = 2 have been established [BDST], as have 
a few other cases in higher rank. 

Besides extending class field theory, Langlands' Galois representation conjec- 
ture has important implications for Artin L-functions 

L S (s,r) = J] det (1 - r{Frob v )q- a )-\ 

v<£S 

If r corresponds to 7r, it is clear that 

(26.6) L s (s,r) = L s (s,ir), 
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where L s (s, 7r) is the automorphic L-function for GL(n) relative to the standard, n- 
dimensional representation of L G = GL(n, C). It has been known for some time how 
to construct the local L-functions and e-factors in this case so that the functional 
equation (26.4) holds [Go J]. These results are now part of the larger theory of 
Rankin-Sclbcrg L-functions L(s,it\ x 7^), attached to representations it\ ® ^2 of 
GL(m) x GL(n 2 ), and the representation 

(51,52): X — > gi Xg^\ XeM„ lX „ 2 (C), 

of GL(ni,C) x GL(n,2,'C) [JPS]. In fact, there is a broader theory still, known as 
the Langlands-Shahidi method, which exploits the functional equations from the 
theory of Eiscnstein series. It pertains to automorphic L-functions of a maximal 
Levi subgroup M of a given group, and the representation of L M on the Lie algebra 
of a unipotent radical [GS]. Be that as it may, our refined knowledge of the 
automorphic L-function in the special case encompassed by the right hand side of 
(26.6) would establish critical analytic properties of the Artin L-function on the 
left hand side of (26.6). 

The Langlands conjecture for Galois representations (which we re-iterate is but 
a special case of functoriality) is still far from being solved in general. However, it 
plays an important role purely as a conjecture in motivating independent operations 
on automorphic representations. Nowhere is this more evident than in the question 
of cyclic base change of prime order for the group GL{n). 

Suppose that £ is a Galois extension of F, with cyclic Galois group 
{1, a, . . . , cr^ -1 } of prime order £. To be consistent with the description of base 
change above, we change notation slightly. We write r' instead of r for a con- 
tinuous n-dimensional representation of IV, leaving r to stand for a continuous 
n-dimensional representation of IV ■ Regarded as equivalence classes of representa- 
tions, these two families come with two bijections r — > r a and r' — > r' ® rj of order £, 
where r CT (r) = r(ara^ 1 ), and 77 is the pullback to Tp of the character on T E i F that 
maps the generator cr to e^. The main operation is the mapping r' — > r obtained 
by restricting r' to the subgroup Te of IV. This mapping is characterized in terms 
of conjugacy classes by the relation 

^ ^ ( c v (r'), if v splits in E, 
\c v (r'Y, otherwise, 

for any valuation v of F at which r' and E are unramified and any valuation w over 
v, and satisfies the following further conditions. 

(i) The image of the mapping is the set of r with r a = r. 

(ii) If r' is irreducible, the fibre of its image equals 

{r',r'(X)?7,...,r'(X)?7^ 1 }. 

(iii) If r' is irreducible, its image r is irreducible if and only if r' ^ r' ® rj, 
which is to say that the fibre in (ii) contains I elements. 

(iv) If r' is irreducible and r' — r' <X> rj, its image equals a direct sum 

r = n e ri e • • • e rf \ 

for an irreducible representation n of degree n\ = nCr 1 such that rf ^ r\. 
Conversely, the preimage of any such direct sum consists of a representa- 
tion r' that is irreducible and satisfies r' — r' ® rj. 
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These conditions arc all elementary consequences of the fact that is a normal 
subgroup of prime index in IV. For example, the representation r' in (iv) is obtained 
by induction of the representation ri from T E to T F . 

Base change is a mapping of automorphic representations with completely par- 
allel properties. We write tt' and tt for (equivalence classes of) automorphic repre- 
sentations of GL(n)p and GL(u)e respectively. The two families come with bijec- 
tions tt — > tt 17 and tt' — * tt' ® r/ of order £, where tt"(x) = 7r(cr(a;)), and ij has been 
identified with the 1-dimensional automorphic representation of GL(n) p obtained 
by composing the determinant on GL(n,A) with the pullback of rj to GL(l, A) by 
(26.5). The results of [AC] were established for cuspidal automorphic representa- 
tions, and the larger class of "induced cuspidal" representations. For GL(h)e, this 
larger class consists of induced representations 



where P is the standard parabolic subgroup of GL(n) corresponding to a partition 
(ni, . . . , n p ), and 7Tj is a unitary cuspidal automorphic representation of GL{rii)E- 
Any such representation is automorphic, by virtue of the theory of Eisenstcin series. 

Theorem 26.1. (Base change for GL(n)). There is a mapping tt' — > tt from 
induced cuspidal automorphic representations of GL(n) f to induced cuspidal auto- 
morphic representations of GL(n) E , which is characterized by the relation 



for any valuation v of F at which tt' and E are unramified and any valuation w of 
F over v, and which satisfies the following further conditions. 

(i) The image of the mapping is the set of tt with n a = tt. 

(ii) If tt' is cuspidal, the fibre of its image equals 



(iii) If tt' is cuspidal, its image tt is cuspidal if and only if tt' ^ tt' ® n, which 
is to say that the fibre in (ii) contains t elements. 

(iv) If tt' is cuspidal and tt' = tt' <g> r\, its image equals a sum 



for a cuspidal automorphic representation tt\ of GL(ui)e such that 
ttI 7^ tt\. Conversely, the preimage of any such sum consists of a rep- 
resentation tt' that is cuspidal and satisfies tt' — tt' ® 77. 



Remark. The theorem provides two mappings of cuspidal automorphic repre- 
sentations. Base change gives an I to 1 mapping tt' — > tt, from the set of cuspidal 
representations of tt' of GL(n) p with tt' ^ tt' <g> r\ onto the set of cuspidal repre- 
sentations tt of GL(n) E with tt = tt" . The second mapping is given by (iv), and is 
known as automorphic induction. It is an £ to 1 mapping tt\ — > tt' , from the set of 
cuspidal autmorphic representations tt\ of GL(ti\)e with tt\ ^ tt" onto the set of 
cuspidal automorphic representations tt' of GL(u)e with tt' = tt' ® r\. 

Theorem 26.1 contains the main results of [AC]. It is proved by a comparison 
of two trace formulas. One is the invariant trace formula for the group GL(n)p. 



TT = TTl M ■ ■ ■ M TT p = Indp(7Tl <g> • • • <g> TT p ), 



(26.7) 




{tt',tt' <g> rj, . . . y <g> rf x }. 



tt = m m 7if m ■ ■ ■ m < 



.1-1 
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The other is the invariant twisted trace formula, applied to the automorphism of 
the group Re / p(GL(ri) e) determined by a. 

The twisted trace formula is a generalization of the ordinary trace formula. It 
applies to an _F-rational automorphism 9 of finite order of a connected reductive 
group G over F. The twisted trace formula was introduced by Saito for classical 
modular forms [Sai], by Shintani for the associated automorphic representations of 
GL(2) (see [Shin]), and by Langlands for general automorphic representations of 
GL{2) [Lan9]. The idea, in the special case of compact quotient, for example, is 
to express the trace of an operator 

R(f)°6, f € H(G(A)), 

in terms of twisted orbital integrals 

/ f{x- 1 1 8(x))dx, 7 G G(F). 

JGe-,(A)\G(P,) 

This gives a geometric expression for a sum of twisted characters 

£m(7r)tr(7r(/)o0), 

7T 

taken over irreducible representations ir of G such that n e — n. It is exactly the 
sort of formula needed to quantify the proposed image of the base change map. 

In general, our discussion that led to the invariant trace formula applies also 
to the twisted case. (See [CLL], [A 14].) Most of the results in fact remain valid as 
stated, if we introduce a minor change in notation. We take G to be a connected 
component of a (not necessarily connected) reductive group over F such that G(F) 
is not empty We write G + for the reductive group generated by G, and G° for the 
connnected component of 1 in G + . We then consider distributions on G(A) that are 
invariant with respect to the action of G (A) on G(A) by conjugation. The analogue 
of the Hecke algebra becomes a space H.(G) of functions on a certain closed subset 
G(A) 1 of G(A). The objects of Theorems 23.2, 23.3, and 23.4 can all be formulated 
in this context, and the invariant twisted trace formula becomes the identity of 
Theorem 23.4. (See [A14].) It holds for any G, under one condition. We require 
that the twisted form of the archimedean trace Paley- Wiener theorem of Clozel- 
Delorme [CD] hold for G. This condition, which was established by Rogawski in 
the p-adic case [Ro2], is needed to characterize the invariant image 1(G) of the 
twisted Hecke algebra H(G). (See also [KR].) 

For base change, we take 

G = G°x#, G° = R E/F (GL(n) E ), 

where 9 is the automorphism of G° defined by the generator a oiTp/p. We also set 
G' = GL(n)p. Our task is to compare the invariant twisted trace formula of G with 
the invariant trace formula of G' . The problem is very similar to the comparison 
for inner twistings of GL(n), treated at some length in §25. In fact, we recall that 
the two comparisons were actually treated together in [AC]. We shall add only 
a few words here, concentrating on aspects of the problem that are different from 
those of §25. 

The first step is to define a mapping 7—5-7', which for any k D F takes the 
set r(G(fc)) of G°(fc)-orbits in G(k) to the set T(G'(k)) of conjugacy classes in 
G'(fc). The mapping is analogous to the injection 7 — > 7* of §25. In place of the 
inner twist, one uses the norm mapping from number theory, which in the present 
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context becomes the mapping 7^7 from G to G°. Setting k = F v , one uses 
the mapping j v — > 7^ to transfer twisted orbital integrals on T Icg [G(F v )) . This 
gives a transformation /„ — > from functions /„ G TL{G{F V )) to functions /' on 
r reg (G'(i 7 ! u )). One then combines Theorem 25.1 with methods of descent to show 
that f' v lies in the invariant Hecke algebra l(G'(F v )). 

One has then to combine the mappings f v — > into a global correspondence 
of adelic functions. This is more complicated than it was in §25. The problem is 
that G'(F V ) is distinct from G(F V ) at all places, not just the unramified ones. At 
almost all places v, we want f v to be the characteristic function of the compact 
subset K v = K° xi = G(o v ) of G(F V ), and f v to be the image in l(G'(F v )) of the 
characteristic function of the maximal compact subgroup K' v = G (o v ) of G'(F V ). 
However, we do not know a priori that this is compatible with the transfer of orbital 
integrals. The assertion that the two mappings are in fact compatible is a special 
case of the twisted fundamental lemma. It was established in the case at hand 
by Kottwitz [Ko4]. The result of Kottwitz allows us to put the local mappings 
together. We obtain a mapping / — > /' from H(G) to T(G'), which takes any 
subspace H(G(F S ) 1 ) of H{G) to the corresponding subspace ^'(Fg) 1 ) of T(G'). 

The next step is to extend the fundamental lemma to more general func- 
tions in an unramified Hecke algebra Tt(G(F v ),K®). More precisely, one needs 
to show that at an unramified place v, the canonical mapping from Tt(G(F v ), K®) 
to H{G' (F v ) , K' v ) defined by Satake isomorphisms is compatible with the trans- 
fer of orbital integrals. This was established in [AC, §1.4], using the special case 
established by Kottwitz, and the simple forms of Corollary 23.6 of the two trace 
formulas. Further analysis of the two simple trace formulas allows one to establish 
local base change [AC, §1.6-1.7]. The result is a mapping n' v — > ir v of tempered 
representations, which satisfies local forms of the conditions of the theorem, and is 
the analogue of Theorem 25.1(b). 

The expansions (23.11) and (23.12) represent the two sides of the invariant 
twisted trace formula for G. We define "endoscopic" forms ^(7,/), a M ' £ (j), 
lff(n,f) and a M,£ (7r) of the terms in the two expansions by using the mapping 
/ — > f to pull back the corresponding terms from G'. The constructions are similar 
to those of §25, but with one essential difference. In the present situation, we have 
to average spectral objects /m'(-,/') and a M (•) over representations r ® £, for 
characters £ on M'(A) obtained from the original character rj on Te/f- The reason 
for this is related to condition (ii) of the theorem, which in turn is a consequence of 
the fact that the norm mapping is not surjective. However, the averaging operation 
is not hard to handle. It is an essential part of the discussion in [AC, §2.10-2.12]. 
The identities of Theorems 25.5 and 25.6 can therefore be formulated in the present 
context. Their proof is more or less the same as in §25. 

The analogue of the global spectral identity (25.13) (with M — G) is again 
what is most relevant for global applications. It leads directly to an identity 

(26.8) 7 Misc (/) = 3, disc (A / G H(G), 

of ^-discrete parts of the two trace formulas. One extracts global information from 
the last identity by allowing local components f v of / to vary over unramified Hecke 
algebras Tt(G(F v ),K®). By combining general properties of the distributions in 
(26.8) with operations on Rankin- Selberg L-functions L(s, tti x 7r 2 ), one establishes 
all the assertions of the theorem. (See [AC, Chapter 3].) □ 
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We remark that the proof of base change in [AC] works only for cyclic exten- 
sions of prime degree (despite assertions in [AC] to the contrary). The mistake, 
which occurred in Lemma 6.1 of [AC], was pointed out by Lapid and Rogawski. 
In the case of G = GL(2), they characterized the image of base change for a gen- 
eral cyclic extension by combining the special case of Theorem 26.1 established by 
Langlands [Lan9] with a second comparison of trace formulas [LR] . There is also a 
gap in the density argument at the top of p. 196 of [AC], which was filled in [A29, 
Lemma 8.2]. 

We know that the spectral decomposition for GL(n) contains more than just 
induced cuspidal representations. In particular, the discete spectrum contains more 
than the cuspidal automorphic representations. The classification of the discrete 
spectrum for GL{n) came after [AC]. It was established through a deep study by 
Moeglin and Waldspurger of residues of cuspidal Eisenstein series [MW2] , following 
earlier work of Jacquct [J]. 

Theorem 26.2. (Moeglin- Waldspurger) . The irreducible representations tt of 
GL(n,A) that occur in Lj isc (GL(n, F)\GL(n, A) 1 ) have multiplicity one, and are 
parametrized by pairs (fc, a), where n = kp is divisible by k, and a in an irreducible 
unitary cuspidal automorphic representation ofGL(k, A). If P is the standard para- 
bolic subgroup ofGL(n) of type (k, . . . , k), and p„ is the nontempered representation 

(a <g> • • • ® a) ■ Sp : m — > (ct(toi)| det m\\~^~) <£> • • • <£> [a(m p )\ det m p \~~^) 

of Mp(A) = GL(k,A) p , then it is the unique irreducible quotient of the induced 
representation lp(p a ) . □ 

If we combine Theorem 26.1 with Theorem 26.2 (and the theory of Eisenstein 
series), we obtain a base change mapping tt' — > tt for any representation n' of 
G'(A) that occurs in the spectral decomposition of L 2 (G"(F)\G"(A)) . It would be 
interesting, and presumably not difficult, to describe the general properties of this 
mapping. It would also be interesting to try to establish the last step of the proof 
of Theorem 26.1 without recourse to the argument based on L- functions in [AC, 
Chapter 3] . This might be possible with a careful study of the fine structure of the 
distributions on each side of (26.8). 

As a postscript to this section on base change, we note that there is a sug- 
gestive way to look at the theorem of Moeglin and Waldspurger. It applies to 
those representations tt in the discrete spectrum for which the underlying cuspidal 
automorphic representation a is attached to an irreducible representation 

W F — ► GL(k,C) 

of the global Weil group, according to the special case of functoriality we discussed 
earlier. One expects a to be tempered. This means that fi is (conjugate to) a 
unitary representation, or equivalcntly, that its image in GL(k, C) is bounded. We 
are assuming that n = kp, for some positive integer p. Let v be the irreducible rep- 
resentation of the group SL(2, C) of degree p. We then represent the automorphic 
representation tt by the irreducible n-dimensional representation 

4> = p®v: Wf x SL(2, C) — ► GL(n,C) 

of the product of W F with SL(2, C). Set 
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where \w\ is the canonical absolute value on Wf- By comparing the unramified 
constituents of ir with the unramified images of Frobenius classes in Wp, we see 
that 7r is the automorphic representation corresponding to the n-dimensional rep- 
resentation <j>^ of Wf- Thus, according to functoriality, there is a mapping ip — > 7r, 
from the set of irreducible n-dimensional representations of Wf x SX(2,C) whose 
restriction to Wf is bounded, into the set of automorphic representations ir of 
GL(n) that occur in the discrete spectrum. Removing the condition that ip be 
irreducible gives rise to representations ir that occur in the general spectrum. 

27. The problem of stability 

We return to the general trace formula. The invariant trace formula of Theorem 
23.4 still has one serious deficiency. The invariant distributions on each side are not 
usually stable. We shall discuss the notion of stability, and why it is an essential 
consideration in any general attempt to compare trace formulas on different groups. 

Stability was discovered by Langlands in attempting to understand how to 
generalize the Jacquet-Langlands correspondence. We discussed the extension of 
this correspondence from GL{2) to GL(n) in §25, but it is for groups other than 
GL(n) that the problems arise. Suppose then that G is an arbitrary connected 
reductive group over our number field F. We fix an inner twist 

ip : G — ► G* , 

where G* is a quasisplit reductive group over F. One would like to establish the 
reciprocity laws between automorphic representations of G and G* predicted by 
functoriality. 

To use the trace formula, we would start with a test function / for G. For 
the time being, we take / to be a function in C^°(G(A) 1 ), which we assume is the 
restriction of a product of functions 

11 fv, f v eC?(G(F v )). 

V 

If we were to follow the prescription of Jacquet-Langlands, we would map / to a 
function /* on G(A) 1 obtained by restriction of a product J\f* of functions on 
the local groups G*(F V ). Each function /* would be attached to the associated 
function /„ on G(F V ) by imposing a matching condition for the local invariant 
orbital integrals of /„ and /* . This would in turn require a correspondence "f v — > 7* 
between strongly regular conjugacy classes. How might such a correspondence be 
defined in general? 

In the special case discussed in §25, the correspondence of strongly regular 
elements can be formulated explicitly in terms of characteristic polynomials. For 
any k D F, one matches a characteristic polynomial on the matrix algebra M n (k) 
with its variant for the central simple algebra that defines G. Now the coefficients 
of characteristic polynomials have analogues for the general group G. For example, 
one can take any set of generators of the algebra of G-invariant polynomials on 
G. These objects can certainly be used to transfer semisimple conjugacy classes 
from G to G*. However, invariant polynomials measure only geometric conjugacy 
classes, that is, conjugacy classes in the group of points over an algebraically closed 
field. In general, if k is not algebraically closed, and G is just about any group 
other than GL(n) (or one of its inner twists), there can be nonconjugate elements 
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in G(k) that are conjugate over an algebraic closure G(k). For example, in the case 
that G = SL{2) and k = E, the relation 

/cos6» -sin0\ _ (i 0\/cos6> sin0\ (-% 0\ 
\smB cos6» ) ~ \Q -i)\-sine cosO) \0 i) 

represents conjugacy over G(C) of nonconjugatc elements in G(R). This phenom- 
enon obviously complicates the problem of transferring conjugacy classes. 

Langlands defined two strongly regular elements in G(k) to be stably conjugate 
if they were conjugate over an algebraic closure G{k). Stable conjugacy is thus an 
equivalence relation that is weaker than conjugacy. Suppose that 8 belongs to the 
set A rcg (G(fc)) of (strongly regular) stable conjugacy classes in G(k). The image 
ip(8) of 8 in G* yields a well defined conjugacy class in G(k). If a belongs to 
Gal(fc/fc), 

v(l>(5)) = *U>)v(S) = a(a)-^(5), 
for the inner automorphism a(a) = ipoa^)" 1 of G* . The geometric conjugacy class 
of ip(S) is therefore defined over k. Because G* is quasisplit and ip(8) is semisimple, 
an important theorem of Steinberg [Ste] implies that the geometric conjugacy class 
has a representative in G(k). This representative is of course not unique, but it does 
map to a well defined stable conjugacy class 6* G A reg (G*(&;)). We therefore have 
an injection 8^8* from A rcg (G(fc)) to A reg (G*(£;)), determined canonically by ip. 
(The fact that Steinberg's theorem holds only for quasisplit groups is responsible 
for the mapping not being surjective.) We cannot however expect to be able to 
transfer ordinary conjugacy classes 7 G r rog (G(£;)) from G to G*. 

Besides the subtle global questions it raises for the trace formula, stable con- 
jugacy also has very interesting implications for local harmonic analysis. Suppose 
that k is one of the local fields F v . In this case, there are only finitely many conju- 
gacy classes in any stable class. One defines the stable orbital integral of a function 
/„ G (G(F V )) over a (strongly regular) stable conjugacy class S v as a finite sum 

(*») = I>,G(7tO 

of invariant orbital integrals, taken over the conjugacy classes j v in the stable class 
8 V . (It is not hard to see how to choose compatible invariant measures on the 
various domains G~ (F V )\G(F V ).) An invariant distribution S v on G(F V ) is said 
to be stable if its value at /„ depends only on the set of stable orbital integrals 
{fy{S v )} of /„. Under this condition, there is a continuous linear form S v on the 
space of functions 

SX(G(F V )) = {/„ G : f v €H(G(F v ))} 

on A reg (G(F„)) such that 

S v (f v ) = S v (tf), f v e H(G(F v )). 

We thus have a whole new class of distributions on G(F V ), which is more restrictive 
than the family of invariant distributions. Is there some other way to characterize 
it? 

In general terms, one becomes accustomed to thinking of conjugacy classes 
as being dual to irreducible characters. From the perspective of local harmonic 
analysis, the semisimple conjugacy classes in G(F V ) could well be regarded as dual 
analogues of irreducible tempered characters on G(F V ). The relation of stable 



194 



JAMES ARTHUR 



conjugacy ought then to determine a parallel relationship on the set of tempered 
characters. (In [Kol], Kottwitz extended the notion of stable conjugacy to ar- 
bitrary semisimplc elements.) Langlands called this hypothetical relationship In- 
equivalence, and referred to the corresponding equivalence classes as L-packets, 
since they seemed to preserve the local L-functions and e-factors attached to irre- 
ducible representations of G(F V ). He also realized that in the case F v — R, there 
was already a good candidate for this relationship in the work of Harish-Chandra. 

Recall from §24 that G(R) has a discrete series if and only if G has an elliptic 
maximal torus Tq over R. In this case, the discrete series occur in finite packets 
LT^^t). On the other hand, any strongly regular elliptic conjugacy class for G(R) 
intersects T^re^R)- Moreover, two elements in T<5 ireg (R) are G(R)-conjugate if and 
only if they lie in the same W(K&, T(j)-orbit, and are stably conjugate if and only 
if they are in the same orbit under the full Weyl group W(G, Tq). This is because 
W(K^,Tg) is the subgroup of elements in W(G,Tg) that are actually induced by 
conjugation from points in G(R). It can then be shown from Harish-Chandra's 
algorithm for the characters of discrete series that the sum of characters 

6( M ,7)= (^>7), 7 eG rog (R), 

7TRen 2 (M) 

attached to representations in a packet n 2 (/z), depends only on the stable conjugacy 
class of 7, rather than its actual conjugacy class. In other words, the distribution 

h — > E /k,g(7Tm), / K eG c °°(G(R)), 
7TRen 2 ((u) 

on G(R) is stable. This fact justifies calling 0(/z, 7) a "stable character", and des- 
ignating the sets n 2 (/u) the L-packets of discrete series. It also helps to explain 
why the sum over 7Tr e H 2 (n), which occurs on each side of the "finite case" of the 
trace formula in Theorem 24.1, is a natural operation. Langlands used the L-packet 
structure of discrete series as a starting point for a classification of the irreducible 
representations of G(R), and a partition of the representations into L-packets gov- 
erned by their local L-functions [Lanll]. (Knapp and Zuckerman [KZ2] later 
determined the precise structure of the L-packets outside the discrete series.) The 
Langlands classification for real groups applies to all irreducible representations, 
but it is only for the tempered representations that the sum of the characters in an 
L-packet is stable. 

Let us return to the invariant trace formula. The basic questions raised by the 
problem of stability can be posed for the simplest terms on the geometric side. Let 
r re g, e ii(G) be the set of conjugacy classes 7 in G(F) that are both strongly regular 
and elliptic. An clement 7 e G(F) represents a class in L rcg , n(G) if and only if 
the centralizer G 7 is a maximal torus in G that is elliptic, in the usual sense that 
Aq^ — Aq. It follows from the definitions that 

r reg; eii(G) c L anis (G) c L(G) S . 

The elements in r reg;e ii(G) are in some sense the generic elements in the set T(G)s, 
which we recall indexes the terms in the sum with M = G on the geometric side. 
The regular elliptic part 

(27.1) Wu(/)= E « G (7)/g(7) 

7er reg , eU (G) 
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of the trace formula therefore represents the generic part of this sum. 

The first question that comes to mind is the following. Is the distribution 

/ — Wn(/), /e^(G(Af), 

stable? In other words, does / re g,eii(/) depend only on the family of stable orbital 
integrals {fv(S v )}'? An affirmative answer could solve many of the global problems 
created by stability. For in order to compare / reg ,eii with its analogue on G* , it 
would then only be necessary to transfer / to a function /* on A(3-reg(G*(A)), 
something we could do by the local correspondence of stable conjugacy classes. 

A cursory glance seems to suggest that the answer is indeed affirmative. The 
volume 

a G ( 7 )=vol(G 7 (Q)\G 7 (A) 1 ), 

depends only on the stable conjugacy class 6 of 7 in G(F), since it depends only 
on the i^-isomorphism class of the maximal torus G 7 . We can therefore write 

(27.2) Wu(/) = E« G W(E/g(t)), 

5 7 — >8 

where 6 is summed over the set A rcgjC n(G) of elliptic stable classes in A reg (G(F)), 
7 is summed over the preimage of S in r rcg!C n(G), and a G (S) = a G {"f). The sum 
over 7 looks as if it might be stable in /. However, a closer inspection reveals that 
it is not. For we are demanding that the distribution be stable in each component 

fv Of /• If 

Sa=Y1 6 v, 5 V e A Teg (G{F v )), 

ves 

is a product of local stable classes with a rational representative 5, each ordinary 
conjugacy class 7a — Jl 7*> m would also have to have a rational representative 
7. It turns out that there are not enough rational conjugacy classes 7 for this to 
happen. Contrary to our initial impression then, the distribution / re g,eii(/) is not 
generally stable in /. 

Since / r eg,eii(/) need not be stable, the question has to be reformulated in 
terms of stabilizing this distribution. The problem may be stated in general terms 
as follows. 

Express / r eg,eii(/) as the sum of a canonical stable distribution S G gcll (f) with 
an explicit error term. 

The first group to be investigated was SL{2). Labesse and Langlands stabilized the 
full trace formula for this group, as well as for its inner forms, and showed that the 
solution had remarkable implications for the corresponding spectral decompositions 
[Labi], [Shel], [LL]. Langlands also stabilized / rC g,cii m the general case, under 
the assumption of two conjectures in local harmonic analysis [LanlO]. 

In his general stabilization of I r e g ,cii(/), Langlands constructed the stable com- 
ponent S G g ell explicitly. He expressed the error term in terms of corresponding 
stable components attached to groups G' of dimension smaller than G. The groups 
{G'} arc all quasisplit. Together with the group G' = G* of dimension equal to 
G, they are known as elliptic endoscopic groups for G. For each G', Langlands 
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formulated a conjectural correspondence / — ► /' between test functions for G and 
G'. His stabilization then took the form 

(27.3) Wu(/) - E < G > G')S' G _ rcgMl (f), 

G> 

for explicitly determined coefficients i(G, G'), and stable linear forms S' G _ ell at- 
tached to G'. In case G' = G* , the corresponding terms satisfy i(G,G') = 1 and 
S G _ rcg ell = 5* cg ell . The stable component of / r eg,eii(/) is the associated summand 

^reg,ell(/) = ^reg.el^/*)- 

For arbitrary G' , S' G _ rcg ell is the strongly G-regular part of S' ell , obtained from 
classes in A regj en(G') whose image in G remains strongly regular. 

Langlands' stabilization is founded on class field theory. Specifically, it depends 
on the application of Tate-Nakayama duality to the Galois cohomology of algebraic 
groups. The basic relationship is easy to describe. Suppose that 5 is a strongly 
regular element in G(k), for some k D F. The centralizer of 5 in G is a maximal 
torus T over k. Suppose that 7 € G(k) is stably conjugate to S. Then 7 equals 
g Sg, for some element g € G(k). If er belongs to Gal(fc/fc), we have 

5 = a(5) = aigjg- 1 ) = a^G?)" 1 = t{a)- x 5t{a) , 

where t(a) is the 1-cocycle g'j{g)~ 1 from Gal(fc/fc) to T(k). One checks that a 
second element -fi <G G(fc) in the stable class of S is G(fc)-conjugate at 7 if and 
only if the corresponding 1-cocycle t\(a) has the same image as t(a) in the Galois 
cohomology group 

H^k.T) = H^T^Tik)), T k = Gal(fc/fc). 

Conversely, an arbitrary class in ii^^T) comes from an clement 7 if and only if 
it is represented by a 1-cocycle of the form ga{g)~ l . The mapping 7 — > t therefore 
defines a bijection from the set of G(/c)-conjugacy classes in the stable conjugacy 
class of 5 to the kernel 

(27.4) V{T) = V(T/k) = kcr (H 1 (k, T) -» if 1 (jfc, G)) . 

Keep in mind that G) is only a set with distinguished element 1, since G 

is generally nonabclian. The preimage T>(T) of this element in _ff 1 (fc,T) therefore 
need not be a subgroup. However, 2?(T) is contained in the subgroup 

£{T) = £(T/k) = im^fc, T sc ) -> i/^fc, T)) 

of -ff 1 (A;, T), where T sc is the preimage of T in the simply connected cover G sc of the 
derived group of G. This is because the canonical map T>(T SC ) — > D(T) is surjective. 
If H 1 (k, G sc ) = {1}, which is the case whenever fc is a nonarchimedean local field 
[Sprl, §3.2], Z?(T) actually equals the subgroup £(T). This is one of the reasons 
why one works with the groups £(T) in place of i? 1 (T, G), and why the simply 
connected group G sc plays a significant role in the theory. 

In the case that fc is a local or global field, Tate-Nakayama duality applies class 
field theory to the groups H 1 (k,T). If fc is a completion F v of F, it provides a 
canonical isomorphism 

H\F V ,T) ^ 7r (f r ^)* 
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of H 1 (F v , T) with the group of characters on the finite abclian group 7To (T r " ) . We 
have written T v here for the Galois group T Fv = Gal(F v /F v ), which acts on the 
complex dual torus 

f = X(T)(g>C* 

through its action on the group of rational characters X(T). As usual, ttq(-) denotes 
the set of connected components of a topological space. If k = F, Tate-Nakayama 
duality characterizes the group 

^(F,T(A)/T(F)) = H 1 (T F , T(Ap)/T(F)) = H 1 (r F , /F ,T(A F ,)/T(F')), 

where F' is some finite Galois extension of F over which T splits. It provides a 
canonical isomorphism 

H^F^/TiF)) ^ 7ro(f r r, 

where the Galois group r = Tp = Gal(F/F) again acts on the complex torus T 
through its action on X(T). If we combine this with the long exact sequence of 
cohomology attached to the exact sequence of T-modulcs 

1 — > T(F) — > T(A) — > T(K)/T(F) — > 1, 

and the isomorphism 

ff 1 (F ) r(A))£*0ff 1 (F„,T) 

V 

provided by Shapiro's lemma, we obtain a characterization of the diagonal image 
of H 1 (F,T) in the direct sum over v of the groups H 1 (F V ,T). It is given by a 
canonical isomorphism from the cokernel 

(27.5) coker 1 (F,T) = coker (if 1 (F, T) — ► 0ff 1 (F„,T)) 

V 

onto the image 

im(07r o (f r ")* 7r (f r )*). 

V 

If these results are combined with their analogues for T sc , they provide similar 
assertions for the subgroups £(T/k) of H 1 (k,T). In the local case, one has only 
to replace iro(T Tv ) by the group JC(T/F V ) of elements in ir ((T/Z(G)) ") whose 
image in H 1 (F v , Z(G)) is trivial. In the global case, one replaces 7r (T r ) by the 
group JC(T/F) of elements in tt ((? /Z(G)) T ) whose image in H 1 (F, Z(G)) is locally 
trivial, in the sense that their image in H 1 (F v , Z(G)) is trivial for each v. (See 
[LanlO], [Ko5].) 

To simplify the discussion, assume for the present that G = G sc . Then 
£{T/k) = H 1 (k, T), for any k. Moreover, K{T/F V ) = 7r (f r ") and fC(T/F) = 
7r (f r ), since Z(G) = 1. In fact, 7r (f r ) equals f r if T is elliptic in G over F. 

We recall that Langlands' stabilization (27.3) of / r e g ,eii(/) w &s necessitated by 
the failure of each G(A)-conjugacy class in the G(A)-stable class of 6 € A reg)e u(G) 
to have a representative in G(F). The cokernel (27.5) gives a measure of this failure. 
Langlands' construction treats the quantity in brackets on the right hand side of 
(27.2) as the value at 1 of a function on the finite abelian group coker 1 (F,T). 
The critical step is to expand this function according to Fourier inversion on 
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coker (.F, T). One has to keep track of the G(i 7 ')-conjugacy classes in the G(A)- 
conjugacy class of S, which by the Hasse principle for G = G sc are in bijection with 
the finite abelian group 

kev\F,T) = ker(ff 1 (F,T) — > 0tf 1 (F„,T)). 

V 

The formula (27.2) becomes an expansion 

(27.6) z reg;ell (/) = Yl aG ( s y( T ) E /gW, 

5eA reg , ell (G) K£ f r 

where T = Gs denotes the centralizer of (some fixed representative of) 8, l(t) equals 
the product of |f r |" 1 with \ kev 1 (F,T)\, and 

f&(S) = E /gt(7a)«(7a). 

{ 7 AGr(G(A)): 7A ~5} 

The last sum is of course over the G(A)-conjugacy classes 7a = Yi 7« m the stable 
class of 6 in G(A). For any such 7a, it can be shown that j v is G(F^)-conjugate to 5 
for almost all v. It follows that 7a maps to an element t& = t v in the direct sum 
of the groups H 1 (F Vl T). This in turn maps to a point in the cokernel (27.5), and 
hence to a character in (T r )*. The coefficient k(7a) is the value of this character 
at k. 

Suppose for example that G = SL(2). The eigenvalues of 6 then lie in a 
quadratic extension E of F, and T — Gs is the one-dimensional torus over F such 
that 

T(F) ^{teE* : ta(t) = 1}, T E/F = {1, a}. 

The nontrivial element a G T^/^ acts on X(T) = Z by m — > (— m), and therefore 
acts on T = Z<g>C* = C* by z z~ x . It follows that 7r (r r ) = T r is isomorphic to 
the subgroup {±1} of C*. Similarly 7r (f r ") = f r - = {±1} if v does not split in 
E, while tto(T Fv ) = ito(T) = {1} if v does split. In particular, if k is the nontrivial 
element in no(T r ), the local K-orbital integral f^ G (S) — fvo{5 v ) equals a difference 
of two orbital integrals if v does not split, and is a simple orbital integral otherwise. 
The characterization we have described here for the various groups H 1 {F Vl T), and 
for the diagonal image of H 1 (F,T) in their direct sum, is typical of what happens 
in general. In the present situation ker 1 (F, T) — {1}, so that ff 1 (F, T) can in fact 
be identified with its diagonal image. 

The expression (27.6) is part of the stabilization (27.3) of i re g,eii(/)- We need 
to see how it gives rise to the quasisplit groups G' of (27.3). 

Suppose that T and k are as in (27.6). We choose an embedding T C G of 
the dual torus of T into G that is admissible, in the sense that it is the mapping 
assigned to a choice of some pair (B,T) in G, and some Borel subgroup B of G 
containing T. Let s' be the image of k in G, and let G' = G s > be its connected 
centralizer in G. Then G' is a reductive subgroup of G. It is known that there is 
an L-embedding 

L T = f xW F ^ L G = GxW F , 
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for the Weil forms of the L-groups of T and G, which restricts to the given embed- 
ding of T into G [LSI, (2.6)]. Fix such an embedding, and set 

g, = LrpQl 

Then Q' is an L-subgroup of L G, which commutes with s'. It provides a split 
extension 

(27.7) 1 — > G' — ► Q' — ► W F — ► 1 

of Wp by G' . In particular, it determines an action of Wp on G' by outer auto- 
morphisms, which factors through a finite quotient of IV. Let G' be any quasisplit 
group over F for which G', with the given action of Tp, is a dual group. We have 
obtained a correspondence 

(T,«) (G',G',s'). 

We can choose a maximal torus T' C G' in G' over F, together with an iso- 
morphism from T" to T over F that is admissible, in the sense that the associated 
isomorphism T" — > T of dual groups is the composition of an admissible embedding 
f ' C G' with an inner automorphism of G that takes T to f . Let 5' e T'(F) be 
the associated preimage of the original point <5 G T^F) . The tori T and T' are the 
centralizers in G and G' of 5 and 5'. The two points <5 and 6' are therefore the 
primary objects. They become part of a larger correspondence 

(27.8) (6,k) ((G',G',s'),6'). 

Elements 5' G G'(F) obtained in this way are said to be images from G [LSI, 
(1.3)]. 

Suppose now that G is arbitrary. Motivated by the last construction, one 
defines an endoscopic datum for G to be a triplet (G 1 , Q' , s' , £'), where G' is a 
quasisplit group over F, 5' is a split extension of Wp by a dual group G' of G", s' is 
a semisimplc element in G, and £' is an L-embedding of CJ' into L G. It is required 
that £'(G') be equal to the connected centralizer of s' in G, and that 

(27.9) £'(«V = a'^(u')a(«'). u'€5', 

where a is a 1-cocycle from Wf to ^(G) that is locally trivial, in the sense that its 
image in H 1 (Wf v , Z(G)) is trivial for every v. The quasisplit group G' is called 
an endoscopic group for G. An isomorphism of endoscopic data (G', s' , £') and 
(Gj, ^J, s' l7 ^) is an isomorphism a: G' — > G'j over F for which, roughly speaking, 
there is dual isomorphism induced by some element in G. More precisely, it is 
required that there be an i-isomorphism (3: Q[ — > Q' such that the corresponding 

mappings *(G') ^> *(Gi) and *(Gi) ^> *(G') of based root data are dual, and 
an element g G G such that 

r(/?K))=5-^iK)5, «ieei, 

and 

s^g-'s'.gz, zeZ(d)Z(&)°, 

where Z^) is the connected component of 1 in the centralizer in G of £i(Q[). 
(See [LSI, (1.2)].) We write Aut G (G') for the group of isomorphisms a: G' -» G' 
of G' as a endoscopic datum for G. 



200 



JAMES ARTHUR 



We say that {G',Q', s',£') is effiptic if = 1. This means that the image 

of £' is L G is not contained in L M, for any proper Levi subgroup of G over F. We 
write £ n(G) for the set of isomorphism classes of elliptic endoscopic data for G. It 
is customary to denote an element in £ e \\(G) by G' , even though G' is really only 
the first component of a representative (G ,Q' , s' , £') of an isomorphism class. Any 
G' e £ e \\{G) then comes with a finite group 

Out G (G") = Aut G (G')/Int(G'), 

of outer automorphisms of G' as an endoscopic datum. 

Suppose for example that G = GL(n). The centralizer of any semisimplc 
clement s' in G = GL(n, C) is a product of general linear groups. It follows that 
any endoscopic datum for G is represented by a Levi subgroup M. In particular, 
there is only one element in £ e ii(G), namely the endoscopic datum represented by 
G itself. This is why the problem of stability is trivial for GL(n). 

The general definitions tend to obscure the essential nature of the construction. 
Suppose again that G = G sc . The dual group G is then adjoint, and Z(G) = 1. In 
general, any G' <G £ c n(G) can be represented by an endoscopic datum for which Q' is 
a subgroup of L G, and £' is the identity embedding i! . The condition (27.9) reduces 
in the case at hand to the requirement that Q' commute with s' . To construct a 
general clement in £ C \\(G), we start with the semisimplc clement s' € G. The 
centralizer L G S >. + of s' in L G is easily seen to project onto Wf- Its quotient by the 
connected centralizer G' — G s ' is an extension of Wp by a finite group. To obtain 
an endoscopic datum, we need only choose a section 

J : W F — ► L G S%+ /G' 

that can be inflated to a homomorphism Wp L G S ' ;+ . For the product 

Q' = G'uj'(W f ) 

is then a split extension of Wf by G' . It determines an L-action of Wf on G', and 
hence a quasisplit group G' over F of which G' is a dual group. The endoscopic 
datum (G', Q',s', i') thus obtained is elliptic if and only if the centralizer of Q' in G 
is finite, a condition that reduces considerably the possibilities for the pairs (s' , a/). 
The mapping 

(G',a', S ',0 

becomes a bijection from the set of G-orbits of such pairs and £ e ii(G). We note 
that a point g G G represents an clement in Outc(G') if and only if it stabilizes Q' 
and commutes with s'. 

For purposes of illustration, suppose that G is split as well as being simply 
connected. We have then to consider semisimple elements s' £ G whose central- 
izer G s i t + has finite center. It is an interesting exercise (which I confess not to 
have completed) to classify the G-orbits of such elements in terms of the extended 
Coxeter-Dynkin diagram of G. For example, elements s' that satisfy the stronger 
condition that G' = G s < has finite center are represented by vertices in the affinc 
diagram (although in the adjoint group G, some of these elements are conjugate). 
Once we have chosen s', we then select a homomorphism ui' from IV to the finite 
abelian group 7r (G s ' !+ ) = G s '. + /G' whose image pulls back to a subgroup of G s '. + 
that still has finite center. Suppose for example that G — SL(2), and that s' is the 
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image of ( ^ ^ 1 in G = PGL(2,C). Then G s > i+ consists of the group of diago- 



nal matrices, together with a second component generated by the clement ^ ^ ( 

Since the center of G s >,+ equals {1, s'}, we obtain elliptic endoscopic data for G by 
choosing nontrivial homomorphisms from IV to the group Tr (G S ', + ) = Z/2Z. The 
classes in £ e ii(G) other than G itself, are thus parametrized by quadratic extensions 
E of F. 

We return to the case of a general group G. We have spent most of this section 
trying to motivate some of the new ideas that arose with the problem of stability. 
This leaves only limited space for a brief description of the details of Langlands' 
stabilization (27.3) of / r c g ,cii(/)- 

The general form of the expansion (27.6) is 

Wn(/)= E a G mT,G) ]r .ms), 

<5eA rog>oll (G) kEK(T/F) 

where 

i(T,G) = \kev(s(T/F) — ®£(T/F„)) \\K(T/F)\~\ 

V 

and /<§((>) is defined as in (27.6). The correspondence (27.8) is easily seen to have 
an inverse, which in general extends to a bijection 

{(G',5')} ^ {(*,«)}. 

The domain of this bijection is the set of equivalence classes of pairs (C , 5'), where 
G' is an elliptic endoscopic datum for G, 5' is a strongly G-regular, elliptic element 
in G'(F) that is an image from G, and equivalence is defined by isomorphisms of 
endoscopic data. The range is the set of equivalence classes of pairs (5, k), where 8 
belongs to A reg)el i(G), n lies in K.(Gg/F), and equivalence is defined by conjugating 
by G(F). (See [LanlO], [Ko5, Lemma 9.7].) Given (G',5'), we set 

(27.10) f(5') = f£(5)= Yl /g(7a)«(7a). 

{7Aer(G(A)) :7A ~«5} 

We can then write 

Wn(/)= E |Out G (G')r 1 E a G (5)i(G s ,G)f'(5'), 

G>e£ c u(G) 5'eA G _ reg , eU (G>) 

with the understanding that f'(5') = if 5' is not an image from G. Langlands 
showed that for any pair (G', 5'), the number 

l(G,G') - .(G 5 ,G) t (G' 5 „G')- 1 |Out G (G')r 1 

was independent of 5' and 5. (Kottwitz later expressed the product of the first 
two factors on the right as a quotient t(G)t(G')~ 1 of Tamagawa numbers [Ko3, 
Theorem 8.3.1].) Set 

(27.11) §G- r e g ,eii(/') = E b'(5')f'(5'), 

<5'eA G _ rogiCn (G') 

where 

b'(S') = a G (5)L(G' 5 „G') = vol(G^(F)\G' 5 ,(A) 1 ) i (G^,G'). 
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Then 

Jreg,ell(/) = ^ t<(G, G') S' G _ IcgMl (f) . 
G'e£ e n(G) 

We have now sketched how to derive the formula (27.3). However, the term 
f'(6') in (27.11) is defined in (27.10) only as a function on A<5_ reg e ii(G'). One 
would hope that it is the stable orbital integral at 5' of a function in C£°(G'(A)). 
The sum in (27.10) can be taken over adelic products 7a = Yljv, where j v is a 
conjugacy class in G(F V ) that lies in the stable class of the image 5 V of 5 in G(F V ). 
It follows that 

f'(6') = f G (S) = l[f« G (6 v ), 

V 

where 

Are the local components 5' v — > f£ G {S v ) stable orbital integrals of functions in 
C^°(G'(F V )^? The question concerns the singularities that arise, as the strongly 
regular points approach 1, for example. Do enough of the singularities of the orbital 
integrals f v ,G(lv) disappear from the sum so that only singularities of stable orbital 
integrals on the smaller group G'{F V ) remain? 

The question is very subtle. We have been treating S as both a stable class 
in A rog!C n(G) and a representative in G(F) of that class. The distinction has not 
mattered so far, since f'(6') = f G (S) depends only on the class of 5. However, the 
coefficients k(j v ) in the local functions fy G (S v ) are defined in terms of the relative 
position of j v and S v . The local functions do therefore depend on the choice of 5 V 
within its stable class in G(F V ). The solution of Langlands and Shelstad was to 
replace k(j v ) with a function A G (5' v ,j v ) that they called a transfer factor. This 
function is defined as a product of n{"f v ) with an explicit but complicated factor 
that depends on 5' v and 5 V , but not j v . The product Ag(<5^, j v ) then turns out to be 
independent of the choice of S v , and depends only on the local stable class of 5' v and 
local conjugacy class of 7„. Moreover, if S' v is the local image of 5' £ AG-rog,oii(G'), 
for every v, the product over v of the corresponding local transfer factors is equal 
to the coefficient k( 7a ) in (27.10). (See [LSI, §3, §6].) 

There is one further technical complication we should mention. The Langlands- 
Shclstad transfer factor depends on a choice of L-embedding of L G' into L G. If 
G' represents an endoscopic datum (G 1 , Q', s', £') with Q' C L G and £' = t', this 
amounts to a choice of L-isomorphism Q' — » L G'. In the case that Gd cr is simply 
connected, such an L-isomorphism exists [Lan8]. However, it is not canonical, and 
one does have to choose £' in order to specify the transfer factors. The general 
situation is more complicated. The problem is that there might not be any such 
L-isomorphism. In this case, one has to modify the construction slightly. One 
replaces the group G' by a central extension 

1 — > & — > G' — > G' — > 1 

of G' , where C' is a suitable torus over F, and G' dcr is simply connected. One can 
then take £' to be an L-embedding 

e' : Q' ^ L G' , 
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whose existence is again implied by [Lan8]. This determines a character rf on 
C'(A)/C'(F), which is dual to the global Langlands parameter defined by the com- 
position 

Wf — ► Q' L G' — ► L C', 
for any section Wf — * Q' ■ The transfer factor at v becomes a function Ag(S' v7 j v ) 
of 8' v e A G . les (G'{F v )) and lv e r rcg (G(F„)), such that 

A G (c>:,7,)=i?;(c;)- 1 A G «, 7 „), c' v g C'(^). 

It vanishes unless S' v is an image of a stable conjugacy class <5„ <G A rog (G(i ;l ! j)) in 
G(F V ), in which case it is supported on those conjugacy classes j v in G(F V ) that 
lie in S v . In particular, Ag(<%,7„) has finite support in -f v , for any S' v . 

Transfer factors play the role of a kernel in a transform of functions. Consider 
a function /„ in G(F V ), which we now take to be in the Hecke algebra H(G(F„)). 
For any such /„, we define an (r^) -1 -equi variant function 

(27.12) fm = f!r(6'v)= E A G {5' v , lv )f v , G { lv ) 

7»er reg (G(F„)) 

of S' v G A G _ leg (G' (F v )) . Langlands and Shelstad conjecture that f' v lies in the space 
ST(G'(F V ), rj' v ) [LSI]. In other words, f' v {8' v ) can be identified with the stable 
orbital integral at 6' v of some fixed function h' v in the (r/{,) -1 -equivariant Hecke 
algebra H(G' (F v ),rj' v ) on G'(F V ). (Langlands' earlier formulation of the conjecture 
[LanlO] was less precise, in that it postulated the existence of suitable transfer 
factors.) For archimedean v, the conjecture was established by Shelstad [She3]. In 
fact, it was Shelstad's results for real groups that motivated the construction of the 
general transfer factors Ac(S' v ,j v ). (Shelstad actually worked with the Schwartz 
space C(G(F V )). However, she also characterized the functions f v in spectral terms, 
and in combination with the main theorem of [CD], this establishes the conjecture 
for the space H(G(F V )).) 

If v is nonarchimcdean, the Langlands-Shelstad conjecture remains open. Con- 
sider the special case that G, G' and rj' are unramified at v, and that /„ is the 
characteristic function of a (hyperspecial) maximal compact subgroup K v of G{F V ). 
Then one would like to know not only that h' v exists, but also that it can be taken 
to be the characteristic function of a (hyperspecial) maximal compact subgroup 
K' v of G'(F V ) (or rather, the image of such a function in H(G' v ,rf v ).) This variant 
of the Langlands-Shelstad conjecture is what is known as the fundamental lemma. 
It is discussed in the lectures [Hall] of Hales. Waldspurger has shown that the 
fundamental lemma actually implies the general transfer conjecture [Wa2]. To 
be precise, if the fundamental lemma holds for sufficiently many unramified pairs 
(G V ,G' V ), the Langlands-Shelstad transfer conjecture holds for an arbitrary given 
pair (G V ,G' V ). 

The two conjectures together imply the existence of a global mapping 

f = Hf v — f = Hf v 

V V 

from H(G) to the space 

SX(G'(A),rf) =lim Sl(G' s ,?j' s ). 
s 
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Such a mapping would complete Langlands' stabilization (27.3) of the regular el- 
liptic term. It would express / re g,eii(/) as the sum of a stable component, and 
pullbacks of corresponding stable components for proper endoscopic groups. We 
shall henceforth assume the existence of the mapping /—>/'. The remaining prob- 
lem of stabilization is then to establish similar relations for the other terms in the 
invariant trace formula. We would like to show that any such term J* has a stable 
component 

c qG qG* 

now regarded as a stable linear form on the Hccke algebra, such that 

(27.13) /.(/)= Yl <G,G')SUf), 

G'esMG) 

for any / £ 7i(G(A)) . The identity obtained by replacing the terms in the invariant 
trace formula by their corresponding stable components would then be a stable trace 
formula. We shall describe the solution to this problem in §29. 

In recognition of the inductive nature of the putative identity (27.13), we ought 
to modify some of the definitions slightly. In the case of = ireg,eii> for example, 
the term S' G _ a (f) in (27.3) is not the full stable component of ^eg.eii- We 
could rectify this minor inconsistency by replacing / r eg,eii(/) with its H- regular 
part -Tff-rcg,cii(/), for some reductive group H that shares a maximal torus with G, 
and whose roots contain those of G. The resulting version 

lH-ieg,en(f) = Y G ') S H-reg,el\(f) 
G' 

of (27.3) is then a true inductive formula. 

Another point concerns the function /'. We are assuming that /' is the stable 
image of a function in the (rf ) -1 -equivariant algebra H(G'(A),rj'). However, the 
original function / belongs to the ordinary Hecke algebra 7i(G). To put the two 
functions on an even footing, we fix a central torus Z in G over F, and a character 
( on Z(A)/Z(F). We then write Z' for the prcimagc in G' of the canonical image 
of Z in G' . Global analogues of the local constructions in [LSI, (4.4)] provide 
a canonical extension of ff to a character on Z'(A)/Z'(F). We write £' for the 
character on Z' (A) / Z' (F) obtained from the product of rj' with the pullback of 
£. The presumed correspondence / — > /' then takes the form of a mapping from 
H(G(A)X) to ST(G"(A), £'). At the beginning of §29, we shall describe a version 
of the invariant trace formula that applies to equivariant test functions /. 

28. Local spectral transfer and normalization 

We have now set the stage for the final refinement of the trace formula. We 
shall describe it over the course of the next two sections. This discussion, as well 
as that of the applications in §30, contains much that is only implicit. However, it 
also contains remarks that are intended to provide general orientation. A reader 
who is not an expert should ignore the more puzzling points at first pass, and aim 
instead at acquiring a sense of the underlying structure. 

The problem is to stabilize the invariant trace formula for a general connected 
group G over F. In the case that G is an inner form of GL(n), Theorems 25.5 and 
25.6 represent a solution of the problem. They provide a term by term identification 
of the trace formula for G with the relevant part of the trace formula for the group 
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G* = GL(n). In this case, all invariant distributions are stable, and G* is the 
only elliptic endoscopic group. The stabilization problem therefore reduces to the 
comparison of G with its quasisplit inner form. 

The case of an inner form of GL(n) is also simpler for the existence of a local 
correspondence ir v — > ir* of tempered representations. Among other things, this 
allows us to define normalizing factors for intertwining operators for G in terms of 
those for G* . We recall that the invariant distributions in the trace formula de- 
pend on a choice of normalizing factors. So therefore do any identities among these 
distributions. For general G, the theory of endoscopy predicts a refined local corre- 
spondence, which would yield compatible normalizations as a biproduct. However, 
the full form of this correspondence is presently out of reach. We nevertheless do 
require some analogue of it in any attempt to stabilize the trace formula. 

We shall first describe a makeshift substitute for the local correspondence, 
which notwithstanding its provisional nature, still depends on the fundamental 
lemma. We will then review how the actual correspondence is supposed to work. 
After seeing the two side by side, the reader will probably agree that it is not 
reasonable at this point to try to construct compatible normalizing factors. For- 
tunately, there is a second way to normalize weighted orbital integrals, which does 
not depend on a normalization of intertwining operators. We shall discuss the con- 
struction at the end of the section. At the beginning of the next section, we shall 
describe how the construction leads to another form of the invariant trace formula. 
It will be this second form of the trace formula that we actually stabilize. 

The global stabilization of the next section will be based on two spaces of 
invariant distributions, which reflect the general duality between conjugacy classes 
and characters. We may as well introduce them here. We are assuming that G 
is arbitrary. If V is a finite set of valuations of F, we shall write Gy — G(Fy) 
for simplicity. Suppose that Z is a torus in G over F that is contained in the 
center, and that (y is a character on Zy. Let V(Gy, (y) be the space of invariant 
distributions that are £y-equivariant under translation by Zy, and are supported 
on the preimage in Gy of a finite union of conjugacy classes in Gy = Gy /Zy. Let 
T(GyXv) be the space of invariant distributions that are £y-equivariant under 
translation by Zy, and are spanned by irreducible characters on Gy. This second 
space is obviously spanned by the characters attached to the set H(Gy,(y) of 
irreducible representations of Gy whose central character on Zy equals ( v . Now, 
the Hecke algebra on Gy has (y 1 -equivariant analogue H(Gy,(y), composed of 
functions / such that 

f(zx) = Cv^/ix), Z G Zy. 

Likewise, the invariant Hecke algebra has a £y "'-analogue X(Gy , (y). A distribution 
D in cither of the spaces V(Gy , (y) or T{Gy,5y) can be regarded as a linear form 

D(f) = f G (D), feH(GyXv), 

on cither H(G V , (y) or 2(G V , (y). 

The notation /g(-D) requires further comment. On the one hand, it generalizes 
the way we have been denoting both invariant orbital integrals fail) an d irreducible 
characters /g(tt)- But it also has the more subtle interpretation as the value of a 
linear form on the function fa in X(Gy,(y). Since we have defined l(Gy,(v) as 
a space of functions on n temp (Gy , Cv), we need to know that D is supported on 
characters. This is clear if D belongs to T(Gy ,(y). If D belongs to the other 
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space T>(Gv,(v), results of Harish-Chandra and Bouaziz [Bou] imply that it can 
be expressed in terms of strongly regular invariant orbital integrals. (Sec [A30, 
Lemma 1.1].) Since invariant orbital integrals are supported on characters, by the 
special case of Theorem 23.2 with M = G, D is indeed supported on characters. 
Incidentally, by the special case of Theorem 23.2 and the fact that characters are 
locally integrable functions, we can identify I(Gv, Cv) with the space 



We have in fact already implicitly done so in our discussion of inner twists and base 
change for GL n in §25 and §26. However, we do not have a geometric analogue 
of [CD] that would allow us to characterize I{GvXv) explicitly as a space of 
functions on Tc-r Cg (Gv)- 

We write ST>(Gv,Cv) and ST(Gv ,C,v) for the subspaces of stable distribu- 
tions in T>(Gv,Cv) and F(Gv,(v) respectively. We also write ST(Gv,(v) for the 
Cy -analogue of the stably invariant Hecke algebra. Any distribution S in cither 
SV(GvXv) or ST(Gv, Cv) can then be identified with a linear form 



on SX(Gv,Cv)- We recall ST(Gv,(v) is presently just a space of functions on 
^G-rog(Gy). One consequence of the results we are about to describe is a spectral 
characterization of Sl(Gv, Cv)- 

Our focus for the rest of this section will be entirely local. We shall consider the 
second space !F(Gv, Cv), under the condition that V consist of one valuation v. We 
shall regard G and Z as groups over the local field k — F v , and we shall write £ — ( v , 
G = G V = G(F V ), F{G, Q - HGv, Cv), U(G, () = n(G„, £,), H(G, Q = H(G v ,Cv), 
and so on, for simplicity. With this notation, we write X cusp (G, £) for the subspace 
of functions in 1(G,() that are supported on the fc-elliptic subset r rcgi0ll (G) of 
r reg (G) = T rcg (G v ). We also write SX cusp (G, Q for the image of X cusp (G, () in 
ST(G, (), and H CUS p(G, () for the preimage of X C us P (G, £) in H(G, (). Keep in mind 
that any clement D e F(G, () has a (virtual) character. It is a locally integrable, 
invariant function Q(D, ■) on G v such that 



Assume for a moment that Z contains the split component Aq (over k) of 
the center of G. The space X cusp (G, Q then has the noteworthy property that it 
is a canonical linear image of !F(G,()- To be precise, there is a surjective linear 
mapping 



{fail): 7 er G _ rcg (Gy), feH(GvXv)}- 



f G f G (S), 



feH(GvXv) 





^(G,C) — Xcus P (G,C) 
that assigns to any element D e F(G, Q the elliptic part 




of its normalized character 



I{D, 1 ) = \D G { 1 )\^Q{D, 1 ). 
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This assertion follows from the case M = G of the general result [A20, Theorem 
5.1]. What is more, the mapping has a canonical linear section 

X cusp (G,C) — f(G,(). 

This is defined by a natural subset T e \\(G,Q [A22, §4] of T{GX) whose image in 
2cusp(G, £) forms a basis. 

The set T cll (G, £) contains the family n 2 (G, £) of square integrable represen- 
tations of G v with central character £. However, it also contains certain linear 
combinations of irreducible constituents of induced representations. We can define 
T e n(G, as the set of G^-orbits of triplets (L,a,r), where L is a Levi subgroup 
of G over k = F v , a belongs to n 2 (L, £), an d r is an element in the i?-group R a 
of a whose null space in Um equals ac- The i?-group is an important object in 
local harmonic analysis that was discovered by Knapp. In general terms, it can be 
represented as a subgroup of the stabilizer of a in W(L), for which corresponding 
normalized intertwining operators 

R Q (r, a) = A(a r )R r - 1Qr]Q (a), Q e V(L), r e R a , 

form a basis of the space of all operators that intertwine the induced representation 
Xq(ct). We write oy for an extension of the representation a to the group generated 
by L v and a representative w r of r in K v . Then 

A(a r ) : H r -i Qr {a) — >7Yq(ct) 

is the operator defined by 

(A(a r )(f)')(x) = a r (w r )<l> / (w~ 1 x), cj>' <G H r -i Qr (a). 

(See [A20, §2].) 

We identify elements r € T C \\{G, Q with the distributions 

f G (r) = tv(R Q (r,a)l Q (a,f)), f e C~(G), 

in T(G, C) ■ K is the associated set of functions 

4n(r,-), reT ell (G,C), 

that provides a basis of J cusp (G, Q. In fact, by Theorem 6.1 of [A20], these functions 
form an orthogonal basis of T cusp (G, with respect to a canonical measure d-f on 
rro g ,eii(G/^), whose square norms 

||/ e ii(r)|| 2 = / / ell (T, 7 )/eii(T,7)d7 = n(r), reT cU (G,C), 

Jr reg , e „(G/z) 

satisfy 

n(r) = |J? CT;r ||det(l - r) aL / aa \. 

(As usual R a ^ r denotes the centralizer of r in R a . See [A21, §4].) 

The set T e \\(G, Q is part of a natural basis T(G, () oiT{G 1 (). This can either be 
defined directly [A20, §3], or built up from elliptic sets attached to Levi subgroups. 
To remove the dependence on Z, we should really let £ vary. The union 

Ttemp,ell(G) = | J T c n(G, () 

c 

is a set of tempered distributions, which embeds in the set 

T e u(G) = {t x : t e 7tcmp,cii(G), A e a^ c} 
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that parametrizes nontcmpcrcd elliptic characters 

e(T A , 7 ) = e(T, 7 )c A ^». 

These two elliptic sets are in turn contained in respective larger sets 
Ttemp(G) = ]J T tcmp ^(M)/W(M) 

{M} 

and 

T(G) = ]J T cU (M)/W(M), 

{M} 

where {M} represents the set of conjugacy classes of Levi subgroups of G over k = 
F v . If T*(G) is any of the four sets above, we obviously have an associated subset 
T*(G,() attached to any Z and (. The distributions / — > /g(t) parametrized by 
the largest set T(G, form a basis of F(G, (), while the distributions parametrized 
by T tem p(G, £) give a basis of the subset of tempered distributions in T{G 1 £). We 
thus have bases that are parallel to the more familiar bases II(G, () and n tomp (G, 
of these spaces given by irreducible characters. 

Assume now that k = F v is nonarchimedean. In this case, one does not have a 
stable analogue for the set T e \\(G, Q). As a substitute, in case G is quasisplit and Z 
contains Aq, we write <I> 2 (G, C) for an indexing set {</>} that parametrizes a fixed 
family of functions {S e ii{<j>, ■)} c Sl cusp (G, () for which the products 

n{S)S en {(t>,5), 5 e A G _ rcg!Cll (G), 0e$ 2 (G,C), 

form an orthogonal basis of ST cusp (G, £). (The number n(5) stands for the number 
of conjugacy classes in the stable class 5, and is used to form the measure dS on 
AG-reg,eii{G/Z). The subscript 2 is used in place of ell because the complement 
of n 2 (G, C) in T c n(G, £) is believed to be purely unstable.) We fix the family 
{S e \\((j>, •)}, subject to certain natural conditions [A22, Proposition 5.1]. We then 
form larger sets 

$texnp,2(G) = ]J$ 2 (G,C), 

c 

$ 2 (G) = {0A : € $tcmp, 2 (G), A e Qg, C }, 

^tcmp(G) = ]J $temp,2(M)/W(M), 
{M} 

and 

$(G) = ]J $ 2 (M)/W(M), 

{M} 

where 5 e ii(</>A, 5) = S e ii(4>, 5)e x< ^ HG ^\ as well as corresponding subsets < &*(G, £) of 
$*(G) attached to any Z and (. The analogy with the sets T„(G, £) is clear. What 
is not obvious, however, is that the elements in (G, C) give stable distributions. 
The first step in this direction is to define 

(28.1) / G (0)= f f G (S)S cll (^S)dS, 

JA tes , ell (G/Z) 

for any / G W cusp (G, C) and e $ 2 (G, C). 

We shall now apply the Langlands-Shclstad transfer of functions. One intro- 
duces endoscopic data G' for G over the local field k — F v by copying the defini- 
tions of §27 for the global field F. (The global requirement that a certain class in 
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i? 1 (.F, Z(G)) be locally trivial is replaced by the simpler condition that the cor- 
responding class in H 1 (F V ,Z(G)) be trivial, but this is the only difference.) We 
follow the same notation as in the global constructions of §27. In particular, we 
write £ e \\(G) for the set of isomorphism classes of elliptic endoscopic data for G 
over k. 

We are assuming that the fundamental lemma holds, for units of Hecke algebras 
at unramificd places of any group over F that is isomorphic to G over k = F v . 
The theorem of Waldspurger mentioned at the end of the last section asserts that 
this global hypothesis (augmented to allow for induction arguments) implies the 
Langlands-Shclstad transfer conjecture for any endoscopic datum G' for G over k. 
We suppose that for each elliptic endoscopic datum G' £ £ e ii(G) of G over k, we 
have chosen sets $((?',£'), as above. If / belongs to W cusp (G, (), /' belongs to 
S1(G',('), by our assumption. Since the orbital integrals of / are supported on 
the elliptic set, f in fact belongs to the subspace ST cusp (G' , £') of ST(G',('). We 
can therefore define /'(</>') by (28.1), for any element </>' £ <&2(G £'). As a linear 
form on H CUS p(G, (), /'(</>') is easily seen to be the restriction of some distribution 
in F(G,C)- It therefore has an expression 

(28.2) /'(<//)= E A G (^,r)/ G (r), fen cusp (G,Q, 

reT e ii(G,0 

in terms of the basis T e \\(G, £). 

The coefficients A g (<//,t) in (28.2) are to be regarded as spectral transfer 
factors. They are defined a priori for elements </>' £ $2(6", C') an d t £ T e \\(G,(). 
However, it is easy to extend the construction to general elements 4/ £ $(G', C') 
and t £ T(G, Q. To do so, we represent <j>' and r respectively as Weyl orbits {<fi' M /} 
and {t m } of elliptic elements 4>' M £ <j> 2 (M',£') and t m £ T e n(M, £) attached to 
Levi subgroups M' C G' and M C G. We then define A G (</>', a) — unless M' can 
be identified with an elliptic endoscopic group for M, in which case we set 

A G (0',r)= A m (4>' m ,,wtm)- 
wew(M) 

It is not hard to deduce that for a fixed value of one of the arguments, A G (^',r) 
has finite support in the other. 

Suppose now that / is any function in H(G, (). For any G' £ £ e u(G), we define 
the spectral transfer of / to be the function 

4(<A')= E a g (0',t)/ g (t), 4/ e &{&,<;'). 

(The subscript gr stands for the grading on the space X(G, £) provided by the basis 
T(G, C) of !F(G, C).) It is by no means clear, a priori, that f coincides with the 
Langlands-Shelstad transfer /'. The problem is this. We defined the coefficients 
Ag(4>',t) by stabilizing elliptic (virtual) characters T C \\(G,() on the elliptic set. 
However, these characters also take values at nonelliptic elements. Why should 
their stabilization on the elliptic set, where they are uniquely determined, induce a 
corresponding stabilization on the nonelliptic set? The answer is provided by the 
following theorem. 
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Theorem 28.1. (a) Suppose that G is quasisplit and that <j> G 3>(G, C)- Then 
the distribution 

f — f°M, /eW(G,C). 

is stable, and therefore lifts to a linear form 

f G — / G W, /eW(G,C), 

on SI{G,Q- 

(b) Suppose that G is arbitrary, that G' G £ n(G), and i/iat 0' G <f>(G',C')- 
Tften 

/'(</>') = /g r (A /eW(G,C). 

Remark. The theorem asserts that for any 0' G <&(G',C), the mapping / — > 
is a well defined element in .F(G, £), with an expansion 

(28.3) /'(<£')= E A G (0',r)/ G (r), /£«((?,()■ 

r£T(G,C) 

Since II(G, () is another basis of F(G, (), we could also write 

(28.4) f'(<f>') = A G (^ )7 r)/ G (7r), 

7ren(G,c) 

for complex numbers A G (^',7r). 

The two assertions (a) and (b) of the theorem coincide with Theorems 6.1 and 
6.2 of [A22], the main results of that paper. The proof is global. One chooses a 
suitable group over F that is isomorphic to G over k — F v . By taking a global test 
function that is cuspidal at two places distinct from v, one can apply the simple trace 
formula of Corollary 23.6. The fundamental lemma and the Langlands-Shelstad 
transfer mapping provide a transfer of global test functions to endoscopic groups. 
One deduces the assertions of the theorem by a variant of the arguments used to 
establish Theorem 25.1(b) [DKV] and local base change [AC, §1]. □ 

We have taken some time to describe a weak form of spectral transfer. This is of 
course needed to stabilize the general trace formula. However, we would also like to 
contrast it with the stronger version expected from the theory of endoscopy, which 
among many other things, ought to give rise to compatible normalizing factors. For 
we are trying to see why we need another form of the invariant trace formula. 

One expects to be able to identify ^(G) with the set of Langlands parameters. 
A Langlands parameter for G is a G-conjugacy class of relevant L-homomorphisms 

<t> ■ L k — ► L G, 

from the local Langlands group 

L k = W k x SU(2) 

to the Weil form L G = G x W k of G over k — F v . (In this context, an L- 
homomorphism is a continuous homomorphism for which the image in G of any 
element is semisimple, and which commutes with the projections of L k and L G 
onto W k . Relevant means that if the image of <f) is contained in a Levi subgroup 
L M of L G, then L M must be the i-group of a Levi subgroup M of G over k.) Let 
us temporarily let ^(G) denote the set of such parameters, rather than the abstract 
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indexing set above. Then < i ) tcmp(G) corresponds to those homomorphisms whose 
image projects to a relatively compact subset of G. The subset <J>2(G) corresponds 
to mappings whose images are contained in no proper Levi subgroup L M of L G, 
while < &tomp,2(G) is of course the intersection of < I ) tomp(G) with <I>2(G). For any 
(p, one writes for the centralizer in G of the image of <p, and for the group 
of connected components of the quotient S<f, — S t j,/Z{G) Tk . The R-group R<p of <p 
is defined as the quotient of S$ by the subgroup of components that act by inner 
automorphism on S & . A choice of Borcl subgroup in the connected reductive group 
induces an embedding of R$ into S^. 

In the case that G is abelian, Langlands constructed a natural bijection <j> — * -n 
from the set of parameters $(G) onto the set 11(G) of quasicharacters on G [Lanl2]. 
We can therefore set 

Seii(&7)=e(7r,7)=7r(7), 7€G(fc), 

in this case. For example, if G = GL(1), a parameter in <&(G) is tantamount to a 
continuous homomorphism 

L k = W k x SU(2) — ► G = C*. 

Since SU(2) is its own derived group, and the abelianization of W k is isomorphic 
to k* = G(k), a parameter does indeed correspond to a quasicharactcr. If G is a 
general group, with central torus Z, there is a canonical homomorphism from L G to 
L Z. A parameter in <I>(G) then yields a quasicharacter Q on Z, whose corresponding 
parameter is the composition 

L k L G — ► L Z. 

The entire set of parameters <&(G) thus decomposes into a disjoint union over ( of 
the subsets <&(G, Q with central quasicharacter £ on Z. 

Suppose that £ is a character on For each parameter cfr £ <J> temp (G, £), it 
is expected that there is a canonical nonnegative integer valued function d^(ir) on 
ntom P (G, C) with finite support, such that the distribution 

/ — f G (<j>) = J2M*)fG(K), fen(G,Q, 

7T 

is stable. The sum 

S(<M) = ^^(7r)/(7r,7), 7eF rcg (G), 

would then depend only on the stable conjugacy class 6 of 7. Moreover, the finite 
packets 

n = {tt e n tC mp(G,C) : d (7r)>O}, </> e $tem P (G,C), 

are supposed to be disjoint, and have union equal to n temp (G, £). The subset 
ntcmp,2(G, C) of n temp (G, C) should be the disjoint union of packets 11^, in which <j> 
ranges over the subset <&tem P ,2(G, Q of <&tem P (G, £)■ 

Suppose that these properties hold in general, and that G' £ £ e \\(G) and 
<t>' G *tcm P (G[,C')- Then /'O') is a well defined linear form in / £ H{G,Q. 
The pair (G',£') is constructed in such a way that (/>' maps to a parameter (f> £ 
< I ) tomp(G, £). For example, if G' happens to equal G', <p 1S j uf >t the composition of 
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</>' with the underlying embedding of L G' into L G. It is believed that the expansion 
of /'(</>') into irreducible characters on G takes the form 

(28.5) /'(*')= £ A G (^,7r)/ G (7r), 

for complex coefficients A G (</>', 7r) that are supported on the packet LT^. 

The other basis r temp (G, £) would also have a packet structure. For the ele- 
ments of II^ ought to be irreducible constituents of induced representations 

(28.6) T P (a), P€V(M), jg^, 

where M C G is a minimal Levi subgroup whose L-group L M C L G contains the 
image of (f>, and <pM is the parameter in $temp,2(-W> C) determined by 0. Recall 
that as a representation in LT2 (M, Q , a has its own i?-group R a . In terms of the 
i?-group of <p, R a ought to be the stabilizer of a under the dual action of on M. 
Let be the subset of T temp (G, Q represented by triplets 

(M,a,r), a G n 0M , r G 

If the packet is defined as above, the packet gives rise to a second basis of 
the subspace of F(G, Q) spanned by II^. It provides a second expansion 

(28.7) W)= £ A g (^,t)/ g (t), 

for complex coefficients A g (0',t). As varies over <J> temp (G, £), Ttemp(G, ^) is a 
disjoint union of the corresponding packets T^. 

Given their expected properties, Langlands' parameters become canonical in- 
dexing sets. If G is quasisplit and Z contains Ac, we can set 



S e \\(<t>,8) 




if 5 G A reg;ell (G), 
otherwise, 



for any G ^(G, C)- The family {5 o n(0, •)} then serves as the basis of SJ cusp (G, £) 
chosen earlier. The improvement of the conjectural transfer (28.5) or (28.7) over 
the weaker version (28.4) or (28.3) that one can actually prove (modulo the fun- 
damental lemma) is obvious. For example, the hypothetical coefficients in (28.5) 
are supported on disjoint sets parametrized by < &tem P (G, £). However, the actual 
coefficents in (28.4) could have overlapping supports, for which we have no control. 

The hypothetical coefficients in (28.5) are expected to have further striking 
properties. Suppose for example that G is quasisplit. In this case, it seems to be 
generally believed that coefficients will give a bijection from LT^ onto the set 5^ of 
irreducible characters on S^. This bijection would depend on a noncanonical choice 
of any base point 7Ti in LT^ at which the integer d^ir-^) — A G (</>, 7Ti) equals 1. The 
irreducible character attached to any tt G 11^ ought then to be the function 

(28.8) s -> (s, irlm) = Af>', tt)A(^, tti)" 1 , s G S*, 

where s is the projection onto of the semisimple element s' G 5*0 attached to the 
elliptic endoscopic datum G' . There is also a parallel interpretation that relates the 
hypothetical coefficients (28.7) and the packets with the representation theory 
of the finite groups S$. In the case that G is not quasisplit, similar properties are 
expected, but they are weaker and not completely understood. (See [LL], [LanlO, 
PV.2].) 
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We have been assuming that the parameter <j> is tempered. Suppose now that 
is a general parameter. Then <j> is the image in <&(G) of a twist 4>m.\-, f° r a Levi 
subgroup M C G, a tempered parameter <j> M £ &tcm P (M), and a point A in the 
chamber (a* M )^ in a* M attached to a parabolic subgroup P £ V(M). The packet 
II^ can be defined to be the set of irreducible representations obtained by taking 
the unique irreducible quotient (the Langlands quotient) of each representation 

(28.9) Zp{k m ,\), 7r M en 0M . 

Similar constructions allow one to define the packet in terms of the tempered 
packet T^ M . One can thus attach conjectural packets to nontempered parameters. 
The Langlands classification for real groups [Lanll] extends to p-adic groups, to the 
extent that it reduces the general classification to the tempered case [BW, §XI.2]. 
Combined with the expected packet structure of tempered representations, it then 
gives a conjectural classification of 11(G) into a disjoint union of finite packets LT^, 
indexed by parameters (p £ 3>(G). Moreover, for <f), (f> M , and A as above, the finite 
group S,p equals the corresponding group S$ M attached to the tempered parameter 
<f>M for M. We can therefore relate the representations in LT^ to characters on 
S^, if we are able to relate the representations in the tempered packet H^ M with 
characters in S^ M . However, the nontempered analogues of the character relations 
(28.5) and (28.7) will generally be false. 

Suppose that G — GL(n). In this case, the centralizer of the image of 
any parameter <p £ 3>(G) is connected. The group S,p is therefore trivial, and the 
corresponding packet LT^ should consequently contain exactly one element. The 
Langlands classification for G = GL(n) thus takes the form of a bijection between 
parameters <j) & $(G) and irreducible representations n £ 11(G). It has recently 
been established by Harris and Taylor [HT] and Henniart [He] . 

We have assumed that the local field k was nonarchimedean. The analogues 
for archimedean fields k = F v of the conjectural properties described above have all 
been established. They are valid as stated, except that Lk is just the Weil group 
Wk, and the correspondence — ► 5^ is an injection rather than a bijection. As 
we mentioned earlier, the classification of irreducible representations n(G) in terms 
of parameters <p £ ^(G) was established by Langlands and Knapp-Zuckcrmann. 
(See [KZ1].) The transfer identities (28.5) and (28.7) for tempered parameters <f>, 
together with the description of packets in terms of characters S^, were established 
by Shelstad [She2], [She3]. In particular, there is a classification of irreducible 
representations of G(k) in terms of simple invariants attached to the dual group 
L G. One would obviously like to have a similar classification for nonarchimedean 
fields. 

One reason for wanting such a classification is to give a systematic construction 
of L-functions for irreducible representations. Suppose that k = F v is any comple- 
tion of F. One can attach a local L-function L(s,r) and e-factor e(s,r,ip) of the 
complex variable s to any (continuous, scmisimplc) representation r of the local 
Weil group Wk, and any nontrivial additive character ip: k — > C. The e-factors are 
needed for the functional equations of L-functions attached to representations of 
the global Weil group Wf- Deligne's proof [Dl] that they exist and have the appro- 
priate properties in fact uses global arguments. Suppose that the local Langlands 
conjecture holds for G = G v . That is, any irreducible representation 7r £ n(G) 
lies in the packet attached to a unique parameter <ft. We write <p\y for the 
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restriction of to the subgroup Wk of Lk- Suppose that p is a finite dimensional 
representation of the L-group L G. We can then define a local i-function 

(28.10) L{s,tt,p) = L{s, P o<}> w ) 
and e-factor 

(28.11) e(s,Tr,p, tp) = L(s,po (f> w ,if>) 

in terms of corresponding objects for Wk- For example, suppose that k — F v is 
nonarchimedean, and that tt, p, and -0 are unramified. Then tt is parametrized by a 
scmisimplc conjugacy class c = c(n) in L G. The associated parameter (f>: Lk — >• L G 
is trivial on both SU(2) and the inertia subgroup of Wfe. It maps the element 
Frobfc that generates the cyclic quotient Wk/Ik to c. In this case, e(s,ir,p,ip) = 1, 
and 

L(s, tt, p) = det (1 - p(c)q~ s ) , 

where q = q v . 

Langlands has conjectured that local L-functions give canonical normalizing 
factors for induced representations. Suppose that tt £ II(M) is an irreducible rep- 
resentation of a Levi subgroup M of G over k = F v . Recall that the unnormalizcd 
intertwining operators 

J q \p(tix) : Xp(tt a ) — > Tq(tt a ), P, Q e 7>(M), 

between induced representations are meromorphic functions of a complex variable 
A £ <*mc- Let /Oq|p be the adjoint representation of L M on the Lie algebra of the 

intersection of the unipotent radicals of the parabolic subgroups P and Q of G. We 
can then set 

(28.12) r QlP (n x ) = L(0, tt a , p Q \ P ) (e(0, tt a , p y QI[P , ip)L(l, tt a , p Q |p)) _1 , 

assuming of course that the functions on the right have been defined. Langlands 
conjectured [Lan5, Appendix II] that for a suitable normalization of Haar measures 
on the groups Nq (1 Np, these meromorphic functions of A are an admissible set of 
normalizing factors, in the sense that they satisfy the conditions of Theorem 21.4. 
It is this conjecture that Shahidi established in case G = GL(n), and that was 
used in the applications described in §25 and §26. (We recall that for GL(n), the 
relevant local L and e-factors were defined independently of Weil groups. Part of 
the recent proof of the local Langlands classification for GL{n) by Harris- Taylor 
and Henniart was to show that these L and ^-factors were the same as the ones 
attached to representations of Wk-) 

However, we do not have a general classification of representations in the pack- 
ets n^. We therefore cannot use (28.10) and (28.11) to define the factors on the 
right hand side of (28.12). The canonical normalization factors are thus not avail- 
able. This is our pretext for normalizing the weighted characters in a different 
way. 

Instead of normalizing factors r — {rQ\p(TT\)}, we use Harish-Chandra's canon- 
ical family p = {a*q|p( 7 '"a)} of p- functions. We recall that 

Mq|p(tta) = (Jq\p(^x)Jp\q(tt\)) 1 = (r , Q|p(7r A )r P | Q (7r A )) \ 

for any Q,P € V(M), tt € n(M) and A £ <*mc- Suppose that tt is in general 
position, in the sense that the unnormalized intertwining operators Jq\p{tt\) are 
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analytic for A G ia* M . For fixed P, the operator valued family 

J Q (A, tt, P) = Jqip(tt)- 1 Jq|p(7t a ), Q G V(M), 

is a (G, M)-family of functions of A G ia* M . The normalized weighted characters 
used in the original invariant trace formula were constructed from the product 
(G, M)-family 

K Q (A, 7T, P) = r Q (A, 7T, P)- 1 Jq(A, tt, P), 

where 

r Q (A,7r,P) = r Q |p(7r)" 1 r Q |p(7r A ). 

The normalized weighted characters for the second version are to be constructed 
from the product (G, M)-family 

(28.13) M Q (A, tt, P) - mq(A, tt, P) Jq(A, tt, P), 
where 

Mq(A, tt, P) = Mq|pW" Vq|p(tti A )- 
They arc defined by setting 

(28.14) J M (7r,/)=tr(X M (7r,P)Jp(7r,/)), feH(G), 
where 

(28.15) XmKP) =}im ]T Wg(A,i, P)0q( A ) _1 , 

~* QeV(M) 

as usual. Notice that we are using the same notation for the two sets of normalized 
weighted characters. It there is any danger of confusion, we can always denote the 
original objects by Jm(tt, /), and the ones we have just constructed by </m(tt, /). 

Proposition 28.2. The linear form J M {n, /) = (tt, /), defined for 
tt G Tl(M) in general position, is independent of the fixed group P G V(M). More- 
over, if it G n un it(M) is any unitary representation, Jm(tta,/) is an analytic func- 
tion of A G ia* M . 

The two assertions are among the main results of [A24]. We know that for 
the original weighted characters J t m (tt, A), the assertions are simple consequences 
of the properties of the normalizing factors r. We form a second (G, M)-family 

r Q (A, tt) = r Q |Q(7r)- 1 r Q| g(7ri A ), Q G V(M), 

from the normalizing factors. The new weighted characters are then related to the 
original ones by an expansion 

J^J)= E ^(OJHA/), 

Le£(M) 

which one derives easily from the relations between the functions {rQ\p(n\)} and 
{[Iq\p(tt\)} [A24, Lemma 2.1]. The first assertion follows immediately [A24, 
Corollary 2.2]. To establish the second assertion, one shows that for tt G IT un i t (M), 
the functions r^i^x) are analytic on ia* M [A24, Proposition 2.3]. □ 
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29. The stable trace formula 

In this section, we shall discuss the solution to the problem posed at the end 
of §27. We shall describe how to stabilize all of the terms in the invariant trace 
formula. The stabilization is conditional upon the fundamental lemma. It is also 
contingent upon a generalization of the fundamental lemma, which applies to un- 
ramificd weighted orbital integrals. 

The results are contained in the three papers [A27], [A26], and [A29]. They 
depend on other papers as well, including some still in preparation. Our discussion 
will therefore have to be quite limited. However, we can at least try to give a 
coherent statement of the results. The techniques follow the model of inner twistings 
of GL(n), outlined in some detail in §25. However, the details here are considerably 
more elaborate. The results discussed in this section are in fact the most technical 
of the paper. 

We have of course to return to the global setting, with which we were preoccu- 
pied before the local interlude of the last section. Then G is a fixed reductive group 
over the number field F. There are two preliminary matters to deal with before we 
can consider the main problem. 

The first is to reformulate the invariant trace formula for G. Since it is based 
on the construction at the end of the last section, this second version does not 
depend on the normalization of intertwining operators. In some ways, it is slightly 
less elegant than the original version, but the two are essentially equivalent. In 
particular, our stabilization of the second version would no doubt give a stabilization 
of the first, if we had the compatible normalizing factors provided by a refined local 
correspondence of representations. 

Our reformulation of the invariant trace formula entails a couple of other minor 
changes. It applies to test functions / on the group Gy = G(Fy), where V is a 
finite set of valuations of F that contains the set S ia . m = S iain (G) of places at which 
G is ramified. We can take V to be large. However, we want to distinguish it from 
the large finite set S that occurs on the geometric side of the original formula. In 
relating the two versions of the formula, S would be a finite set of places that is 
large relative to both V and the support of some chosen test function on Gy ■ The 
terms in our second version will be indexed by conjugacy classes in My (rather than 
M (Q)-conjugacy classes or (M, 5)-classes) and irreducible representations of My 
(rather than automorphic representations of M(A)). In order to allow for induction 
arguments, we also need to work with equivariant test functions on Gy. We fix a 
suitable central torus Z C G over F, and a character ( on Z(A)/Z(F). We then 
assume that V contains the larger finite set S iam (G, £) of valuations at which any 
of G, Z or ( ramifies. We write G v for the subgroup of elements x € Gy such that 
Hg(x) lies in the image of az in Og, an d Cv f° r the restriction of ( to Z v . Our test 
functions are to be taken from the Hecke algebra 

H(G,V,() = H(Gy,(v), 

and its invariant analogue 

l(G,VX)=l(G v Xv)- 

Observe that if Z equals 1, G v equals the group G(Fy) 1 . In this case, H(G,V,Q 
embeds in the original space Tt(G) = H(G(A) 1 ) of test functions. 
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There is a natural projection from the subspace Tt(G, V) = 7i (G(iV) 1 ) of Tt(G) 
onto Tt(G, V, (). Let J be the basic linear form on H(G) whose two expansions give 
the noninvariant trace formula. If / lies in H(G), and f z denotes the translate of 
/ by a point z G Z(A) 1 , the integral 

\ J(f z )((z)dz 

JZ(F)\Z(A) 1 

is well defined. If / belongs to the subspace Tt(G, V), the integral depends only on 
the image of / in H(G, V, (). It therefore determines a linear form on H(G, V, (), 
which we continue to denote by J. To make this linear form invariant, we define 
mappings 

(29.1) (f> M ■■ H(G,V,C) — ► J(M,V,C), MeC, 

in terms of the weighted characters at the end of last section. In other words, 
the operator valued weight factor is to be attached to a product over v € V of 
(G, M) -families (28.13), rather than the (G, M)-family defined in §23 in terms of 
normalized intertwining operators. The mapping itself is defined by an integral 
analogous to (23.2) (with X = 0), but over a domain io*M^ z /ia* GZ (where ia* M z is 
the subspace of elements in ia* M that vanish on the image of ia* z on ia* M )- It follows 
from the proof of Propositions 23.1 and 28.2 that </>m does indeed map H(G, V, () to 
X(M, V, £). We can therefore define an invariant linear form / = I G on 7i(G, V, Q 
by the analogue of (23.10). The problem is to transform the two expansions of 
Theorem 23.4 into two expansions of this new linear form. 

We define weighted orbital integrals Jm(i, /) for functions / e H(G, V, £) ex- 
actly as in §18. The element 7 is initially a conjugacy class in My. However, 
Jm{7,I) depends only on the image of 7 in the space T>(My,(v) of invariant 
distributions on My, defined as at the beginning of §28. We can therefore regard 
Jm{-,J) as a linear form on the subspace T> or b(My , (v) of V(My, (y) generated by 
conjugacy classes. There is actually a more subtle point, which we may as well raise 
here. As it turns out, stabilization requires that Jm(7, /) be defined for all elements 
in the space DiMy ,£). If v is nonarchimedean, T> or \>(M v , ( v ) equals T>(M V ,( V ). In 
this case, there is nothing further to do. However, if v is archimedean, V(M Vl ( v ) is 
typically much larger than V or b(M v , ( v ), thanks to the presence of normal deriva- 
tives along conjugacy classes. The construction of weighted orbital integrals at 
distributions in this larger space demands a careful study of the underlying differ- 
ential equations. Nevertheless, one can in the end extend Jm(j, f) to a canonical 
linear form on the space V(My,(v)- (See [A31].) One then uses the mappings 
(29.1) as in (23.3), to define invariant distributions 

M7,/), 7eV(M$Xv), feH(G,V,<Z). 

These distributions, with 7 restricted to the subspace V or ^{My , (y) of T>(My, (y), 
will be the terms in the geometric expansion. 

The coefficients in the geometric expansion should really be regarded as ele- 
ments in T>(My,(v), or rather, the appropriate completion T>(My,( t v) of 
D(My, (y). As such, they have a natural pairing with the linear forms Im(', f) ° n 
T>(My, (y)- However, we would like to work with an expansion like that of (23.11). 
We therefore identify T>(My Xv) with the dual space of T>(My ,(y) by fixing a 
suitable basis of T(My 7 ( v ) of V(My, ( v ). Since we can arrange that the elements 



218 



JAMES ARTHUR 



in 

r o rb(M^, (y) = T(M^Xv) n v olh (M^, Cv) 
be parametrized by conjugacy classes in My = M v /Z v , we will still be dealing 
essentially with conjugacy classes. We define coefficient functions on T(My, (y) by 
compressing the corresponding coefficients in (23.11). It is done in two stages. For 
a given jm € T(Mv,Cv), we choose a large finite set S D V, and take Ho be a 
conjugacy class in M(Fy) that meets K v . We then define a function 0,^(7 m x k) 
as a certain finite linear combination of coefficients a M (7) in (23.11), taken over 
those (M, ^-equivalence classes 7 € r(M)s that map to j M x fc [A27, (2.6)]. For 
any given fc, we can form the unramified weighted orbital integral 

(29.2) r%(k) = J M (k,u%), 

where Ug — Ug is the projection onto H(G^ , £5 ) of the characteristic function of 
Kg . If 7 is now an clement in T(G V , (y), we set 

(29.3) a G ( 7 ) = E l^o M |Kr 1 E^(7Af x fc)r M (fc), 

where 7 — > 7m is the restriction operator that is adjoint to induction of conjugacy 
classes (and invariant distributions). (See [A27, (2.8), (1.9)].) 

Proposition 29.1. Suppose that f E H(G,V,()- Then 

i(f) = E KiKr 1 E « m (7)/m(7,/), 

Mec ier(M,v,c) 

where T(M,V,() is a discrete subset of T(My 7 (v) that contains the support of 
a M {"f), and on which Im{"1, f) has finite support. 

See [A27, Proposition 2.2]. □ 
The spectral expansion of /(/) begins with the decomposition 

(29.4) /(/)=!>(/)> /eW(G,V,C), 

relative to the norms t of archimedcan infinitesimal characters. The summand /*(/) 
is as in Remark 10 of §23, the invariant version of a linear form Jt(f) on H(G, V, £) 
defined as at the end of §21. The sum itself satisfies the weak multiplier estimate 
(23.13), and hence converges absolutely. We shall describe the spectral expansion 
of /*(/)• 

We define weighted characters Jm(tt ; /), for functions / € H(G,V,(), by a 
minor modification of the construction of §22. The element tt lies in n un i t (My , (y), 
and can therefore be regarded as a distribution in the space !F(G v ,(v)- As with 
the mappings (29.1), Jm{^, f) is defined in terms of the product over v e V of 
(G, M)-familics in (28.13), and an integral analogous to (22.4), but over a domain 
ia* M z I 'io.* G z . We then form corresponding invariant distributions lM{ft,f) from 
the mappings (29.1) as in (23.4) (or rather the special case of (23.4) with X = 0). 

The coefficients in the spectral expansion are parallel to those in the geometric 
expansion. The analogues of the classes fc in (29.3) are families 

c = {c v : v V} 

of semisimple conjugacy classes in L M . We allow only those classes of the form 
c = c(n v ), where tt v = tt v (c) is an unramified representation of M v — M(A V ) 
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whose Z v -central character is equal to the corresponding component ( v of £. There 
is an obvious action 

c — > c x = {c Vt \ : v S}, A £ ia* MjZ , 

such that tt v (c\) — tt v {c)\. If tt v (c) is unitary, we write 

7T X C = 7T ® 7T y (c) 

for the representation in n un i t (M(A), £) attached to any representation ir in 
n u nit(-^V) Cv)- Similar notation holds if it belongs to the quotient H un i t (My , £y) 
of n un it(My , (y), with the understanding that ir is identified with a representa- 
tive in n u „i t (My, Cy)- We define n ti di sc (M, V, £) to be the set of representations 
7T € n un ; t (-My , £y) such that for some c, n x c belongs to the subset n ti di sc (M, £) 
of n tj di sc (M) attached to C- We also define C^ isc (M, £) to be the set of c such that 
7r x c belongs to H ti< n sc (M,0, f° r some t and some tt £ H ti< a sc (M, 0- 
If c belongs to C^ isc (M, () and A £ a* M zc , the unramified L-function 

l(s, c x , p) = n dct ( : ~ p (° v ^Vv 3 ) 1 

converges absolutely for Re(s) large. In case p is the representation pq\ p of L M, 
it is known that L(s, c\, p) has analytic continuation as a meromorphic function of 
s, and that for any fixed s, L(s,c\,p) is a meromorphic function of A £ a* M zc . 
Following (28.12), we define the unramified normalizing factor 

r QlP (c x ) = L{Q,c x ,p QlP )L{l,c x ,p v Q]P )-\ P,Q £ V(M). 

We then define a (G, M)-family 

r Q (A, c x ) = r Q]Q (c x )- 1 r Q]Q (c x+ i A ), Q £ V{M), 

and a corresponding meromorphic function 

(29.5) r«( CA )=hm £ r Q (A, c A )0 Q (A)- 1 

~* Qev(M) 

of A. One shows that f^(c>) is an analytic function of A £ ia* M z , whose integral 
against any rapidly decreasing function of A converges [A27, Lemma 3.2]. If ir is 
now a representation in n tjUn i t (Gy , (v), we define 

(29.6) a G (n) = £ iClKr^CK x c)r M (c), 

Mec c 

where ir — > ttm is the restriction operation that is adjoint to induction of characters. 
We define a subset H t (G,V,() of II t;Un i t (Gy, £y), which contains the support of 
a°(7r), and a measure c?7r on Il t (G, V, () by following the appropriate analogues of 
(22.6) and (22.7). (See [A27, p. 205].) 

Proposition 29.2. Suppose that f £ H(G,V,(). Then 

hU) = E KlKl" 1 / a M (7r)I M (nJ)dn. 

Mec Jn t (M,v,o 

(See [A27, Proposition 3.3].) □ 
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The identity obtained from (29.4) and Propositions 29.1 and 29.2 is the required 
reformulation of the invariant trace formula. Observe that the spectral factors 
rfj(c) in the coefficients (29.6) are constructed from canonical unramified normal- 
izing factors, while their counterparts r^^x) in the earlier coefficients (22.8) were 
constructed from noncanonical global normalizing factors. This is a consequence 
of the modified definition of the mappings (29.1). The geometric factors rfj(k) in 
the coefficients (29.3) have no counterparts in the earlier coefficients (19.6). They 
occur in the original geometric expansion (23.11) instead as implicit factors of the 
distributions Jm(7, /)• This is because the set V is fixed, whereas S is large, in a 
sense that depends on the support of / £ Tt(G, V, (). 

The second preliminary matter pertains directly to the notion of stability. If 
T is a maximal torus in G over F, and v is archimedean, the subset T>(T/F V ) of 
£(T/F V ) in (27.4) can be proper. On the other hand, the w-components of the 
summands in Langlands' stabilization (27.6) are parametrized by points k v 

in the dual group JC(T/F V ) of £{T/F V ). If V(T/F V ) is proper in £(T/F V ), the 
mapping 

fv — > *v G K{T/F V ), f v £ H(G V ), 

from functions f v< c G l(G(F v )) to functions on K.(T/F V ), is not surjective. This 
makes it difficult to characterize the image of the collective transfer mappings 

1(G,VX) — ®S1(G',V,('). 

G> 

It was pointed out by Vogan that the missing elements in T>(T/F V ) could be 
attached to other groups. He observed that £{T/F V ) could be expressed as a disjoint 
union 

£(T/F v )=]JV av (T/F v ), 

over sets T> av (T / F v ) attached to a finite collection of groups G Uv over F v related 
by inner twisting. (See [AV] and [ABV] for extensions and applications of this 
idea.) Kottwitz then formulated the observations of Vogan in terms of the transfer 
factors. His formulation gives rise to a notion that was called a JT-group in [A25]. 
Over the global field F, a i-T-group is an algebraic variety 

G = ]jG a , a £ 7r (G), 

a 

whose connected components are reductive algebraic groups G a over F, and which is 
equipped with two kinds of supplementary structure. One consists of cohomological 
data, which include inner twists ip a/3 : Gp — » G a between any two components. The 
other is a local product structure, which for any finite set V D V lam (G) allows us 
to identify the set 

Gv = || G a y = || Gg(Fy) 

a a 

with a product 

n °v = n g ^ f -) 

v£V v£V 

of F„-points in local if-groups G v over F v . The local if-group G v is a finite disjoint 
union 

Gv = |J G av 
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of connected groups if v is archimcdcan, but it is just a connected group if v is 
nonarchimcdcan. In particular, the set V IlLm {G) — V ram (G Q ) is independent of a. 
(See [A27, p. 209-211].) 

We assume for the rest of this section that G is a i-T-group over F. Many 
concepts for connected groups carry over to this new setting without change in 
notation. For example, we define r rcg (Gy) to be the disjoint union over a of the 
corresponding sets T les (G a y) for the connected groups G a . Similar conventions 
apply to the sets II(Gy), II un i t (Gy), and n tcmp (Gy) of irreducible representations. 
We define compatible central character data Z = {Z a } and ( — {( a } for G by 
choosing data Z a and £ a for any one component G a . This allows us to form the sets 
H(Gv,Cv), n un it(Gy, (v), an d n tcmp (Gy,£y) as disjoint unions of corresponding 
sets attached to components G a . We can also define the vector spaces TC(Gv, (v), 
H(G,V,C), T{G v ,Cv), T(G,V,C), X>(G*Cv), HG v Xv), etc., by taking direct 
sums of the corresponding spaces attached to components G a . Finally, we define 
sets r(G*,Cv), r(G,V,C), n t (G£,Cv), n t (G,V,C), and n t , disc (G,y,C), again as 
disjoint unions of corresponding sets attached to components G a . 

There is also a notion of Levi subgroup (or more correctly, Levi ^-subgroup ) 
M of G. For any such M, the objects a M , A M , W(M), V(M), C(M), and T{M) 
all have meaning, and play a role similar to that of the connected case. (See [A25, 
§1].) We again write C for the set C(Mq) attached to a fixed minimal Levi subgroup 
Mo of G. With these conventions, the objects in the expansions of Proposition 29.1 
and 29.2 now all have meaning for the if -group G over F. The invariant trace 
formula for G is an identity 

Ei^iKr 1 E « M (7)M7,/) 

Mec ier(M.v,c) 

(29.7) 



E E Kii^r 1 / 



a M (n)I M (TT,f)d7T, 

T Mec ^n t (M,y,c) 



which holds for any / G H(G, V, (). It is obtained by applying (29.4) and Proposi- 
tions 29.1 and 29.2 to the components f a € H(G a ,v, Cay) of /, and then summing 
the resulting expansions over a. 

Stable conjugacy in Gy has to be formulated slightly differently We define 
two strongly regular elements 7 £ G a y and 6 £ G^.y to be stably conjugate if 
V , a/?(^) is stably conjugate in G a y to 7. We then define Sl(GvXv) as a space of 
functions on the set A rcg (Gy) of strongly regular stable conjugacy classes in Gy. 
This leads to the notion of a stable distribution on Gy, and allows us to define 
the subspaces SV(Gv,(v) and ST(GvXv) of stable distributions in 2?(Gy,£y) 
and T(Gy ,(v) respectively. The conventions here are just minor variations of 
what we used for connected groups. We define a quasisplit inner twist of G to 
be a connected, quasisplit group G* over F, together with a family of inner twists 
ip a : G a — > G* of connected groups such that ipp = ip a o ip a p. For any such G*, 
there is a canonical injection 5^5* from A reg (Gy) to A reg (Gy). There is also 
a surjective mapping S* — > S from the space of stable distributions on G v to the 
space of stable distributions on Gy. We say that G is quasisplit if one of the 
components G a is quasisplit. In this case, the mapping S — > S* is a bijection, and 
the mapping S* — > S is an isomorphism. 

Because the components G a of G are related by inner twists, they can all be 
assigned a common dual group G, and a common L-group L G. We recall that 
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endoscopic data were defined entirely in terms of G. We can therefore regard them 
as objects G' attached to the if-group G. The same holds for auxiliary data G' 
and £' attached to G' . Similarly local endoscopic data G' v , with auxiliary data G' v 
and £' v , are objects attached to the local K-growp G v . 

The main new property is a natural extension of the Langlands-Shclstad con- 
struction of local transfer factors to if -groups. For any G v , G' v and £' v , it provides 
a function A Gv (5' v ,j v ) of S' v e A G _ YCg (G' v ) and j v e L rcg (G„). (See [A25, §2].) 
This is the essence of the observations of Kottwitz and Vogan. It has two implica- 
tions. One is that the transfer factors are now built around sets T>(T/F V ), which 
are attached to the local if-group G v , and are equal to the subgroups £{T/F V ) of 
H 1 (F V ,T). This places the theory of real and p-adic groups on an even footing. 
The other concerns a related point, which we did not raise earlier. The original 
Langlands-Shclstad transfer factor attached to G' v (and (G' v ,£' v )) depends on an 
arbitrary multiplicative constant. If G' v is the localization of a global endoscopic 
datum, the product over v of these constants equals 1. However, if G' v is taken in 
isolation, the constant reflects an intrinsic lack of uniqueness in the correspondence 
fv — ► f'v The extension of the transfer factors to G v still depends on an arbitrary 
multiplicative constant. However, the constants for the components G QlJ of G v can 
all be specified in terms of the one constant for G v . 

Thus, despite their ungainly appearance, A'-groups streamline some aspects of 
the study of connected groups. This is the reason for introducing them. If we are 
given a connected reductive group G\ over F, we can find a A-group G over F 
such that G ai = G\ for some a\ G ni(G). Moreover, G is uniquely determined 
by Gi, up to a natural notion of isomorphism. In particular, for any connected 
quasisplit group G* , there is a quasisplit A-group G such that G a » = G* , for some 
a* e 7T (G). 

Let V be a fixed finite set of valuations that contains 5' ram (G, Z, (). Suppose 
that for each v € V, G' v represents an endoscopic datum (G' v , Q' v , s' v , for G over 
F v , equipped with auxiliary data G' v — > G' v and £' v : Q' v — > L G' V , and a corresponding 
choice of local transfer factor A^ = A Gtj . We are assuming the Langlands-Shelstad 
transfer conjecture. Applied to each of the components G av of G v , it gives a 
mapping /„ — > f' v = from H(G v ,(v) to SX(G' V X' V ), which can be identified 
with a mapping a v — > a' v from 1(G V ,( V ) to SI(G' V ,Q' V ). We write G' y , (' v , and 
for the product over v £ V of G' v , Q' v , and ^ respectively. The product 

Y[a v — > Y[a' v , a v eT(G v ,(v), 

V V 

then gives a linear transformation a — > a' from Z(Gy,Cy) to 5X(Gy,Cy). This 
mapping is attached to the product Gy of data G' v , which we can think of as an 
endoscopic datum for G over Fy, equipped with auxiliary data G' v and ^' v , and a 
corresponding product Ay of local transfer factors. We can think of the transfer 
factor Ay over Fy as the primary object, since it presupposes a choice of the other 
objects G'y, G'y, (' v and £ v . 

Letting G' v vary, we obtain a mapping 



(29.8) 



l(G v Xv) — Y\Sl{G' v Xv) 

G' v 



29. THE STABLE TRACE FORMULA 



223 



by putting together all of the individual images a'. Notice that we have taken a 
direct product rather than a direct sum. This is because G' v ranges over the infinite 
set of endoscopic data, equipped with auxiliary data G' v and £' v , rather than the 
finite set of isomorphism classes. However, the fact that G is a X-group makes it 
possible to characterize the image of Z(Gy, Cv) in this product. The image fits into 
a sequence of inclusions 

l £ (Gv,(v) c l £ (G' v ,GvXv) c Y[ST{G' V ,&) 

{G' v } A V 

in which the summand X £ (G' V , Gy, Cv) depends only on the i<V-isomorphism class 
of G' v . Roughly speaking, X £ (G' v ,GvXv) is the subspace of products Y\a' v of 
functions attached to choices of transfer factors Ay for {G' v } that have the ap- 
propriate equivariance properties relative to variations in these choices. The space 
I s (GyXv) is defined as the subspace of functions in the direct sum whose vari- 
ous components are compatible under restriction to common Levi subgroups. One 
shows that the transfer mapping gives an isomorphism 

a > a £ = Y[a', a El(GvXv), 

from l(GvXv) onto l £ (GvXv)- This in turn determines an isomorphism from 
the quotient 

l(G,VX)=l(G v Xv) 
of X(GvXv) onto the corresponding quotient 

T £ {G,VX)=T £ {G v Xv) 
of X £ (Gy, Cv)- (See [A31].) The image fits into a sequence of inclusions 

(29.9) l £ (G v Xv) c l £ {G' Vl G v Xv) C J] Sl{(G' v f ', C v ). 

{G' v } G> v 

The mappings of functions we have described have dual analogues for distri- 
butions. Given G' v (with auxiliary data G' v and assume that 5' belongs to 
the space of stable distributions SV({G' V ) Z \ Cv) ■ If / belongs to H(G,V,C), the 
transfer /' of / can be evaluated at 6'. Since / — > f'(S') belongs to V(G v ,Cv), we 
can write 

(29.10) f'{5')= A G (<5', 7 )/ G ( 7 ), 

iev(G v Xv) 

for complex numbers Ag(i5 / ,7) that depend linearly on 5'. Now (29.9) is dual to a 
sequence of surjective linear mappings 

l[SV((G' v f ,Cv) ^ ($V £ (G' v ,G v Xv) ^ V £ {G v Xv) 

G' v {G' v } 

between spaces of distributions. Since /' is the image of the function f G <G 1(G, V, Q, 
f'(5') depends only on the image S ofS' in V £ (G v ,Cv)- In other words, f'(S') equals 
/ G (<5), where / G is the image of fa in T £ (G,VX)- The same is therefore true of 
the coefficients Ao(S',j). We can write 

A G (<5,7) = A G (J , , 7 ), 7 eT(G y ,Cy), 
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for complex numbers Ag(S, 7) that depend linearly on S G V £ (G v Xv)- We note 
that the image in T> £ (Gy, (y) of the subspace 

SV((G V ) Z ',( V ) ~ SV(G v ,G v ,(v) 

can be identified with the space ST>(G V , (v) of stable distributions in T>(G V , (v)- 
The constructions above were given in terms of products G' v of local endoscopic 
data for G. The stabilization of the trace formula is based primarily on global 
endoscopic data, particularly the subset £ e \\{G,V) of global isomorphism classes 
in £ e n{G) that are unramified outside of V. If G' is any endoscopic datum for 
G over F, we can form the product G' v of its completions. We can also attach 
auxiliary data G' v and for G' v to global auxiliary data G' and £' for G'. The 
datum G' v , together with G' v and £' v , indexes a component on the right hand side 
of (29.9). There are of course other components in (29.9) that do not come from 
global endoscopic data. 

We are trying to formulate stable and endoscopic analogues of the terms in 
the invariant trace formula (29.7). We start with the local terms Im(j, /) on the 
geometric side. Specializing the distributional transfer coefficients above to Levi 
subgroups M G C, we can define a linear form 

(29.11) Im(SJ)= A M (6n)lM(l,f), 

for any S G V £ (M z Xv)- However, the true endoscopic analogue of 7m(7, /) is a 
more interesting object. It is defined inductively in terms of an important family 
£m'(G) of global endoscopic data for G. 

Suppose that M' represents a global endoscopic datum (M' , M.' , s' M , £,' M ) for 
M, which is elliptic and unramified outside of V. We assume that M! is an L- 
subgroup of L M and that £' M is the identity embedding. We define £m'(G) to be 
the set of endoscopic data (G' , Q' , s' , £') for G, taken up to translation of s' by 
Z(G) T , in which s' lies in s' M Z(M) T , G' is the connected centralizcr of s' in G, Q' 
equals A4'G' , and is the identity embedding oft/' and L G. For each G' G £m'(G), 
we fix an embedding M' C G' for which M' C G' is a dual Levi subgroup. We 
also fix auxiliary data G' — > G' and Q' — > L G" for G". These objects restrict 
to auxiliary data M' ~ > M' and — » L M' for A'/', whose central character 
data Z' and £' are the same as those for G' . Observe that G* belongs to £m>(G) if 
and only if M' equals M* . We write 

£° (G) — i^ M '(^ — {G*}, if G is quasisplit, 
1 £m 1 (G) , otherwise. 

For any G' G £m'(G), we also define a coefficient 

i>m'(G, G') - \Z(M'f /Z(M) r \\Z(G') T /Z{G) T \-\ 

Suppose that 5' belongs to ST>((M V ) Z ,('v)- We assume inductively that for 
every G' G £\ { ,{G), we have defined a stable linear form S^?',(<5', •) on H((G' V ) Z ' , (' v ) . 

We impose natural conditions of equivariance on S^, (6', •), which imply that the 
linear form 

/ — > S%(S',f), f€H(G,V,C), 
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on Tt(G, V, £) depends only on the image of 5' in the space T> £ (My , My ,Cy) ■ In 
particular, the last linear form is independent of the choice of auxiliary data G and 
If G is not quasisplit, we define an "endoscopic" linear form 

(29.12) I £ M (S'J)= iM<(G,G')S%(5',f). 

G'es M ,(G) 

In the case that G is quasisplit, we define a linear form 

(29.13) SZ(M',S',f) = I M (6J)- ]T Lm>(G,G')S%,(5'J'), 

G'e£l,,(G) 

where 5 is the image of 5' in V £ (My, (y). In this case, we also define the endoscopic 
linear form by the trivial relation 

(29.14) I £ m (S'J)=Im(SJ). 

These definitions represent the first stage of an extensive generalization of the 
constructions of §25. To see this more clearly, we need to replace the argument 5' 
in 1^(5', /) by an element 7 e V(My, (y). It turns out that there is a canonical 
bilinear form ^(7, /) in 7 and / such that 

(29.15) I £ M (S',.f)= £ A M (<J', 7)4/(7,/), 

for any (M', 5'). Since M' was chosen to be an endoscopic datum over F, (7, /) 
is not uniquely determined by (29.15). However, the definitions (29.13) and (29.14) 
apply more generally if M' is replaced by an endoscopic datum M' v over F v . (See 
[A25, §5].) One shows directly that the resulting linear form 

I £ M (SJ) = I £ M (5',f) 

depends only on the image <5 of 5' in T> £ (MyXv)- The distribution /ff(7, /) is 
then defined by inversion from the corresponding extension of (29.15). (See [A31].) 

To complete the inductive definition, one still has to prove something in the spe- 
cial case that G is quasisplit and M' — M* . Then 5' = 5* belongs to 
SV((M V ) z *,Cy), and the image S of S' in V £ (M^,Cv) lies in the subspace 
SV(My ,(v) of stable distributions. The problem in this case is to show that 
the linear form 

(29.16) SC(6,f) = S°(M*,6*J) 
is stable. Only then would we have a linear form 

sz:(6*,n = s^(sj) 

on Sl((G* v ) z * X v ) that is the analogue for (G*,M*) of the terms S%,(5' , f) in 
(29.12) and (29.13). This property is deep, and is a critical part of the stabilization 
of the general trace formula. In the case that G is quasi-split but M' ^ M* , there 
is a second question which is as deep as the first. The problem in this case is to 
show that Sm(M' , 5' , /) vanishes for any S' and /. 

The analogue for unramified valuations v £ V^ m (G) of this second problem is 
of special interest. It represents the generalization of the fundamental lemma to 
weighted oribital integrals. To state it, we write 

r M v (kv) — JMv(kvi u v), k v £ r ( 3_ rog (M t ,), 
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where Uk is the characteristic function of K v in G V (F V ), and M v is a Levi subgroup 
of G v . Since v is nonarchimedean, the associated component G v of G is a connected 
reductive group over F„. In this context, we may as well take Z v = 1, since for any 
endoscopic datum G' v over F v , there is a canonical class of L-cmbcddings of L G' V 
in L G V [Hall, §6]. If M' v is an unramified elliptic endoscopic datum for M v , and 
i' v e A G „ rcg (M;), we write 

= E A M „(C 

We can also obviously write £m^(G v ) and lm v (G v ,G' v ) for the local analogues of 
the global objects defined earlier. 

Conjecture. (Generalized fundamental lemma). For any M' v and £' v , there is 
an identity 

(29.17) r£-(0= E tM^G v ,G' v )s G M l(i' v ), 

G* v es M ,(G v ) 

g' 

for functions s M " (£' v ) that depend only on G' v , M' v and £' v . 

If M' v = M* and i' v = t v , G* v belongs to £ M ' V (G V ), and (29.17) represents an 
inductive definition of (■£*). If ^ M*, G* does not belong to £ M ' V {G V ), 
and (29.17) becomes an identity to be proved. The reader can check that when 
M v = G v , the identity reduces to the standard fundamental lemma, which we 
described near the end of §27. We assume from now on that this conjecture holds 
for G, at least at almost all valuations v £ S ram (G), as well as for any other 
groups that might be required for induction arguments. Since this includes the 
usual fundamental lemma, it also encompasses our assumption that the Langlands- 
Shclstad transfer conjecture is valid [Wa2]. 

We can now state the first of four theorems, which together comprise the stabi- 
lization of the invariant trace formula. They are all dependent on our assumption 
that the generalized fundamental lemma holds. 

Theorem 29.3. (a) If G is arbitrary, 

l £ M {i,f) = lM{i,f), jeV(M^,Cv), feH(G,V,(). 

(b) Suppose that G is quasisplit, and that 5' belongs to ST>((M V ) Z ,Cy); f or 
some M' G £ e ii(M, V). Then the linear form 

f — > Sg{M',5',f), feH(G,V,Q, 
vanishes unless M' = M* , in which case it is stable. 

The linear forms Jfj (7, /) and S^j(S, f) ultimately become terms in endoscopic 
and stable analogues of the geometric side of (29.7). These objects are to be re- 
garded as the local components of the expansions. The global components are 
endoscopic and stable analogues of the coefficients a G {"f) in (29.7). As before, the 
new coefficients really belong to a completion of the appropriate space of distribu- 
tions. However, we again identify them with elements in a dual space by choosing 
bases of the relevant spaces of distributions. We fix a basis A((G"y) z ,£y) of 
SV{{G' V ) Z ,(v) f° r an y -FV-endoscopic datum G' v , with auxiliary data G' v and 
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£y. We also fix a basis A £ (G z ,(v) of the space V £ (G z ,(v)- Among various 
conditions, we require that the subset 

A(G v ,Cv) = A £ (G Z , (v) n SV(G v ,(v) 

of A £ (G v ,(v) be a basis of SV{G V , Cy), and in the case that G is quasisplit, that 
A(G v Xv) be the isomorphic image of the basis A((Gy) z * , ( v ) . 
We assume inductively that for every G' in the set 



-ell 



(G,V) 



£ e a{G, V) - {G*}, if G is quasisplit, 
£ e \\(G, V), otherwise, 



we have defined a function b G (5') on A[(G' V ) Z , ( v ). If G is not quasisplit, we can 
then define the "endoscopic" coefficient 

(29.18) a G < £ ( 7 )= E E^ G ') &6 V)A G (<5',7), 

G'e£MG,V) S' 

as a function of 7 € T(G V , (v)- In the case that G is quasisplit, we define a "stable" 
coefficient function b G (S) of 5 e A £ (G V , ( v ) by requiring that 

(29.19) £& G (J)A G (<J )7 ) = a G (7)- ]T E G')& G '((5')A G (c>', 7), 

s G>e£° u (G,V) s> 

for any 7 <G r(Gy, (y). In this case, we also define the endoscopic coefficient by the 
trivial relation 

a G > £ (j) = a G ^). 

In both (29.18) and (29.19), the numbers l(G, G') arc Langlands' original global co- 
efficients from (27.3), while 5' and S are summed over A([G' V ) Z , £y) and A £ (G V , £y) 
respectively. To complete the inductive definition, we set 

b G *(S*) = b G (S), 5*eA((G* v ) z \C v ), 

when G is quasisplit and 6 is the preimage of S* in the subset A(G z ,(y) of 
A £ (G v Xv). 



Theorem 29.4. (a) If G is arbitrary, 

„, r- Tir 

'V 



a G > £ ( 7 )=a G ( 7 ), 1 &T(G v Xv). 



(b) IfG is quasisplit, b G (S) vanishes for any S in the complement of A(G v Xv) 
inA £ {G^Xv)- 

We have completed our description of the geometric ingredients that go into the 
stabilization of the trace formula. The spectral ingredients are entirely parallel. In 
place of the spaces of distributions V(G Z , (y), SV((G V ) Z ' , ( v ) , V £ (G' V , G z ,(v), 
and T> £ (G z ,(y), we have spectral analogues T(G z Xv), ST{[G' V ) Z ,(y), 
T £ {G' v ,G^Xv), and T £ {G^X V ). The subspace ST>(G^,Cv) of V £ (G Z r,(v) is 
replaced by a corresponding subspace ST(Gy, (y) of T £ {G v Xv)- In place of the 
prescribed basis T(G Z , (v) of V(G Z , (y), we have the basis 

U(G v ,C v ) = l[U t (G z ,C v ) 

t>o 
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of !F(Gy, Cv) consisting of irreducible characters. If </>' belongs to ST((G' V ) z , Cv) , 
the distribution / — > /'(</>') belongs to .F(Gy,Cv). It therefore has an expansion 

f'{4>') = E A(<A',7r)/ G (7r) 
7 ren(G^,Cv) 

that is parallel to (29.15). The coefficients 

A(0,7r) = A(0 / , 7 r), n eH(G^Xv), 

are products over w of local coefficients in (28.4) (or rather, linear extensions in <j>' v 
of such coefficients), and depend only on the image <j> of <p' in T £ {G Z , Cv)- 

The definitions (29.13)~(29.16) have obvious spectral variants. They provide 
linear forms J M (<£,/), I £ M WJ), S G {M' ,(/,', f), /^(tt,/), and S M {<f>J) in 
/ € H(G, V, C), which also depend linearly on the distributions </>, </>' and ir. 

Theorem 29.5. (a) If G is arbitrary, 

I £ M (n,f)=I M (iT,f), nef(M z ,Cv), f eU{G,V,Q. 

(b) Suppose that G is quasisplit, and that <f)' belongs to ST((M V ) Z ,(v)> f or 
some M' G £ e \i(M, V). Then the linear form 

f — Sg(M',4>',f), f€H(G,V,C), 
vanishes unless M' — M* , in which case it is stable. 

The linear forms lff(n,f) and S^((j),f) ultimately become local terms in en- 
doscopic and stable analogues of the spectral side of (29.7). The global terms are 
endoscopic and stable analogues of the coefficients a G {it) in (29.7). We fix a basis 
®((G' V ) Z ' ,Cv) of the space ST({G' V ) Z \ Cv), for each G' v , G' v and C'v, which we 
can form from local bases $(G' V , £(,). If v is nonarchimedean, we take &(G' V , £(,) to 
be the abstract basis discussed in §28. If v is archimedean, we can identify &(G' V , C' v ) 
with the relevant set of archimedean Langlands parameters 4> v , thanks to the work 
of Shelstad. Since any such <fr v has an archimedean infinitesimal character, there is 
a decomposition 

H(G> V ) Z \C V ) = ]J$ t ((G> v f ,(> v ). 

t>0 

We also fix a basis Q £ (G Z , Cv) of the space T> £ (G z , Cv), which can in fact be taken 
to be a set of equivalence classes in the union of the various bases <&((G' V ) Z , ( v ). 
Among other things, this implies that the subset 

$(G Z , Cv) = <$> £ {G Z , Cv) n ST(G z ,(v) 
of & £ (G z , Cv) is a basis of ST(G Z , Cv), an d in the case that G is quasisplit, is the 
isomorphic image of the basis <fr((G v ) z ,Cv)- 

Having fixed bases, we can apply the obvious spectral variants of the defi- 
nitions (29.18) and (29.19). We thereby obtain functions a G ' £ (7r) and b G ((f)) of 
7r e Tl(G v Xv) and <fi e <& £ (G V ,Cv) respectively. 

Theorem 29.6. (a) If G is arbitrary, 

a G > £ (7r) = a G (n), n eU(G z ,Cv)- 
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(b) IfG is quasisplit, b G ((f>) vanishes for any <fi in the complement of$(G v , (y) 
m<S> £ (G v ,Cv). 

Theorems 29.3 and 29.4 are general analogues of Theorem 25.5 for inner twist- 
ings of GL(n). The extra assertions (b) of theorems were not required earlier, since 
the question of stability is trivial for GL(n). Similarly, Theorems 29.5 and 29.6 are 
general analogues of Theorem 25.6. Taken together, Theorems 29.3-29.6 amount 
to a stabilization of the general trace formula. This will become clearer after we 
have stated the general analogues of Lemmas 25.3 and 25.4. 

The four theorems are proved together. As in the special case in §25, the 
argument is by double induction on dim(G/Z) and dim(^M)- The first stage of 
the proof is to obtain endoscopic and stable analogues of the expansions on each 
side of (29.7). For this, one needs only the induction assumption that the global 
assertions (b) of Theorems 29.4 and 29.6 be valid if (G,Q is replaced by (G',('), 
for any G' e £%\{G, V). 

Let I be the invariant linear form on H(G, V, () defined by either of the two sides 
of (29.7). If G is not quasisplit, we define an "endoscopic" linear form inductively 
by setting 

(29.20) I £ (f) = Yl L(G,G')S'(f), 

G>e£ cU (G.,V) 

for stable linear forms S' = S G on SX(G' , V, £'). In the case that G is quasisplit, 
we define a linear form 

(29.21) S G (f) =/(/)- Yl L(G,G')S'(f). 

G'e£° u (G,V) 

We also define the endoscopic linear form by the trivial relation 

(29.22) I £ (f) =/(/). 

In the case G is quasisplit, we need to show that the linear form S G on X(G, V, () 
is stable. Only then will we have a linear form 

on SX(G*, V, (*) that is the analogue for G* of the summands in (29.20) and (29.21) 
needed to complete the inductive definition. We would also like to show that 
I s (f) = I {!)■ These properties are obviously related to the assertions of the four 
theorems. 

The reader will recognize in the definitions (29.20)-(29.22), taken with the 
assertions that S G (f) is stable and I £ (,f) = 1(f), an analogue of Langlands' stabi- 
lization (27.3) of the regular elliptic terms. This construction is in fact a model for 
the stabilization of any part of the trace formula. For example, let 

(29.23) W/)= E « G (7)/g(7) 

7 er(G,v,c) 

be the component with M = G in the geometric expansion in (29.7). This sum 
includes the regular elliptic terms, as well as orbital integrals over more general 
conjugacy classes. Its complement /(/) — J rb(/) m 1(f), being a sum over M in 
the complement C° of {G} in C, can be regarded as the "parabolic" part of the 
geometric expansion. We define linear forms I^h(f) ano - ^mb(f) on H(G, V, £) by 
the obvious analogues of (29.20)~(29.22). 
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Proposition 29.7. (a) If G is arbitrary, 

i £ (f)-iUf)= e iciKr 1 E flM ' £ (7)4/(7,/), 

Me£° 7er £ (M,y,c) 

where T £ (M, V,Q is a natural discrete subset ofT(My,(v) that contains the sup- 
port o/a M < £ ( 7 ). 

(b) If G is quasisplit, 

s G (f)~sv h (f) 

= E KlKl" 1 E t(M, M') E b^'(6')Sg(M',S',f), 
Mec° M'ee en (M,v) s>eA(M>,vx>) 

where A(M',V, (') is a natural discrete subset o/A((My) z X'v) that contains the 
support ofb M (5'). 

See [A27, Theorem 10.1]. □ 

Let I t (f) be the summand of t on the spectral side of (29.7). We attach 
linear forms if (/) and Sf (/) to I t (f) by the analogues of (29.20)-(29.22). The 
decomposition in (29.7) of /(/) as a sum over t > of h{f) leads to corresponding 
decompositions 

(29.24(a)) I £ (f) = ^lf(f) 

t>o 

and 

(29.24(b)) S G (/) = ES 4 G (/) 

t>o 

of I £ (f) and S G (f). Each of these sums satisfies the analogue of the weak multiplier 
estimate (23.13), and hence converges absolutely. (See [A27, Proposition 10.5].) 
For any t, we write 

(29.25) /t,unit(/)= / a G (7r)/ G (7r)d7r 

Jn t (G,v,o 

for the component with M = G for the spectral expansion of It(f) in (29.7). We 
then define corresponding linear forms lf un i t (f) an d S G unit (f) on H(G, V, (), again 
by the obvious analogues of (29.20)-(29.22). 

Proposition 29.8. (a) If G is arbitrary, 

lHf)-4nnM)= E KlKl" 1 / a M ' e (w)I e M (*,f)dir, 
Me c° Juf(M,v,Q 

where Uf(M,V,Q is a subset ofH t (MyXv), equipped with a natural measure dw, 
that contains the support of a M ' £ {ir). 
(b) If G is quasisplit, 

= E KlKr 1 E t(M, m') [ b™\4>')sUM'A',fW, 

MeC° M>e£ ell (M,V) J* t ,(M',V,C>) 
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where t' is a translate oft, and <J>c (M', V, (') is a subset of & t <((M v ) z ' ,(' v ) , 
equipped with a natural measure d<j)' , which contains the support of b M (4>'). 

See [A27, Theorem 10.6]. □ 

In contrast to the special cases of Lemmas 25.3 and 25.4, we have excluded the 
terms with M — G from the expansions of Propositions 29.7 and 29.8. This was 
only to keep the notation slightly simpler in the assertions (b). It is a consequence 
of the definitions that 

(29.26(a)) I £ olh (f)= J2 « G ' £ (7)/g(7) 

7 er£(G,v,c) 

and 

(29.26(b)) S G lh (f) = J2 b G (6)f G (S), 

where A £ (G, V, () is a certain discrete subset of A £ (Gy,(v) that contains the 
support of b G . Similarly, we have 

(29.27(a)) Jf unit (/) = / a G < £ (7r)/ G (7r)d^ 

and 

(29.27(b)) S G nit (/) = / b G {<t>)f G {4>)d<j>, 

■/*f(G,y,C) 

where <&f(G, V, Q is a subset of & £ (G v Xv), equipped with a natural measure 
d</>, that contains the support of b G ((j>). (See [A27, Lemmas 7.2 and 7.3].) We can 
obviously combine (29.26(a)) and (29.27(a)) with the expansions (a) of Propositions 
29.7 and 29.8. This provides expressions for I s (/) and if (/) that are more clearly 
generalizations of those of Lemmas 25.3 and 25.4. On the other hand, the sums 
in (29.26(b)) and (29.27(b)) are not of the same form as those in the expansions 
(b) of Propositions 29.7 and 29.8. Their substitution into these expansions leads 
to expressions for S G (f) and S G (f) that, without the general assertions (b) of the 
four theorems, are more ungainly. 

We shall say only a few words about the proof of the four theorems. If G is 
not quasisplit, one works with the identity obtained from (29.24(a)), (29.26(a)), 
(29.27(a)), and Propositions 29.7(a) and 29.8(a). The problem is to compare the 
terms in this identity with those of the invariant trace formula (29.7). If G is qua- 
sisplit, one works with the identity obtained from (29.24(b)), (29.26(b)), (29.27(b)), 
and Propositions 29.7(b) and 29.8(b). The problem here is to show that if f G = 0, 
the appropriate terms in the identity vanish. The arguments are long and compli- 
cated, but they do follow the basic model established in §25. In particular, they 
frequently move forward under their own momentum. 

There is one point we should mention explicitly. The geometric coefficients 
a G (j) are compound objects, defined (29.3) in terms of the original coefficients 
a^iijM x k). The identities stated in Theorem 29.4 have analogues that apply to 
endoscopic and stable forms of the coefficients a G j(7 x k). The role of the general- 
ized fundamental lemma is to reduce Theorem 29.4 to these basic identities [A27, 
Proposition 10.3]. (The case M — G of the generalized fundamental lemma, namely 
the ordinary fundamental lemma, carries the more obvious burden of establishing 
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the existence of the mappings / — > /'.) One has then to reduce these basic identi- 
ties further to the special case of classes in G(F$) that are purely unipotent. This 
turns out to be a major undertaking [A26], which depends heavily on Langlands- 
Shclstad descent for transfer factors [LS2]. The reduction to unipotent classes can 
be regarded as an extension of the stabilization of the scmisimplc elliptic terms by 
Langlands [LanlO] and Kottwitz [Ko5]. 

The spectral coefficients a (n) are also compound objects. They are defined 
(29.6) in terms of the original spectral coefficients a^ lsc {^M x c )- The identities 
stated in Theorem 29.6 have analogues for endoscopic and stable forms of the 
coefficients a^ isc (ir x c). It is interesting to note that the generalized fundamental 
lemma has a spectral variant [A27, Proposition 8.3], albeit one which is much less 
deep, and which has a straightforward proof. (For example, the case M — G of 
this spectral result is entirely vacuous. The cases with M ^ G reflect relatively 
superficial aspects of the deeper geometric conjecture.) The role of the spectral 
result is to reduce Theorem 29.6 to the identities for endoscopic and stable forms 
of the coefficients a^ isc (j x k) [A27, Proposition 10.7]. 

We have touched on a couple of aspects of the first half of the argument. The 
second half of the proof is contained in [A29]. It is based on a comparison of 
the expansions in Propositions 29.7 and 29.8 with those in (29.7). Among the 
many reductions on the geometric sides, one establishes the required cancellation 
of almost all of the terms in I or b(.f), ^orb(/)' anc " ^orb(/) by appealing to the 
reductions of Theorem 29.4 described above. Those that remain correspond to 
unipotent elements. They can be separated from the complementary terms in the 
expansions by an approximation argument. Among the spectral reductions, one sees 
that many of the terms in it, U nit(/), ^f U nit(/)> ano ^ ^tunit(/) a l so cancel, thanks 
to the reduction of Theorem 29.6 we have mentioned. Those that remain occur 
discretely. They can be separated from the complementary terms in the expansions 
by the appropriate forms of the weak multiplier estimate (23.13). 

These sparse comments convey very little sense of the scope of the argument. It 
will suffice for us to reiterate that much of the collective proof of the four theorems 
is in attempting to generalize arguments described in the special case of §25. □ 

Corollary 29.9. (a) (Endoscopic trace formula). The identity 

E £ a M > £ (7)^(7,/) 

Me£ 7 er £ (M,v,c) 

E E WWI- 1 [ a^^l^nj) 
t> Mec Jnf(Myx) 

holds for any f G H(G, V, £). Each term in the identity is equal to its corresponding 
analogue in the invariant trace formula (29.7). 

(b) (Stable trace formula) . If G is quasisplit, the identity 

ElWtfWl" 1 E b M (8)S M (5,f) 
(29.28(b)) Me£ <5eA(M,v,c) 

= EEl^o M ll^o G |- 1 / & M W5 M (0,/)d0 

(>0M££ J* t (M,V,t) 

holds for any f <G T~i(G, V, £). The terms in the identity are all stable in f . 



(29.28(a)) 
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The identity (29.28(a)) follows immediately from Propositions 29.7(a) and 
29.8(a) and expansions (29.26(a)) and (29.27(a)), as we have already noted. Asser- 
tions (a) of the four theorems give the term by term identification of this identity 
with the invariant trace formula. 

To establish (29.28(b)), we combine the expansions of Propositions 29.7(b) and 
29.8(b) with (29.26(b)) and (29.27(b)). This yields a rather complicated formula. 
However, assertions (b) of the four theorems imply immediately that the formula 
collapses to the required identity (29.28(b)). Supplementary assertions in Theorems 
29.3(b) and 29.5(b) tell us that the linear forms S M (S, /) and S M (<t>, f) in (29.28(b)) 
are stable in /. □ 

The endoscopic trace formula (29.28(a)) is a priori quite different from the orig- 
inal formula (29.7). In case G is not quasisplit, it is defined as a linear combination 
of stable trace formulas for endoscopic groups G' . Our conclusion that it is in fact 
equal to the original formula amounts to a stabilization of the trace formula. 

We recall that G = ]J G a is a -f^-group over F. However, if / is supported on a 
component G a (Fy), the sums in (29.28(a)) can be taken over geometric and stable 
objects attached to G a . Moreover, if G is quasisplit, the stable distributions on Gy 
arc in bijective correspondence with those on Gy. It follows that the assertions of 
Corollary 29.9 hold as stated if G is an ordinary connected group over F. 

There is one final corollary. To state it, we return to the setting of earlier 
sections. We take G to be a connected reductive group over F, and / to be a 
function in the adelic Hecke algebra H(G,() = Ti.(G(A) z ,() ■ The ^-discrete part 
It.disc(f) of the trace formula (21.19) represents its spectral core. It is the part that 
is actually used for applications. 

Corollary 29.10. There are stable linear forms 

S? 4isc (f), f€H(G,V),t>0, 

defined whenever G is quasisplit, such that 

(29.29) / t ,disc(/)= E ^(G,G')^ is c(/'), 

G'esMG) 

for any G, t and f. 

We define linear forms lf disc and Sf disc inductively by analogues of (29.20)- 
(29.22). Recall that there is an expansion 

It. disc(f) = a dLcO)/GW, 

7ren t , disc (G) 

which serves as the definition of the coefficients oJf isc (7r), and is parallel to the 
definition (29.25) of /t, U mt(/)- This leads to corresponding expansions of -ffdisc(Z) 
and S^ disc (f), which are parallel to (29.27(a)) and (29.27(b)). We have already 
noted that the assertions of Theorem 29.6 reduce to corresponding assertions for 
the coefficients of these latter expansions. Theorem 29.6 therefore implies that 
ifdisc(f) = ^t,disc(/)) and that S^ disc (f) is stable in case G is quasisplit. The 
identity (29.29) then follows from the definition of /f disc (/). □ 
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30. Representations of classical groups 

To give some sense of the power of the stable trace formula, we shall describe 
a broad application. It concerns the representations of classical groups. We shall 
describe a classification of automorphic representations of classical groups G in 
terms of those of general linear groups GL(N). Since it depends on the stable 
trace formula for G, the classification is conditional on the fundamental lemma 
(both the standard version and its generalization (29.17)) for each of the classical 
groups in question. It also depends on the stabilization of a twisted trace formula 
for GL{N). The classification is therefore conditional also on the corresponding 
twisted fundamental lemma (both standard and generalized) for GL(N), as well as 
twisted analogues (yet to be established) of the results of §29. 

It is possible to work in a more general context. One could take a product 
of general linear groups, equipped with a pair a = (0,w), where 9 is an outer 
automorphism, and oj is an automorphic character of GL(1). This is the setting 
adopted by Kottwitz and Shclstad in their construction of twisted transfer factors 
[KoS]. There is much to be learned by working in such generality. However, 
we shall adopt the more restricted setting in which a = 9 is the standard outer 
automorphism of GL(N). For reasons on induction, it is important to allow N 
to vary. The groups G will then range the quasisplit classical groups in the three 
infinite families SO(2n + 1), Sp(2n), and SO(2n). The results have yet to be 
published. My notes apply only to the special case under discussion, but I will try 
to write them up in greater generality. 

The groups G arise as twisted endoscopic groups. For computational purposes, 
we represent 9 as the automorphism 

9{x) — ► tx' 1 = J t x~ 1 J- 1 , xeGL(N), 

of GL(N), where 

/0 1\ 

t x = J l xJ = J f xJ-\ J= I ■•' J, 

is the "second transpose" of x, about the second diagonal. Then 9 stabilizes the 
standard Borel subgroup of GL(N). (For theoretical purposes [KoS], it is some- 
times better to work with the automorphism 

/ 1> 

e'{x) = j' t x-\j')-\ j' = 

\(-l) N+1 Oj 

that stabilizes the standard splitting in GL(N) as well.) We form the connected 
component 

G = G N = GL(N) x 9 
in the nonconnected semidirect product 

G + = G+ = GL(N) x (Z/2Z), 

whose identity component we denote by G°. Twisted endoscopic data are like 
ordinary endoscopic data, except that their dual groups are connected centralizers 
of semisimple automorphisms within the inner class defined by G, rather than the 
earlier identity class of inner automorphisms. We have then to consider semisimple 

elements s in the component G = G° xi 9, acting by conjugation on G°. It suffices 
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to work here with the Galois form of L-groups. In the present context, a twisted 
endoscopic datum for G can be taken to be a quasisplit group G, together with an 
admissible L-embedding £ of Q = L G into the centralizer in L G° = GL(N, C) xT F 
of some element s. We define G to be elliptic if Aq — {1}, which is to say that the 
group Z{G) Tp is finite. We then write £ e ii(G) for the set of isomorphism classes of 
elliptic (twisted) endoscopic data for G. 

Suppose for example that N is odd, and that s = 8. Then the centralizer of s 

in G° is a group we will denote by 0(N,C), even though it is really the orthogonal 
group with respect to the symmetric bilinear attached to J. The element s therefore 
yields a twisted endoscopic group G for which G is the special orthogonal group 
SO(N, C). Since N is odd, G is isomorphic to the split group Sp(N-l). The group 
0(N,C) has a second connected component, represented by the central element 
(—7) in GL(N, C). This means that there are many admissible ways to embed L G 
into L G°. They are parametrized by isomorphisms from Tp to Z/2Z, which by 
class field theory correspond to characters r\ on F*\A* with i] 2 = 1. The set of such 
r] parametrizes the subset of £ e \i(G) attached to s. This phenomenon illustrates a 
second point of departure in the twisted case. The different embeddings represent 
distinct isomorphism classes of twisted endoscopic data, even though the underlying 
twisted endoscopic groups and associated elements s are all the same. 

To describe the full set £ c n(G), we consider decompositions of N into a sum 
N s + N Q of nonnegative integers, with N s even. We then take the diagonal matrix 

h 

V o is) 

where I s is the identity matrix of rank (N s / 2 ), and I is the identity matrix of rank 
N a . The centralizer of s in G° is a product 

Sp(N a ,C) x 0(N o ,C) 

of complex classical groups, defined again by bilinear forms supported on the second 
diagonal. It corresponds to a twisted endoscopic group G with dual group 

G = Sp(N s ,C) x SO(N ,C). 

The group 0(N , C) has two connected components if N a > 0. We have then also to 
specifiy an idele class character rj with if — 1 . If N Q is odd, the twisted endoscopic 
group is the split group 

G = SO(N s + 1) x Sp(N Q - 1) 

over F. In this case, rj serves to specify the embedding of L G into L G°, as in the 
special case above. We emphasize again that 77 is an essential part of the associated 
endoscopic datum. If N D is even, the nonidentity component of 0(N o ,C) acts on 
the identity component SO(N a ,C) as an outer automorphism. In this case, the 
twisted endoscopic group is the quasisplit group 

G=SO(N s + l) xSO(N , v ), 

where SO(N ,r)) is the outer twist of the split group SO(N a ) determined by 77. 
The character ij also determines an L-embedding of L G into L G° in this case. If 
N a = 2, the group SO(N ) is abelian. In this case, rj must be nontrivial in order 
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that corresponding twisted endoscopic datum be elliptic. In all other cases, rj can be 
arbitrary. It is a straightforward exercise to check that the twisted endoscopic data 
obtained from triplets (N s ,N a , r/) in this way give a complete set of representatives 
of £ e \i(G). 

It is possible to motivate the discussion above in more elementary terms. One 
does so by analyzing continuous representations 

r: T F — ► GL(N, C) 

that are self-contragredient, in the sense that the representation 

tr" 1 : o tr(<r)-\ a E T F , 

is equivalent to r. Since r is continuous, it factors through a finite quotient of IV. 
The analysis is therefore essentially that of the self-contragredient representations 
of an abstract finite group. One sees that twisted endoscopic data arise naturally 
in terms of decompositions of r into symplectic and orthogonal components. (See 
[A23, §3].) 

The general results are proved by induction on N. We therefore have a particu- 
lar interest in elements G G £ C \\{G) that are primitive, in the sense either N s or N Q 
equals zero. There are three cases. They correspond to N = N s even, N — N Q odd, 
and N = N D even. The associated twisted endoscopic groups are the split group 
G = SO(N + 1) with dual group G = Sp(N, C), the split group G = Sp(N - 1) 
with dual group G = SO(N,C), and the quasisplit group G = SO(N,rf) with dual 
group G = SO(N,C). We write £ pr i m (G) for the subset of primitive elements in 
£ c n(G). 

Suppose that G € £p T i m (G). Regarding G simply as a reductive group over F, 
we can calculate its (standard) elliptic endoscopic data G' £ £ e \i(G). It suffices to 
consider diagonal matrices s' <G G with entries ±1. For example, in the first case 
that G = SO(N+l) and G = Sp(N, C) (for N even), it is enough to take diagonal 
elements 

/-/' \ 

s' = I" 

V -I') 

where I' is the identity matrix of rank (iV'/2), and I" is the identity matrix of rank 
N" . The set £ e \\(G) is parametrized by pairs (N' , N") of nonnegative even integers, 
with < N' < N" and = N' + N" . The corresponding endoscopic groups are 
the split groups 

G' = SO(N' + 1) x SO(N" + 1), 

with dual groups 

G' = S P (N',C) x S P (N",C) c Sp{N,C) = G. 

In the second case that G = Sp(N — 1) and G — SO(N, C), £ e \i(G) is parametrized 
by pairs of (N',N") of nonnegative even integers with N = N' + (N" + 1), and 
idele class characters rj' with (77') 2 = 1. The corresponding endoscopic groups are 
the quasisplit groups 

G' = SO(N',ri') x Sp{N"), 

with dual groups 

G' = SO(N', C) x SO{N" + 1, C) C G = SO(N, C). 
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In the third case that G = SO(N,rf) and G — SO(N,C), £ C \\(G) is parametrized 
pairs of nonnegative even integers (N' , N") with < N' < N" and N ~ N' + N" , 
and pairs (r]',r]") of idele class characters with (rj') 2 = (rj") 2 = 1 and rj = f]'r]". 
The corresponding endoscopic groups are the quasisplit groups 

G' = SO{N',t]') x SO{N",r]"), 

with dual groups 

G' = SO(N',C) x SO(N",C) c SO(N,C) = G. 

In the second and third cases, the character rj* has to be nontrivial if the corre- 
sponding integer N* equals 2, and in the case N' = 0, rf must of course be trivial. 

Our goal is to try to classify automorphic representations of a group 
G G fprim(G) by means of the trace formula. The core of the trace formula for 
G is the i-discrete part 
(30.1) 

W(/) = E IWI" 1 E |det( S - l) QM r 1 tr(M P ( S ,0)Xp, t (0,/)), 

{M} s£W(M) IOS 

of its spectral side. We recall that / is a test function in H(G) — H(G(A)), while t 
is a nonnegative number that restricts the automorphic constituents of 2p >t (0, /) by 
specifying the norm of their archimedcan infinitesimal characters. The stabilization 
described in §29 yields the decomposition 

(30.2) /t,disc(/)= E ^(G,G')£ t G di sc(/') 

G'G£ „(G) 

stated in Corollary 29.10. We recall that S^ disc is a stable distribution on G"(A), 

while /' = / is the Langlands-Shelstad transfer of /. This is the payoff. It is our 
remuneration for the work done in stabilizing the other terms in the trace formula. 
But really, how valuable is it? Since G is quasisplit, G = G* is an element in 
£{G). The stabilization does not provide an independent characterization of the 
distribution Sf disc . In fact, (30.2) can be regarded as an inductive definition of 
•5>tdisc in terms of /disc,* and corresponding distributions for groups G' of dimension 
smaller than G. Thus, (30.2) amounts to the assertion that one can modify /t j disc(/) 
by adding some correction terms, defined inductively in terms of Langlands-Shelstad 
transfer, so that it becomes stable. A useful property, no doubt, but not something 
that in itself could classify the automorphic representations of G. 

What saves the day is the twisted trace formula for G. Let / be a test function 
in the Hecke space H(G) = W(G(A)) attached to the component G = GL(N) x 9. 
The twisted trace formula is an identity of linear forms whose spectral side also has 
a discrete part 
(30.3) 

/ t ,disc(/)= E m^T 1 E |det(*-l) a e \-hr(M po ( s ,0)l pot (0))(f) 

M° 

{M } s£W(M«) rcs 

with the same general structure as (30.1). (The first sum is over the set of G°- 
orbits of Levi subgroups M°, while the second sum is over the regular elements 
in the relevant twisted Weyl set. The other terms are also twisted forms of their 
analogues in (30.1), for which the reader can consult [CLL] and [A14, §4].) We 
assume that the twisted fundamental lemma (both ordinary and weighted) holds for 
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G, as well as twisted analogues of the other results described in §29. These include 
the twisted analogue of Waldspurger's theorem that the fundamental lemma implies 
transfer. We can therefore suppose that the transfer mapping / — > f G , defined for 
any G € £ e n(G) by the twisted transfer factors of Kottwitz-Shclstad [KoS], sends 
Tt(G) to the space S1(G). The stabilization of the twisted trace formula for G then 
yields a decomposition 

(30.4) / t ,di S c(/)= £ i(G,G)S G disc (f G ), 

G££ cn (G) 

where S G disc is the (untwisted) stable distribution on G(A) that appears in (30.2), 
and l(G, G) is an explicit constant. This gives an a priori relationship among the 
terms S G diac defined in the formulas (30.2). 

By combining the global identities (30.2) and (30.4), one obtains both local and 
global results. In the end, the interplay between the two formulas yields a classifi- 
cation of representations of odd orthogonal and symplectic groups, and something 
close to a classification in the even orthogonal case. We shall say little more about 
the proofs. We shall instead use the rest of the section to try to give a precise 
statement of the results. 

Since everything ultimately depends on the automorphic spectrum of GL(N), 
we begin with this group. We need to formulate the results of Moeglin and Wald- 
spurger in a way that can be extended to the classical groups in question. 

We shall represent the discrete spectrum of GL(N) by a set of formal objects 
that are parallel to the global parameters at the end of §26. Let 1 i>2(GL(N)) be 
the set of formal tensor products 

V> = H El v, 

where [i is an irreducible, unitary, cuspidal automorphic representation of GL(m), 
and v is the unique irreducible n-dimensional representation of the group 5L(2,C), 
for positive integers m and n such that N — mn. For any such we form the 
induced representation 

(30.5) T${{n®---®n)5l), 

s v ' 

n 

of GL(N, A), where P is the standard parabolic subgroup of type (to, . . . , m). We 
then write ir^ for the unique irreducible quotient of this representation. The the- 
orem of Moeglin and Waldspurger asserts that the mapping ip — ^ ir^ is a bijection 
from ^ 2 (GL(N)) onto the set of automorphic representations of GL(N) that occur 
in the discrete spectrum. Set 

C (V) = KW : v ? s }> 

for any finite set S D Soo of valuations outside of which [i is unramified, and 
semisimple conjugacy classes 

c„(V>) = Cv{n) ® c v (4> v ) = c v (/j,)qi 2 J 8 • • • © c v (fj,)q v ( 2 ^ 

in GL(N,C). The family c(ip) then equals the family c(ir^) attached to ir^ in §26. 

We also represent the entire automorphic spectrum of GL(N) by a larger set 
of formal objects. Let fy(GL(N)^ be the set of formal (unordered) direct sums 

(30.6) V = hipi ffl ■ ■ ■ ffl 4Vv 
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for positive integers £j, and distinct elements tpi = \ii Kl Vi in ^2(GL(Ni)) . The 
ranks iV, are positive integers of the form Nj_ = mini such that 

N = ixNx H h £ r N r = (.mum H h l r m r n r . 

For any ^ as in (30.6), take P to be the standard parabolic subgroup with Levi 
component 

M= (GL(N-l) x ••• x GL(iVi)) x ••• x ( GL(N r ) x ••• x GL(N r ) ), 
and form the corresponding induced representation 

(30.7) 7T^ = Ip (('!T^ 1 ® ■ ■ ■ ® 7tyJ <g> ■ ■ ■ <g> (7T^ r (g) • • • ® 7T^, r )). 

S v ' S v ' 

As a representation of GL(N, A) induced from a unitary representation, 7r^, is known 
to be irreducible [Be]. It follows from the theory of Eisenstein scries, and Theorem 
7.2 in particular, that ip — > n^, is a bijection from ^(^GL(N)) onto the set of 
irreducible representations of GL(N,A) that occur in the spectral decomposition 
of L 2 (GL(N, F)\GL(N, A)) . We set 

c(V) = {cvty) : « ^ S}, 

for any finite set S D outside of which each \ii is unramified, and semisimple 
conjugacy classes 

c v (tp) = { cy^h) e ■ ■ ■ecjjij ) e • • • e ( c„(Vv)® • • •®c„(yv) ), 

in GL(N,C). Then c(V') is again equal to c(7ty). The theorem of Jacquet and 
Shalika mentioned in §26 [JaS] tells us that the mapping 

V — c(V), Ve*(GL(A0), 

from ^(GL(iV)) to the set of (equivalence classes of) semisimple conjugacy classes 
in GL(N,C), is injective. 

There is an action n^, — ► 7r 8 of the outer automorphism 8 on the set of repre- 
sentations ir^. If ip is an clement (30.6) in W(GL(iV)), set 

^ e = S3 z/f ) EB • • • EB £ r (^ B ^ 9 ) 

= Bi/i)ffl--ffl £ r (/if H i/ r ), 

where /zf is the contragredient of the cuspidal automorphic representation zzj of 
GL(rrii). (We can write uf — v i} since any irreducible representation of SL(2, C) is 
self dual.) Then ir^ = ir^e. We introduce a subset 

$ = *(G) = {?/>€ *(GL(JV)) : i/- 8 = V} 

of elements in fy[GL(N)) associated to the component 

G = G N = GL(N) x 0. 

It corresponds to those representations ir^ of GL(N, A) that extend to group G(A) + 
generated by G(A). We shall say that ip is primitive if r = l\ = n\ = 1. In other 
words, ^ = Mi is a self-dual cuspidal automorphic representation of GL(N). In this 
case ^ has a central character ry^, of order 1 or 2. 
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We would like to think of the elements in as parameters. They ought to 
correspond to self dual, iV-dimensional representations of a group Lp x SX(2,C), 
where Lp is a global analogue of the local Langlands group L Fv . The global Lang- 
lands group Lp is purely hypothetical. It should be an extension of the global Weil 
group Wf, equipped with a conjugacy class of embeddings 

Lp — > W F 

i I 
L F — > W F 

of each local group. The hypothetical group Lp should ultimately play a funda- 
mental role in the automorphic representation theory of any G. In the meantime, 
we attach an ad hoc substitute for Lp to any ip. 

The proofs of the results we are going to describe include an extended induction 
argument. There are in fact both local and global induction hypotheses. We 
introduce the global hypothesis first, in order to define our substitutes for Lp. 

Global induction hypothesis. Suppose that ip <G W is primitive. Then there 
is a unique class G^ = (G^, L G^,, s^,^) of (twisted) elliptic endoscopic data in 
£ c w{G) such that 

c(V0 = ^(cW), 

for some irreducible representation it of G(A) that occurs in L^ isc (G(F)\G(A)y 
Moreover G^ is primitive. 

The assertion is quite transparent. Among all the (twisted) elliptic endoscopic 
data G for G, there should be exactly one source for the conjugacy class data of ip. 
If ip happens to be attached to an irreducible, self-dual representation of a group 
Lp, it is an elementary exercise in linear algebra to show that the assertion is valid. 
That is, ip factors through the L-group of a unique G$ G £ C \\(G), with G$ being 
primitive. Of course, we do not know that tp is of this form. We do know that if G^ 
is primitive, the dual group G$ C GL(N, C) is purely orthogonal or symplectic. If 
77^ 7^ 1 or TV is odd, G$ is orthogonal, and r\^ determines G^ uniquely. However, 
if 77^ = 1 and N is even, G^ could be either symplectic or orthogonal. In this case, 
we will require a deeper property of ip to characterize G^. 

In proving the results, one fixes N, and assumes inductively that the hypothesis 
holds if N is replaced by a positive integer m < N. The completion of the induction 
argument is of course part of what needs to be proved. Our purpose here is simply 
to state the results. Therefore, in order to save space, we shall treat the hypothesis 
as a separate theorem. In other words, we shall assume that it holds for m — N as 
well. 

Suppose that ip is an arbitrary element in ty. Then 9 acts by permutation on 
the indices 1 < i < £ in (30.6). Let / be the set of i with ipf — tpi. The complement 
of I is a disjoint union of two sets J and J', with a bijection j — > f from J to J', 
such that ipj = ipj' for every j e J. We can then write 

\iei ' ^jEJ 1 

If i belongs to /, we apply the global induction hypothesis to the self-dual, cusp- 
idal automorphic representation fa of GL(rrii). This gives us a canonical datum 
Gi = G Mi in £ P rim(GmJ. If j belongs to J, we simply set Gj = GL(nij). We thus 
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obtain a group G a over F for any index a in I or J. Let L G a be the Galois form 
of its L-group. We can then form the fibre product 

(30.8) C i ,= [] ( L G a — IV) 

aG/UJ 

of these groups over IV . If i belongs to /, the endoscopic datum d comes with 
the standard embedding 

Jii : L G l — ► i (GL(m i )) = GL(rm,C) x T F . 

If j belongs to J, we define a standard embedding 

Jij : L G J — > L (GL(2 mj )) = GL(2 mj ,C) x T F 

by setting 

jijigj x a) = (gj t gj l ) x a g i e Gj = GL(mj,C), <* G T F . 

We then define the L-embedding 

(30.9) i>: C i ,xSL(2,C) — ► L (GL(N)) = GL(N,C) x T F 
by taking the appropriate direct sum 

^ = (® "<)) © ( ® "i)) • 

We can of course interpret the embedding tp — ip G also as an TV-dimensional repre- 
sentation of C$ x SL(2, C). With either interpretation, we are primarily interested 
in the equivalence class of ip, which is a GL(N, C)-conjugacy class of homomor- 
phisms from x 5L(2,C) to either GL(N,C) or L (GL(N)). 

Suppose that G belongs to £ e ii(G). We write W(G) for the set of ip £ \t such 
that tp factors through L G. By this, we mean that there exists an L-homomorphism 

(30.10) ip G : C i ,xSL(2,C) — ► L G 
such that 

£oip G = ip, 

where £ is the embedding of L G into L (GL(iV)) that is part of the twisted endo- 
scopic datum represented by G. Since tp and £ are to be regarded as GL(N, C)- 
conjugacy classes of homomorphisms, ip G is determined only up to conjugacy by a 
subgroup of GL(N,C). We define Autg(G) to be the group of automorphisms of 
L G induced by conjugation of elements in GL(N, C) that normalize the image of 
L G. Then ip G is to be regarded as an Autg,(G)-orbit of L-homomorphisms (30.10). 
One sees easily that the quotient 

Outg(G) = Aut 6 (G)/Int(G) 

is trivial unless the integer 7V attached to G is even and positive, in which case it 
equals Z/2Z. In particular, if G is primitive and equals an even orthogonal group, 
there can be two G-orbits of homomorphisms in the class of tp G . It is for this reason 
that we write ^(G) in place of the more natural symbol ^(G). 
If tp belongs to ^(G), we form the subgroup 



(30.11) = S^G) = Ccnt(G,^ G (£^ x SL(2,C))) 



242 



JAMES ARTHUR 



of elements in G that centralize the image of tpQ. The quotient 
(30.12) S^, = S^G) = S^/SpiGf 

is a finite abelian group, which plays a central role in the theory. Notice that there 
is a canonical element 



(30.13) 84 = i> G 1 



-1 
-1 

in S^. Its image in <S^, (which we denote also by s^) will be part of the description 
of nontempered automorphic representations. 

Let *S? 2 be the subset of elements ip £ such that the indexing set J is empty 
and such that li = 1 for each i £ I. A general element ip £ always belongs to a 
set \P(G), for some datum G £ £ e n(G). It belongs to a unique such set if and only 
if it lies in \P 2 - If G belongs to £ e ii(G), the intersection 

$ 2 (G) = $(G)nvj/ 2 

is clearly the set of elements ip £ ^(G) such that the group S^, is finite. We shall 
write ^prim for the set of primitive elements in 4>. Then 

*prim C $ 2 C *, 



and 
where 

Suppose that 



* prim (G) c f 2 (G) c #(G), 
* P rim(G) = *(G) n $ prim . 



^ = ^ ffl • • • ffl Vr 

belongs to \I/ 2 . How do we determine the group G £ £ e ii(G) such that ^ lies in 
* 2 (G)? To answer the question, we have to be able to write N — N s + N a and 
-0 = V's ffl V'o, where V's € ^(GjvJ is the sum of those components tpi of symplectic 
type, and ip £ ^ / 2 (Gat o ) is the sum of the components tpi of orthogonal type. 
Consider a general component 

1pi= fliM Vi. 

The representation ^ e *prim(G mi ) has a central character 77^ = r\ iii of order 1 
or 2. It gives rise to a datum G 4 € £prim(G mi ), according to the global inductive 
hypothesis, and hence a complex, connected classical group Gi C GL(m,C). The 
rii-dimensional representation z/j of SX(2,C) gives rise to a complex, connected 
classical group Hi C GL{jn, C), which contains its image. By considering principal 
unipotent elements, for example, the reader can check that Hi is symplectic when rii 
is even, and is orthogonal when rij is odd. The tensor product of the bilinear forms 
that define Gi and Hi is a bilinear form on = <C mini . This yields a complex, 
connected classical group G^ i C GL(N i7 C), which contains the image of Gi x Hi 
under the tensor product of the two standard representations. In concrete terms, 
G 1 p i is symplectic if one of Gi and Hi is symplectic and the other is orthogonal, and 
is orthogonal if both Gi and Hi are of the same type. This allows us to designate 
ipi as either symplectic or orthogonal. It therefore gives us our decomposition 
i> = ip s © ipo- The component tp s lies in the subset ^(Gg) of \I/ 2 (Gjv s ), for the 
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datum G s € f P rim(G ! ]v s ) with dual group G s = Sp(N s ,C). The component if> lies 
in the subset ^2(G ) of ^(GjvJ, for the datum G € £ P rim(Gjv o ) with dual group 
G = SO(N D , C), and character 

r 
i=l 

The original element if> therefore lies in ^f 2 (G), where G is the product datum 
G s x G in £ e ii(G). We note that 

S (G) = / (Z/2Z)r ' if cach Ni is cven ' 
^ ' \(Z/2Z) r -\ otherwise. 

Suppose now that F is replaced by a completion k = F v of F. With this 
condition, we treat G° = GL(N) and G = GL(N) x as objects over fc, to which 
we add a subscript u if there is any chance of confusion. As we noted in §28, one 
can introduce endoscopic data over k by copying the definitions for the global field 
F. Similarly, one can introduce twisted endoscopic data for G over k. This gives 
local forms of the sets £ pr im(G) c £ C \\{G). 

We can also construct the sets ^ 2 {GL(N)), &(GL(N)), and $ = *(G) as 
objects over k. We define ^f 2 (GL(N)^ to be the set of formal tensor products 
if) = fj, M v, where \i is now an element in the set n temp 2 (GL(m, fc)) of tempered 
irreducible representations of GL(m, k) that are square integrable modulo the cen- 
ter. The other component v remains an irreducible, n-dimensional representation 
of SX(2,C), for a positive integer n with N — ran. For any such ip, we form the 
induced representation 

Zp(( M® ■ ■ ■ ®fj) 8p) 

n 

of GL(N, k), as in (30.5). It has a unique irreducible quotient w^, which is known 
to be unitary. The larger set \P(GL(iV)) is again the set of formal direct sums 

for positive integers £i, and distinct elements ipi = Mi ^ v % m ^2 (Gi(A r i )) . For any 
such ip, we form the induced representation 

7T^ = Xp ( ('!T^ 1 ® • • • ® 7T^, 1 ) (g> • • • <g> (lT^ r ® • • • <g> 7ty r ) ) 
„ ' ^- „ ' 

of GL(N,k), as in (30.7). It is irreducible and unitary. Finally, the local set is 
again the subset of elements ip in the local set *S?(GL(N)) such that ip 6 — if>. It has 
subsets 

*prim C $ 2 C *, 

defined as in the global case. 

We require a local form of our ad hoc substitute for the global Langlands group. 
Given the results of Harris- Taylor and Hcnniart, it is likely that one could work 
with the actual local Langlands group 



Wf v x SU(2), if v is nonarchimedean, 
Wf v , if v is archimedean. 
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However, the proof of the results described in this section still requires a local 
companion to the global induction hypothesis above. We may as well therefore use 
the local induction hypothesis to define analogues of the groups C^. 

The local induction hypothesis depends on being able to attach a twisted char- 
acter / — > Jq(iP) to any / and ip in the local sets H(G) and \t. Suppose first that 
ip = \i <X> v. By applying the theory of local Whittaker models to the local form 
of the induced representation (30.5), one can define a canonical extension of the 
quotient tt^ to G + (k). This in turn provides a canonical extension of to G + (k) 
for a general parameter ip £ We define 

/ e (V)=tr(7r^(7)), f€H(G). 

On the other hand, we are assuming that the twisted form of the Langlands- 
Shelstad transfer conjecture holds for k = F v . This gives a mapping 

/ — f° 

from H(G) to S1(G), for any twisted endoscopic datum G for G over k. 

Local Induction Hypothesis. Suppose that ip £ \I> is primitive. Then there 

is a unique class Cp £ £ e ll(G) such that /q(iP) is the pullback of some stable 
distribution 

h — ► h G ^(iP), h £ H(G^), 

on G.,p(k). In other words, 

feW = f G *U>), 7&h(G). 

Moreover, G^ is primitive. 

The assertion is less transparent than its global counterpart, for it is tailored 
to the fine structure of the terms in the spectral identities (30.1) and (30.3). 
It nonetheless serves the same purpose. Among all the local endoscopic data 
G £ £ c ii(G) for G, it singles out one that we can attach to ip. As with the global 
hypothesis, we shall treat the local induction hypothesis as a separate theorem. In 
particular, we assume that it holds for ^E , pr im(G m ), for any m < N. 

We can now duplicate the constructions from the global case. If ip £ is 
a general local parameter for the component G — Gn over k, we obtain groups 
Gi = in £(G mj ) for each i. We can then define the local form of the group C^,. 
It is an extension of the local Galois group Tfc, and comes with an L-embcdding 

ip: A/, x 5L(2,C) — ► L GL(N) = GL(N,C) x IV 

We again attach a subset ^(G) of 4> to any G £ £ e \\(G). Any ip £ ^(G) comes 
with an Aut,g(G)-orbit of local i-cmbeddings (30.10), with £ o ip G = ip. It also 
comes with the reductive group — S^(G), the finite abclian group 5^, = S^(G), 
and the element s$ in either or S^,, defined by (30.11), (30.12), and (30.13) 
respectively. 

There are a few more observations to be made in the case k = F v , before we 
can state the theorems. We first note that the definitions above make sense if G 
is a general endoscopic datum for G, rather than one that is just elliptic. The 
more general setting is required in the local context under discussion, since the 
localization of an elliptic global endoscopic datum need not remain elliptic. 
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Suppose that G € £ pr i m (G). The putative Langlands-Shclstad mapping 
/-» J G takes H(G) = H(G(k)) to the subspace SX(G) = SX(G(k)) of functions 
in SX(G) that are invariant under the group Out G (G). We recall that this group 
is trivial unless G is an even special orthogonal group SO(N), in which case it is 
of order 2. In the latter case, the nontrivial clement in Outg(G) is induced by con- 
jugation of the nontrivial connected component in O(N). By choosing a fc-rational 
element in this component, we obtain an outer automorphism of G(k) (regarded 
as an abstract group). We can therefore identify Out^(G) as a group of outer au- 
tomorphisms of G(k) of order 1 or 2. We write T(G) = l(G(k)) for the space of 
functions in 1(G) that are symmetric under Out G (G), and H(G) = H(G(k)) for 
the space of functions in H(G) that are symmetric under the image of Out G (G) in 
Aut(G(fc)) (relative to a suitable section). The mapping / — > /g then takes H(G) 
onto 1(G), while the stable orbital integral mapping / — > f G takes H(G) onto 
SX(G). Let n(G) denote the set of Out G (G)-orbits in the set 11(G) = Il(G(k)) 
of irreducible representations. We also write ITfi n (G) for the set of formal, finite, 
nonnegative integral combinations of elements in 11(G). Any clement 7r G ilfi n then 
determines a linear form 

/ — /gW, feH(G), 

on Tt(G). We write n un ; t (G) and Ilfi njUn it(G) for the subsets of 11(G) and ITfi n (G) 
built out of unitary representations. By taking the appropriate product, we can 
extend these definitions to any endoscopic datum G for G. 

Suppose again that G £ £ pr im(G), and that ip belongs to ^f(G). Suppose also 
that s' is a semisimple element in S^,(G). Let G' be the connected centralizer G s > 
of s' in G, and set 

g' = gVg(^). 

Then Q' is an ^-subgroup of L G, for which the identity embedding £' is an L- 
homomorphism. We take G' — G s > to be a quasisplit group for which G', with the 
L-action of r> induced by 5', is a dual group. We thus obtain an endoscopic datum 
(G',g',s',t;') for G. Now the set \t(G') can be defined as an obvious Cartesian 
product of sets we have already constructed. Since s' lies in the centralizer of the 
image of £^ in G, -0G factors through L G' . We obtain an L-embedding 

i) G . : Cp x SL(2,C) — -» L G' 

such that 

£' ° ^G' = V'G, 

and a corresponding clement -0' = ^s' m ^(C). Once again, this construction 
extends to the case that G is a general twisted endoscopic datum for G. 

There is one final technical complication. We want the local objects -0 over 
k = F v to represent local components at v of global parameters associated to auto- 
morphic representations of GL(N). Because we do not know that the extension to 
GL(N) of Ramanujan's conjecture is valid, we do not know that the local compo- 
nents are tempered. This requires a minor generalization of the local set ^> attached 
to k — F v . We define a larger set = ^ + (G) of formal direct sums 

i/; = £ 1 il) 1 m---me r ip r , 
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by relaxing the condition on the representations fa in components ipi = fa M z/j. 
We require only that fa belong to the set n 2 (GL(TOj, k)). In other words, fa is an 
irreducible representation of GL(rrii, k) that is square integrable modulo the center, 
but whose central character need not be unitary. This condition applies only to the 
components fa such that fa ^ fa, since the central character of fa would otherwise 
have order 2. If xjj belongs to the twisted character / — > /g(V') is defined 
from the tempered case by analytic continuation in the central characters of the 
components fa. The various other objects we have associated to the set 4> are also 
easily formulated for the larger set ty + . 

We shall now state the results as three theorems. They are conditional on the 
fundamental lemma, and the further requirements discussed at the beginning of the 
section. 

Theorem 30.1. Assume that k — F v is local, and that G G £ pr i m (G). 

(a) For each i[> € there is a stable linear form h — ► h G (ip) on Ti(G) such 

that 

/gW = / g W, fen(G). 

(b) For each ip g ^(G), there is a finite subset o/IIfi n;Un i t (G), together with 
an infective mapping 

TT > (-,71"), 7T e n^,, 

from n^, to the group of characters S^(G) on S^(G) that satisfies the following 
condition. For any s' G S^,(G), 

(30.14) / G V) = Yl W^)/gW. /eW(G), 

where G' = G' s ,, ip' = ip' s ,, and s is the image of s' in S^(G). 

(c) Let < I ) tcmp(G) denote the subset of elements in ^(G) for which each of the 
SX(2,C) components is trivial. Then if <f> S < I ) temp(G) ; i/ie elements in 
are tempered and irreducible, in the sense that they belong to the set n t0 mp(G) 
of Out q(G)- orbits in n te mp(G). Moreover, every element in n te mp(G) belongs to 
exactly one packet 11^ . Finally, if k is nonarchimedean, the mapping II^ — > is 
bijective. □ 

Remarks: 1. The assertions (b) and (c) of the theorem are new only in 
the nonarchimedean case. (For archimcdean v, they are special cases of results of 
Shelstad [She3] and Adams, Barbasch, and Vogan [ABV].) If v is nonarchimedean, 
assertion (c) can be combined with the local Langlands conjecture for GL(N) [HT], 
[He]. This ought to yield the local Langlands conjecture for G, at least in the case 
that Out 6 (G) = 1. 

2. The transfer mapping / — > f G in (b) depends on a normalization for the 
transfer factors Ag(5',j) for the quasisplit group G' . We assume implicitly that 
Ag(5',j) equals the function denoted A (S',j) on p. 248 of [LSI]. This is the 
reason that the characters (-,7r) on 6> v attached to an element <p S < &temp(G) are 
slightly simpler than in the general formulation (28.8). 
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3. Suppose that ip lies in the larger set , J + (G). We can then combine the 
theorem with a discussion similar to that of (28.9). In particular, we can identify 
ijj with the image in \E ,+ (G) induced from a nontempered twist Vm.Ai where M is 
a Levi subgroup of G, ipM is an element in \I>(M), and A is a point in (a* M )^. We 
can then form the corresponding induced packet 

n^, = {ip(n M ,\) ■ ttm e iL/, M } 

for G(k). Since we are dealing with full induced representations, rather than Lang- 
lands quotients, the assertions of the theorem extend to il^. 

Theorem 30.2. Assume that k = F is global, and that G G £ pr im(G). 

(a) Suppose that ip € ^(G). If v is any valuation of F, the localization ip v 
of ip, defined in the obvious way as an element in the set \I>+ = $ + (G v ), has the 
property that L^^ is contained in C^. In particular, ip v belongs to ^ + (G V ), S^,(G) 
is contained in S^ v {G v ), and there is a canonical homomorphism s — > s v from 
S^(G) to S^ v (G v ). We can therefore define a global packet 

II,/, = | 7r„ : 7T„ € 11^ , (-, 7r„) = 1 for almost all u|, 

V 

and for each element tt = ir v in II,/,, a character 

V 

= Y[(s v ,n v ), seS v , 

V 

on = S^(G). 

(b) Define a subalgebra of H(G) by taking the restricted tensor product 

rest 

W(G) = (g)W(G„). 

V 

Then there is an H(G) -module isomorphism 

(30.15) L% SC {G(F)\G(A)) = m*( tt), 

where equals 1 or 2, and 

Sip '■ <S-i/> * {il} 

is a linear character defined explicitly in terms of symplectic root numbers. □ 

Remarks. 4. The multiplicity m$ is defined to be the number of G-orbits of 
embeddings 

dp x SL(2,C) — > L G 
in the Aut<5(G)-orbit of ipe- We leave the reader to check that equals 1 unless 
N is even, G = SO(N, C), and the rank Ni of each of the components ipi = \ii ® z/, 
of -0 is also even, in which case = 2. 

5. The sign character is defined as follows. We first define an orthogonal 
representation 

: S^xC+x SL{2, C) — > GL(g) 
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on the Lie algebra g of G by setting 

t^{s, g, h) = Ad (sip G (g x h)), s e S^, g e C^, heSL(2,C). 

We then write 

a a 

for irreducible representations A a , /i Q and v a of S 1 ^, £^ and 5L(2,C) respectively. 
Given the definition of the global group we can regard L(s,fj, a ) as an auto- 
morphic L-function for a product of general linear groups. One checks that it is 
among those L-functions for which one has analytic continuation, and a functional 
equation 

L{8,n a ) = e(s,fj, a )L(l - s,(i£). 
In particular, if ^ = fi a , e(|,/z a ) = ±1. Let A be the set of indices a such that 

(i) = r a (and hence fi£ = fi a ), 

(ii) dim(z/ a ) is even (and hence v a is symplectic), 

(iii) e(|,Ma) = -1- 
Then 

(30.16) e^(s) = Yl dct (M*))> « e -V 

Theorem 30.3. Assume that J? is global. 

(a) Suppose that G € £ pr im(G9, and £/iat ijj ~ fi belongs to v I / prim(G). T/ien 
G is orthogonal if and only if the symmetric square L-function L(s,fj,,£r) has a 
pole at s = I, while G is symplectic if and only if the skew- symmetric L-function 
L(s,/i,A 2 ) has a pole at s = 1. 

(b) Suppose that for i = 1,2, G{ € £prim(GjvJ and £/iat ^ = /ii belongs to 
*prim(Gi). Then the corresponding Rankin- Selberg e-f actor satisfies 

e(i,/ii x fj, 2 ) = 1, 

provided that G\ and Gi are either both orthogonal or both symplectic. □ 

Remarks: 6. Suppose that /x is as in (i). It follows from the fact /j, 6 — /i that 

L(s,/i x /x) = L(s,n,S 2 )L(2,/j,,A 2 ). 

The Rankin- Selberg L-function on the left is known to have a pole of order 1 at 
s = 1. One also knows that neither of the two L- functions on the right can have 
a zero at s = 1. The assertion of (a) is therefore compatible with our a priori 
knowledge of the relevent L-functions. It is also compatible with properties of 
the corresponding Artin L-functions, in case \i is attached to an irreducible N- 
dimensional representation of Tp or Wf- The assertion is an essential part of both 
the resolution of the global induction hypothesis and the proof of the multiplicity 
formula (30.15). 

7. Consider the assertion of (b). If and \ii are both attached to irreducible 
representations of Wf, the conditions of (b) reduce to the requirement that the 
tensor product of the two representations be orthogonal. The assertion of (b) is 
known in this case [D2]. The general assertion (b) is again intimately related to 
the global induction hypothesis and the multiplicity formula (30.15). 
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We shall add a few observations on the "tempered" case of the multiplicity 
formula (30.15). Assume that G € £ pr im(G), as in Theorem 30.2. Let us write 
L 2 cmpdisc (G(F)\G(A)) for the subspacc of L 2 disc (G{F)\G{K)) whose irreducible 

constituents transfer to cuspidal Eisenstein series for G° = GL(N). (The notation 
anticipates a successful resolution of the Ramanujan conjecture for GL(N), which 
given our theorems, would imply that £ 2 emp disc (G(F)\G(A)) is indeed the subspace 

of -L disc (G(F)\G(A)) whose irreducible constituents are tempered.) Let ^(GQ = 
< I ) tcmp,2(G) be the subset of elements in the global set ^(G) for which the SL(2, C)- 
componcnts vi are all trivial. Then — 1 for every <fi <G <&2(G). The formula (30.15) 
therefore provides an 7i(G)-module isomorphism 

(30.17) L 2 cmp , disc (G(f)\G(A)) = m ( tt). 

0e$ 2 (G) {rtn f (,7r)=i} 

Suppose that N is odd, or that G = Sp(N,C). Then to^ = 1. It is also easy 
to see that H(G V ) = H(G V ) for any v, so that Tt(G) = H(G) in this case. More- 
over, the local packets 11^ = LT^ attached to elements <fi v in the set &tcmp(G v ) — 
&tcm P (G v ) contain only irreducible representations of G(F V ). Now the local com- 
ponent <p v of an element </> in the global set ^(G) = <&2(G) could lie in a set 
$j^ mp (G^) C <& + {G v ) that properly contains < J ) temp(G„). However, it is likely that 
the induced representations that comprise the corresponding packet are still 
irreducible. (I have not checked this point in general, but it should be a straight- 
forward consequence of the well known structure of generic, irreducible, unitary 
representations of GL(N 7 F V ).) Taking the last point for granted, we see that the 
global packet 

= { ^Qir v : n v <G LT^,, ( • , tt v ) = 1 for almost all vj 

V 

attached to any <j) £ ^(G) contains only irreducible representations of G(A). The 
injectivity of the mapping tt — > c(ir) implies that the global packets are disjoint. It 
then follows from (30.17) that £ 2 omp disc (G(F)\G(A)) decomposes with multiplicity 
1 in this case. 

In the remaining case, N is even and G = SO(N, C). If one of the integers iVj 
attached to a given global clement <j> e $2(G) is odd, equals 1. An argument like 
that above then implies that the irreducible constituents of i 2 emp!C jisc 

(G(F)\G(A)) 

attached to (f> have multiplicity 1. However, if the integers AT* attached to <f> are all 
even, equals 2. The multiplicity formula (30.17) then becomes more interesting. 
It depends in fact on the integers 

A^j, 1 ^ 2 £ V: 

attached to the local components (f> v of (p. If for some v, all of these integers arc even, 
(30.17) can be used to show that the irreducible constituents of 
^temp disc^^A^^)) attached to <p again have multiplicity 1. However, it could 
also happen that for every v, one of the integers N Vii is odd. A slightly more elabo- 
rate analysis of (30.17) then leads to the conclusion that the irreducible constituents 
°f ^temp disc( ( -'(^ 1 )\ < -'('^)) attached to (j) all have multiplicity 2. This represents a 
quantitative description of a phenomenon investigated by M. Larsen in terms of 
representations of Galois groups [Lar, p. 253]. 
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The discussion of this section has been restricted to quasisplit orthogonal and 
symplectic groups. It is of course important to treat other classical groups as well. 
For example, there ought to be a parallel theory for quasisplit unitary groups over 
F. The case of unitary groups is in fact somewhat simpler. Moreover, a proof of the 
fundamental lemma for unitary groups has been announced recently by Laumon and 
Ngo [LN]. It is quite possible that their methods could be extended to weighted 
orbital integrals and their twisted analogues. The goal would be to extend the 
results of Rogawski for U(3) [Ro2], [Ro3] to general rank. 

Finally, we note that there has been considerable progress recently in applying 
other methods to classical groups. These methods center around the theory of 
L-functions, and a generalization [CP] of Hcckc's converse theorem for GL(2). 
They apply primarily to generic representations (both local and global) of classical 
groups, but they do not depend on the fundamental lemma. We refer the reader to 
[Co] for a general introduction, and to selected papers [CKPS1], [CKPS2], [JiS] 
and [GRS]. 



Afterword: beyond endoscopy 

The principle of functionality is one of the pillars of the Langlands program. It 
is among the deepest problems in mathematics, and has untold relations to other 
questions. For example, the work of Wiles suggests that functoriality is inextricably 
intertwined with that second pillar of the Langlands program, the general analogue 
of the Shimura-Taniyama-Weil conjecture [Lan7] . 

The theory of endoscopy, which is still largely conjectural, analyzes represen- 
tations of G in terms of representations of its endoscopic groups G' . In its global 
form, endoscopy amounts to a comparison of trace formulas, namely the invariant 
(or twisted) trace formula for G with stable trace formulas for G' . It includes the 
applications we discussed in §25, §26, and §30 as special cases. The primary aim of 
endoscopy is to organize the representations of G into packets. It can be regarded 
as a first attempt to describe the fibres of the mapping 

7r — ► c(ir) 

from automorphic representations to families of conjugacy classes. However, it also 
includes functorial correspondences for the L-homomorphisms 

£' : L G' — > L G 

attached to endoscopic groups G' for G (in cases where Q' can be identified with 
an L-group L G'). 

The general principle of functoriality applies to an L-homomorphism 
(A.l) p : L G' — ► L G 

attached to any pair G 1 and G of quasisplit groups. As a strategy for attacking this 
problem, the theory of endoscopy has obvious theoretical limitations. It pertains, 
roughly speaking, to the case that L G' is the group of fixed points of a semisimple 
L-automorphism of L G. Most mappings p do not fall into this category. 

Suppose for example that G' = GL{2) and G = GL(m + 1), and that p is the 
(m + 1) -dimensional representation of G' — GL(2, C) defined by the m th symmetric 
power of the standard two-dimensional representation. If m — 2, the image of 
GL(2,C) in L G = GL(3,C) is essentially an orthogonal group. In this case, the 
problem is endoscopic, and is included in the theory of classical groups discussed in 
§30. (In fact, functoriality was established in this case by other means some years 
ago [GeJ].) In the case m = 3 and m = 4, functoriality was established recently 
by Kim and Shahidi [KiS] and Kim [Ki]. These results came as a considerable 
surprise. They were proved by an ingenious combination of the converse theorems 
of Cogdell and Piatetskii- Shapiro with the Langlands-Shahidi method. If m > 5, 
however, these methods do not seem to work. Since the problem is clearly not 
endoscopic in this case, none of the known techniques appear to hold any hope of 
success. 

We are going to conclude with a word about some recent ideas of Langlands 1 
[Lanl3], [Lanl5]. The ideas are quite speculative. They have yet to be shown 
to apply even hcuristically to new cases of functoriality. However, they have the 
distinct advantage that everything else appears to fail in principle. The ideas are 
in any case intriguing. They are based on applications of the trace formula that 
have never before been considered. 



I thank Langlands for enlightening conversations on the topic. 
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The difficulty in attacking the general case (A.l) of functoriality is that it is 
hard to characterize the image of L G' in L G. If p( L G') is the group of fixed points 
of some outer automorphism, G' will be related to a twisted endoscopic group for 
G. The corresponding twisted trace formula isolates automorphic representations 
of G that are fixed by the outer automorphism. A comparison of this formula with 
stable trace formulas for the associated collection of twisted endoscopic groups is 
aimed, roughly speaking, at those L-subgroups of L G fixed by automorphisms in 
the given inner class. If the image of L G' in L G is more general, however, the 
problem becomes much more subtle. Is it possible to use the trace formula in a 
way that counts only the automorphic representations of G(A) that are functorial 
images of automorphic representations of G'l 

Suppose that r is some finite dimensional representation of L G. We write 
V ram (G, r) for the finite set of valuations v of F at which cither G or r is ramified. 
For p as in (A.l), the composition ro p is a finite dimensional representation of L G' . 
If this representation contains the trivial representation of L G' , and the L-function 
L(s,tt' ,r o p) attached to a given automorphic representation tt 1 of G' has the 
expected analytic continuation, the L-function will have a pole at s — 1. The same 
would therefore be true of the L-function L(s, tt, r) attached to an automorphic 
representation tt of G that is a functorial image of tt' under p. On the other hand, 
so long as r does not contain the trivial representation of L G, there will be many 
automorphic representations tt of G for which L(s,ir,r) does not have a pole at 
s = 1. One would like to have a trace formula that includes only the automorphic 
representations tt of G for which L(s,TT,p) has a pole at s = 1. 

The objects of interest are of course automorphic representations tt of G that 
occur in the discrete spectrum. The case that tt is nontempered is believed to 
be more elementary, in the sense that it should reduce to the study of tempered 
automorphic representations of groups G^ of dimension smaller than G [A17]. The 
primary objects are therefore the representations tt that are tempered, and hence 
cuspidal. If tt is a tempered, cuspidal automorphic representation of G, L(s, tt, r) 
should have a pole at s = 1 of order equal to that of the unramificd L-function 



attached to any finite set V D S ram (G,r) outside of which tt is unramificd. The 
partial L-function L v (s, tt, r) is not expected to have a zero at s = 1. The order of 
its pole will thus equal 



L v (s,TT,r)= H det (1 - r(c(7T v ))q- s ) 




a nonnegative integer that is independent of V. 
We can write 



- — log L (s, tt, r) 




oc 



22log(g„)tr(r(c(7r„)) fc )g- 



— ks 



vgV k=l 
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for Re(s) large. Since n is assumed to be tempered, the projection of any conjugacy 
class c(ir v ) onto G is bounded, in the sense that it intersects any maximal compact 
subgroup of G. It follows that the set of coefficients 

|tr(r(cK)) fe ) : v & V, k > l} 

is bounded, and hence that the last Dirichlet series actually converges for Re(s) > 1. 
Since it is also assumed to be cuspidal automorphic, L v (s, it, r) is expected to have 
analytic continuation to a mcromorphic function on the complex plane. The last 
Dirichlet series will then have at most a simple pole at s = 1, whose residue can 
be described in terms of the coefficients. Namely, by a familiar application of the 
Wicncr-Ikchara taubcrian theorem, there would be an identity 

(A.2) «(v)=limj^ E tr(r(cK)))), 

{v£V:q v <N} 

where 

V N = \{v£V: q v <N}\. 

(See [Serl, p. 1-29]. Observe that the contribution of the coefficients with k > 1 
to the Dirchlet series is analytic at s = 1, and can therefore be ignored.) 

Langlands proposes to apply the trace formula to a family of functions f N 
that depend on the representation r. We begin with an arbitrary function / € 
7i(G(A)). If V D S ram (G) is a finite set of valuations such that / belongs to the 
subspace H(G(Fv)) of H(G(A)), and <p belongs to the unramified Hecke algebra 
H(G(A V ),K V ), the product 

U : x -» /(x)^(x y ), x G G(A), 

also belongs to H(G(A)). We choose the function (f> = (f>N so that it depends on r, 
as well as a positive integer iV. Motivated by (A.2), and assuming that V contains 
the larger finite set S' ram (G, r), we define 4>n by the requirement that 

{t)0y : <} 1 ,<A r } 

for any unramified representation 7r^ of G(A y ). Then 

n(n,r)= lim ((0 Af ) G (^)I/ w 1 ), 

TV — >oo 

for any 7r as in (A.2). The products 

In = In = /0n > N >1, 

or rather their images in H(G), are the relevant test functions. 
Set 

-^tcmp,cusp(/) — tr(i?t cm p jCUS p(/)) , 

where i?tcmp,cusp is the representation of G(A) 1 on the subspace of 
L^ us (G(F)\G(A) 1 ) that decomposes into tempered representations tt of G(A) 1 . 
Suppose that we happen to know that L v (s,ir,r) has analytic continuation for 
each such n. Then the sum 



(A.3) 



E r)m cusp (TT)f G (Tr), 

7T 
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taken over irreducible tempered representations it of G(A) 1 , equals the limit 

^temp,cusp(/) = (^tomp,cusp(/Ar)V Ar 1 ). 

However, it is conceivable that one could investigate the limit / t r cmp cusp (/) without 
knowing the analytic continuation of the L- functions. The term /temp, cusp (/iv) in 
this limit is part of the invariant trace formula for G. It is the sum over t > of the 
tempered, cuspidal part of the term with M — G in the ^-discrete part /t,disc(/iv)- 
(We recall that the linear form Iodise is defined by a sum (21.19) over Levi subgroups 
M of G.) For each N, one can replace /temp, cusp (/at) by the complementary terms 
of the trace formula. Langlands' hope (referred to as a pipe dream in [Lanl5]) is 
that the resulting limit might ultimately be shown to exist, through an analysis of 
these complementary terms. The expression for the limit so obtained would then 
provide a formula for the putative sum (A. 3). 

In general, it will probably be necessary to work with the stable trace formula, 
rather than the invariant trace formula. This is quite appropriate, since we are 
assuming that G is quasisplit. The ^-discrete part 

Si,disc(/) = St,disc(f) 

of the stable trace formula, defined in Corollary 29.10, has a decomposition 

St,disc(/)= E S c (./% feH(G), 

cec t , disc (G) 

into Hecke eigenspaces. The indices c here range over "^-discrete" equivalence 
classes of families 

c v = {c v : v?V}, VDS ram (G), 

of semisimple conjugacy classes in L G attached to unramified representations 
ir v = n(c v ) of G(A V ). We recall that two such families are equivalent if they 
are equal for almost all v. The cigendistribution S c (f) is characterized by the 
property that 

SdU) = S c {f)Mc V ), G H(G(A V ),K V ), 

where V is a large finite set of valuations depending on /, c v is some representative 
of the equivalence class c, and 

G (c y ) = G (^(c y )). 

For any / and t, the sum in c can be taken over a finite set. Let Ct om p jC usp(G) be 
the subset of classes in the union 

Cdisc(G) = [J Ct,disc(G) 

that do not lie in the image of C disc (M) in C d j sc (G) for any M ^ G, and whose 
components c v are bounded in G. The sum 

-Stomp, cusp (/) = S^ cmpcusp (f) = E S c (f), f e H(G), 

(G) 

is then easily seen to be absolutely convergent. 

The sum (A. 3) and the limit / c * usp .t omp (/) have obvious stable analogues. If the 
partial L-function 

L( S ,c v ,r)=L v ( S ,n,r), tt v = it(c v ), 
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attached to a class c G Ct em p,cusp(G) has analytic continuation, set n(c, r) equal to 
n(n, r). Then 

n(c, r) = Vbz^ (V^ 1 ^ tr(r(c))) 

{v(£V:q v <N} 

= lim ((^)g(c v )V^). 

iv — >oo 

The notation here reflects the fact that the limit is independent of both V and the 
representative c v of c. If L(s, c v , r) has analytic continuation for every c, the sum 

(A.4) ]T n(c,r)S c (f) 

(G) 

equals the limit 

>Stemp,cusp(/) = (>5 , tcmp,cusp(/jv)V ;v 1 ). 

The remarks for ^te mp cuS p(/) above apply again to the limit Sl empcusp (f) here. 
Namely, it might be possible to investigate this limit without knowing the analytic 
continuation of the L-functions. Since £tem P ,cusp(/iv) is part of the stable trace 
formula for G, wc could replace it by the complementary terms in the formula. The 
ultimate goal would be to show that the limit exists, and that it has an explicit 
expression given by these complementary terms. 

An important step along the way would be to deal with the complementary 
terms attached to nontempered classes c. These terms represent contributions to 
St, disc (/at) from nontempered representations of G(A) that occur in the discrete 
spectrum. The conjectural classification in [A17] suggests that they can be ex- 
pressed in terms of groups G^ of dimension smaller than G. One can imagine that 
the total contribution of a group H = G^ might take the form of a sum 

(A.5) ( Y, S${f%))Vj\ 

where is a component of the linear form S^ mpcusp on H(H), and /jv — > f% is 
a transform from TC(G) to SI(H). For example, the one-dimensional automorphic 
representations \ of G(A) are represented by parameters 

tp : T F x SX(2,C) — ► L G, 
in which ip ( 1, ( \ | ) ) is a principal unipotent clement in G. In this case, H = G^ 



is the co-center of G, and 



S${f$) - / fN(x) X (x)dx. 

J G(A) 



In general, the transform ffj would be defined by nontempered stable characters, 
and the contribution (A.5) of G^ will not have a limit in N. One would have to 
combine the sum over H of these contributions with the sum obtained from the 
remaining terms in the stable trace formula. More precisely, one would need to show 
that the difference of the two sums does have a limit in N, for which there is an 
explicit expression. In the process, one could try to establish the global conjectures 
in [A17], in the more exotic cases where endoscopy gives only partial information. 
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This is a tall order indeed. The most optimistic prediction might be that the 
program can be carried out with a great deal of work by many mathematicians over 
a long period of time! However, the potential rewards seem to justify any amount 
of effort. A successful resolution to the questions raised so far would be spectacular. 
It would give a complicated, but presumably quite explicit, formula for the linear 
form Stc m p. CUS p (/) m terms that are primarily geometric. The result would be a 
stable trace formula for the tempered, cuspidal automorphic representations tt of 
G such that L(s, tt, r) has a pole at s = 1. 

The lesson we have learned from earlier applications is that a complicated trace 
formula is more useful when it can be compared with something else. The case at 
hand should be no different. One could imagine that for any L-embedding p as in 
(A.l), there might be a mapping / — > f r ' p from H(G) to ST(G') by which one could 
detect functorial contributions of p to S^omp cusp (/) . The mapping might perhaps 
be defined locally. It should certainly vanish unless p is unramificd outside of V, 
for any finite set V such that / lies in the subspace H(Gv) of H(G). We would 
include only those p that are elliptic, in the sense that their image is contained in 
no proper parabolic subgroup of L G. 

From the theory of endoscopy, we know that we have to treat a somewhat larger 
class of embeddings p. We consider the set of G-orbits of elliptic L-embeddings 

(A.l)* p: g' — > L G, 

where Q' is an extension 

1 — ► G' — ► g' — ► W F — ► 1 

for which there is an L-embedding g' °-> L G'. It is assumed that G' is the L- 
group of a quasisplit group G', and that G' — > G' is a z-extension of quasisplit 
groups. For each such p, we suppose that there is a mapping / — > f r,p from 
H(G) to ST(G', rj'), for the appropriate character rj' on the kernel of the projection 
G' — > G' , which vanishes unless p is unramified outside of V. One might hope 
ultimately to establish an identity 

(A.6) 3emp,cusp(/) =J2^P^m(r P ), 

P 

where p ranges over classes of elliptic L-embcddings (A.l)*, a(r, p) arc global coef- 
ficients determined by r and p, and 5 prim is a stable linear form on H(G' ,rj') that 
depends only on G' and rj' . In fact, 5 prim should be defined by a stable sum of the 
tempered, cuspidal, automorphic representations tt' € Iltemp(G", rj') such that for 
any finite dimensional representation r' of L G' , the order of the pole of L(s, tt' , r') 
at s = 1 equals the multiplicity of the trivial representation of L G' in r' . For each 
G', one would try to construct a trace formula for 5 prim inductively from the for- 
mulas for the analogues for G' of the linear forms S^ emp cusp . The goal would be to 
compare the contribution of these formulas to the right hand side of (A.6) with the 
formula one hopes to obtain for the left hand side. If one could show that the two 
primarily geometric expressions cancel, one would obtain an identity (A.6). 

A formula (A.6) for any G would presumably lead to the general principle 
of functoriality. Functoriality in turn implies the analytic continuation of the L- 
functions L(s,TT,r) (for cuspidal automorphic representations tt) and Ramanujan's 
conjecture (for those cuspidal automorphic representations tt not attached to the 
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SL(2, C)-parameters of [A17]). Both of these implications were drawn in Lang- 
lands' original paper [Lan3]. It is interesting to note that Langlands' ideas are 
based on the intuition gained from the analytic continuation and the Ramanujan 
conjecture. However, his strategy is to bypass these two conjectures, leaving them 
to be deduced from the principle of functoriality one hopes eventually to establish. 

The existence of a formula (A. 6) would actually imply something beyond func- 
toriality. Let n pr i m (G) be the set of tempered, cuspidal, automorphic representa- 
tions of G that are primitive, in the sense that they are not functorial images of 
representations w' € H(G',rj'), for any L-embedding (A.l)* with proper image in 
L G. An identity of the form (A. 6) implies that if 7r e n prml (G), and r is any finite 
dimensional representation of L G, the order of the pole of L(s, n, r) at s = 1 equals 
the multiplicity of the trivial representation of L G in r. This condition represents a 
kind of converse to functoriality. It implies that any tempered, cuspidal, automor- 
phic representation ir of G is a functional image under some p of a representation ir' 
in the associated set U pT i m (G' ,rj'). The condition is closely related to the existence 
of the automorphic Langlands group Lp. If it fails, the strategy for attacking the 
functoriality we have described would seem also to fail. 

All of this is implicit in Langlands' paper [Lanl3], if I have understood it 
correctly. Langlands is particularly concerned with the case that G = PGL(2), a 
group for which the stable trace formula is the same as the invariant trace formula, 
and r is the irreducible representation of G — SL(2, C) of dimension (m+1). In this 
case, an elliptic homomorphism p will be of dihedral, tctrahedral, octahedral, or 
icosahedral type. For each of the last three types, the image of p is actually finite. 
The poles that any of these three types would contribute to L-functions L(s, ir, r) 
are quite sparse. (See [Lanl3, p. 24].) For example, to detect the contribution of 
an icosahedral homomorphism p, one would have to take a 12-dimcnsional repre- 
sentation r. For a representation of G of this size, there will be many terms in the 
putative limit / t r omp cusp (/) = Stomp cusp(/) that overwhelm the expected contribu- 
tion of p. The analytic techniques required to rule out such terms are well beyond 
anything that is presently understood. Techniques that can be applied to smaller 
representations r are discussed in [Lanl3] and [Lanl5], and also in the letter [Sar] 
of Sarnak. 
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Abstract. This is an introduction to the theory of Shimura varieties, 
or, in other words, to the arithmetic theory of automorphic functions 
and holomorphic automorphic forms. 
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Introduction 

The arithmetic properties of elliptic modular functions and forms were exten- 
sively studied in the 1800s, culminating in the beautiful Kronecker Jugendtraum. 
Hilbert emphasized the importance of extending this theory to functions of several 
variables in the twelfth of his famous problems at the International Congress in 
1900. The first tentative steps in this direction were taken by Hilbert himself and 
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his students Blumenthal and Hcckc in their study of what are now called Hilbcrt 
(or Hilbcrt-Blumcnthal) modular varieties. As the theory of complex functions 
of several variables matured, other quotients of bounded symmetric domains by 
arithmetic groups were studied (Siegel, Braun, and others). However, the modern 
theory of Shimura varieties 1 only really began with the development of the theory 
of abelian varieties with complex multiplication by Shimura, Taniyama, and Weil 
in the mid-1950s, and with the subsequent proof by Shimura of the existence of 
canonical models for certain families of Shimura varieties. In two fundamental ar- 
ticles, Deligne recast the theory in the language of abstract reductive groups and 
extended Shimura's results on canonical models. Langlands made Shimura varieties 
a central part of his program, both as a source of representations of galois groups 
and as tests for the conjecture that all motivic L-functions are automorphic. These 
notes are an introduction to the theory of Shimura varieties from the point of view 
of Deligne and Langlands. Because of their brevity, many proofs have been omitted 
or only sketched. 

Notations and conventions. Unless indicated otherwise, vector spaces are as- 
sumed to be finite dimensional and free Z-modulcs are assumed to be of finite rank. 
The linear dual Hom(V,k) of a vector space (or module) V is denoted V v . For 
a fc-vector space V and a fc-algebra R, V(R) denotes R <£>& V (and similarly for 
Z-modules). By a lattice in an M- vector space V, I mean a full lattice, i.e., a Z- 
submodule generated by a basis for V. The algebraic closure of a field k is denoted 
fc al . 

A superscript + (resp. °) denotes a connected component relative to a real 
topology (resp. a zariski topology). For an algebraic group, we take the identity 
connected component. For example, (O n )° = SO„, (GL„)° = GL„, and GL„(IR) + 
consists of the n x n matrices with det > 0. For an algebraic group G over Q, 
G(Q) + = G(Q) n G(M) + . Following Bourbaki, I require compact topological spaces 
to be separated. 

Semisimple and reductive groups, whether algebraic or Lie, are required to be 
connected. A simple algebraic or Lie group is a semisimple group with no connected 
proper normal subgroups other than 1 (some authors say almost-simple). For a 
torus T, X*(T) denotes the character group of T. The inner automorphism defined 
by an element g is denoted ad(g). The derived group of a reductive group G is 
denoted G dcr (it is a semisimple group). For more notations concerning reductive 
groups, see p303. For a finite extension of fields L D F of characteristic zero, the 
torus over F obtained by restriction of scalars from G m over L is denoted (&m)i,/F- 

Throughout, I use the notations standard in algebraic geometry, which some- 
times conflict with those used in other areas. For example, if G and G' are algebraic 
groups over a field k, then a homomorphism G — > G' means a homomorphism de- 
fined over k; if K is a field containing k, then Gk is the algebraic group over K 
obtained by extension of the base field and G(K) is the group of points of G with 
coordinates in K. If a : k <— > K is a homomorphism of fields and V is an algebraic 
variety (or other algebro-geometric object) over k, then aV has its only possible 
meaning: apply a to the coefficients of the equations defining V. 

Let A and B be sets and let ~ be an equivalence relation on A. If there exists 
a canonical surjection A — > B whose fibres are the equivalence classes, then I say 



lr The term "Shimura variety" was introduced by Langlands (1976, 1977), although earlier 
"Shimura curve" had been used for the varieties of dimension one (Ihara 1968). 
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that B classifies the elements of A modulo <~ or that it classifies the ^-classes of 
elements of A. 

A functor F : A — > B is fully faithful if the maps Hom A (a, a') — ► Hom B (Fa, Fa') 
are bijective. The essential image of such a functor is the full subcategory of B whose 
objects are isomorphic to an object of the form Fa. Thus, a fully faithful functor 
F: A — > B is an equivalence if and only if its essential image is B (Mac Lane 1998, 
p93). 

References. In addition to those listed at the end, I refer to the following of my 
course notes (available at www.jmilne.org/math/). 
AG: Algebraic Geometry, v5.0, February 20, 2005. 
ANT: Algebraic Number Theory, v2.1, August 31, 1998. 
CFT: Class Field Theory, v3.1, May 6, 1997. 
FT: Fields and galois Theory, v4.0, February 19, 2005. 
MF: Modular Functions and Modular Forms, vl.l, May 22, 1997. 

Prerequisites. Beyond the mathematics that students usually acquire by the 
end of their first year of graduate work (a little complex analysis, topology, algebra, 
differential geometry,...), I assume familiarity with some algebraic number theory, 
algebraic geometry, algebraic groups, and elliptic modular curves. 

Acknowledgements. I thank the Clay Mathematical Institute and the organizers 
for giving me the opportunity to lecture on Shimura varieties, the Fields Institute 
for providing a excellent setting for the Summer School, and the audience for its 
lively participation. Also, I thank Lizhen Ji and Gopal Prasad for their help with 
references, and F. Hormann and others for alerting me to errors in earlier versions. 

1. Hermitian symmetric domains 

In this section, I describe the complex manifolds that play the role in higher 
dimensions of the complex upper half plane, or, equivalently, the open unit disk: 

~ . z— i 

* z+i 

{zeC| Q{z) > 0} = Hi c t T>i = {z e C | \z\ < 1}. 

This is a large topic, and I can do little more than list the definitions and results 
that we shall need. 

Brief review of real manifolds. A manifold M of dimension n is a separated 
topological space that is locally isomorphic to an open subset of R n and admits a countable 
basis of open subsets. A homeomorphism from an open subset of M onto an open subset 
of R n is called a chart of M. 

Smooth manifolds. I use smooth to mean C°°. A smooth manifold is a manifold 
M endowed with a smooth structure, i.e., a sheaf Om of R- valued functions such that 
(M, Om) is locally isomorphic to R n endowed with its sheaf of smooth functions. For an 
open U C M, the / £ Om(U) are called the smooth functions on U. A smooth structure 
on a manifold M can be defined by a family u a : U a — > R n of charts such that M = [j U a 
and the maps 

u a o u^ 1 -. uf)(u a n Up) — » u a (u a n Up) 

are smooth for all a, (3. A continuous map a : M — > N of smooth manifolds is smooth if 
it is a map of ringed spaces, i.e., / smooth on an open V C N implies / o a smooth on 
a~\V). 

Let (M,Om) be a smooth manifold, and let Om, p be the ring of germs of smooth 
functions at p. The tangent space T V M to M at p is the R- vector space of R-derivations 
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X p : Om, p — > K. If x 1 , . . . , x" are local coordinates at p, then -~r, . . . , gf^ is a basis for 
T P M and dx 1 , . . . , da;" is the dual basis. 

Let U be an open subset of a smooth manifold M. A smooth vector field X on 
U is a family of tangent vectors X v G T P (M) indexed by p € U, such that, for any 
smooth function / on an open subset of U, p i— » X p / is smooth. A smooth r-tensor 
field on C7 is a family i = (i p ) p gM of multilinear mappings i p : T P M x • • • x T P M — > E 
(r copies of T P M) such that, for any smooth vector fields Xi, . . . ,X r on an open subset 
of U, p i— > t p (Xi, . . . , X r ) is a smooth function. A smooth (r,s)-tensor field is a 
family t p : (T p M) r x (T p M) Vs — > R satisfying a similar condition. Note that to give a 
smooth (1, l)-field amounts to giving a family of endomorphisms t p : T P M — > T P M with 
the property that p i— > t p (X p ) is a smooth vector field for any smooth vector field X . 

A riemannian manifold is a smooth manifold endowed with a riemannian metric, 
i.e., a smooth 2-tensor field g such that, for allp € M, g p is symmetric and positive definite. 
In terms of local coordinates 

9p = T,9i,j(p)dx % ® rfa:J , i-e-, 9p{-£^,-£j) = 9ij(p)- 
A morphism of riemannian manifolds is called an isometry. 

A real Lie group 2 G is a smooth manifold endowed with a group structure defined 
by smooth maps 31,52 1— » 3132, g ^ g 1 ■ 

Brief review of hermitian forms. To give a complex vector space amounts to 
giving a real vector space V together with an endomorphism J : V — > V such that J 2 — — 1 . 
A hermitian form on (V, J) is an E-bilinear mapping ( | ) : V x V — » C such that 
(Jw|v) = i(u\v) and (w|m) = (u\v). When we write 

(1) (u\v) = (p(u,v) — iip(u,v), ip(u, v), ip{u, v) € R, 
then y and tp are R-bilinear, and 

(2) ip is symmetric tp(Ju, Jv) = ^>(it, v), 

(3) V is alternating ip(Ju, Jv) = tp(u, v), 

(4) ip(u,v) = —<p(u, Jv), ip(u,v) = ip(u, Jv). 

As (it|«) = u), ( I ) is positive definite if and only if ip is positive definite. Conversely, 
if tp satisfies (2) (resp. V satisfies (3)), then the formulas (4) and (1) define a hermitian 
form: 

(5) (u\v) — <p(u,v) + itp(u, Jv) (resp. (u\v) = ip(u, Jv) — iip{u, v)) 

Complex manifolds. A C-valued function on an open subset U of C" is 
analytic if it admits a power series expansion in a neighbourhod of each point of 
U. A complex manifold is a manifold M endowed with a complex structure, 
i.e., a sheaf Om of C-valued functions such that (M,Om) is locally isomorphic 
to C™ with its sheaf of analytic functions. A complex structure on a manifold M 
can be defined by a family u a : U a — > C™ of charts such that M — (J U a and the 
maps UaOiip 1 are analytic for all a, (3. Such a family also makes M into a smooth 
manifold denoted M°°. A continuous map a: M — > N of complex manifolds is 
analytic if it is a map of ringed spaces. A riemann surface is a one-dimensional 
complex manifold. 

A tangent vector at a point p of a complex manifold is a C-derivation 0m,p — * 
C. The tangent spaces T p M (M as a complex manifold) and T p M°° (M as a smooth 
manifold) can be identified. Explicitly, complex local coordinates z 1 , . . . ,z n at a 
point p of M define real local coordinates a; 1 , . . . , x n , y 1 , . . . , y n with z r = x r + iy r . 



2 According to a theorem of Lie, this is equivalent to the usual definition in which "smooth" 
is replaced by "real-analytic" . 
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The real and complex tangent spaces have bases A , . . . , -J^: , fPr , ■ ■ ■ , jf-^ and 



dx 1 ' • • ■ ' dx n ' dy 1 ' " " " ' dy 

q^t, . . . , -J^ respectively. Under the natural identification of the two spaces, ^ 
l 

2 



2 \dx r L dy r J ■ 

A C-valued function / on an open subset U of C" is holomorphic if it is 
holomorphic (i.e., diffcrcntiablc) separately in each variable. As in the one- variable 
case, / is holomorphic if and only if it is analytic (Hartog's theorem, Taylor 2002, 
2.2.3), and so we can use the terms interchangeably. 

Recall that a C-valued function f on U C C is holomorphic if and only 
if it is smooth (as a function of two real variables) and satisfies the Cauchy- 
Riemann condition. This condition has a geometric interpretation: it requires that 
df p : T p U — > Ty( p )C be C-linear for all p G U. It follows that a smooth C-valued 
function / on U C C" is holomorphic if and only if the maps df p : T p U — > T/( p )C 
are C-linear for all p £ U. 

An almost-complex structure on a smooth manifold M is a smooth tensor 
field (J p ) p6 M, J P - T p M — > T p M, such that = —1 for all p, i.e., it is a smoothly 
varying family of complex structures on the tangent spaces. A complex structure 
on a smooth manifold endows it with an almost-complex structure. In terms of 
complex local coordinates z 1 , . . . , z n in a neighbourhood of a point p on a complex 
manifold and the corresponding real local coordinates x 1 , . . . , y n , J p acts by 

d d d d 
(b) i — > , i — > . 

dx r dy r dy r dx r 

It follows from the last paragraph that the functor from complex manifolds to 
almost-complex manifolds is fully faithful: a smooth map a: M — > N of complex 
manifolds is holomorphic (analytic) if the maps da p : T p M — > T a ( p )N are C-lincar 
for all p e M. Not every almost-complex structure on a smooth manifold arises 
from a complex structure — those that do are said to be integrable. An almost- 
complex structure J on a smooth manifold is integrable if M can be covered by 
charts on which J takes the form (6) (because this condition forces the transition 
maps to be holomorphic). 

A hermitian metric on a complex (or almost-complex) manifold M is a 
riemannian metric g such that 

(7) g(JX, JY) = g(X, Y) for all vector fields X, Y. 

According to (5), for each p £ M, g p is the real part of a unique hermitian form h p 
on T p M, which explains the name. A hermitian manifold (M,g) is a complex 
manifold with a hermitian metric, or, in other words, it is a riemannian manifold 
with a complex structure such that J acts by isometries. 

Hermitian symmetric spaces. A manifold (riemannian, hermitian, . . . ) is 
said to be homogeneous if its automorphism group acts transitively. It is sym- 
metric if, in addition, at some point p there is an involution s p (the symmetry 
at p) having p as an isolated fixed point. This means that s p is an automorphism 
such that = 1 and that p is the only fixed point of s p in some neighbourhood of 
P- 

For a riemannian manifold (M, g), the automorphism group is the group Is(M, g) 
of isometries. A connected symmetric riemannian manifold is called a symmetric 
space. For example, R™ with the standard metric g p = ^dx l dx l is a symmetric 
space — the translations are isometries, and x x is a symmetry at 0. 
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For a hcrmitian manifold (M, g), the automorphism group is the group Is(M, g) 
of holomorphic isomctries: 

(8) Is(M, 5) = Is(M°° , 5 ) n Hol(M) 

(intersection inside Aut(M°°); Hol(M) is the group of automorphisms of M as a 
complex manifold). A connected symmetric hermitian manifold is called a hermit- 
ian symmetric space. 

Example 1.1. (a) The complex upper half plane Hi becomes a hermitian 
symmetric space when endowed with the metric -^r-- The action 

( a b \ az + b ( a b \ „ T 

identifies SL2(R)/{±/} with the group of holomorphic automorphisms of 7i\. For 
any x+iy G 7ii, .x+zy = ^ ^ l/^/s) anc ^ so ^ 1 ^ s h° m °g cncous - The isomorphism 
zh^— 1/zisa symmetry at i e 7ii, and the riemannian metric is invariant 
under the action of SL 2 (M) and has the hermitian property (7). 

(b) The projective line P 1 (C) (= riemann sphere) becomes a hermitian sym- 
metric space when endowed with the restriction (to the sphere) of the standard 
metric on R 3 . The group of rotations is transitive, and reflection along a geodesic 
(great circle) through a point is a symmetry. Both of these transformations leave 
the metric invariant. 

(c) Any quotient C/A of C by a discrete additive subgroup A becomes a her- 
mitian symmetric space when endowed with the standard metric. The group of 
translations is transitive, and z 1— > — z is a symmetry at 0. 

Curvature. Recall that, for a plane curve, the curvature at a point p is 1/r where 
r is the radius of the circle that best approximates the curve at p. For a surface in 
3-space, the principal curvatures at a point p arc the maximum and minimum of the 
signed curvatures of the curves obtained by cutting the surface with planes through 
a normal at p (the sign is positive or negative according as the curve bends towards 
the normal or away). Although the principal curvatures depend on the embedding 
of the surface into K 3 , their product, the sectional curvature at p, does not 
(Gauss's Theorema Egregium) and so it is well-defined for any two-dimensional 
riemannian manifold. More generally, for a point p on any riemannian manifold 
M, one can define the sectional curvature K(p, E) of the submanifold cut out 
by the geodesies tangent to a two-dimensional subspace E of T p M. Intuitively, 
positive curvature means that the geodesies through a point converge, and negative 
curvature means that they diverge. The geodesies in the upper half plane are the 
half-lines and semicircles orthogonal to the real axis. Clearly, they diverge — in 
fact, this is Poincare's famous model of noncuclidcan geometry in which there are 
infinitely many "lines" through a point parallel to any fixed "line" not containing it. 
More prosaically, one can compute that the sectional curvature is — 1. The Gauss 
curvature of P 1 (C) is obviously positive, and that of C/A is zero. 

The three types of hermitian symmetric spaces. The group of isometries of a 
symmetric space (M,g) has a natural structure of a Lie group (Helgason 1978, IV 
3.2). For a hermitian symmetric space (M,g), the group Js(M,g) of holomorphic 
isometries is closed in the group of isometries of (M°°, g) and so is also a Lie group. 
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8.7): 



There are three families of hermitian symmetric spaces (ibid, VIII; Wolf 1984, 



Name 


example 


simply connected? 


curvature 


Is(M, ff )+ 


noncompact type 


Hi 


yes 


negative 


adjoint, noncompact 


compact type 


P J (C) 


yes 


positive 


adjoint, compact 


euclidean 


C/A 


not necessarily 


zero 





A Lie group is adjoint if it is semisimple with trivial centre. 

Every hermitian symmetric space, when viewed as hermitian manifold, decom- 
poses into a product M° x M~ x M + with M° euclidean, M~ of noncompact 
type, and M + of compact type. The euclidean spaces are quotients of a complex 
space C 9 by a discrete subgroup of translations. A hermitian symmetric space is 
irreducible if it is not the product of two hermitian symmetric spaces of lower 
dimension. Each of M~ and M + is a product of irreducible hermitian symmetric 
spaces, each of which has a simple isometry group. 

We shall be especially interested in the hermitian symmetric spaces of noncom- 
pact type — they are called hermitian symmetric domains. 

Example 1.2 (Siegel upper half space). The Siegel upper half space H g of 

degree g consists of the symmetric complex g x g matrices with positive definite 
imaginary part, i.e., 

H g = {Z = X + iYeM g (C)\X = X t , Y>0}. 

Note that the map Z = (zij) (zij)j>i identifies H g with an open subset of 
C9(9+!)/ 2 p xhc symplectic group Sp 2ff (K) is the group fixing the alternating form 



Sp 23 (K) 



-{( 









C l A 


A l D 


- = Ig 




S) 


D t A — 


B l C = I g 


B t D 


= D l B 



The group Sp 2s (K) acts transitively on H g by 

A B 
C D 



Z = {AZ + B)(CZ + D)- 



Thc matrix 



acts as an involution on TL g , and has il g as its only fixed 



point. Thus, Ti g is homogeneous and symmetric as a complex manifold, and we 
shall sec in (1.4) below that H g is in fact a hermitian symmetric domain. 

Example: Bounded symmetric domains. A domain D in C" is a nonempty 
open connected subset. It is symmetric if the group Hol(_D) of holomorphic auto- 
morphisms of D (as a complex manifold) acts transitively and for some point there 
exists a holomorphic symmetry. For example, Hi is a symmetric domain and T>\ is 
a bounded symmetric domain. 

Theorem 1.3. Every bounded domain has a canonical hermitian metric (called 
the Bergman(n) metric). Moreover, this metric has negative curvature. 

Proof (Sketch): Initially, let D be any domain in C". The holomorphic 
square-integrable functions / : D — > C form a Hilbert space H{D) with inner prod- 
uct (f\g) = j D fgdv. There is a unique (Bergman kernel) function K : D x D — > C 
such that 
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(a) the function z i— > K(z, £) lies in H(D) for each £, 

(b) K(z,Q = K(&z), and 

(c) f(z) = JK(z, C)/(C)^(C) for all / e H(D). 

For example, for any complete orthonormal set (e m ) mS N in H(D), K(z,Q — 
J2m e m( z ) ■ e m (C) is sucn a function. If D is bounded, then all polynomial func- 
tions on D are square-integrable, and so certainly K (z, z) > for all z. Moreover, 
log(K(z, z)) is smooth and the equations 

d 2 

h = Y J h lJ dz l dz 3 , hij(z) = - log K(z,z), 

oz l oz J 

define a hermitian metric on D, which can be shown to have negative curvature 
(Helgason 1978, VIII 3.3, 7.1; Krantz 1982, 1.4). □ 

The Bergman metric, being truly canonical, is invariant under the action Hol(D) . 
Hence, a bounded symmetric domain becomes a hermitian symmetric domain for 
the Bergman metric. Conversely, it is known that every hermitian symmetric do- 
main can be embedded into some C™ as a bounded symmetric domain. Therefore, 
a hermitian symmetric domain D has a unique hermitian metric that maps to the 
Bergman metric under every isomorphism of D with a bounded symmetric domain. 
On each irreducible factor, it is a multiple of the original metric. 

Example 1.4. Let V g be the set of symmetric complex matrices such that 
I g — Z l Z is positive definite. Note that (z^) i— > {zij)j>i identifies V g as a bounded 
domain in <C 9< ^ 9+1 ^ 2 . The map Zh> (Z- i! g )(Z + ilg)^ 1 is an isomorphism of Tt g 
onto T> g . Therefore, D g is symmetric and TL g has an invariant hermitian metric: 
they are both hermitian symmetric domains. 

Automorphisms of a hermitian symmetric domain. 

Lemma 1.5. Let (M,g) be a symmetric space, and let p G M. Then the sub- 
group K p ofls(M,g) + fixing p is compact, and 

a ■ K p a ■ p: Is(M, g) + / ' K p -> M 

is an isomorphism of smooth manifolds. In particular, ls(M,g) + acts transitively 
on M. 

Proof. For any ricmannian manifold (M, g), the compact-open topology makes 
ls(M,g) into a locally compact group for which the stabilizer K' p of a point p is 
compact (Helgason 1978, IV 2.5). The Lie group structure on Is(M, g) noted above 
is the unique such structure compatible with the compact-open topology (ibid. II 
2.6). An elementary argument (e.g., MF 1.2) now shows that Is(M, g)/K' — > M is a 
homeomorphism, and it follows that the map a i— ► ap: Is(M, g) — > M is open. Write 

Is(M, g) as a finite disjoint union ls(M,g) = | |^ Is(M, g) + ai of cosets of Is(M, g) + . 

For any two cosets the open sets Is(M, g) + aip and Is(M, g) + ajp are either disjoint 
or equal, but, as M is connected, they must all be equal, which shows that Is(M, g) + 
acts transitively. Now Is(M, g) + /K p — > M is a homeomorphism, and it follows that 
it is a diffcomorphism (Helgason 1978, II 4.3a). □ 

Proposition 1.6. Let (M,g) be a hermitian symmetric domain. The inclu- 
sions 

ls(M°°,g) D ls(M,g) C Hol(M) 
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give equalities: 

ls{M°°,g)+ = ls(M,g)+ = Hol(M)+. 
Therefore, Hol(M)+ acts transitively on M, and Rol(M) + /K p ~ M°°. 

Proof. The first equality is proved in Helgason 1978, VIII 4.3, and the second 
can be proved similarly. The rest of the statement follows from (1.5). □ 

Let H be a connected real Lie group. There need not be an algebraic group 
G over R such that 3 G(M) + = H. However, if H has a faithful finite-dimensional 
representation H GL{V), then there exists an algebraic group G C GL(V) such 
that Lie(G) = [J), fj] (inside gl(V)) where f) = Lie(H) (Borel 1991, 7.9). If H, 
in addition, is semisimple, then [f),f)] = f) and so Lie(G) = \) and G(R) + = H 
(inside GL(V)). This observation applies to any connected adjoint Lie group and, 
in particular, to Hol(M) + , because the adjoint representation on the Lie algebra is 
faithful. 

Proposition 1.7. Let (M,g) be a hermitian symmetric domain, and let t) = 
Lic(Hol(M) + ) . There is a unique connected algebraic subgroup G of GL(f)) such 
that 

G(K)+ = Hol(M)+ (inside GL(f))). 

For such a G, 

G(R)+ = G(R) n Hol(M) (inside GL(fj) ); 
therefore G(R)+ is tfte stablizer in G(R) of M . 

Proof. The first statement was proved above, and the second follows from 
Satake 1980, 8.5. □ 

Example 1.8. The map z ^ z _1 is an antiholomorphic isometry of Hi, and 
every isometry of Hi is either holomorphic or differs from z h z _1 by a holomorphic 
isometry. In this case, G = PGL 2 , and PGL 2 (R) acts holomorphically on C \1 
with PGL 2 (R) + as the stabilizer of Hi. 

The homomorphism u p : Ui — > Hol(D). Let Ui = {z e C | \z\ = 1} (the 
circle group). 

Theorem 1.9. Let D be a hermitian symmetric domain. For eachp G D, there 
exists a unique homomorphism u p : U\ — » Hol(D) such that u p (z) fixes p and acts 
on T p D as multiplication by z. 

Example 1.10. Let p = i e Hi, and let h: C x — > SL 2 (M) be the homomor- 
phism z = a + ib (-la)- Then h(z) acts on the tangent space T{H\ as mul- 
tiplication by z/z, because ^ ^ -bt+a ) l« = (a-bi) 2 • z ^ U\, choose a square 
root \fz £ Ui, and set u(z) = h{sj '£) mod ± /. Then u(z) is independent of the 
choice of y/z because h(— 1) = —I. Therefore, u is a well-defined homomorphism 
Ui — > PSL 2 (M) such that m(z) acts on the tangent space TjHi as multiplication by 
z. 

Because of the importance of the theorem, I sketch a proof. 



For example, the (topological) fundamental group of SL2(M) is Z, and so SL2(M) has many 
proper covering groups (even of finite degree). None of them is algebraic. 
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Proposition 1.11. Let (M,g) be symmetric space. The symmetry s p atp acts 
as —1 on T p M, and, for any geodesic 7 with 7(0) = p, s p (7(i)) = 7(— t). Moreover, 
(M,g) is (geodesically) complete. 

Proof. Because s 2 = 1, (ds p ) 2 = 1, and so ds p acts semisimply on T p M 
with eigenvalues ±1. Recall that for any tangent vector X at p, there is a unique 
geodesic 7: I — > M with 7(0) = p, 7(0) = X. If (ds p )(X) = X, then s p o 7 is a 
geodesic sharing these properties, and so p is not an isolated fixed point of s p . This 
proves that only —1 occurs as an eigenvalue. If (ds p )(X) = —X, then s p o 7 and 
f 1 ► 7(— t) are geodesies through p with velocity —X, and so are equal. For the 
final statement, see Boothby 1975, VII 8.4. □ 

By a canonical tensor on a symmetric space (M, g), I mean any tensor canon- 
ically derived from g, and hence fixed by any isometry of (M, g) . 

Proposition 1.12. On a symmetric space (M,g) every canonical r -tensor with 
r odd is zero. In particular, parallel translation of two-dimensional subspaces does 
not change the sectional curvature. 

Proof. Let i be a canonical r-tensor. Then 

t p = t p o (dsp) r X = (-l) r t p , 

and so t = if r is odd. For the second statement, let V be the riemannian 
connection, and let R be the corresponding curvature tensor (Boothby 1975, VII 
3.2, 4.4). Then VR is an odd tensor, and so is zero. This implies that parallel 
translation of 2-dimensional subspaces does not change the sectional curvature. □ 

Proposition 1.13. Let (M,g) and (M',g') be riemannian manifolds in which 
parallel translation of 2-dimensional subspaces does not change the sectional cur- 
vature. Let a: T p M — > T p >M' be a linear isometry such that K(p,E) = K(p',aE) 
for every 2-dimensional subspace E C T p M . Then exp p (A) 1— > exp p , (aX) is an 
isometry of a neighbourhood of p onto a neighbourhood of p' . 

Proof. This follows from comparing the expansions of the riemann metrics in 
terms of normal geodesic coordinates. See Wolf 1984, 2.3.7. □ 

PROPOSITION 1.14. If in (1.13) M and M' are complete, connected, and simply 
connected, then there is a unique isometry a: M — > M' such that a(p) = p' and 
da p = a. 

Proof. See Wolf 1984, 2.3.12. □ 

I now complete the sketch of the proof of Theorem 1.9. Each z with \z\ = 1 de- 
fines an automorphism of {T p D, g p ), and one checks that it preserves sectional curva- 
tures. According to (1.11, 1.12, 1.14), there exists a unique isometry u p (z) : D — > D 
such that du p (z) p is multiplication by z. It is holomorphic because it is C-linear on 
the tangent spaces. The isometry u p (z) o u p {z') fixes p and acts as multiplication 
by zz' on T p D, and so equals u p (zz'). 

Cartan involutions. Let G be a connected algebraic group over M, and let 
g g denote complex conjugation on G(C). An involution 9 of G (as an algebraic 
group over R) is said to be Cartan if the group 

(9) G^(R) = {g e G(C) | g = 6(g)} 
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is compact. 

Example 1.15. Let G = SL 2 , and let 6 = ad(_? \). For ( a c h d ) e SL 2 (C), we 
have 

»((SS)) = (-S5)-(s5)-(-?5)" 1 = (_M)- 

Thus, 

SL 2 8) (M) = {(^) eSL 2 (C) |d = S, c=-6} 

= {(4^)eGL 2 (C)|H 2 +|fe| 2 = l}^SU 2 , 

which is compact, being a closed bounded set in C 2 . Thus 9 is a Cartan involution 
for SL 2 . 

Theorem 1.16. There exists a Cartan involution if and only if G is reductive, 
in which case any two are conjugate by an element of G(R). 

Proof. See Satake 1980, I 4.3. □ 

Example 1.17. Let G be a connected algebraic group over R. 

(a) The identity map on G is a Cartan involution if and only if G(K) is compact. 

(b) Let G = GL(V) with V a real vector space. The choice of a basis for V 
determines a transpose operator M M*, and M (M') _1 is obviously a Cartan 
involution. The theorem says that all Cartan involutions of G arise in this way. 

(c) Let G <— > GL(V) be a faithful representation of G. Then G is reductive 
if and only if G is stable under g i— > for a suitable choice of a basis for V, in 
which case the restriction of g i— » (<?*) to G is a Cartan involution; all Cartan 
involutions of G arise in this way from the choice of a basis for V (Satake 1980, I 
4.4). 

(d) Let 8 be an involution of G. There is a unique real form G^ of Gc such 
that complex conjugation on G^(C) is (7 1 — > 0(g). Then, G^(R) satisfies (9), and 
we see that the Cartan involutions of G correspond to the compact forms of Gc- 

PROPOSITION 1.18. Let G be a connected algebraic group over R. If G(R) is 
compact, then every finite- dimensional real representation of G — > GL(V) carries 
a G-invariant positive definite symmetric bilinear form; conversely, if one faith- 
ful finite- dimensional real representation of G carries such a form, then G(R) is 
compact. 

Proof. Let p: G — > GL(V) be a real representation of G. If G(R) is compact, 
then its image H in GL(V^) is compact. Let dh be the Haar measure on H, and 
choose a positive definite symmetric bilinear form ( | ) on V. Then the form 

(u\v)' = / (hu\hv)dh 
Jh 

is G-invariant, and it is still symmetric, positive definite, and bilinear. For the 
converse, choose an orthonormal basis for the form. Then G(R) becomes identified 
with a closed set of real matrices A such that A* ■ A = I, which is bounded. □ 

Remark 1.19. The proposition can be restated for complex representations: if 
G(M) is compact then every finite-dimensional complex representation of G carries 
a G-invariant positive definite Hcrmitian form; conversely, if some faithful finite- 
dimensional complex representation of G carries a G-invariant positive definite Her- 
mitian form, then G is compact. (In this case, G(R) is a subgroup of a unitary 
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group instead of an orthogonal group. For a scsquilinear form p to be G-invariant 
means that ip(gu,gv) = ip(u,v), g G G(C), u,v G V.) 

Let G be a real algebraic group, and let C be an element of G(R) whose square 
is central (so that adC is an involution). A C -polarization on a real representation 
V of G is a G-invariant bilinear form ip such that the form ipc, 

(it, v) i — ► ^j(u, Gv), 

is symmetric and positive definite. 

Proposition 1.20. // adG is a Cartan involution of G, then every finite- 
dimensional real representation of G carries a C -polarization; conversely, if one 
faithful finite- dimensional real representation of G carries a C -polarization, then 
adG is a Cartan involution. 

Proof. An R-bilinear form ip on a real vector space V defines a sesquilinear 
form tp' on V(C), 

iff : V(C) x V(C) -» C, <p'(u, v) = p c (u, v). 

Moreover, iff is hermitian (and positive definite) if and only if ip is symmetric (and 
positive definite). 

Let p: G — > GL(T^) be a real representation of G. For any G-invariant bilinear 
form ip on V, pc is G(C)-invariant, and so 

(10) p'(gu,gv) = p'(u,v), all g G G(C), u,«eV(C). 
On replacing u with Gw in this equality, we find that 

(11) ip'(gu,C(C- 1 gC)v)=<p'(u,Cv), all g G G(C) , u,«eV(C), 

which says that i^' c is invariant under G( adc ). 

If p is faithful and p is a G-polarization, then p' c is a positive definite hermitian 
form, and so G( adC )(]R) is compact (1.19): adG is a Cartan involution. 

Conversely, if G^ adc ^(K) is compact, then every real representation G — ► GL(V) 
carries a G( adC ) (M)-invariant positive definite symmetric bilinear form ip (1.18). 
Similar calculations to the above show that pc- 1 1S a G-polarization on V. □ 

Representations of U\. Let T be a torus over a field k, and let X be a galois 
extension of k splitting T . To give a representation p of T on a fc-vector space V 
amounts to giving an A*(T)-grading V(K) = ® xeX *{T)^x on = df ^ ®k V 

with the property that 

<r{V x ) = V ax , all cr G Gal(K/k), X eX*(T). 

Here F x is the subspace of K ®k V on which T acts through 

= ■ «, foruGF x , teT(K). 

If 7^ 0, we say that x occurs in V". 

When we regard ^ as a real algebraic torus, its characters are z <— > z n , n G Z. 
Thus, .X"*(I7i) = Z, and complex conjugation acts on X*{U\) as multiplication 
by —1. Therefore a representation of U\ on a real vector space V corresponds to 
a grading V(C) = ® nG zV n with the property that V(C) _n = F(C)" (complex 
conjugate). Here V" is the subspace of V(C) on which z acts as z n . Note that 
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V^C) = V(C)° and so it is denned over R, i.e., ^(C)° = V°(C) for V° the subspace 
V n V(C)° of V (see AG 16.7). The natural map 

(12) V/V° V(C)/0„< o T/(C)" - 0„ >O ^(C)" 

is an isomorphism. From this discussion, we see that every real representation of 
Ui is a direct sum of representations of the following types: 

(a) V = R with U x acting trivially (so V(C) = V°); 

(b) V = R 2 with z = x + iy e Ui(R) acting as (_ x y v x ) n , n > (so V(C) = 

p®y- n ). 

Classification of hermitian symmetric domains in terms of real groups. 

The representations of U\ have the same description whether we regard it as a 
Lie group or an algebraic group, and so every homomorphism U\ — > GL(l^) of Lie 
groups is algebraic. It follows that the homomorphism u p : U\ — > Hol(£>) + = G(M) + 
(see 1.9, 1.7) is algebraic. 

Theorem 1.21. Let D be a hermitian symmetric domain, and let G be the 
associated real adjoint algebraic group (1.7). The homomorphism u p : U\ — > G 
attached to a point p of D has the following properties: 

(a) only the characters z, 1, z^ 1 occur in the representation ofU\ on Lie(G)c 
defined by u p ; 

(b) ad(it p (— 1)) is a Cartan involution; 

(c) u p (— 1) does not project to 1 in any simple factor of G. 

Conversely, let G be a real adjoint algebraic group, and let u: U\ — > G satisfy 
(a), (b), and (c). Then the set D of conjugates of u by elements of G(R) + has a 
natural structure of a hermitian symmetric domain for which G(R) + = Hol(D) + 
and u(— 1) is the symmetry at u (regarded as a point of D). 

Proof (Sketch): Let D be a hermitian symmetric domain, and let G be the 
associated group (1.7). Then G(R) + /K p = D where K p is the group fixing p (see 
1.6). For z G Ui, u p (z) acts on the M-vector space 

Ue(G)/Ue(K p ) =T P D 

as multiplication by z, and it acts on Lic(_ft'p) trivially. From this, (a) follows. 

The symmetry s p at p and u p (—l) both fix p and act as —1 on T p D (see 
1.11); they are therefore equal (1.14). It is known that the symmetry at a point 
of a symmetric space gives a Cartan involution of G if and only if the space has 
negative curvature (see Helgason 1978, V 2; the real form of G defined by ads p is 
that attached to the compact dual of the symmetric space). Thus (b) holds. 

Finally, if the projection of u{— 1) into a simple factor of G were trivial, then 
that factor would be compact (by (b); see 1.17a), and D would have an irreducible 
factor of compact type. 

For the converse, let D be the set of G(M) + -conjugatcs of u. The centralizcr 
K u of u in G(M) + is contained in {g e G(C) | g = u(— 1) • g ■ u{— l) -1 }, which, 
according to (b), is compact. As K u is closed, it also is compact. The equality 
D = (G(R) + / K u ) ■ u endows D with the structure of smooth (even real- analytic) 
manifold. For this structure, the tangent space to D at u, 

T u D = Ue{G)/Ue{K u ), 
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which, because of (a), can be identified with the subspace of Lie(G)c on which u(z) 
acts as z (see (12)). This endows T U D with a C-vector space structure for which 
u(z), z £ U~i, acts as multiplication by z. Because D is homogeneous, this gives 
it the structure of an almost-complex manifold, which can be shown to intcgrable 
(Wolf 1984, 8.7.9). The action of K u on D defines an action of it on T U D. Because 
K u is compact, there is a i4f„-invariant positive definite form on T U D (see 1.18), and 
because J = u(i) G K u , any such form will have the hcrmitian property (7). Choose 
one, and use the homogeneity of D to move it to each tangent space. This will make 
D into a hermitian symmetric space, which will be a hermitian symmetric domain 
because each simple factor of its automorphism group is a noncompact semisimple 
group (because of (b,c)). □ 

Corollary 1.22. There is a natural one-to-one correspondence between iso- 
morphism classes of pointed hermitian symmetric domains and pairs (G, u) con- 
sisting of a real adjoint Lie group and a nontrivial homomorphism u:U\^ G(R) 
satisfying (a), (b), (c). 

Example 1.23. Let u: XJ Y PSL 2 (M) be as in (1.10). Then it(-l) = (_i o) 
and we saw in 1.15 that adu(— 1) is a Cartan involution of SL2, hence also of PSL2. 

Classification of hermitian symmetric domains in terms of dynkin 
diagrams. Let G be a simple adjoint group over R, and let u be a homomorphism 
Ui — > G satisfying (a) and (b) of Theorem 1.21. By base extension, we get an 
adjoint group Gc, which is simple because it is an inner form of its compact form, 
and a cocharacter \i — u c of Gc satisfying the following condition: 

(*) in the action of G TO on Lie(Gc) defined by ad o fi, only the 
characters z, 1, z^ 1 occur. 

Proposition 1.24. The map (G,u) (Gc,t*c) defines a bisection between the 
sets of isomorphism classes of pairs consisting of 

(a) a simple adjoint group over M. and a conjugacy class of u: U\ — ► H satis- 
fying (1.21a,b), and 

(b) a simple adjoint group over C and a conjugacy class of cocharacters sat- 
isfying (*). 

Proof. Let (G,fi) be as in (b), and let g 1— > g denote complex conjugation on 
G(C) relative to the unique compact real form of G (cf. 1.16). There is a real form 
H of G such that complex conjugation on H(C) = G(C) is g 1— » — 1) -g-fi(— 1) _1 , 
and u =df (i\U\ takes values in H(R). The pair (H,u) is as in (a), and the map 
(G, 11) — ► (H, u) is inverse to (H, u) \— ► (He, i*c) on isomorphism classes. □ 

Let G be a simple algebraic group C. Choose a maximal torus T in G and a 
base (cti)i£i for the roots of G relative to T. Recall, that the nodes of the dynkin 
diagram of (G,T) are indexed by /. Recall also (Bourbaki 1981, VI 1.8) that there 
is a unique (highest) root a = J2 n i a i sucn that, for any other root J2 m i a i' 
rii > m; all i. An ctj (or the associated node) is said to be special if rij = 1. 

Let M be a conjugacy class of nontrivial cocharacters of G satisfying (*). Be- 
cause all maximal tori of G arc conjugate, M has a representative in X*(T) C 
X»(G), and because the Weyl group acts simply transitively on the Weyl cham- 
bers (Humphreys 1972, 10.3) there is a unique representative \x for M such that 
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(ai,n) > for all i <E I. The condition (*) is that 4 (a, a) € {1,0, —1} for all roots 
a. Since /x is nontrivial, not all the values (a, p) can be zero, and so this condition 
implies that (a i} p) = 1 for exactly one i £ I, which must in fact be special (other- 
wise (a,u) > 1). Thus, the M satisfying (*) are in one-to-one correspondence with 
the special nodes of the dynkin diagram. In conclusion: 

Theorem 1.25. The isomorphism classes of irreducible hermitian symmetric 
domains are classified by the special nodes on connected dynkin diagrams. 

The special nodes can be read off from the list of dynkin diagrams in, for 
example, Helgason 1978, p477. In the following table, we list the number of special 
nodes for each type: 



Type 




B n 


G n 


D n 




E 7 


E 8 


F 4 


G 2 




n 


1 


1 


3 


2 


1 












In particular, there are no irreducible hermitian symmetric domains of type 
i?8, Fi, or G*2 and, up to isomorphism, there are exactly 2 of type Eq and 1 of 
type E-j. It should be noted that not every simple real algebraic group arises as the 
automorphism group of a hermitian symmetric domain. For example, PGL„ arises 
in this way only for n = 2. 

Notes. For introductions to smooth manifolds and riemannian manifolds, see 
Boothby 1975 and Lee 1997. The ultimate source for hermitian symmetric domains 
is Helgason 1978, but Wolf 1984 is also very useful, and Borel 1998 gives a succinct 
treatment close to that of the pioneers. The present account has been influenced 
by Deligne 1973a and Deligne 1979. 

2. Hodge structures and their classifying spaces 

We describe various objects and their parameter spaces. Our goal is a descrip- 
tion of hermitian symmetric domains as the parameter spaces for certain special 
hodge structures. 

Reductive groups and tensors. Let G be a reductive group over a field 
k of characteristic zero, and let p: G — ► GL(V) be a representation of G. The 
contragredient or dual p v of p is the representation of G on the dual vector space 
V v defined by 

(P v (.g) • f)(v) = /(pCg- 1 ) -v), ge G, f eV\ve V. 

A representation is said to be self-dual if it is isomorphic to its contragredient. 
An r-tensor of V is a multilinear map 

t: V x • • • x V — » k (Y-copies of V"). 

For an r-tensor t, the condition 

t(gv!,...,gv r ) = Oi,...,tv), all v t £ V, 

on g defines a closed subgroup of GL(V) t of GL(I^). For example, if t is a nondc- 
generate symmetric bilinear form V x V — > k, then GL(l / ) t is the orthogonal group. 
For a set T of tensors of V, f] teT GL(V) t is called the subgroup of GL(V) fixing 
the teT. 



The with this property are sometimes said to be minuscule (cf. Bourbaki 1981, pp226- 

227). 
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Proposition 2.1. For any faithful self-dual representation G — » GL(V) o/G, 
there exists a finite set T of tensors of V such that G is the subgroup of GL(V) 
fixing the t G T. 

Proof. In Deligne 1982, 3.1, it is shown there exists a possibly infinite set T 
with this property, but, because G is noetherian as a topological space (i.e., it has 
the descending chain condition on closed subsets), a finite subset will suffice. □ 

Proposition 2.2. Let G be the subgroup of GL(V) fixing the tensors t e T. 
Then 

Lie(G) = jff e End(F) • ■ • > 9 v h ■ ■ • > v r) = 0, all t e T, e F } . 

Proof. The Lie algebra of an algebraic group G can be defined to be the 
kernel of G(k[e}) -> G(fc). Here fc[e] is the /c-algebra with e 2 = 0. Thus Lic(G) 
consists of the endomorphisms 1 + ge of V"(fe[e]) such that 

t((l + ffe)wi, (1 + ge)v 2 , ...)= t( Vl ,v 2 , . . .), all t e T, v, e V. 

On expanding this and cancelling, we obtain the assertion. □ 

Flag varieties. Fix a vector space V of dimension n over a field k. 

The projective space P( V) . The set P( V) of one-dimensional subspaces L of 
V has a natural structure of an algebraic variety: the choice of a basis for V 
determines a bijection F(V) — > P n_1 , and the structure of an algebraic variety 
inherited by ¥(V) from the bijection is independent of the choice of the basis. 

Grassmann varieties. Let Gd(V) be the set of d-dimensional subspaces of V, 
some < d < n. Fix a basis for V. The choice of a basis for W then determines a 
g? x n matrix ^(TF) whose rows are the coordinates of the basis elements. Changing 
the basis for W multiplies A(TF) on the left by an invertible d x d matrix. Thus, 
the family of minors of degree d of A(VF) is well-determined up to multiplication 
by a nonzero constant, and so determines a point P(W) in p(d) _1 . The map 

W i ► P(W) : G d (V) -» P( d )" 1 identifies G d {V) with a closed subvariety of p( d )~ 1 
(AG 6.26). A coordinate-free description of this map is given by 

(13) W^f\ d W: G d (V) -^V(/\ d V). 

Let S be a subspace of V of complementary dimension n — d, and let Gd(V)s 
be the set of W e G d (V) such that W n S = {0}. Fix a W e G d (y) s , so 
that V = W © S 1 . For any IF e G<j(F)s, the projection W — » W given by 
this decomposition is an isomorphism, and so IF is the graph of a homomorphism 
W ->S: 

vj i > s (w, s) e IF. 

Conversely, the graph of any homomorphism Wo — * 5 1 lies in Gd(F)s. Thus, 

(14) G d (F) s = Hom(TF ,5). 

When we regard Gd(F)s as an open subvariety of Gd(V), this isomorphism identi- 
fies it with the affine space A(Hom(lFo, S)) defined by the vector space Hom(VFo, S). 
Thus, Gd(V) is smooth, and the tangent space to G d (V) at Wo, 

(15) T Wo (G d (V)) S Hom(lF , S) S Hom(M/ , V/W ). 
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Flag varieties. The above discussion extends easily to chains of subspaces. Let 
d = (di, . . . , d r ) be a sequence of integers with n > di > ■ ■ ■ > d r > 0, and let 
Ga{V) be the set of flags 

(16) F : V D V 1 D ■■■ D V r D 
with V 1 a subspace of V of dimension di. The map 

realizes G d {V) as a closed subset of Ili^diC^O (Humphreys 1978, 1.8), and so it 
is a projective variety. The tangent space to G d (V) at the flag F consists of the 
families of homomorphisms 

(17) if l :V l ^V/V\ l<i<r, 
satisfying the compatibility condition 

<p l \V l+1 = tp t+1 mody ,+1 . 

Aside 2.3. A basis ei, . . . , e„ for V is adapted to the flag F if it contains a 
basis ei, . . . , ej i for each V 1 . Clearly, every flag admits such a basis, and the basis 
then determines the flag. Because GL(V) acts transitively on the set of bases for 
V, it acts transitively on Gd(V). For a flag F, the subgroup P(F) stabilizing F is 
an algebraic subgroup of GL{V), and the map 

g^gF : GL(V) / P(F ) ^ G d (V) 

is an isomorphism of algebraic varieties. Because G d (V) is projective, this shows 
that P(F ) is a parabolic subgroup of GL(V). 

Hodge structures. 

Definition. For a real vector space V, complex conjugation on V(C) =df C®r V 
is defined by 

YWv = z®v. 

An M-basis e\, . . . , e m for V is also a C-basis for V(C) and J2 a i e i = Y^i e i- 
A hodge decomposition of a real vector space V is a decomposition 

V(C) = V p ' q 

p,qezxz 

such that V q ' p is the complex conjugate of V VA . A hodge structure is a real 
vector space together with a hodge decomposition. The set of pairs (p, q) for which 
yp.q ^ is called the type of the hodge structure. For each n, © p+(J=rl V v ' q is 
stable under complex conjugation, and so is defined over R, i.e., there is a subspace 
V n of V such that V n {C) = (B P+q =n VP ' q ( see AG 16 - 7 )- Thcn v = ©„ y n is called 
the weight decomposition of V. If V = V n , then V is said to have weight n. 

An integral (resp. rational) hodge structure is a free Z-modulc of finite 
rank V (resp. Q-vector space) together with a hodge decomposition of V(R) such 
that the weight decomposition is defined over Q. 

Example 2.4. Let J be a complex structure on a real vector space V, and 
define V~ 1,a and V '' 1 to be the +i and — i eigenspaces of J acting on V(C). 
Then V(C) = V- 1 '°(&V°- 1 is a hodge structure of type (-1,0), (0,-1), and every 
real hodge structure of this type arises from a (unique) complex structure. Thus, to 
give a rational hodge structure of type (—1,0), (0,-1) amounts to giving a Q-vector 
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space V and a complex structure on V(M), and to give an integral hodge structure 
of type (—1, 0), (0, —1) amounts to giving a C- vector space V and a lattice A C V 
(i.e., a Z-submodule generated by an R-basis for V). 

Example 2.5. Let X be a nonsingular projective algebraic variety over C. 
Then H = H n (X,Q) has a hodge structure of weight n for which H p > q C H n (X, C) 
is canonically isomorphic to H q (X,W) (Voisin 2002, 6.1.3). 

Example 2.6. Let Q(m) be the hodge structure of weight —2m on the vector 
space Q. Thus, (Q(m))(C) = Q(m)- m '~ m . Define Z(m) and R(m) similarly. 5 

T/ie /lodge filtration. The hodge filtration associated with a hodge structure 
of weight n is 

F* : • • • D F p D F p+1 D • • • , F p = ® r > p V r ' s C V(C). 
Note that for p + q = n, 

f«- = ® s > q v^ = e a >,^- = e r < p v--' 

and so 

(18) v p ' q = F p nF q . 

Example 2.7. For a hodge structure of type (-1,0), (0, -1), the hodge filtra- 
tion is 

DF D F 2) = (y(C) D V '- 1 D 0). 

The obvious M-linear isomorphism V — > V(C)/.F defines the complex structure on 
V noted in (2.4). 

Hodge structures as representations of S. Let § be C x regarded as a torus 
over E. It can be identified with the closed subgroup of GL 2 (1R) of matrices of 
the form ( J* 6 Then S(C) w C x x C x with complex conjugation acting by the 

rule (z\,Z2) = (z2, ~z~i). We fix the isomorphism §c — G m x G m so that S(K) — ► 
S(C) is z i ► (z,z), and we define the weight homomorphism w: G TO — > § so that 
G m (K) S(K) is t* i ► r- 1 : R x -» C x . 

The characters of §c are the homomorphisms (zi, z 2 ) i— > zfzfi (?", s) e Z x Z. 
Thus, X* (§) = Z x Z with complex conjugation acting as (p, q) ^> (q, p) , and to give 
a representation of S on a real vector space V amounts to giving a Z x Z-grading of 
V"(C) such that V p < q — V q ' p for all p, q (see p276). Thus, to give a representation of 
§ on a real vector space V is the same as to give a hodge structure on V. Following 
Dcligne 1979, 1.1.1.1, we normalize the relation as follows: the homomorphism 
h: § — > GL(V) corresponds to the hodge structure on V such that 

(19) hc(z u z 2 )v = z^z^v for v E V™. 
In other words, 

(20) h(z)v = z- p z- q v for veV p > q . 

Note the minus signs! The associated weight decomposition has 

(21) V n = {v€V\w h (r)v = r n }, w h = ho W . 

5 It would be a little more canonical to take the underlying vector space of Q(m) to be (2iri) m Q 
because this makes certain relations invariant under a change of the choice of i = in C. 
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Let Hh be the cocharacter of GL(V) defined by 

(22) p h (z) = h c (z,l). 

Then the elements of F^V are sums of v e V(C) satisfying fih {z) v = z~ r v for 
some r > p. 

To give a hodgc structure on a Q-vector space V amounts to giving a homo- 
morphism ft: § — > GL(l / (M)) such that Wh is defined over Q. 

Example 2.8. By definition, a complex structure on a real vector space is a 
homomorphism ft: C -> End R (V) of K-algebras. Then h|C x : C x -> GL(V) is a 
hodge structure of type (— 1, 0), (0, — 1) whose associated complex structure (see 
2.4) is that defined by ft. 6 

Example 2.9. The hodge structure Q(m) corresponds to the homomorphism 
ft: §^G mR , ft(z) = (zz) m . 

Tfte Weil operator. For a hodge structure (V, ft), the R- linear map C = ft(i) is 
called the VTeiZ operator. Note that C acts as i q ~ p on V M and that C 2 = ft(— 1) 
acts as (—1)" on TV 

Example 2.10. If F is of type (-1, 0), (0, -1), then C coincides with the J of 
(2.4). The functor (V, (V^ 1 ' , V ^ 1 )) i— > (V, C) is an equivalence from the category 
of real hodge structures of type (—1, 0), (0, —1) to the category of complex vector 
spaces. 

Hodge structures of weight 0.. Let V be a hodge structure of weight 0. Then 
is invariant under complex conjugation, and so V 0,0 = V 00 (C), where V 00 = 
V 0fi n V (see AG 16.7). Note that ' 

(23) y 00 = Kcr(V^y(C)/F°). 

Tensor products of hodge structures. The tensor product of hodge struc- 
tures V and W of weight m and n is a hodge structure of weight m + n: 

v®w, (v ® wy« = ® r+r , =p , s+s , =q v T > s ® v r '- s '. 

In terms of representations of S, 

(V, h v ) <g> (W, h w ) = (V <g> W, h v <g> ftvi/). 

Morphisms of hodge structures. A morphism of hodge structures is a linear 
map V ^> W sending ]/ p ' 9 into T4 7P;<? for all p, q. In other words, it is a morphism 
(V, fty) — > (W, ftiy) °f representations of §. 

Hodge tensors. Let J? = Z, Q, or E, and let (V, ft) be an i?-hodge structure of 
weight n. A multilinear form t : V r — > i? is a hodge tensor if the map 

V ® V ® • • • <g> V -> R(-nr/2) 

it defines is a morphism of hodge structures. In other words, t is a hodge tensor if 

t(h(z)v lt h(z)v2, ■■■) = {zz)- nr ' 2 • *r(«i, «2, . . .), all zeC,» ; e K(R), 

or if 

(24) EPi^EQi^H<' 9l ,v P 2 2 ' 92 ,---) = 0, 

6 This partly explains the signs in (19); see also Deligne 1979, 1.1.6. Following Dclignc 
19736, 8.12, and Deligne 1979, 1.1.1.1, h c (z±, z 2 )vP>i = z~ p z~ q vP>i has become the standard 
convention in the theory of Shimura varieties. Following Dclignc 1971a, 2.1.5.1, the convention 
hc(zi, Z2)v p ' q = z 1 ^z\v v,q is commonly used in hodge theory (e.g., Voisin 2002, pl47). 
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Note that, for a hodge tensor t, 

t(Cv!,Cv 2 , ■■■) = t(vi,V2, ■ ■ •)• 

Example 2.11. Let (V, ft) be a hodge structure of type (-1, 0), (0, -1). A 
bilinear form t: x V ^ 1 is a hodge tensor if and only if t(Ju, Jv) = t(u, v) for 
all u, v e V. 

Polarizations. Let (V, ft) be a hodge structure of weight n. A polarization of 
(V, ft) is a hodge tensor if>: VxV ^ R such that ipc( u , v ) =df ip( u , Cv) is symmetric 
and positive definite. Then tp is symmetric or alternating according as n is even or 
odd, because 

ip(v, u) = i/>(Cv, Cu) = ip c (Cv, u) = ^ c (u, Cv) = ^{u, C 2 v) = (-l) n ip(u, v). 

More generally, let (V, ft) be an i?-hodge structure of weight n where R is Z or 
Q. A polarization of (V, ft) is a bilinear form ip: V x V — > R such that Vm is a 
polarization of (V(M),h). 

Example 2.12. Let (V, h) be an i?-hodge structure of type (—1,0), (0, —1) with 
R = Z,Q, or E, and let J = h(i). A polarization of (V, h) is an alternating bilinear 
form ip: V x V -> ii such that, for u, u e V(R), 

ip]fi(Ju 7 Jv) — tp(u,v), and 

V*(w, Jtt) > if u 7^ 0. 

(These conditions imply that iPr(u, Jv) is symmetric.) 

Example 2.13. Let A be a nonsingular projective variety over C. The choice 
of an embedding X <—* P N determines a polarization on the primitive part of 
H n (X,Q) (Voisin 2002, 6.3.2). 

Variations of hodge structures. Fix a real vector space V, and let S be 

a connected complex manifold. Suppose that, for each s G S, we have a hodge 
structure h s on V of weight n (independent of s). Let Vf' q — V£' 9 and Ff = 
FfV = F%V. 

The family of hodge structures (h s ) se s on V is said to be continuous if, for 
fixed p and q, the subspace VJ' 9 varies continuously with s. This means that the 
dimension d(p, q) of Vf' q is constant and the map 

s^Vr: S^G dM (V) 

is continuous. 

A continuous family of hodge structures {Yi' q ) s is said to be holomorphic if 
the hodge filtration F' varies holomorphically with s. This means that the map tp, 

s ^ Ft : S -» G d (V) 

is holomorphic. Here d = (. . . , d(p), . . .) where d(p) = dimFJV" = ^Z r>p d{r,q). 
Then the differential of y> at s is a C-linear map 

d<p s : - Tp* (G d (V)) ( C p Hom(^, V/F%). 
If the image of d<p s is contained in 

e p Hom(^,FrV^), 
for all s, then the holomorphic family is called a variation of hodge structures 
on S. 
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Now let T be a family of tensors on V including a nondcgcnerate bilinear form 
to, and let d: Z x Z — > N be a function such that 

dip, q) = for almost all p, q; 

d(q,p) = d(p,q); 

dip, q) = unless p + q = n. 

Define S(d, T) to be the set of all hodge structures h onV such that 

o dim V^ ,q — dip, q) for all p, q; 

o each t G T is a hodge tensor for ft; 

o t is a polarization for ft. 

Then Sid,T) acquires a topology as a subspace of Yl d ( p q )jtoGd(p,q)iV)- 

Theorem 2.14. Let S + be a connected component of S(d,T). 

(a) If nonempty, S + has a unique complex structure for which (ft s ) is a holo- 
morphic family of hodge structures. 

(b) With this complex structure, S + is a hermitian symmetric domain if (h s ) 
is a variation of hodge structures. 

(c) Every irreducible hermitian symmetric domain is of the form S + for a 
suitable V, d, and T. 

PROOF (Sketch), (a) Let S + = Sid, T)+. Because the hodge filtration de- 
termines the hodge decomposition (see (18)), the map x i— ► F* : S + — > Gd(T / ) is 
injective. Let G be the smallest algebraic subgroup of GL(V) such that 

(25) ft(S) c G, all heS+ 

(take G to be the intersection of the algebraic subgroups of GL(V) with this prop- 
erty), and let h Q e S + . For any g g G(M) + , gh g~ x g S + , and it can be shown 
that the map g i— > g • ft Q • g~ x : G(M) + — > S + is surjective: 

5+ = G(R)+ • ft . 

The subgroup K Q of G(K) + fixing ft Q is closed, and so G(K) + / 'K D is a smooth (in 
fact, real analytic) manifold. Therefore, S + acquires the structure of a smooth 
manifold from 

S+ = (G(R) + /K ) ■ ft S G(M)+/K . 

Let fl = Lic(G). From §^G^>gC End(V), we obtain hodge structures on g 
and End(V). Clearly, g m = Lic( J ftT ) and so T ho S+ ^ g/g m . In the diagram, 

Jfc 5+^ fl/0°° End(T/)/End(y) 00 

(26) (23) 



(23) * 

g(C)/F° ^— End(y(C))/F° ST he Gd(V0. 

the map from top-left to bottom-right is (d(p)h , which therefore maps Tj lo S + onto 
a complex subspace of T/ lo Gd(V A ). Since this is true for all h a g 5 + , we see that 
(/? identifies S* + with an almost-complex submanifold Gd(V r ). It can be shown that 
this almost-complex structure is integrable, and so provides S + with a complex 
structure for which is holomorphic. Clearly, this is the only (almost-)complcx 
structure for which this is true, 
(b) See Deligne 1979, 1.1. 
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(c) Given an irreducible hcrmitian symmetric domain D, choose a faithful self- 
dual representation G — > GL(V) of the algebraic group G associated with D (as in 
1.7). Because V is self-dual, there is a nondegencrate bilinear form t on V fixed 
by G. Apply Theorem 2.1 to find a set of tensors T such that G is the subgroup 

of GL(V) fixing the t € T. Let h a be the composite § z _^ z jj x ^ QL(V) with u a 
as in (1.9). Then, h a defines a hodge structure on V for which the t € T are hodgc 
tensors and t Q is a polarization. One can check that D is naturally identified with 
the component of S(d,T) + containing this hodge structure. □ 

Remark 2.15. The map S + — > Gd(V) in the proof is an embedding of smooth 
manifolds (injective smooth map that is injective on tangent spaces and maps S + 
homeomorphically onto its image). Therefore, if a smooth map T — > G&(V) factors 
into 

T S + — ► G d (V), 

then a will be smooth. Moreover, if the map T — > Gd(^) is defined by a holomor- 
phic family of hodge structures on T, and it factors through S + , then a will be 
holomorphic. 

Aside 2.16. As we noted in (2.5), for a nonsingular projective variety V over 
C, the cohomology group H n (V(C),Q) has a natural hodge structure of weight 
n. Now consider a regular map 7r : V — > S 1 of nonsingular varieties whose fibres 
V s (s e S) are nonsingular projective varieties of constant dimension. The vector 
spaces H n (V s ,Q) form a local system of Q- vector spaces on S, and Griffiths showed 
that the hodge structures on them form a variation of hodge structures in a slightly 
more general sense than that defined above (Voisin 2002, Proposition 10.12). 

Notes. Theorem 2.14 is taken from Dcligne 1979. 

3. Locally symmetric varieties 

In this section, we study quotients of hermitian symmetric domains by certain 
discrete groups. 

Quotients of hermitian symmetric domains by discrete groups. 

Proposition 3.1. Let D be a hermitian symmetric domain, and let T be a 
discrete subgroup of Hol(D) + . If T is torsion free, then T acts freely on D, and 
there is a unique complex structure on T\D for which the quotient map n : D — > T\D 
is a local isomorphism. Relative to this structure, a map ip from T\D to a second 
complex manifold is holomorphic if and only if ip o tt is holomorphic. 

Proof. Let r be a discrete subgroup of Hol(D) + . According to (1.5, 1.6), the 
stabilizer K p of any point p € D is compact and g i— > gp: Hol(D) + / K p — > D is a 
homeomorphism, and so (MF, 2.5): 

(a) for any p € D, {g G T \ gp = p} is finite; 

(b) for any p e D, there exists a neighbourhood U of p such that, for g e T, 
gU is disjoint from U unless gp = p; 

(c) for any points p,q E D not in the same T-orbit, there exist neighbourhoods 
U of p and V of q such that gU n V = for all g e T. 
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Assume r is torsion free. Then the group in (a) is trivial, and so T acts freely on 
D. Endow T\D with the quotient topology. If U and V are as in (c) , then ttII 
and nV are disjoint neighbourhoods of irp and irq, and so T\D is separated. Let 
q E T\D, and let p G 7r — If U is as in (b), then the restriction of ir to U is a 
homcomorphism U — > ttU, and it follows that T\D a manifold. 

Define a C-valued function / on an open subset U of T\D to be holomorphic 
if / o 7r is holomorphic on ir~ l U . The holomorphic functions form a sheaf on T\D 
for which 7r is a local isomorphism of ringed spaces. Therefore, the sheaf defines a 
complex structure on T\D for which ir is a local isomorphism of complex manifolds. 

Finally, let ip: T\D — > M be a map such that y> o 7r is holomorphic, and let / 
be a holomorphic function on an open subset U of M. Then / o ip is holomorphic 
because / o <p o tt is holomorphic, and so ip is holomorphic. □ 

When r is torsion free, we often write D(T) for T\D regarded as a complex 
manifold. In this case, D is the universal covering space of D(T) and T is the group 
of covering transformations; moreover, for any point p of D, the map 

g i ► [image under 7r of any path from p to gp] : T — > 7Ti(D(r), rrp) 

is an isomorphism (Hatcher 2002, 1.40). 

Subgroups of finite covolume. We shall only be interested in quotients of D 
by "big" discrete subgroups T of Aut(Z)) + . This condition is conveniently expressed 
by saying that T\D has finite volume. By definition, D has a ricmannian metric g 
and hence a volume clement ft: in local coordinates 



CI = yjdet(g ij (x))dx 1 A ... A dx 11 . 



Since g is invariant under T, so also is ft, and so it passes to the quotient T\D. The 
condition is that f T \ D ^ < oo. 

For example, let D = Hi and let T = PSL 2 (Z). Then 

F= {z e Hi I \z\ > 1, -i<3?x<i} 
is a fundamental domain for T and 



On the other hand, the quotient of Hi by the group of translations z i— > z + n, 
n e Z, has infinite volume, as does the quotient of Hi by the trivial group. 

A real Lie group G has a left invariant volume element, which is unique up 
to a positive constant (cf. Boothby 1975, VI 3.5). A discrete subgroup r of G is 
said to have finite covolume if T\G has finite volume. For a torsion free discrete 
subgroup T of Hol(D) + , an application of Fubini's theorem shows that r\Hol(£>) + 
has finite volume if and only if T\D has finite volume (Witte 2001, Exercise 1.27). 

Arithmetic subgroups. Two subgroups Si and S2 of a group H are com- 
mensurable if 5*10 52 has finite index in both Si and 5 2 . For example, two infinite 
cyclic subgroups Za and Zb of R are commensurable if and only if a/b e Q x . Com- 
mensurability is an equivalence relation. 

Let G be an algebraic group over Q. A subgroup T of G(Q) is arithmetic if it 
is commensurable with G(Q) n GL n (Z) for some embedding G ^ GL„. It is then 
commensurable with G(Q) nGL„/(Z) for every embedding G GL„/ (Borel 1969, 
7.13). 
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Proposition 3.2. Let p: G —* G' be a surjective homomorphism of algebraic 
groups over Q. IfT C G(Q) is arithmetic, then so also is p(T) C G'(Q). 

Proof. Borcl 1969, 8.9, 8.11, or Platonov and Rapinchuk 1994, Theorem 4.1, 
p204. □ 

An arithmetic subgroup L of G(Q) is obviously discrete in G(R), but it need 
not have finite covolume; for example, T = {±1} is an arithmetic subgroup of 
Gm(Q) of infinite covolume in M x . Thus, if L is to have finite covolume, there can 
be no nonzero homomorphism G — > G m . For reductive groups, this condition is 
also sufficient. 

Theorem 3.3. Let G be a reductive group over Q, and let T be an arithmetic 
subgroup o/G(Q). 

(a) The space L\G(K) has finite volume if and only i/Hom(G, G TO ) = (in 
particular, L\G(IR) has finite volume if G is semisimple) 7 

(b) The space L\G(R) is compact if and only i/Hom(G, G m ) = and G(Q) 
contains no unipotent element (other than I). 

Proof. Borcl 1969, 13.2, 8.4, or Platonov and Rapinchuk 1994, Theorem 4.13, 
p213, Theorem 4.12, p210. [The intuitive reason for the condition in (b) is that the 
rational unipotent elements correspond to cusps (at least in the case of SL2 acting 
on Tii), and so no rational unipotent elements means no cusps.] □ 

Example 3.4. Let B be a quaternion algebra over Q such that B ®q R ps 
M 2 (R), and let G be the algebraic group over Q such that G(Q) is the group 
of elements in B of norm 1. The choice of an isomorphism B £g>Q R — > Af 2 (B0 
determines an isomorphism G(R) — ► SL 2 (M), and hence an action of G(M) on Hi. 
Let r be an arithmetic subgroup of G(Q). 

If B M 2 (Q), then G « SL 2 , which is semisimple, and so T\SL 2 (IR) (hence 
also T\Hi) has finite volume. However, SL 2 (Q) contains the unipotent element 
(01), and so T\ SL 2 (IR) is not compact. 

If B 56 M 2 (Q), it is a division algebra, and so G(Q) contains no unipotent 
clement 7^ 1 (for otherwise B x would contain a nilpotent element). Therefore, 
T\G(IR) (hence also T\Hi) is compact 

Let A: be a subfield of C. An automorphism a of a k- vector space V is said to be 
neat if its eigenvalues in C generate a torsion free subgroup of C x (which implies 
that a does not have finite order) . Let G be an algebraic group over Q. An element 
g G G(Q) is neat if p(g) is neat for one faithful representation G GL(V), in 
which case p(g) is neat for every representation p of G defined over a subfield of C 
(apply Waterhouse 1979, 3.5). A subgroup of G(Q) is neat if all its elements are. 

PROPOSITION 3.5. Let G be an algebraic group over Q, and let F be an arith- 
metic subgroup of G(Q). Then, T contains a neat subgroup V of finite index. 
Moreover, V can be defined by congruence conditions (i.e., for some embedding 
G ^ GL„ and integer N, V = {g G T \ g = 1 mod N} ). 



Recall (cf. the Notations) that Hom(G,G m ) = means that there is no nonzero homomor- 
phism G —* G m defined over Q. 
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Proof. Borel 1969, 17.4. □ 

Let H be a connected real Lie group. A subgroup L of H is arithmetic if 
there exists an algebraic group G over Q and an arithmetic subgroup L of G(Q) 
such that L n G(R) + maps onto T under a surjective homomorphism G(M) + — > H 
with compact kernel. 

Proposition 3.6. Let H be a semisimple real Lie group that admits a faithful 
finite- dimensional representation. Every arithmetic subgroup T of H is discrete of 
finite covolume, and it contains a torsion free subgroup of finite index. 

PROOF. Let a: G(M) + -» H and L C G(Q) be as in the definition of arith- 
metic subgroup. Because Ker(a) is compact, a is proper (Bourbaki 1989, I 10.3) 
and, in particular, closed. Because L is discrete in G(R), there exists an open U 
C G(M) + whose intersection with Lo is exactly the kernel of Lo n G(M) + — > L. Now 
a(G(M) + \ U) is closed in H, and its complement intersects L in {lr}- Therefore, L 
is discrete in H . It has finite covolume because Fo\G(R) + maps onto T\H and we 
can apply (3.3a). Let Li be a neat subgroup of r of finite index (3.5). The image 
of Ti in H has finite index in T, and its image under any faithful representation of 
H is torsion free. □ 

Remark 3.7. There are many nonarithmetic discrete subgroup in SL2(M) of 
finite covolume. According to the Riemann mapping theorem, every compact rie- 
mann surface of genus g > 2 is the quotient of Hi by a discrete subgroup of 
PGL 2 (M) + acting freely on H\. Since there are continuous families of such riemann 
surfaces, this shows that there are uncountably many discrete cocompact subgroups 
in PGL2(M) + (therefore also in SL2(K)), but there only countably many arithmetic 
subgroups. 

The following (Fields medal) theorem of Margulis shows that SL 2 is exceptional 
in this regard: let L be a discrete subgroup of finite covolume in a noncompact 
simple real Lie group H; then T is arithmetic unless H is isogenous to SO(l,n) or 
SU(1, n) (see Witte 2001, 6.21 for a discussion of the theorem). Note that, because 
SL2QR) is isogenous to SO(l,2), the theorem doesn't apply to it. 

Brief review of algebraic varieties. Let k be a field. An affine k-algebra is 

a finitely generated fc-algebra A such that A ®fc fc al is reduced (i.e., has no nilpotents). 
Such an algebra is itself reduced, and when k is perfect every reduced finitely generated 
fc-algebra is affine. 

Let A be an affine fc-algebra. Define specm( J 4) to be the set of maximal ideals in A 
endowed with the topology having as basis D(f), D(f) — {m | / ^ m}, / £ A. There is 
a unique sheaf of fc-algebras O on specm(A) such that 0(D(f)) = Af for all /. Here Af 
is the algebra obtained from A by inverting /. Any ringed space isomorphic to a ringed 
space of the form 

Specm(A) = (specmL4), O) 
is called an affine variety over fc. The stalk at m is the local ring A m , and so Specm(A) 
is a locally ringed space. 

This all becomes much more familiar when fc is algebraically closed. When we write 
A = k\X\, . . . , X n ]/a, the space specm(A) becomes identified with the zero set of a in k" 
endowed with the zariski topology, and O becomes identified with the sheaf of fc-valued 
functions on specm(A) locally defined by polynomials. 

A topological space V with a sheaf of fc-algebras O is a prevariety over fc if there 
exists a finite covering (Ui) of V by open subsets such that (Ui,0\Ui) is an affine variety 
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over k for all i. A morphism of prevarieties over k is simply a morphism of ringed 
spaces of fc-algebras. A prevariety V over k is separated if, for all pairs of morphisms of 
fc-prevarieties a, (3 : Z =4 V , the subset of Z on which a and /3 agree is closed. A variety 
over k is a separated prevariety over k. 

Alternatively, the varieties over k are precisely the ringed spaces obtained from 
geometrically-reduced separated schemes of finite type over k by deleting the nonclosed 
points. 

A morphism of algebraic varieties is also called a regular map, and the elements of 
0(U ) are called the regular functions on U. 

For the variety approach to algebraic geometry, see AG, and for the scheme approach, 
see Hartshorne 1977. 

Algebraic varieties versus complex manifolds. 

The functor from nonsingular algebraic varieties to complex manifolds. For a 
nonsingular variety V over C, V(C) has a natural structure as a complex manifold. 
More precisely: 

Proposition 3.8. There is a unique functor (V,O v ) i-> (V an , Cyan) from 
nonsingular varieties over C to complex manifolds with the following properties: 

(a) as sets, V — V an , every zariski-open subset is open for the complex topol- 
ogy, and every regular function is holomorphic; 

(b) if V = A n , then V an = C n with its natural structure as a complex mani- 
fold; 

(c) if <p: V — > W is etale, then f an : V an — > W an is a local isomorphism. 

Proof. A regular map <p: V — > W is etale if the map d(p p : T p V T p W is an 
isomorphism for all p € V . Note that conditions (a,b,c) determine the complex- 
manifold structure on any open subvariety of A™ and also on any variety V that 
admits an etale map to an open subvariety of A™. Since every nonsingular variety 
admits a zariski-open covering by such V (AG 5.27), this shows that there exists 
at most one functor satisfying (a,b,c), and suggests how to define it. □ 

Obviously, a regular map cp: V — > W is determined by ip an : V an — > W &n , but 
not every holomorphic map V an — > W an is regular. For example, z t-^ e z : C — > C 
is not regular. Moreover, a complex manifold need not arise from a nonsingular 
algebraic variety, and two nonsingular varieties V and W can be isomorphic as 
complex manifolds without being isomorphic as algebraic varieties (Shafarevich 
1994, VIII 3.2). In other words, the functor V ^ V &n is faithful, but it is neither 
full nor essentially surjective on objects. 

Remark 3.9. The functor V V" an can be extended to all algebraic varieties 
once one has the notion of a "complex manifold with singularities" . This is called a 
complex space. For holomorphic functions f\ , . . . , f r on a connected open subset 
U of C™, let V(/i, . . . , f r ) denote the set of common zeros of the /, in U; one endows 
V(/i, . . . , f r ) with a natural structure of ringed space, and then defines a complex 
space to be a ringed space (S, Os) that is locally isomorphic to one of this form 
(Shafarevich 1994, VIII 1.5). 

Necessary conditions for a complex manifold to be algebraic. 

3.10. Here are two necessary conditions for a complex manifold M to arise from 
an algebraic variety. 
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(a) It must be possible to embed M as an open submanifold of a compact 
complex manfold M* in such a way that the boundary M* \ M is a finite 
union of manifolds of dimension dim M — 1. 

(b) If M is compact, then the field of meromorphic functions on M must have 
transcendence degree dimM over C. 

The necessity of (a) follows from Hironaka's theorem on the resolution of singular- 
ities, which shows that every nonsingular variety V can be embedded as an open 
subvariety of a complete nonsingular variety V* in such a way that the bound- 
ary V* \ V is a divisor with normal crossings (see p293), and the necessity of 
(b) follows from the fact that, when V is complete and nonsingular, the field of 
meromorphic functions on y an coincides with the field of rational functions on V 
(Shafarevich 1994, VIII 3.1). 

Here is one positive result: the functor 

{projective nonsingular curves over C} — > {compact riemann surfaces} 

is an equivalence of categories (see MF, pp88-91, for a discussion of this theorem). 
Since the proper zariski-closed subsets of algebraic curves are the finite subsets, 
we see that for riemann surfaces the condition (3.10a) is also sufficient: a riemann 
surface M is algebraic if and only if it is possible to embed M in a compact riemann 
surface M* in such a way that the boundary M* \ M is finite. The maximum 
modulus principle (Cartan 1963, VI 4.4) shows that a holomorphic function on a 
connected compact riemann surface is constant. Therefore, if a connected riemann 
surface M is algebraic, then every bounded holomorphic function on M is constant. 
We conclude that Hi does not arise from an algebraic curve, because the function 
z i — ► J=| is bounded, holomorphic, and nonconstant. 

For any lattice A in C, the Weierstrass p function and its derivative embed 
C/A into P 2 (C) (as an elliptic curve). However, for a lattice A in C 2 , the field of 
meromorphic functions on C 2 /A will usually have transcendence degree < 2, and 
so C 2 /A is not an algebraic variety. For quotients of C s by a lattice A, condition 
(3.10b) is sufficient for algebraicity (Mumford 1970, p35). 

Projective manifolds and varieties. A complex manifold (resp. algebraic vari- 
ety) is projective if it is isomorphic to a closed submanifold (resp. closed subvari- 
ety) of a projective space. The first truly satisfying theorem in the subject is the 
following: 

Theorem 3.11 (Chow 1949). Every projective complex manifold has a unique 
structure of a nonsingular projective algebraic variety, and every holomorphic map 
of projective complex manifolds is regular for these structures. (Moreover, a similar 
statement holds for complex spaces.) 

PROOF. See Shafarevich 1994, VIII 3.1 (for the manifold case). □ 

In other words, the functor V V an is an equivalence from the category of 
(nonsingular) projective algebraic varieties to the category of projective complex 
(manifolds) spaces. 

The theorem of Baily and Borel. 

Theorem 3.12 (Baily and Borel 1966). Let D(T) = T\D be the quotient of a 
hermitian symmetric domain by a torsion free arithmetic subgroup T o/Hol(D) + . 
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Then D(T) has a canonical realization as a zariski-open subset of a projective al- 
gebraic variety D(T)* . In particular, it has a canonical structure as an algebraic 
variety. 

Recall the proof for D = H\. Set H\ = Hi U P X (Q) (rational points on the real 
axis plus the point ioo). Then T acts on HI, and the quotient T\Hl is a compact 
riemann surface. One can then show that the modular forms of a sufficiently high 
weight embed T\Hl as a closed submanifold of a projective space. Thus T\Hl is 
algebraic, and as T\Hi omits only finitely many points of T\Hl, it is automatically 
a zariski-open subset of T\H*. The proof in the general case is similar, but is 
much more difficult. Briefly, D(T)* = T\D* where D* is the union of D with 
certain "rational boundary components" endowed with the Satake topology; again, 
the automorphic forms of a sufficiently high weight map T\D* isomorphically onto 
a closed subvariety of a projective space, and T\D is a zariski-open subvariety of 
T\D*. 

For the Siegel upper half space H g , the compactification H* was introduced by 
Satake (1956) in order to give a geometric foundation to certain results of Siegel 
(1939), for example, that the space of holomorphic modular forms on H g of a fixed 
weight is finite dimensional, and that the mcromorphic functions on H g obtained 
as the quotient of two modular forms of the same weight form an algebraic function 
field of transcendence degree g(g + l)/2 = dim7i g over C. 

That the quotient T\H* of H* by an arithmetic group T has a projective 
embedding by modular forms, and hence is a projective variety, was proved in 
Baily 1958, Cartan 1958, and Satake and Cartan 1958. 

The construction of H* depends on the existence of fundamental domains for 
the arithmetic group T acting on H g . Weil (1958) used reduction theory to con- 
struct fundamental sets (a notion weaker than fundamental domain) for the domains 
associated with certain classical groups (groups of automorphisms of semsimple 
Q-algebras with, or without, involution), and Satake (1960) applied this to con- 
struct compactifications of these domains. Borel and Harish-Chandra developed a 
reduction theory for general scmisimple groups (Borel and Harish-Chandra 1962; 
Borel 1962), which then enabled Baily and Borel (1966) to obtain the above theorem 
in complete generality. 

The only source for the proof is the original paper, although some simplifica- 
tions to the proof are known. 

Remark 3.13. (a) The variety D(T)* is usually very singular. The boundary 
D(T)* \D(T) has codimension > 2, provided PGL 2 is not a quotient of the Q-group 
G giving rise to V. 

(b) The variety D(T)* = Proj(0 n>o A„) where A n is the vector space of 
automorphic forms for the n th power of the canonical automorphy factor (Baily 
and Borel 1966, 10.11). It follows that, if PGL 2 is not a quotient of G, then 
D{T)* = Proj(0 n>o -ff°(-D(r),a;™)) where to is the sheaf of algebraic differentials 
of maximum degree on D(T). Without the condition on G, there is a similar de- 
scription of D(T)* in terms of differentials with logarithmic poles (Brylinski 1983, 
4.1.4; Mumford 1977). 

(b) When D(T) is compact, Theorem 3.12 follows from the Kodaira embedding 
theorem (Wells 1980, VI 4.1, 1.5). Nadel and Tsuji (1988, 3.1) extended this to 
those -D(r) having boundary of dimension 0, and Mok and Zhong (1989) give an 
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alternative proof of Theorem 3.12, but without the information on the boundary 
given by the original proof. 

An algebraic variety D(T) arising as in the theorem is called a locally symmet- 
ric variety (or an arithmetic locally symmetric variety, or an arithmetic 
variety, but not yet a Shimura variety) . 

The theorem of Borel. 

Theorem 3.14 (Borel 1972). Let D(T) and D(T)* be as in (3.12) — in par- 
ticular, r is torsion free and arithmetic. Let V be a nonsingular quasi-projective 
variety over C. Then every holomorphic map f : V an — > D(T) an is regular. 

The key step in Borel's proof is the following result: 

Lemma 3.15. Let V* be the punctured disk {z | < \z\ < 1}. Then every 
holomorphic map s V* r xDj ^ D(T) extends to a holomorphic map T>l +S — ► D(T)* 
(of complex spaces). 

The original result of this kind is the big Picard theorem, which, interestingly, 
was first proved using elliptic modular functions. Recall that the theorem says that 
if a function / has an essential singularity at a point p G C, then on any open 
disk containing p, f takes every complex value except possibly one. Therefore, if a 
holomorphic function / on T>^ omits two values in C, then it has at worst a pole 
at 0, and so extends to a holomorphic function T>i — > P 1 (C). This can be restated 
as follows: every holomorphic function from to P 1 (C) \ {3 points} extends to a 
holomorphic function from T>\ to the natural compactification P 1 (C) of P 1 (C) \ {3 
points}. Over the decades, there were various improvements made to this theorem. 
For example, Kwack (1969) replaced P : (C) \ {3 points} with a more general class 
of spaces. Borel (1972) verified that Kwack's theorem applies to D(T) C D(T)* , 
and extended the result to maps from a product T>* r x V\. 

Using the lemma, we can prove the theorem. According Hironaka's (Fields 
medal) theorem on the resolution of singularities (Hironaka 1964; see also Bravo 
ct al. 2002), we can realize V as an open subvariety of a projective nonsingular 
variety V* in such a way that V* \ V is a divisor with normal crossings. This 
means that, locally for the complex topology, the inclusion V <— ► V* is of the form 
V* r xVf^ V\ +s . Therefore, the lemma shows that /: V &a -> D(T) an extends to 
a holomorphic map V* &n — > D(T)*, which is regular by Chow's theorem (3.11). 

Corollary 3.16. The structure of an algebraic variety on D(T) is unique. 

Proof. Let D(T) denote T\D with the canonical algebraic structure provided 
by Theorem 3.12, and suppose T\D = V an for a second variety V. Then the 
identity map / : V an — > D(T) is a regular bijective map of nonsingular varieties in 
characteristic zero, and is therefore an isomorphism (cf. AG 8.19). □ 

The proof of the theorem shows that the compactification D(T) D(T)* has 
the following property: for any compactification D(T) — > D(T)^ with D(T)^ \ D(T) 
a divisor with normal crossings, there is a unique regular map D(T)^ — > D(T)* 
making 



^Recall that T>\ is the open unit disk. The product T>* r X D| is obtained from T>^ s by 
removing the first r coordinate hyperplanes. 
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commute. For this reason, D(T) <— » D(T)* is often called the minimal compacti- 
fication. Other names: standard, Satake-Baily-Borel, Baily-Borel. 

Aside 3.17. (a) Theorem 3.14 also holds for singular V — in fact, it suffices 
to show that / becomes regular when restricted to an open dense set of V, which 
we may take to be the complement of the singular locus. 

(b) Theorem 3.14 definitely fails without the condition that T be torsion free. 
For example, it is false for T\Hi = A 1 — consider z i— > e z : C — ► C. 

Finiteness of the group of automorphisms of D(T). 

Definition 3.18. A scmisimple group G over Q is said to be of compact type 
if G(R) is compact, and it is of noncompact type if it does not contain a nonzero 
normal subgroup of compact type. 

A semisimplc group over Q is an almost direct product of its minimal connected 
normal subgroups, and it will be of noncompact type if and only if none of these 
subgroups is of compact type. In particular, a simply connected or adjoint group 
is of noncompact type if and only if it has no simple factor of compact type. 

We shall need one last result about arithmetic subgroups. 

Theorem 3.19 (Borcl density theorem). Let G be a semisimple group over Q 
of noncompact type. Then every arithmetic subgroup T of G(Q) is zariski- dense in 
G. 



Proof. Borel 1969, 15.12, or Platonov and Rapinchuk 1994, Theorem 4.10, 
p205. □ 

Corollary 3.20. For G as in (3.19), the centralizer ofT in G(R) is Z(R), 
where Z is the centre of G (as an algebraic group overQ). 

Proof. The theorem implies that the centralizer of T in G(C) is Z(C), and 
Z(R) = Z(C)nG(R). □ 

Theorem 3.21. Let D(T) be the quotient of a hermitian symmetric domain D 
by a torsion free arithmetic group T. Then D(T) has only finitely many automor- 
phisms. 

Proof. As T is a torsion free, D is the universal covering space of T\D and T 
is the group of covering transformations (see p287). An automorphism a: T\D — > 
T\D lifts to an automorphism a: D — > D. For any 7 € T, a^foT 1 is a covering 
transformation, and so lies in T. Conversely, an automorphism of D normalizing T 
defines an automorphism of T\D. Thus, 

Aut(r\L>) = N/T, N = normalizcr of T in Aut(£>). 
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The corollary implies that the map ad: N — > Aut(T) is injective. The group T is 
countable because it is a discrete subgroup of a group that admits a countable basis 
for its open subsets, and so N is also countable. Because T is closed in Aut(D), 
so also is N. Write N as a countable union of its finite subsets. According to the 
Baire category theorem (MF 1.3) one of the finite sets must have an interior point, 
and this implies that N is discrete. Because T\Aut(D) has finite volume (3.3a), 
this implies that T has finite index in N. 

Alternatively, there is a geometric proof, at least when T is neat. According 
to Mumford 1977, Proposition 4.2, D(T) is then an algebraic variety of logarithmic 
general type, which implies that its automorphism group is finite (Iitaka 1982, 
11.12). □ 

Aside 3.22. In most of this section we have considered only quotients T\D with 
T torsion free. In particular, we disallowed T(l)\Hi- Typically, if T has torsion, 
then r\D will be singular and some of the above statements will fail for T\D. 

Notes. Borcl 1969, Raghunathan 1972, and (eventually) Witte 2001 contain 
good expositions on discrete subgroups of Lie groups. There is a large literature 
on the various compactifications of locally symmetric varieties. For overviews, see 
Satake 2001 and Goresky 2003, and for a detailed description of the construction of 
toroidal compactifications, which, in contrast to the Baily-Borel compactification, 
may be smooth and projective, see Ash et al. 1975. 

4. Connected Shimura varieties 

Congruence subgroups. Let G be a reductive algebraic group over Q. Choose 
an embedding G GL„, and define 

T(N) = G(Q) n {g e GL„(Z) | g = I n mod A}. 

For example, if G = SL 2 , then 

Y{N) = {(jj) e SL 2 (Z) \ ad - be = 1, a,d=l, b,c=0 modiV}. 

A congruence subgroup of G(Q) is any subgroup containing some T(N) as a 
subgroup of finite index. Although T(N) depends on the choice the embedding, 
this definition does not (see 4.1 below). 

With this terminology, a subgroup of G(Q) is arithmetic if it is commensu- 
rable with T(l). The classical congruence subgroup problem for G asks whether 
every arithmetic subgroup of G(Q) is congruence, i.e., contains some T(N). For 
split simply connected groups other than SL2, the answer is yes (Matsumoto 1969), 
but SL2 and all nonsimply connected groups have many noncongruence arithmetic 
subgroups (for a discussion of the problem, see Platonov and Rapinchuk 1994, sec- 
tion 9.5). In contrast to arithmetic subgroups, the image of a congruence subgroup 
under an isogeny of algebraic groups need not be a congruence subgroup. 

The ring of finite adeles is the restricted topological product 

where i runs over the finite primes of i (that is, we omit the factor R). Thus, Af is 
the subring of YlQe consisting of the (ag) such that € for almost all I, and it 
is endowed with the topology for which Y\Li is open and has the product topology. 
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Let V = Spccm A be an affine variety over Q. The set of points of V with 
coordinates in a Q-algebra R is 

V(R) =Kom q (A,R). 

When we write 

A = Q[X U X m ]/a = Q[xi, . . . ,x m ], 

the map P ^> (P (xi) , . . . , P(x m )) identifies V(R) with 

{(01, ...,a m )eR m \ /(oi, . . . , a m ) = 0, V/ e a}. 

Let Z[xi, . . . , x m ] be the Z-subalgebra of A generated by the x,, and let 

V(Z £ ) = Hom z (Z[xi, . . .,x m ],Z t ) = V(Qi) n ZJ? (inside Q"). 

This set depends on the choice of the generators Xi for A, but if A = Q[j/i, . . . , 
then the j/j's can be expressed as polynomials in the Xj with coefficients in Q, and 
vice versa. For some rfeZ, the coefficients of these polynomials lie in Z[^], and so 

Z[i][xi, . . . ,x m ] = Z[i][j/i, . . . ,y n ] (inside A). 

It follows that for l\ d, the j/j's give the same set V(Z^) as the Xj's. Therefore, 

V(A f )^U(Vm-- V(Z t )) 
is independent of the choice of generators for 9 A. 
For an algebraic group G over Q, we define 

G(A / ) = n(G(Q/): G(Z,)) 

similarly. For example, 

Proposition 4.1. For any compact open subgroup K ofG(Af), K(~\G(Q) is 
a congruence subgroup ofG(Q), and every congruence subgroup arises in this way. 

Proof. Fix an embedding G GL„. From this we get a surjection Q[GL„] — ► 
Q[G] (of Q-algebras of regular functions), i.e., a surjection 

Q[X llt . . . , X„„, T]/(det(X ij )T - 1) ^ Q[G], 

and hence Q[G] = Q[xn, . . . , x nn ,t]. For this presentation of Q[G], 

G(Z,) = G(Q e ) n GL„(Z,) (inside GL„(Q/)). 

For an integer TV > 0, let 

tf(A0 = rV^ whCrC { 5 eG(Z,)| 5 ^7 n mod^} if r, = ord,(iV). 

Then K(N) is a compact open subgroup of G(Af), and 

tf(iV) nG(Q) = r(JV). 

It follows that the compact open subgroups of G(Af) containing K(N) intersect 
G(Q) exactly in the congruence subgroups of G(Q) containing T(N). Since every 

9 In a more geometric language, let a: V ^ AJ^ be a closed immersion. The zariski closure 
V a of V in Ajj 1 is a model of V flat over SpecZ. A different closed immersion f3 gives a different 
flat model V^, but for some d, the isomorphism (V a )Q = V= (Vq)q on generic fibres extends to 
an isomorphism V a — » over SpecZ[g]. For the primes I not dividing d, the subgroups V a (7Lt) 
and V^(Z^) of V(Q^) will coincide. 
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compact open subgroup of G(Af) contains K(N) for some N, this completes the 
proof. □ 

Remark 4.2. There is a topology on G(Q) for which the congruence subgroups 
form a fundamental system of neighbourhoods. The proposition shows that this 
topology coincides with that defined by the diagonal embedding G(Q) C G(Af). 

Exercise 4.3. Show that the image in PGL 2 (Q) of a congruence subgroup in 
SL 2 (Q) need not be congruence. 

Connected Shimura data. 

Definition 4.4. A connected Shimura datum is a pair (G, D) consisting 
of a semisimplc algebraic group G over Q and a G ad (M) + -conjugacy class D of 
homomorphisms u: U\ — ► G| d satisfying the following conditions: 

SU1: for u E D, only the characters z, l,z _1 occur in the representation of 

Ui on Lie(G ad )c defined by u; 
SU2: for u e D, &du(— 1) is a Cartan involution on G ad ; 
SU3: G ad has no Q-factor H such that H(R) is compact. 

Example 4.5. Let u: U\ — > PGL 2 (M) be the homomorphism sending z = 
(a + bi) 2 to (4 a) mod±/ 2 (cf. 1.10), and let D be the set of conjugates of this 
homomorphism, i.e., D is the set of homomorphisms U\ — > PGL 2 (IR) of the form 

z = (a + 6i) 2 A ( 4 J ) A" 1 mod ±7 2 , A e SL 2 (M) . 

Then (SL 2 ,D) is a Shimura datum (here SL 2 is regarded as a group over Q). 

Remark 4.6. (a) If u: U\ — > G ad (]R) satisfies the conditions SU1,2, then so 
does any conjugate of it by an clement of G ad (M) + . Thus a pair (G, u) satisfy- 
ing SU1,2,3 determines a connected Shimura datum. Our definition of connected 
Shimura datum was phrased so as to avoid D having a distinguished point. 

(b) Condition SU3 says that G is of noncompact type (3.18). It is fairly harm- 
less to assume this, because replacing G with its quotient by a connected normal 
subgroup N such that N(M) is compact changes little. Assuming it allows us to 
apply the strong approximation theorem when G is simply connected (see 4.16 
below) . 

Lemma 4.7. Let H be an adjoint real Lie group, and let u: U\ — > H be a 
homomorphism satisfying SU1,2. Then the following conditions on u are equivalent: 

(a) u(-l) = l; 

(b) u is trivial, i.e., u(z) — 1 for all z; 

(c) H is compact. 

PROOF, (a)^(b). If u(— 1) = 1, then u factors through U\ U\, and so z ±x 
can not occur in the representation of U\ on Lie(if)c. Therefore U\ acts trivially 
on Lie(H) c , which implies (b). The converse is trivial. 

(a)«=>(c). We have 

tt ■ l-17a , , Z{H) = 1 

H is compact ^> adu(-l) = 1 ^> u (-l) = 1- □ 

PROPOSITION 4.8. To give a connected Shimura datum is the same as to give 
o a semisimple algebraic group G over Q of noncompact type, 
o a hermitian symmetric domain D, and 
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o an action ofG(R) + on D defined by a surjective homomorphism G(R) + — ► 
Hol(D) + with compact kernel. 

Proof. Let (G, D) be a connected Shimura datum, and let u € D. Decompose 
G| d into a product of its simple factors: G| d = H\ x • • • x H s . Correspondingly, 
u = (tii, • • • , w s ) where ttj is the projection of u into Hi(R). Then ttj = 1 if iJj is 
compact (4.7), and otherwise there is an irreducible hcrmitian symmetric domain 
D[ such that Hi(R) + = Hol(D' i ) + and D[ is in natural one-to-one correspondence 
with the set Di of ifi(M) + -conjugates of u% (see 1.21). The product D' of the D[ is a 
hcrmitian symmetric domain on which G(R) + acts via a surjective homomorphism 
G(M) + — > Hol(Z?) + with compact kernel. Moreover, there is a natural identification 

of d' = n a with D = n A- 

Conversely, let (G, D, G(M) + — > Hol(D) + ) satisfy the conditions in the propo- 
sition. Decompose Gj^ d as before, and let H c (resp. H nc ) be the product of the 
compact (resp. noncompact) factors. The action of G(M) + on D defines an iso- 
morphism H DC (R) + = Hol(Z?) + , and {u p \ p e D} is an _ff nc (M)+-conjugacy class 
of homomorphisms U\ — » i7 nc (]R) + satisfying SU1,2 (see 1.21). Now 

{(1, m p ) : L7i -» H C (R) x H nc (M) | p G D} , 

is a G ad (M) + -conjugacy class of homomorphisms U\ — ► G ad (IR) satisfying SU1,2. 

□ 

Proposition 4.9. Lei (G,D) be a connected Shimura datum, and let X be the 
G ad (R)-conjugacy class of homomorphisms S — > Gr containing D. Then D is a 
connected component of X, and the stabilizer of D in G ad (M) is G ad (M) + . 

Proof. The argument in the proof of (1.5) shows that X is a disjoint union 
of orbits G ad (K) + /i, each of which is both open and closed in X. In particular, D 
is a connected component of X. 

Let H c (resp. H nc ) be the product of the compact (resp. noncompact) simple 
factors of Gr. Then H nc is a connected algebraic group over R such that _ff n c(K) + = 
Hol(Z?), and G(M) + acts on D through its quotient H nc (R) + . As H C (R) is connected 
(Borel 1991, p277), the last part of the proposition follows from (1.7). □ 

Definition of a connected Shimura variety. Let (G, D) be a connected 
Shimura datum, and regard I? as a hermitian symmetric domain with G(M) + acting 
on it as in (4.8). Because G ad (M) + — > Aut(Z?) + has compact kernel, the image T of 
any arithmetic subgroup V of G ad (Q) + in Aut(D)+ will be arithmetic (this is the 
definition p289). The kernel of L — > L is finite. If L is torsion free, then T = T, and 
so the Baily-Borel and Borel theorems (3.12, 3.14) apply to 

D(T) = T\D = T\D. 
In particular, D(T) is an algebraic variety, and, for any L D T', the natural map 

D(T) <- D(r') 

is regular. 

Definition 4.10. The connected Shimura variety Sh°(G, D) is the inverse 
system of locally symmetric varieties (D(T))r where L runs over the torsion-free 
arithmetic subgroups of G ad (Q) + whose inverse image in G(Q) + is a congruence 
subgroup. 
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Remark 4.11. An clement g of G ad (Q) + defines a holomorphic map g : D — > Z), 
and hence a map 

r\r> - (/rff-^D. 

This is again holomorphic (3.1), and hence is regular (3.14). Therefore the group 
G ad (Q) + acts on the family Sh°(G,L>) (but not on the individual D(r)'s). 

Lemma 4.12. Write tt for the homomorphism G(Q) + — » G ad (Q)+. T/ie follow- 
ing conditions on an arithmetic subgroup T o/G ad (Q) + are equivalent: 

(a) 7r _1 (r) is a congruence subgroup of G(Q) + ; 

(b) 7r _1 (r) contains a congruence subgroup o/G(Q) + ; 

(c) r contains the image of a congruence subgroup o/G(Q) + . 

Therefore, the varieties T\D with T a congruence subgroup of G(Q) + such ir(T) is 
torsion free are cofinal in the family Sh°(G, D). 

PROOF, (a) => (b). Obvious. 

(b) (c). Let T' be a congruence subgroup of G(Q) + contained in 7r _1 (r). 
Then 

r D niir- 1 ^)) D tt{T'). 

(c) =^> (a). Let T' be a congruence subgroup of G(Q) + such that T D Tr(r'), 
and consider 

Tr-^r) d Tr-V(r') d r'. 

Because 7r(r') is arithmetic (3.2), it is of finite index in V, and it follows that 
TT-Vr') is of finite index in tt" 1 ^). Because Z(Q) ■ T' D tt"^^') and Z(Q) is 
finite (Z is the centre of G), T' is of finite index in 7r _1 7r(r'). Therefore, V is of 
finite index in 7r _1 (r), which proves that 7r _1 (r) is congruence. □ 

Remark 4.13. The homomorphism n: G(Q)+ — > G ad (Q)+ is usually far from 
surjective. Therefore, 7T7r _1 (r) is usually not equal to T, and the family D(T) with 
T a congruence subgroup of G(Q) + is usually much smaller than Sh°(G, D). 

Example 4.14. (a) G = SL 2 , D = Hi. Then Sh°(G, D) is the family of ellip- 
tic modular curves T\H\ with T a torsion- free arithmetic subgroup of PGL 2 (M) + 
containing the image of T(N) for some N. 

(b) G = PGL 2 , D = H\. The same as (a), except that now the T are required 
to be congruence subgroups of PGL 2 (Q) — there are many fewer of these (see 4.3). 

(c) Let B be a quaternion algebra over a totally real field F. Then 

b ®q k = rj v . F ^ R S ® FiJ; E 

and each B ®ir ; „ M is isomorphic either to the usual quaternions H or to M 2 (R). 
Let G be the semisimple algebraic group over Q such that 

G(Q) = Kcr(Nm: B x -> F x ). 

Then 

(27) G(R) w H xl x • • • x H xl x SL 2 (M) x • • • x SL 2 (R) 

where H xl = Kcr(Nm: H x — > M x ). Assume that at least one SL 2 (]R) occurs (so 
that G is of noncompact type), and let D be a product of copies of Hi, one for each 
copy of SL 2 (M) . The choice of an isomorphism (27) determines an action of G(R) 
on D which satisfies the conditions of (4.8), and hence defines a connected Shimura 
datum. In this case, D(T) has dimension equal to the number of copies of M 2 (M) 
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in the decomposition of B®qM.. If B ss M2(F), then G(Q) has unipotent elements, 
e.g., (q J), and so D(T) is not compact (3.3). In this case the varieties D(T) arc 
called Hilbert modular varieties. On the other hand, if B is a division algebra, 
G(Q) has no unipotent elements, and so the D(T) are compact (as manifolds, hence 
they are projective as algebraic varieties). 

Aside 4.15. In the definition of Sh°(G, D), why do we require the inverse 
images of the Ps in G(Q) + to be congruence? The arithmetic properties of the 
quotients of hermitian symmetric domains by noncongruence arithmetic subgroups 
are not well understood even for D = Hi and G = SL 2 . Also, the congruence 
subgroups turn up naturally when we work adclically. 

The strong approximation theorem. Recall that a semisimple group G 
is said to be simply connected if any isogcny G' — > G with G' connected is an 
isomorphism. For example, SL2 is simply connected, but PGL2 is not. 

Theorem 4.16 (Strong Approximation). Let G be an algebraic group over Q. 
If G is semisimple, simply connected, and of noncompact type, then G(Q) is dense 
in G(A f ). 

PROOF. Platonov and Rapinchuk 1994, Theorem 7.12, p427. □ 

Remark 4.17. Without the conditions on G, the theorem fails, as the following 
examples illustrate: 

(a) G m : the group Q x is not dense in Aj. 

(b) PGL 2 : the determinant defines surjections 

PGL 2 (Q)^Q X /Q X2 
PGL 2 (A / ) -> A* /A* 2 

and Q x /Q x2 is not dense in A* /A* 2 . 

(c) G of compact type: because G(Z) is discrete in G(M) (see 3.3), it is finite, 
and so it is not dense in G(Z), which implies that G(Q) is not dense in 
G(A f ). 

An adelic description of D(T). 

Proposition 4.18. Let (G,D) be a connected Shimura datum with G simply 
connected. Let K be a compact open subgroup of G(Af), and let 

r = K n G(Q) 

be the corresponding congruence subgroup o/G(Q). The map x 1— ► [x,l] defines a 
bijection 

(28) T\L> = G(Q)\D x G(Af)/K. 

Here G(Q) acts on both D and G(A/) on the left, and K acts on G(A/) on the 
right: 

q- (x,a) ■ k = (qx,qak), ? 6 G(Q), x e D, a e G(A f ), keK. 

When we endow D with its usual topology and G(Af) with the adelic topology (or 
the discrete topology), this becomes a homeomorphism. 
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Proof. Because K is open, G(Af) = G(Q) ■ K (strong approximation theo- 
rem). Therefore, every element of G(Q)\D x G(Af)/K is represented by an element 
of the form [x, 1]. By definition, [x, 1] = [x' , 1] if and only if there exist q € G(Q) and 
k E K such that x' — qx, 1 = qk. The second equation implies that q = k^ 1 6 V, 
and so [a;, 1] = [x 1 , 1] if and only if x and x' represent the same element in T\D. 

Consider 

D Dx(G(A f )/K) 

T\D [x] ^ [x ' 1] ) G{Q)\D x G{A f )/K. 

As K is open, G(Af)/K is discrete, and so the upper map is a homeomorphism 
of D onto its image, which is open. It follows easily that the lower map is a 
homeomorphism. □ 

What happens when we pass to the inverse limit over T? The obvious map 

D -> limr\£>, 

is injective because each T acts freely on D and p|T = {1}. Is the map surjective? 
The example 

Z — > KmZ/mZ = Z 

is not encouraging — it suggests that limr\D might be some sort of completion 
of D relative to the Vs. This is correct: limr\Z) is much larger than D. In fact, 
when we pass to the limit on the right in (28), we get the obvious answer: 

Proposition 4.19. In the limit, 
(29) Urn K G(Q)\D x G(A f )/K = G(Q)\D x G(A f ) 

(adelic topology on G(Af)). 

Before proving this, we need a lemma. 

Lemma 4.20. Let G be a topological group acting continuously on a topological 
space X, and let (Gi)i e i be a directed family of subgroups of G. The canonical map 
X/f]d — > \m\X/Gi is injective if the Gi are compact, and it is surjective if in 
addition the orbits of the Gi in X are separated. 

Proof. We shall use that a directed intersection of nonempty compact sets 
is nonempty, which has the consequence that a directed inverse limit of nonempty 
compact sets is nonempty. 

Assume that each Gi is compact, and let x,x' € X. For each i, let 

Gi{x,x') = {g e G l | xg = x'}. 

If x and x' have the same image in liml/Gi, then the Gi(x,x') are all nonempty. 
Since each is compact, their intersection is nonempty. For any g in the intersection, 
xg = x' , which shows that x and x' have the same image in X/ f] Gi. 

Now assume that each orbit is separated and hence compact. For any (xiGi)i e i € 
lim X/Gi, limxiGi is nonempty. If x € limxiGi, then x-f]Gi maps to (xiGiji^i. □ 
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Proof of 4.19. Let (x, a) e D x G(A/), and let if be a compact open sub- 
group of G(Af). In order to be able to apply the lemma, we have to show that 
the image of the orbit (x,a)K in G(Q)\D x G(Af) is separated for K sufficiently 
small. Let L = G(Q) Haifa -1 — we may assume that L is torsion free (3.5). There 
exists an open neighbourhood V of x such that gV n V = for all g e L \ {1} 
(see the proof of 3.1). For any (x, b) e (a;, a) A", g(V x aif) n (V x oif ) = for all 
g e G(Q) \ {1}, and so the images of K x Ka and V x if 6 in G{Q)\D x G(Af) 
separate (x,a) and [x,b). □ 

Aside 4.21. (a) Why replace the single coset space on the left of (28) with the 
more complicated double coset space on the right? One reason is that it makes 
transparent that (in this case) there is an action of G(Af) on the inverse system 
(r\D)r, and hence, for example, on 

limiP(rYD,Q). 

Another reason will be seen presently — we use double cosets to define Shimura 
varieties. Double coset spaces are pervasive in work on the Langlands program. 

(b) The inverse limit of the D(T) exists as a scheme — it is even locally noe- 
therian and regular (cf. 5.30 below). 

Alternative definition of connected Shimura data. Recall that § is the 
real torus such that S(K) = C x . The exact sequence 

M x C x U, - 

arises from an exact sequence of tori 

-» G m § — > Ui -» 0. 

Let H be a semisimple real algebraic group with trivial centre. A homomorphism 
u: Ui — » H defines a homomorphism h: § — > H by the rule h(z) = u(z/z), and U\ 
will act on Lie(ii)c through the characters z, 1, z _1 if and only if S acts on Lie(if)c 
through the characters z/z, l,z/z. Conversely, let He a homomorphism § — > H 
for which S acts on Lie(ii)c through the characters z/z, 1, z/z. Then w(G m ) acts 
trivially on Lie(ii)c, which implies that h is trivial on w(G m ) because the adjoint 
representation H — > Lie(ii) is faithful. Thus, h arises from a u. 

Now let G be a semisimple algebraic group over Q. From the above remark, 
we see that to give a G ad (IR) + -conjugacy class D of homomorphisms u: U\ — > 
G| d satisfying SU1,2 is the same as to give a G ad (]R) + -conjugacy class X + of 
homomorphisms /i: § — > G{| d satisfying the following conditions: 

SV1: for /i e X + , only the characters z/z, 1, z/z occur in the representation 

of § on Lie(G ad ) c defined by h; 
SV2: ad/i(i) is a Cartan involution on G ad . 

Definition 4.22. A connected Shimura datum is a pair (G,X + ) consisting 
of a semisimple algebraic group over Q and a G ad (M) + -conjugacy class of homo- 
morphisms h: § — > Gj^ 1 satisfying SV1, SV2, and 

SV3: G ad has no Q-factor on which the projection of h is trivial. 

In the presence of the other conditions, SV3 is equivalent to SU3 (see 4.7). Thus, 
because of the correspondence u <-> h, this is essentially the same as Definition 4.4. 
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Definition 4.4 is more convenient when working with only connected Shimura 
varieties, while Definition 4.22 is more convenient when working with both con- 
nected and nonconnected Shimura varieties. 

Notes. Connected Shimura varieties were defined en passant in Deligne 1979, 
2.1.8. 

5. Shimura varieties 

Connected Shimura varieties are very natural objects, so why do we need any- 
thing more complicated? There are two main reasons. From the perspective of the 
Langlands program, we should be working with reductive groups, not semisimplc 
groups. More fundamentally, the varieties D(T) making up a connected Shimura 
variety Sh°(G, D) have models over number fields, but the models depend a real- 
ization of G as the derived group of a reductive group. Moreover, the number field 
depends on T — as T shrinks the field grows. For example, the modular curve 
T(N)\Hi is naturally defined over Q[0v], (n = e 27ri / N . Clearly, for a canonical 
model we would like all the varieties in the family to be defined over the same 
field. 10 

How can we do this? Consider the line Y + i = 0. This is naturally defined over 
Q[i], not Q. On the other hand, the variety Y 2 + 1 = is naturally defined over Q, 
and over C it decomposes into a disjoint pair of conjugate lines (Y — i){Y + i) = 0. 
So we have managed to get our variety defined over Q at the cost of adding other 
connected components. It is always possible to lower the field of definition of a 
variety by taking the disjoint union of it with its conjugates. Shimura varieties give 
a systematic way of doing this for connected Shimura varieties. 

Notations for reductive groups. Let G be a reductive group over Q, and 

let G — > G ad be the quotient of G by its centre Z. We let G(R)+ denote the group 
of elements of G(R) whose image in G ad (M) lies in its identity component G ad (M) + , 
and we let G(Q) + = G(Q) n G(R) + . For example, GL 2 (Q)+ consists of the 2 x 2 
matrices with rational coefficients having positive determinant. 

For a reductive group G (resp. for GL„), there are exact sequences 

1 G dcr — ► G — T ► 1 1 ► SL„ — GL„ G m 1 

1 ► Z G -^i G ad 1 1 G m - GL n PGL n ► 1 

1 Z' Z T 1 1 /i„ G m ► G m 1 

Here T (a torus) is the largest commutative quotient of G, and Z' =df Z n G dcr (a 
finite algebraic group) is the centre of G dcr . 

The real points of algebraic groups. 

Proposition 5.1. For a surjective homomorphism ip: G — > H of algebraic 
groups overR, G(R) + — > H(R) + is surjective. 



In fact, Shimura has an elegant way of describing a canonical model in which the varieties in 
the family arc defined over different fields, but this doesn't invalidate my statement. Incidentally, 
Shimura also requires a reductive (not a semisimplc) group in order to have a canonical model 
over a number field. For an explanation of Shimura's point of view in the language of these notes, 
see Milne and Shih 1981. 
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Proof. The map <p(R) : G(M) + — ► H(R) + can be regarded as a smooth map 
of smooth manifolds. As ip is surjective on the tangent spaces at 1, the image of 
<p(M.) contains an open neighbourhood of 1 (Boothby 1975, II 7.1). This implies 
that the image itself is open because it is a group. It is therefore also closed, and 
this implies that it equals H(R) + . □ 

Note that G(R) — > H(R) need not be surjective. For example, G TO (Q m 
is surjective as a map of algebraic groups, but the image of G TO (R) A G TO (R) is 
G m (R) + or G TO (R) according as n is even or odd. Also SL 2 — > PGL 2 is surjective, 
but the image of SL 2 (R) -» PGL 2 (R) is PGL 2 (M) + . 

For a simply connected algebraic group G, G(C) is simply connected as a topo- 
logical space, but G(R) need not be. For example, SL 2 (M) is not simply connected. 

Theorem 5.2 (Cartan 1927). For a simply connected group G over R, G(R) 
is connected. 

PROOF. See Platonov and Rapinchuk 1994, Theorem 7.6, p407. □ 

Corollary 5.3. For a reductive group G overR, G(R) has only finitely many 
connected components (for the real topology). 11 

Proof. Because of (5.1), an exact sequence of real algebraic groups 

(30) 1 -> N -» G' -» G -» 1 

with N C Z(G') gives rise to an exact sequence 

7ro(G'(R)) - 7T (G(R)) - H\R,N). 

Let G be the universal covering group of G dcr . As G is an almost direct product of 
Z = Z(G) and G der , there is an exact sequence (30) with G' = Z x G and N finite. 
Now 

o 7T (G(R)) = because G is simply connected, 

o -k (Z(R)) is finite because Z° has finite index in Z and Z° is a quotient 

(by a finite group) of a product of copies of U\ and G TO , and 
o H 1 (R, N) is finite because TV is finite. □ 

For example, G^(R) = (M x ) d has 2 d connected components, and each of 
PGL 2 (R) and GL 2 (R) has 2 connected components. 

Theorem 5.4 (real approximation). For any connected algebraic group G over 
Q, G(Q) is dense in G(R). 

PROOF. See Platonov and Rapinchuk 1994, Theorem 7.7, p415. □ 
Shimura data. 

Definition 5.5. A Shimura datum is a pair (G, X) consisting of a reductive 
group G over Q and a G(R)-conjugacy class X of homomorphisms h: S — > Gr 
satisfying the conditions SV1, SV2, and SV3 (see p302). 



This also follows from the theorem of Whitney 1957: for an algebraic variety V over K, 
has only finitely many connected components (for the real topology) — sec Platonov and 
Rapinchuk 1994, Theorem 3.6, pll9. 
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Note that, in contrast to a connected Shimura datum, G is reductive (not 
scmisimplc), the homomorphisms h have target Gr (not G| d ), and X is the full 
G(R)-conjugacy class (not a connected component). 

Example 5.6. Let G = GL 2 (over Q) and let X be the set of GL 2 (Un- 
conjugates of the homomorphism h D : § — > GL2R, h (a + ib) = „)• Then (G, X) 
is a Shimura datum. Note that there is a natural bijection X — > C \ R, namely, 
/i Q 1 ► i and gh a g~ x gi. More intrinsically, h <-> z if and only if h(C x ) is the 
stabilizer of z in GL 2 (M) and /i(z) acts on the tangent space at z as multiplication 
by z/z (rather than z/z). 

Proposition 5.7. Let G be a reductive group over R. For a homomorphism 
h: § — ► G, let h be the composite of h with G — > G ad . Le£ X be a G(R)-conjugacy 
class of homomorphisms § — > G, and iet X 6e i/ie G ad (R)-conjugacy class of ho- 
momorphisms § — ► G ad containing the h for h E X. 

(a) T/ie map /i 1— > /i : X — ► X zs infective and its image is a union of connected 
components of X. 

(b) Let X + be a connected component of X , and let X be its image in X . 
If(G,X) satisfies the axioms SV1-3 then (G dcT ,X + ) satisfies the axioms 
SV1-3; moreover, the stabilizer of X+ in G(R) is G(R) + (i.e., gX+ = 
X+ ^ g € G(R)+). 

PROOF, (a) A homomorphism h: § — > G is determined by its projections to T 
and G ad , because any other homomorphism with the same projections will be of 
the form he for some regular map e : § — > Z' and e is trivial because § is connected 
and Z' is finite. The elements of X all have the same projection to T, because T is 
commutative, which proves that h h : X — > X is injectivc. For the second part 
of the statement, use that G ad (IR) + acts transitively on each connected component 
of X (see 1.5) and G(R)+ -» G ad (M)+ is surjective. 

(b) The first assertion is obvious. In (a) we showed that n n (X) C ttq(X). The 
stabilizer in G ad (M) of [X + ] is G ad (M)+ (see 4.9), and so its stabilizer in G(R) is 
the inverse image of G ad (M)+ in G(R). □ 

Corollary 5.8. Let (G,X) be a Shimura datum, and let X + be a connected 
component of X regarded as a G(R) + -conjugacy class of homomorphisms § — > Gj| d 
(5.7). Then (G dcr , X + ) is a connected Shimura datum. Ln particular, X is a finite 
disjoint union of hermitian symmetric domains. 

PROOF. Apply Proposition 5.7 and Proposition 4.8. □ 

Let (G, X) be a Shimura datum. For every h: § — > GiR) in X, § acts on 
Lie(G)c through the characters z/z, 1, z/z. Thus, for r £ R x C C x , h(r) acts 
trivially on Lie(G)c- As the adjoint action of G on Lie(G) factors through G ad and 
Ad: G ad GL(Lic(G)) is injective, this implies that h(r) e Z(K) where Z is the 
centre of G. Thus, h\G m is independent of h — we denote its reciprocal by wx (or 
simply w) and we call wx the weight homomorphism. For any representation 
p: Gr — » GL(V), p o defines a decomposition of V" = V n which is the weight 
decomposition of the hodge structure (V, p o h) for every h e X. 

Proposition 5.9. Let (G, X) be a Shimura datum. Then X has a unique struc- 
ture of a complex manifold such that, for every representation p: Gr — > GL(V), 
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(V, po h)hex is a holomorphic family of hodge structures. For this complex struc- 
ture, each family (V,p o h)hex is a variation of hodge structures, and so X is a 
finite disjoint union of hermitian symmetric domains. 

Proof. Let p: Gr — > GL(V) be a faithful representation of Gr. The family 
of hodge structures (V, p o h)h^x 1S continuous, and a slight generalization of (a) 
of Theorem 2.14 shows that X has a unique structure of a complex manifold for 
which this family is holomorphic. It follows from Waterhouse 1979, 3.5, that the 
family of hodge structures defined by every representation is then holomorphic for 
this complex structure. The condition SV1 implies that (V, po h)h is a variation of 
hodge structures, and so we can apply (b) of Theorem 2.14. □ 

Of course, the complex structures defined on X by (5.8) and (5.9) coincide. 

Aside 5.10. Let (G,X) be a Shimura datum. The maps tt (X) — > ttq(X) and 
G(M)/G(M)+ -> G ad (M)/G ad (]R) + are injective, and the second can be identified 
with the first once an h e X has been chosen. In general, the maps will not be 
surjective unless H 1 (R, Z) = 0. 

Shimura varieties. Let (G, X) be a Shimura datum. 

Lemma 5.11. For any connected component X + of X , the natural map 

G(Q)+\X + x G(A f ) - G(Q)\X x G(A f ) 

is a bijection. 

Proof. Because G(Q) is dense in G(K) (see 5.4) and G(M) acts transitively 
on X, every x € X is of the form qx + with q € G(Q) and x + € X + . This shows 
that the map is surjective. 

Let (x, a) and (x', a') be elements of X + xG(Af). If [x,a] = [x', a'] in G(Q)\Xx 
G(Af), then 

x' = gx, a' = qa, some q € G(Q). 

Because x and x' are both in X + , q stabilizes X + and so lies in G(R)+ (see 5.7). 
Therefore, [x, a] = [x', a'] in G(Q)+\X x G(A f ). □ 

Lemma 5.12. For any open subgroup K o/G(A/) ; the set G(Q) + \G(A f )/K is 
finite. 

PROOF. Since G(Q)+\G(Q) -» G ad (M)+\G ad (M) is injective and the second 
group is finite (5.3), it suffices to show that G(Q)\G(Af)/K is finite. Later (The- 
orem 5.17) we shall show that this follows from the strong approximation theorem 
if G dcr is simply connected, and the general case is not much more difficult. □ 

For K a compact open subgroup K of G(Af), consider the double coset space 

Sh K (G,X) - G(Q)\X x G(A f )/K 

in which G(Q) acts on X and G(A/) on the left, and K acts on G(A/) on the right: 

q(x,a)k = (qx,qak), ? 6 G(Q), x € X, a <G G(A/), k E K. 

Lemma 5.13. Le£ C be a set of representatives for the double coset space 
G(Q)+\G(Af) / K , and let X + be a connected component of X. Then 

G(Q)\X x G(A f )/K = U g ec^M+ 
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where T g is the subgroup gKg~ l n G(Q) + of G(Q) + . When we endow X with 
its usual topology and G(Aj) with its adelic topology (equivalently, the discrete 
topology), this becomes a homeomorphism. 

PROOF. It is straightforward to prove that, for jeC, the map 

[x] ~ [x,g]:T g \X+ - G(Q)+\X+ x G(A / )/if 

is injective, and that G(Q)+\X + x G(Af)/K is the disjoint union of the images of 
these maps. Thus, the first statement follows from (5.11). The second statement 
can be proved in the same way as the similar statement in (4.18). □ 

Because T g is a congruence subgroup of G(Q), its image in G ad (Q) is arithmetic 
(3.2), and so (by definition) its image in Aut(A + ) is arithmetic. Moreover, when 
K is sufficiently small, T g will be neat for all g € C (apply 3.5) and so its image 
in Aut(X + ) + will also be neat and hence torsion free. Then r a \X + is an arith- 
metic locally symmetric variety, and Sh^(G, X) is finite disjoint of such varieties. 
Moreover, for an inclusion K' C K of sufficiently small compact open subgroups of 
G(Af), the natural map Shjf/(G, X) — > Shx(G, X) is regular. Thus, when we vary 
K (sufficiently small), we get an inverse system of algebraic varieties (Sh^-(G, X))k. 
There is a natural action of G(A/) on the system: for g <E G(Af), K i— > g~ x Kg 
maps compact open subgroups to compact open subgroups, and 

T(g): Sh K (G,X)^Sh g - lKg (G,X) 

acts on points as 

[x, a] i ► [x, ag] : G{Q)\X ® G{A f )/K -> G{Q)\X x G(A / )/.g- 1 ^.g. 

Note that this is a right action: T{gh) = T(h) o T(g). 

Definition 5.14. The Shimura variety Sh(G, X) attached to the Shimura 
datum (G,X) is the inverse system of varieties (Sh^(G, X))k endowed with the 
action of G(A/) described above. Here K runs through the sufficiently small com- 
pact open subgroups of G(Af). 

Morphisms of Shimura varieties. 

Definition 5.15. Let (G, X) and (G',X') be Shimura data. 

(a) A morphism of Shimura data (G,X) — > (G',X') is a homomorphism 
G — > G' of algebraic groups sending X into X' . 

(b) A morphism of Shimura varieties Sh(G, X) — > Sh(G',X') is an in- 
verse system of regular maps of algebraic varieties compatible with the 
action of G(A/). 

Theorem 5.16. A morphism of Shimura data (G,X) — > (G',X') defines a 
morphism Sh(G, X) — » Sh(G',A') of Shimura varieties, which is a closed immer- 
sion if G — > G' is injective. 



Proof. The first part of the statement is obvious from (3.14), and the second 
is proved in Theorem 1.15 of Deligne 19716. □ 
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The structure of a Shimura variety. By the structure of Sh(G, X), I mean 
the structure of the set of connected components and the structure of each connected 
component. This is worked out in general in Deligne 1979, 2.1.16, but the result 
there is complicated. When G dcr is simply connected, 12 it is possible to prove 
a more pleasant result: the set of connected components is a "zero-dimensional 
Shimura variety" , and each connected component is a connected Shimura variety. 

Let (G, X) be a Shimura datum. As on p303, Z is the centre of G and T the 
largest commutative quotient of G. There are homomorphisms Z =— > G — T, and 
we define 

T(R)t = Im(Z(R) -> T(R)), 
T(Q) t = T(Q) n T(R) t . 

Because Z -> T is surjective, T(M) t D T(R)+ (see 5.1), and so T(R)t and T(Q)t 
are of finite index in T(R) and T(Q) (see 5.3). For example, for G = GL 2 , T(Q)t = 

T(Q)+ = Q>o. 

Theorem 5.17. Assume G der is simply connected. For K sufficiently small, 
the natural map 

G(Q)\X x G(A f )/K - T(Q)^\T(A/)/i/(if) 

defines an isomorphism 

7r (Sh K (G,X)) = T(Q?\T(A f )/u(K). 

Moreover, T(<Q>)t\T(A/) jv[K) is finite, and the connected component over [1] is 
canonically isomorphic to T\X + for some congruence subgroup T of G der (Q) con- 
taining K n G der (Q). 

In Lemma 5.20 below, we show that z/(G(Q)+) C T(Q)t. The "natural map" 
in the theorem is 

G(Q)\X x G(A / )/X 5 # G(Q)+\X+ x G(A f )/K T(Q)t\T(A / )/^(^). 
The theorem gives a diagram 

G(Q)\X x G{k f )/K ^ T\X+, 

J J 

T(Q)t\T(A / )/K^) 3 [1] 

in which T(Q)^\T(Af)/v(K) is finite and discrete, the left hand map is continuous 
and onto with connected fibres, and is the fibre over [1]. 

Lemma 5.18. Assume G der is simply connected. Then G(R)+ = G der (R)-Z(R). 

12 The Shimura varieties with simply connected derived group are the most important — if 
one knows everything about them, then one knows everything about all Shimura varieties (because 
the remainder are quotients of them). However, there are naturally occurring Shimura varieties 
for which G der is not simply connected, and so we should not ignore them. 



5. SHIMURA VARIETIES 



309 



PROOF. Because G der is simply connected, G dcr (IR) is connected (5.2) and so 



G 



dcr/ 



c 



+ . Hence 



D G 



dcr / 



exact commutative diagram: 
1 ► Z'(R) 



Z'(R) 



x G der (R) 

I (z,g)i->g 

G dcr (M) 



• Z(R). For the converse, we use the 

(z.g)^zg 



G 



ad / 



As G dcr -> G ad is surjective, so also is G dor (IR) -» G ad (M)+ (see 5.1). Therefore, an 
clement .g of G(R) lies in G(R) + if and only if its image in G ad (M) lifts to G dor (M). 
Thus, 

g £ G(R) + .g in if^R, Z') 

.g lifts to Z(R) x G dor (M) 
9 eZ(R)- G dcr (R) □ 
Lemma 5.19. Let H be a simply connected semisimple algebraic group H over 

Q. 

(a) For every finite prime, the group H (<Qg, H) = 0. 

(b) The map iJ 1 (Q,_ff) — ► IL<oo ^(Qtii H) is injective (Hasse principle). 

PROOF, (a) See Platonov and Rapinchuk 1994, Theorem 6.4, p284. 

(b) Sec ibid., Theorem 6.6, p286. □ 

Both statements fail for groups that are not simply connected. 

Lemma 5.20. Assume G der is simply connected, and let t £ T(Q). Then t £ 
T(Q_y if and only if t lifts to an element o/G(Q) + . 

Proof. Lemma 5.19 implies that the vertical arrow at right in the following 
diagram is injective: 

1 > G dor (Q) ► G(Q) — "—^ T(Q) > ff 1 (Q,G dor ) 



G de 



G(R) 



H 1 



injective 

G dcr ) 



Let t £ 
z e z(M) c 



L By definition, the image tm. of t in T(R) lifts to an clement 
From the diagram, we see that this implies that t maps to 



the trivial element in H 1 (Q, G dcr ) and so it lifts to an element g £ G(Q). Now 



1 in T(R), and so gm £ G dor (M) • z C G do 



C 



Therefore, g £ G^v; + - 

Let t be an clement of T(Q) lifting to an element a of G(Q) + . According to 
5.18, or = for some g £ G dcr (M) and z £ Z(R). Now or and 2 map to the same 
element in T(R), name ly, to t R , and so t £ T(Q)t □ 

The lemma allows us to write 

T(Q)t\T(A / )/K^) - KG(Q)+)\T(A / )/K^)- 
We now study the fibre over [1] of the map 



_\X+ x G(A f )/K 



[x,g]i->[v(g)] 



u(G(Q) + )\T(A f )/ V (K). 
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Let g e G(Af). If [v(g)\ = [1] K , then u{g) = v(q)v(k) some q e G(Q)+ and 
k e K. It follows that v(q- 1 gk- 1 ) = 1, that q~ 1 gk- 1 G G der (A/), and that 
.9 € G(Q) + • G dcr (A/) • AT. Hence every element of the fibre over [1] is represented 
by an element (x, a) with a £ G der (Af). But, according to the strong approximation 
theorem (4.16), G dm (A f ) = G dor (Q) • (K n G dei (A f )), and so the fibre over [1] is 
a quotient of X + ; in particular, it is connected. More precisely, it equals 
where T is the image of KC)G(Q)+ in G ad (Q) + . This T is an arithmetic subgroup of 
G ad (Q) + containing the image of the congruence subgroup ATnG der (Q) of G dcr (Q). 
Moreover, arbitrarily small such T's arise in this way. Hence, the inverse system of 
fibres over [1] (indexed by the compact open subgroups K of G(A/)) is equivalent 
to the inverse system Sh°(G dor , X+) = (T\X+). 

The study of the fibre over [t] will be similar once we show that there exists 
an a e G(Af) mapping to t (so that the fibre is nonempty). This follows from the 
next lemma. 

Lemma 5.21. Assume G der is simply connected. Then the map v. G(A/) — ► 
T(Af) is surjective and sends compact open subgroups to compact open subgroups. 

Proof. We have to show: 

(a) the homomorphism v: G(Qe) — > T(Qe) is surjective for all finite £; 

(b) the homomorphism v: G(Zi) — ► T(Z^) is surjective for almost all I. 

(a) For each prime £, there is an exact sequence 

1 - G dcr (Q,) -> G(<&) A T(Q e ) - if 1 ^, G dor ) 

and so (5.19a) shows that ^: G(Q^) — * T(Q^) is surjective. 

(b) Extend the homomorphism G — > T to a homomorphism of group schemes 
— > T over Z[-^] for some integer AT. After AT has been enlarged, this map will 

be a smooth morphism of group schemes and its kernel Q' will have nonsingular 
connected fibres. On extending the base ring to Z<, I \ N, we obtain an exact 
sequence 

-> # -> Ge 
of group schemes over Z^ such that 1/ is smooth and (^)f { is nonsingular and 
connected. Let P e T e (Z e ), and let F = t/ _1 (P) C Ge- We have to show that 
Y(Z t ) is nonempty By Lang's lemma (Springer 1998, 4.4.17), H l {¥t, (G'e)v t ) = 0, 
and so 

v. &(F/) T/(F*) 

is surjective. Therefore Y(Wg) is nonempty. Because Y is smooth over Z e , an 
argument as in the proof of Newton's lemma (e.g., ANT 7.22) now shows that a 
point Q € F(F £ ) lifts to a point Q e F(Z^). □ 

It remains to show that T(Q) t \T(A / )/^(AT) is finite. Because T(Q) t has finite 
index in T(Q), it suffices to prove that T(Q)\T(A f )/v(K) is finite. But v(K) is 
open, and so this follows from the next lemma. 

Lemma 5.22. For any torus T over Q, T(Q)\T(A f ) is compact. 

Proof. Consider first the case T = G m . Then 

T(A,)/T(Z) = A^/Zx * 0^ ^Qf/Zt ^ 0^ ^Z, 
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which is the group of fractional ideals of Z. Therefore, Q x \Aj /Z x is the ideal class 
group of Z, which is trivial: A x = Q x • Z x . Hence Q X \A X is a quotient of Z x , 
which is compact. 

For a number field F, the same argument using the finiteness of the class 
number of F shows that F X \A F f is compact. Here A Ff — Y\ v Rnitc (F x : O x ). 

An arbitrary torus T over Q will split over some number field, say, Tp w G^^^l 
Then T(F)\T(A FJ ) w (F X \A X / ) dim ( T ) which is compact, and T(Q)\T(A / ) is a 
closed subset of it. □ 

Remark 5.23. One may ask whether the fibre over [1] equals 

T\X+ = G dcr (Q)\X+ x G der {A f )/K n G dei {A f ), T = K n G dcr (Q), 

rather than quotient of A + by some larger group than T. This will be true if Z' 
satisfies the Hasse principle for H 1 (for then every element in G(Q) + n K with if 
sufficiently small will lie in G dor (Q) • Z(Q)). It is known that Z' satisfies the Hasse 
principle for H 1 when G der has no isogeny factors of type A, but not in general 
otherwise (Milne 1987). This is one reason why, in the definition of Sh°(G dcr , X + ), 
we include quotients r\A + in which V is an arithmetic subgroup of G ad (Q) + con- 
taining, but not necessarily equal to, the image of congruence subgroup of G dcr (Q). 

Zero-dimensional Shimura varieties. Let T be a torus over Q. According 
to Deligne's definition, every homomorphism h: C x — ► T(M) defines a Shimura 
variety Sh(T, {h}) — in this case the conditions SV1,2,3 are vacuous. For any 
compact open K C T(A/), 

Sh K (T,{h}) = T(Q)\{h} x T(A f )/K S T(Q)\T(A f )/K 

(finite discrete set). We should extend this definition a little. Let Y be a finite set 
on which T(M)/T(]R) + acts transitively. Define Sh(T, Y) to be the inverse system 
of finite sets 

Sh K (T,Y) = T(Q)\Y x T(A f )/K, 
with K running over the compact open subgroups of T(Af). Call such a system a 
zero- dimensional Shimura variety. 

Now let (G, X) be a Shimura datum with G der simply connected, and let T = 
G/G dcr . Let Y = T(R)/T(R)t. Because T(Q) is dense in T(R) (sec 5.4), Y ^ 
r(Q)/T(Q)t and 

T(Q)t\T(A / )/A' = T(Q)\Y x T(A f )/K 

Thus, we see that if G dcr is simply connected, then 

n (Sh K (G,X))^SK(K)(T,Y). 

In other words, the set of connected components of the Shimura variety is a zero- 
dimensional Shimura variety (as promised). 

Additional axioms. The weight homomorphism wx is a homomorphism G m - 
Gr over R of algebraic groups that are defined over Q. It is therefore defined over 
Q al . Some simplifications to the theory occur when some of the following conditions 
hold: 

SV4: The weight homomorphism wx ■ G m — > Gr is defined over Q (we then 

say that the weight is rational). 
SV5: The group Z(Q) is discrete in Z(A f ). 
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SV6: The torus Z° splits over a CM-field (see p334 for the notion of a CM- 
ficld). 

Let G — ► GL(V) be a representation of G (meaning, of course, a Q-representation) . 
Each h € X defines a hodge structure on V(K). When SV4 holds, these are ra- 
tional hodge structures (p283). It is hoped that these hodge structures all occur 
in the cohomology of algebraic varieties and, moreover, that the Shimura variety 
is a moduli variety for motives when SV4 holds and a fine moduli variety when 
additionally SV5 holds. This will be discussed in more detail later. In Theorem 
5.26 below, we give a criterion for SV5 to hold. 

Axiom SV6 makes some statements more natural. For example, when SV6 
holds, w is defined over a totally real field. 

Example 5.24. Let B be a quaternion algebra over a totally real field F, and 
let G be the algebraic group over Q with G(Q) = B x . Then, B(g> Q F = ]J V B(g> F . v R 
where v runs over the embeddings of F into R. Thus, 



B0 Q K w H x ••• x H x M 2 (M) x 

G(R) w H x x ••• x H x x GL 2 (M) x 

h(a + ib) =1 ••• 1 (_% b a ) 

w(r) =1 • • • 1 r / 2 



x M 2 (R) 
x GL 2 (R) 

(-Va) 
h 



Let X be the C7(K)-conjugacy class of h. Then (G,X) satisfies SV1 and SV2, 
and so it is a Shimura datum if B splits at at least one real prime of F. Let 
I = Hom(f,Q al ) = Hom(F, R) , and let 7 nc be the set of v such that B« f ,„l is 
split. Then w is defined over the subfield of Q al fixed by the automorphisms of 
Q al stabilizing J nc . This field is always totally real, and it equals Q if and only if 

/ = Inc. 

Arithmetic subgroups of tori. Let T be a torus over Q, and let T(Z) be an 
arithmetic subgroup of T(Q), for example, 

T(Z) = Hom(A*(T),O x ) Gal ( L /®, 

where L is some galois splitting field of T. The congruence subgroup problem is 
known to have a positive answer for tori (Serre 1964, 3.5), i.e., every subgroup of 
T(Z) of finite index contains a congruence subgroup. Thus the topology induced 
on T(Q) by that on T(Af) has the following description: T(Z) is open, and the 
induced topology on T(Z) is the profinite topology. In particular, 

T(Q) is discrete <^> T(Z) is discrete <^=> T(Z) is finite. 

Example 5.25. (a) Let T = G m . Then T(Z) = {±1}, and so T(Q) is discrete 
in T(Af). This, of course, can be proved directly. 

(b) Let T(Q) ={ae Q[\/ 3 T] X | Nm(o) = 1}. Then T(Z) = {±l,±v/=l}, and 
so T(Q) is discrete. 

(c) Let T(Q) = {a e Q[\/2] x | Nm(a) = 1}. Then T(Z) = {±(1 + v^) n | n G 
Z}, and so neither T(Z) nor T(Q) is discrete. 

Theorem 5.26. Let T be a torus over Q, and Zet T a = f| x Ker (x : r -» G m ) 
(characters \ ofT rational over Q). Then T(Q) is discrete in T(Af) if and only if 
T a (M) is compact. 
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PROOF. According to a theorem of Ono (Serre 1968, pII-39), T(Z) n T a (Q) is 
of finite index in T(Z), and the quotient T a (M)/T(Z) n T a (Q) is compact. Now 
T(Z) n T a (Q) is an arithmetic subgroup of T a (Q), and hence is discrete in T a (R). 
It follows that T(Z) n T a (Q) is finite if and only if T a (R) is compact. □ 

For example, in (5.25) (a), T a = 1 and so certainly T a (IR) is compact; in (b), 
T a (R) = Ui, which is compact; in (c), T a = T and T(R) = {(a, 6) e RxR \ ah = 1}, 
which is not compact. 

Remark 5.27. A torus T over a field k is said to be anisotropic if there are 
no characters x : T ~~ * G m defined over fc. A real torus is anisotropic if and only 
if it is compact. The torus T a =<jf P|Kcr(x: T — > G m ) is the largest anisotropic 
subtorus of T. Thus (5.26) says that T(Q) is discrete in T(A/) if and only if the 
largest anisotropic subtorus of T remains anisotropic over R. 

Note that SV5 holds if and only if (Z 0<1 )r is anisotropic. 

Let T be a torus that splits over CM-field L. In this case there is a torus 
T+ C T such that T+ = f\ x =- x Kcr (x = 7l -» G m ). Then T(Q) is discrete in 
T(Af) if and only if T + is split, i.e., if and only if the largest subtorus of T that 
splits over R is already split over Q. 

Passage to the limit. Let if be a compact open subgroup of G(Af), and let 
Z(Q)~ be the closure of Z(Q) in Z(A f ). Then Z(Q) • K = Z(Q)~ ■ K (in G(A f )) 
and 

Sh K (G, X) = df G(Q)\A x {G{tL f )/K) 

= fi\ xx ( G ( A /)/ z w)-^) 
-fi\ Xx(G(A / )/z(Qr -^- 

Theorem 5.28. For any Shimura datum (G,X), 

li^Sh K (G,X) = x (G(A / )/^(Q)-). 

IF/ien SV5 holds, 

limSh K (G,A) = G(Q)\A x G(A f ). 

K 

Proof. The first equality can be proved by the same argument as (4.19), and 
the second follows from the first (cf. Deligne 1979, 2.1.10, 2.1.11). □ 

Remark 5.29. Put Sk = Sh K {G,X). For varying K, the Sk form a variety 
(scheme) with a right action of G(A/) in the sense of Deligne 1979, 2.7.1. This 
means the following: 

(a) the Sk form an inverse system of algebraic varieties indexed by the com- 
pact open subgroups K of G(A/) (if K c K' , there is an obvious quotient 
map S K > —> S k ); 

(b) there is an action p of G(A/) on the system (Sk)k defined by isomorphisms 
(of algebraic varieties) Pk(o) ■ Sk — ► S g -i Kg (on points, Pk{o) is [x, a'] 
[x,a'a]); 
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(c) for k e K, px{k) is the identity map; therefore, for K' normal in K, there 
is an action of the finite group K/K' on Sk < ', the variety Sk is the quotient 
of Sk 1 by the action of K/K' . 

Remark 5.30. When we regard the S\ik(G, X) as schemes, the inverse limit 
of the system Sh#- (G, X) exists: 

S = lhnSh K (G,X). 

This is a scheme over C, not(!) of finite type, but it is locally noctherian and regular 
(cf. Milne 1992, 2.4). There is a right action of G(Af) on S, and, for K a compact 
open subgroup of G(Af), 

Sh K (G,X) = S/K 

(Dcligne 1979, 2.7.1). Thus, the system (Sh/f (G, X))k together with its right action 
of G(Af) can be recovered from S with its right action of G(Af). Moreover, 

S(C) ^limSh K (G,X)(C) = limG(Q)\X x G(A f )/K. 

Notes. Axioms SV1, SV2, SV3, and SV4 are respectively the conditions 
(2.1.1.1), (2.1.1.2), (2.1.1.3), and (2.1.1.4) of Deligne 1979. Axiom SV5 is weaker 
than the condition (2.1.1.5) ibid., which requires that a,dh(i) be a Cartan involution 
on (G/u>(G m ))R, i.e., that (Z° /w(G m ))R be anisotropic. 

6. The Siegel modular variety 

In this section, we study the most important Shimura variety, namely, the Siegel 
modular variety. 

Dictionary. Let V be an M-vector space. Recall (2.4) that to give a C- 
structurc J on V is the same as to give a hodge structure hj on V of type 
(— 1, 0), (0, —1). Here hj is the restriction to C x of the homomorphism 

a + bi^a + bJ: C -» End R (y). 

For the hodge decompostion V(C) = V~ lfi ® V~ lfi , 







v o,-i 


J acts as 


+i 


—i 


hj (z) acts as 


z 


z 



Let ip be a nondegenerate M-bilinear alternating form on V. A direct calculation 
shows that 

ip(Ju, Jv) — ip(u, v) ip(zu, zv) = \z\ 2 ip(u, v) for all zeC. 

Let tpj(u, v) — "4>(u, Jv). Then 

ip(Ju, Jv) = tp(u, v) <=^> ipj is symmetric 

and 

tp(Ju, Jv) = il>(u, v) and (2.12) ip is a polarization of the 
tAj is positive definite hodge structure (V, hj). 
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Symplectic spaces. Let k be a field of characteristic ^ 2, and let (V, ip) be a 
symplectic space of dimension 2n over fc, i.e., V is a fc-vector space of dimension 
2n and ip is a nondegenerate alternating form ?/>. A subspace W of V is totally 
isotropic if ^(W, W) = 0. A symplectic basis of V" is a basis (e±j)i<j<„ such 
that 

ip(ei, e-i) — 1 for 1 < i < n, 
tp{ei, ej) = for j ^ ±i. 

Lemma 6.1. Let W be a totally isotropic subspace ofV. Then any basis of W 
can be extended to a symplectic basis for V . In particular, V has symplectic bases 
(and two symplectic spaces of the same dimension are isomorphic). 

PROOF. Standard. □ 

Thus, a maximal totally isotropic subspace of V will have dimension n. Such 
subspaces are called lagrangians. 

Let GSp(V>) be the group of symplectic similitudes of (V,ip), i.e., the group 
of automorphisms of V preserving -0 up to a scalar. Thus 

GSp(V)(fc) = {g G GL(V) | i){gu,gv) = v(g) ■ ip{u,v) some u(g) G k x }. 

Define Sp(^) by the exact sequence 

1 - Sp(V) - GSp(V) A G m - 1. 

Then GSp(V') has derived group Sp(i/>), centre G m , and adjoint group GSp(-0)/G m = 
Sp(V)/±/. 

For example, when V has dimension 2, there is only one nondegenerate alter- 
nating form on V up to scalars, which must therefore be preserved up to scalars by 
any automorphism, and so GSp(V') = GL 2 and Sp(if>) = SL 2 . 

The group Sp(ip) acts simply transitively on the set of symplectic bases: if (e±j) 
and (f±i) are bases of V, then there is a unique g £ GL2„(fc) such that ge±i = f±i, 
and if (e±j) and (/±i) are both symplectic, then g e Sp(V>)- 

The Shimura datum attached to a symplectic space. Fix a symplectic 
space (V, ip) over Q, and let G = GSp(^) and S = Sp(V>) = G dor . 

Let J be a complex structure on V(R) such that ip(Ju,Jv) = ip(u,v). Then 
J e S(R), and hj(z) lies in G(R) (and in S(R) if |z| = 1) — see the dictionary. We 
say that J is positive (resp. negative) if v) =df VK^i is positive definite 

(resp. negative definite). 

Let X + (resp. X~) denote the set of positive (resp. negative) complex struc- 
tures on V(R), and let X = X+ U X~ . Then G(R) acts on X according to the 
rule 

(g,J) ^ gJg^ 1 , 

and the stabilizer in G(R) of A"+ is 

G(R)+ = {g e G(R) | !/(<,) > 0}. 
For a symplectic basis (e±j) of V, define J by Je±^ = ±e Ti , i.e., 

e-i e_j — e,, 1 < i < n. 

Then J 2 = —1 and J € X + — in fact, (e^), is an orthonormal basis for ipj. 
Conversely, if J e then J has this description relative to any orthonormal 
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basis for the positive definite form ipj. The map from symplectic bases to X + is 
equivariant for the actions of Therefore, S(M) acts transitively on X + , and 

G(M) acts transitively on X. 

For J E X, let hj be the corresponding homomorphism C x — > G(M). Then 
h g j g -i(z) — ghj(z)g~ 1 . Thus J hj identifies X with a G(M)-conjugacy class 
of homomorphisms h: C x — > G(R). We check that (G, X) satisfies the axioms 
SV1-SV6. 

(SVl). For hel, let F+ = V -1 ' and V~ = V ' 1 , so that V(C) = V+S)V- 
with /i(z) acting on V + and F~ as multiplication by z and z respectively. Then 

Hom(V(C), V(C)) = Hom(V+,V+) © Hom(V+,y-) © Hom(V-,F+) Hom(V-,V-) 
acts as 1 z/z z/ z 1 

The Lie algebra of G is the subspace 

Lie(G) = {/ G Hom(y, V) \ iP(f(u),v) + iP(u, /(«)) = 0}, 

of End(V), and so SVl holds. 

(SV2). We have to show that adJ is a Cartan involution on G ad . But, J 2 = —1 
lies in the centre of S(M) and ip is a J-polarization for 5r in the sense of (1.20), 
which shows that adJ is a Cartan involution for S. 

(SV3). In fact, G ad is Q-simple, and G ad (M) is not compact. 

(SV4). For r E M. x , Wh(r) acts on both ^~ 1,0 and V '^ 1 asijn rw. Therefore, 
Wx is the homomorphism G m R — > GL(l / (IR)) sending rel x to multplication by 
r. This is defined over Q. 

(SV5). The centre of G is G m , and Q x is discrete in (see 5.25). 

(SV6). The centre of G is split already over Q. 
We often write (G(i/)),X(il>)) for the Shimura datum defined by a symplectic space 
(V, ip), and (S(tp), X(ip) + ) for the connected Shimura datum. 

Exercise 6.2. (a) Show that for any h e X(tp), v(h(z)) = zz. [Hint: for 
nonzero v + e V + and v~ V~ , compute ipc{h{z)v + , h(z)v~) in two different 
ways.] 

(b) Show that the choice of a symplectic basis for V identifies X + with H g as 
an Sp(V')-set (see 1.2). 

The Siegel modular variety. Let (G, X) = (G(ip), X(ip)) be the Shimura 
datum defined by a symplectic space (V, ip) over Q. The Siegel modular variety 
attached to (V,ip) is the Shimura variety Sh(G, X). 

Let V(Af) = Af ®q V. Then G(A/) is the group of A/-linear automorphisms 
of V(Af) preserving ip up to multiplication by an element of A£ . 

Let K be a compact open subgroup of G(A/), and let be the set of triples 
((W, h), s, rjK) where 

o (W, h) is a rational hodge structure of type (—1, 0), (0, —1); 
o ±s is a polarization for (W, /i); 

o ry^C is a if-orbit of A^-linear isomorphisms V(Af) — > T / F(A^) sending r/> to 
an A^ -multiple of s. 
An isomorphism 

{{W,h),8,riK)^{{W,ti),tt,r{K) 

of triples is an isomorphism 6: (VF, ft.) — > (IF', /i') of rational hodge structures such 
that b(s) = cs' some c Q x and 6 o 77 = 77' mod if. 
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Note that to give an element of Hk amounts to giving a symplectic space (W, s) 
over Q, a complex structure on W that is positive or negative for s, and r\K. The 
existence of 77 implies that dim W = dim V, and so (W, s) and (V, ip) are isomorphic. 
Choose an isomorphism a: W — > V sending ip to a Q x -multiple of s. Then 

ah =df (z 1— > a o ft(z) o a -1 ) 

lies in X, and 

V(A f ) A W(A/) A V(A f ) 

lies in G(Af). Any other isomorphism a' : W V sending ^ to a multiple of s 
differs from a by an element of G(Q), say, a' = q o a with g e G(Q). Replacing o 
with a' only replaces (ah, a o 77) with (qah,qa o 77). Similarly, replacing 77 with 77/c 
replaces (aft, a o 77) with (aft., a o 77/0). Therefore, the map 

(W...) [aft,ao?7] K : H K -» G(Q)\X x G(A f )/K 

is well-defined. 

Proposition 6.3. TTie se< Sh^(G,X) classifies the triples in Hk modulo iso- 
morphism. More precisely, the map (W, . . .) 1— » [aft, a o 77]^ defines a bisection 

H K /~^G(Q)\XxG(A f )/K. 

Proof. It is straightforward to check that the map sends isomorphic triples to 
the same class, and that two triples are isomorphic if they map to the same class. 
The map is onto because [ft, g] is the image of ((V, h),ip, gK). □ 

Complex abelian varieties. An abelian variety A over a field A: is a con- 
nected projective algebraic variety over k together with a group structure given by 
regular maps. A one-dimensional abelian variety is an elliptic curve. Happily, a 
theorem, whose origins go back to Riemann, reduces the study of abelian varieties 
over C to multilinear algebra. 

Recall that a lattice in a real or complex vector space V is the Z-module gen- 
erated by an M-basis for V. For a lattice A in C™, make C"/A into a complex 
manifold by endowing it with the quotient structure. A complex torus is a com- 
plex manifold isomorphic to C™/A for some lattice A in C". 

Note that C" is the universal covering space of M = C"/A with A as its group 
of covering transformations, and m(M,0) = A (Hatcher 2002, 1.40). Therefore, 
(ib. 2A.1) 

(31) H 1 (M,Z)^A 
and (Greenberg 1967, 23.14) 

(32) H X (M,7L) = Hom(A,Z). 

PROPOSITION 6.4. Let M = C™/A. There is a canonical isomorphism 

H n (M,Z) = Hom(A"A,Z), 

i.e., H n (M,Z) is canonically isomorphic to the set of n- alternating forms A x • • • x 
A -> Z. 

Proof. From (32), we see that 

A n H 1 (M,Z) = A"Hom(A,Z). 
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Since 13 

A"Hom(A,Z) = Hom(A"A,Z), 
we see that it suffices to show that cup-product defines an isomorphism 
(33) A"- H ' 1 ( M . Z ) -> H n (M,Z). 

Let T be the class of topological manifolds M whose cohomology groups are free 
Z-modulcs of finite rank and for which the maps (33) are isomorphisms for all n. 
Certainly, the circle S 1 is in T (its cohomology groups are Z, Z, 0, . . .), and the 
Kiinneth formula (Hatcher 2002, 3.16 et seq.) shows that if Mi and M 2 are in T, 
then so also is Mi x M 2 . As a topological manifold, C"/A w (S 11 ) 2 ™, and so M is 
in T. □ 

Proposition 6.5. A linear map a: C™ — » C"' sucft tftat a(A) C A' defines 
a holomorphic map C n /A — ► C" /A' sending to 0, out! eiJer?/ holomorphic map 
C"/A — > C" /A' sending to is of this form (for a unique a). 

Proof. The map C™ C" — > C™ /A' is holomorphic, and it factors through 
C"/A. Because C/A has the quotient structure, the resulting map C"/A — > C™ /A' 
is holomorphic. Conversely, let C/A — > C/A' be a holomorphic map such that 
95(0) = 0. Then C n and C™ are universal covering spaces of C n /A and C" /A', and 
a standard result in topology (Hatcher 2002, 1.33, 1.34) shows that ip lifts uniquely 
to a continuous map (p: C" — > C" such that </3(0) = 0: 

C" — ^— » C"' 

I I 

C"/A — C"'/A'. 
Because the vertical arrows arc local isomorphisms, ip is automatically holomorphic. 
For any u G A, the map z (j5(z + u>) — p(z) is continuous and takes values in 
A' C C. Because C™ is connected and A' is discrete, it must be constant. Therefore, 
for each j, is a doubly periodic function, and so defines a holomorphic function 

C"/A — ► C™ , which must be constant (because C"/A is compact). Write p as an 
n'-tuple (<pi, . . . , tp n <) of holomorphic functions <pi in n variables. Because <Pi(0) = 
and is constant for each j, the power series expansion of (f>i at is of the form 
J^ciijZj. Now ip>i and *Yli a n z i are holomorphic functions on C™ that coincide on a 
neighbourhood of 0, and so are equal on the whole of C™. We have shown that 

<f>(zi, ...,z n ) = (52 a ij z ji • • • j J2 a n'j z j)- n 

Aside 6.6. The proposition shows that every holomorphic map p: C"/A — > 
C" /A' such that p(0) — is a homomorphism. A similar statement is true for 
abelian varieties over any field k: a regular map p : A — > B of abclian varieties such 
that ip(0) = is a homomorphism (AG, 7.14). For example, the map sending an 
clement to its inverse is a homomorphism, which implies that the group law on A 

^For a free Z-module A of finite rank, the pairing 

/\ n A v x /\ n A -> Z 

determined by 

(/l A • • • A f n ,vi ® • • • ® t)„) = det(/i(uj)) 
is nondegenerate (since it is modulo p for every p — see Bourbaki 1958, §8). 
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is commutative. Also, the group law on an abelian variety is uniquely determined 
by the zero element. 

Let M — C"/A be a complex torus. The isomorphism R ® A = C™ defines a 
complex structure J on R ® A. A riemann form for M is an alternating form 
■0: A x A — > Z such that 0r(Jw, Jv) — ip^(u,v) and ips.(u, Ju) > for u =^ 0. A 
complex torus C"/A is said to be polarizable if there exists a riemann form. 

Theorem 6.7. The complex torus C"/A is projective if and only if it is polar- 
izable. 

PROOF. Sec Mumford 1970, Chapter I, (or Murty 1993, 4.1, for the "if part). 
Alternatively, one can apply the Kodaira embedding theorem (Voisin 2002, Th. 
7.11, 7.2.2). □ 

Thus, by Chow's theorem (3.11), a polarizable complex torus is a projective 
algebraic variety, and holomorphic maps of polarizable complex tori are regular. 
Conversely, it is easy to see that the complex manifold associated with an abelian 
variety is a complex torus: let Tgt A be the tangent space to A at 0; then the 
exponential map Tgt A — > A(C) is a surjective homomorphism of Lie groups with 
kernel a lattice A, which induces an isomorphism (Tgt ^4)/A = A(C) of complex 
manifolds (Mumford 1970, p2). 

For a complex torus M = C n /A, the isomorphism A ® z R = C™ endows A (g> z 
R with a complex structure, and hence endows A = Hi(M,Z) with an integral 
hodge structure of weight —1. Note that a riemann form for M is nothing but a 
polarization of the integral hodge structure A. 

Theorem 6.8 (Riemann's theorem). 14 The functor A H\(A, Z) is an equiv- 
alence from the category AV of abelian varieties overC to the category of polarizable 
integral hodge structures of type (—1,0), (0, —1). 

Proof. We have functors 

A\ >A an 

AV > {category of polarizable complex tori } 

Af>->ffi(M,Z) . . . 
> {category of polarizable integral hodge structures of typc( — 1, 0), (0, — !)}• 

The first is fully faithful by Chow's theorem (3.11), and it is essentially surjective 
by Theorem 6.7; the second is fully faithful by Proposition 6.5, and it is obviously 
essentially surjective. □ 

Let AV° be the category whose objects are abelian varieties over C and whose 
morphisms are 

Hom AV o(A, B) = Hom AV (A, B) <g> Q. 

Corollary 6.9. The functor Ai— » H 1 (A,Q) is an equivalence from the category 
AV° to the category of polarizable rational hodge structures of type (— 1,0), (0, — 1). 

Proof. Immediate consequence of the theorem. □ 



*^In fact, it should be called the "theorem of Riemann, Frobcnius, Weierstrass, Poincare, 
Lcfschetz, et al." (see Shafarevich 1994, Historical Sketch, 5), but "Riemann's theorem" is shorter. 
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Remark 6.10. Recall that in the dictionary between complex structures J on 
a real vector space V and hodge structures of type (—1, 0), (0, —1), 

(V, J) S V(C)/V- lfl = V(C)/F°. 

Since the hodge structure on Hi(A,R) is defined by the isomorphism Tgt (A) = 
H^AjR), we see that 

(34) Tgt (A)^H 1 (A,C)/F° 
(isomorphism of complex vector spaces). 

A modular description of the points of the Siegel variety. Let M.k 

be the set of triples (A, s, r]K) in which A is an abelian variety over C, s is an 
alternating form on Hi(A, Q) such that s or — s is a polarization on Hi(A, Q), and 
r] is an isomorphism V(Af) — ► Vf(Af) sending ip to a multiple of s by an element 
of Ay. An isomorphism from one triple (A,s,r]K) to a second (A',s',r]'K) is an 

isomorphism A — > A' (as objects in AV°) sending s to a multiple of s' by an element 
of Q x and r]K to rfK. 

Theorem 6.11. The set Sh K {G,X) classifies the triples (A,s,r)K) in Mr 
modulo isomorphism, i.e., there is a canonical bijection Mk/~^> G(Q)\X x 
G(A f )/K. 

PROOF. Combine (6.9) with (6.3). □ 

7. Shimura varieties of hodge type 

In this section, we examine one important generalization of Siegel modular 
varieties. 

Definition 7.1. A Shimura datum (G, X) is of hodge type if there exists 
a symplectic space (V,ip) over Q and an injective homomorphism p: G ^ G(ip) 
carrying X into X(ip). The Shimura variety Sh(G,X) is then said to be of hodge 
type. Here (G(ip),X(i/j)) denotes the Shimura datum defined by (V,ip). 

The composite of p with the character v of G(tp) is a character of G, which we 
again denote by v. Let Q(r) denote the vector space Q with G acting by ru, i.e., 
g ■ v = v(g) r ■ v. For each h € X, (Q(r), h o v) is a rational hodge structure of type 
(— r, —r) (apply 6.2a), and so this notation is consistent with that in (2.6). 

Lemma 7.2. There exist multilinear maps ti : V x • • • x V — > Q(rj), 1 < i < n, 
such that G is the subgroup of G(ip) fixing the U. 

Proof. According to Deligne 1982, 3.1, there exist tensors U in V® Tl - <g> V w ® St 
such that this is true. But ip defines an isomorphism V = V v (g) Q(l)), and so 

y»n ^v® Si ^ ^v®(r i+Si ) q^.^ ^ Hom(^ (r ' +Sl) ,Q(r 4 )). □ 

Let (G, X) be of hodge type. Choose an embedding of (G, A) into (G(ip),X(il))) 
for some symplectic space (V, ip) and multilinear maps t\, . . . , t n as in the lemma. 
Let Hk be the set of triples ((IT, h), (si)o<i< n ,r]K) in which 

o (IT, h) is a rational hodge structure of type (—1, 0), (0, —1), 
o ±s is a polarization for (IT, h), 

o si, . . . , s n are multilinear maps Sj : IT x • • • x IT — > Q(r,), and 
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o rjK is a if-orbit of isomorphisms V(Af) — ► W^(Aj) sending ^ onto an 
A^ -multiple of s and each ti to Sj, 

satisfying the following condition: 

(*) there exists an isomorphism a: W — > V sending s to a Q x - 
multiple of -0, s, to ij each r > 1, and ft, onto an clement of X. 

An isomorphism from one triple (W, . . .) to a second (W, . . .) is an isomorphism 
(W,h) — > (W',h') of rational hodge structures sending s to a Q x -multiple of s' , 
Si to s- for i > 0, and r/K to r/if. 

Proposition 7.3. The set Sh K (G,X)(C) classifies the triples in TC K modulo 
isomorphism. 

PROOF. Choose an isomorphism a: W — > V as in (*), and consider the pair 
(ah, aorj). By assumption ah G X and aor/ is a symplectic similitude of (V(Af), 0) 
fixing the tj, and so (ah, a or/) G X x G(Af). The isomorphism a is determined 
up to composition with an element of G(Q) and 77 is determined up to composition 
with an clement of K. It follows that the class of (ah, a 077) in G(Q)\X x G(Af)/K 
is well-defined. The proof that (W, . . .) 1— » [ah, aoij] K gives a bijection from the set 
of isomorphism classes of triples in Hk onto Shx (G, X) (C) is now routine (cf. the 
proof of 6.3). □ 

Let t: V x ■ ■ ■ x V ^ Q(r) (m-copies of V) be a multilinear form fixed by G, 
i.e., such that 

t(gvi, . . -,gv m ) = v(g) r ■ t(vi, . . .,v m ), for all v 1} . . . , v m G V, g G G(Q). 

For h £ X, this equation shows that t defines a morphism of hodge structures 
(V, h)®" 1 — > Q(r). On comparing weights, we see that if t is nonzero, then m = 2r. 
Now let A be an abelian variety over C, and let V = Hi(A,Q). Then (see 6.4) 

H m (A,Q) = Hom(/\ m V,Q). 

We say that t G H 2r (A, Q) is a hodge tensor for A if the corresponding map 

is a morphism of hodge structures. 

Let (G, X) (G(il>),X(ip)) and ii, . . . , t„ be as above. Let A1k be the set of 
triples (A,(si)o<i< n ,r)K) in which 

o A is a complex abelian variety, 

o ±s is a polarization for the rational hodge structure Hi(A,Q), 
o si, . . . ,s n are hodge tensors for A or its powers, and 
o rjK is a if -orbit of A/-linear isomorphisms V(Af) — > V/(A) sending ?/> 
onto an A^ -multiple of s and each tj to Sj, 
satisfying the following condition: 

(**) there exists an isomorphism a: H\(A,Q) — > V sending so to 
a Q x -multiple of V 7 , s i to each i > 1, and h to an element of 
X. 

An isomorphism from one triple (A, (sj)j, r/i-T) to a second (^4', (s'A^'K) is an iso- 
morphism A — > A' (as objects of AV°) sending s to a multiple of s by an clement 
of Q x , each Sj to s-, and 77 to 77' modulo K. 
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Theorem 7.4. The set Sh K (G,X)(C) classifies the triples in Mr modulo 
isomorphism. 

Proof. Combine Propositions 7.3 and 6.9. □ 

The problem with Theorem 7.4 is that it is difficult to check whether a triple 
satisfies the condition (**). In the next section, we show that when the hodgc 
tensors are endomorphisms of the abelian variety, then it is sometimes possible to 
replace (**) by a simpler trace condition. 

Remark 7.5. When we write A(C) = C 9 /A, then (see 6.4), 

H m (A,Q) = Hom(/\ m A, Q) 

Now A (g) C = T ® T where T = Tgt (A). Therefore, 

H m {A,C) ^Hom(A" l (A®C),C) = Hom( © /\ P T <g> /\ q T, C) ^ © H™ 

p+q—va p+q—ra 

where 

H p q = Hom(/\ p T ® f\ q T, C). 

This rather ad hoc construction of the hodge structure on H m does agree with the 
usual construction (2.5) — see Mumford 1970, Chapter I. A hodge tensor on A is 
an element of 

H 2r (A, Q) n H r ' r (intersection inside H 2r (A, C)). 

The Hodgc conjecture predicts that all hodge tensors are the cohomology classes 
of algebraic cycles with Q-coefficients. For r = 1, this is known even over Z. The 
exponential sequence 

gives a cohomology sequence 

The cohomology group i? 1 (A, O^) classifies the divisors on A modulo linear equiv- 
alence, i.e., Pic(^4) = ff 1 (A, O^), and the first arrow maps a divisor to its coho- 
mology class. A class in H 2 (A, Z) maps to zero in H 2 (A, O a) = H ' 2 if and only if 
it maps to zero in its complex conjugate ff 2,0 . Therefore, we see that 

Im(Pic(A)) = H 2 (A,Z)r\H 1 ' 1 . 

8. PEL Shimura varieties 

Throughout this section, k is a field of characteristic zero. Bilinear forms are 
always nondegenerate. 

Algebras with involution. By a k-algebra I mean a ring B containing k in 
its centre and finite dimensional over k. A k- algebra A is simple if it contains no 
two-sided ideals except and A. For example, every matrix algebra M n (D) over a 
division algebra D is simple, and conversely, Wedderburn's theorem says that every 
simple algebra is of this form (CFT, IV 1.9). Up to isomorphism, a simple fc-algebra 
has only one simple module (ibid, IV 1.15). For example, up to isomorphism, D n 
is the only simple M„(D)-module. 

Let B = B\ x ■ ■ ■ x B n be a product of simple k- algebras (a semisimple k- 
algebra). A simple Sj-module Mj becomes a simple B-module when we let B 
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act through the quotient map B — > Bi. These are the only simple B- modules, 
and every £> -module is a direct sum of simple modules. A £>-module M defines a 
fc-linear map 

b^Tr k (b\M): B^k 
which we call the trace map of M. 

Proposition 8.1. Let B be a semisimple k-algebra. Two B-modules are iso- 
morphic if and only if they have the same trace map. 

Proof. Let Bi,...,B n be the simple factors of B, and let Mj be a simple B- r 
module. Then every i3-module is isomorphic to a direct sum ©j^-Mj with rjMj 
the direct sum of Tj copies of Mj. We have to show that the trace map determines 
the multiplicities rj. But for ej = (0, . . . ,0, 1,0, . . .), 

i 

Tr fe (e 4 1 E^j Mj ) = n dim k Mi . □ 

Remark 8.2. The lemma fails when k has characteristic p, because the trace 
map is identically zero on pM. 

An involution of a fc-algebra B is a fc-linear map b i— > b* : B — > B such that 
(ab)* = b*a* and b** = b. Note that then 1* = 1 and so c* = c for c E k. 

Proposition 8.3. Let k be an algebraically closed field, and let (B,*) be a 
semisimple k-algebra with involution. Then (B, *) is isomorphic to a product of 
pairs of the following types: 

(A): M n (k)xM n (k), (a,b)* = (b t ,a t ); 

(C): M n {k), 

(BD): M n (k), b* = J-b t -J~\ J=(° I - I ). 

Proof. The decomposition B = B\ x • • • x B r of B into a product of simple 
algebras Bi is unique up to the ordering of the factors (Farb and Dennis 1993, 1.13). 
Therefore, * permutes the set of Bi, and B is a product of semisimple algebras with 
involution each of which is cither (i) simple or (ii) the product of two simple algebras 
interchanged by *. 

Let (£?,*) be as in (i). Then B is isomorphic to M n {k) for some n, and the 
Noether-Skolem theorem (CFT, 2.10) shows that b* — for some u £ M n (k). 

Then b = b** = (u t u _1 ) _1 6(it t u _1 ) for all b e B, and so m'u -1 lies in the centre 
k of M n {k). Denote it by c, so that u* = cu. Then u — u tt = c 2 u, and so c 2 = 1. 
Therefore, u* = ±u, and u is either symmetric or skew-symmetric. Relative to a 
suitable basis, u is I or J, and so (B, *) is of type (C) or (BD). 

Let (B, *) be as in (ii). Then * is an isomorphism of the opposite of the first 
factor onto the second. The Noether-Skolem theorem then shows that (B, *) is 
isomorphic to M n (k) x M n (k)° pp with the involution (a, b) i— > (b,a). Now use that 
a <-» a* : M„(fc)°PP = M„(fc) to see that (B, *) is of type (A). □ 

The following is a restatement of the proposition. 

Proposition 8.4. Let (B,*) and k be as in (8.3). Lf the only elements of the 
centre of B invariant under * are those in k, then (B, *) is isomorphic to one of 
the following: 

(A): End fe (M0 x End fe (VF v ), (a, b)* = (6*,a*)/ 

(C): End fe (14 7 ) ; b* the transpose of b with respect to a symmetric bilinear 
form on W; 
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(BD): Endfc(M / ), b* the transpose ofb with respect to an alternating bilinear 
form on W . 

Symplectic modules and the associated algebraic groups. Let (B, *) be 

a semisimple fc-algebra with involution *, and let (V,ip) be a symplectic (£?,*)- 
module, i.e., a B-modulc V endowed with an alternating fc-bilinear form tp: V x 
V — ► fc such that 

(35) ip(bu, v) — ip(u, b*v) for all b e B, u, v e V. 

Let F be the centre of B, and let Fo be the subalgebra of invariants of * 
in F. Assume that B and V are free over F and that for all fc-homomorphisms 
p: F -> fc al , (B(g> Fo . p fc* 1 , *) is of the same type (A), (C), or (BD). This will be the 
case, for example, if F is a field. Let G be the subgroup of GL(V) such that 

G(Q) = {g e Aut B (V) | ip{gu,gv) = p{g)ip{u,v) some /x( 5 ) e fc x }, 

and let 

G' = Ker(^)nKer(det). 

Example 8.5. (Type A.) Let F be k x k or a field of degree 2 over fc, and 
let B = End^ (W) equipped with the involution * defined by a hermitian form 15 
4>: W x W — > .F. Then (_B, *) is of type A. Let V be an F- vector space, and let 
■00 be a skew-hermitian form Vq x Vb — > i* 1 . The bilinear form )/i on 7 = W ®f H 
defined by 

(36) V(w t/) = Tr F/fe (0(w, w')i> {v, v 1 )) 

is alternating and satisfies (35): (V,tp) is a symplectic (B, *)-module. Let C = 
Ends(V^) (the centralizer of B in EikIf(V)). Then C is stable under the involution 
* defined by ip, and 

(37) G(k) = {c e C x | cc* € fc x } 

(38) G'(fc) = {c g C x | cc* = 1, det(c) = 1}. 

In fact, C = EndF(Vb) and * is transposition with respect to ipo. Therefore, G is 
the group of symplectic similitudes of ip whose multiplier lies in fc, and G' is the 
special unitary group of ipo- 

Conversely, let (B, *) be of type A, and assume 

(a) the centre F of B is of degree 2 over k (so F is a field or fc x fc) ; 

(b) B is isomorphic to a matrix algebra over F (when F is a field, this just 
means that B is simple and split over F). 

Then I claim that (B,*,V,ip) arises as in the last paragraph. To see this, let W 
be a simple B-module — condition (b) implies that B = End F (V^) and that * is 
defined by a hermitian form <f>: W x W — > F. As a B-module, V is a direct sum of 
copies of W, and so V = W ®f Vq for some F- vector space Vb- Choose an element 
/ of F \ fc whose square is in fc. Then /* = — /, and 

^,0 = Tr F/fe (/*(«,!/)) 

for a unique hermitian form : V xV ^ F (Dclignc 1982, 4.6), which has the prop- 
erty that ^(bv,v') = i$/(v,b*v'). The form (v,v') f^(v,v') is skew-hermitian, 



There is a unique involution of F fixing fc, which we again denote *. To say that (f> is 
hermitian means that it is _F-linear in one variable and satisfies <f>{w,v) = cp(v,w)*. 
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and can be 16 written f*S? = (p ® tpo with tp skew-hermitian on Vq. Now tp, cp, tp are 
related by (36). 

Example 8.6. (Type C.) Let B = ~End k (W) equipped with the involution * 
defined by a symmetric bilinear form <p: W x W — > k. Let Vq be a k- vector space, 
and let tp be an alternating form V a x Vq — > k. The bilinear form tp on V = W®V 
defined by 

tp(w ® v, w' <g> «') = (/>(«;, w')tp (v, v') 
is alternating and satisfies (35). Let C = Ends(V r ). Then C is stable under the 
involution * defined by tp, and G{k) and G'(k) are described by the equations 
(37) and (38). In fact, C = Endfc(Vo) and * is transposition with respect to tpo- 
Therefore G = GSp(V , tp ) and G' = Sp(V ,^o)- Every system (B, *, V, with s 
simple and split over k arises in this way (cf. 8.5). 

PROPOSITION 8.7. For (B,*) of type A or C, the group G is reductive (in 
particular, connected), and G' is semisimple and simply connected. 

Proof. It suffices to prove this after extending the scalars to the algebraic 
closure of k. Then (B, *, V, tp) decomposes into quadruples of the types considered 
in Examples 8.5 and 8.6, and so the proposition follows from the calculations made 
there. □ 

Remark 8.8. Assume B is simple, and let m be the reduced dimension of 

V, 

dim F (V) 

m = j-. 

[B:F]i 

In case (A), G^, w (SL m )^ and in case (C), G^ w (S Pm )^. 

Remark 8.9. In case (BD), the group G is not connected (G' is a special 
orthogonal group) although its identity component is reductive. 

Algebras with positive involution. Let C be a semisimple M-algebra with 
an involution *, and let V be a C-module. In the next proposition, by a hermitian 
form on V we mean a symmetric bilinear form tp: V x V — > R satisfying (35). Such 
a form is said to be positive definite if tp(v, v) > for all nonzero v E V. 

Proposition 8.10. Let C be a semisimple algebra over R. The following con- 
ditions on an involution * of C are equivalent: 

(a) some faithful C-module admits a positive definite hermitian form; 

(b) every C-module admits a positive definite hermitian form; 

(c) Tr C / R (c*c) > for all nonzero c G C. 

PROOF, (a) =^> (b). Let V be a faithful C- module. Then every C-module is 
a direct summand of a direct sum of copies of V (see p323). Hence, if V carries a 
positive definite hermitian form, then so does every C-module. 

(b) =^> (c) . Let V be a C-module with a positive definite hermitian form ( | ) , 
and choose an orthonormal basis e\, . . . , e n for V. Then 

Tr R (c*c\V) = E 4 ( e *l c * ce ») = E 4 ( ce *l ce *): 



1 ^Probably the easiest way to prove things like this is use the correspondence between invo- 
lutions on algebras and (skcw-)hcrmitian forms (up to scalars) — sec Knus et al. 1998, I 4.2. The 
involution on Endi7(V) defined by tp stabilizes C and corresponds to a skew-hermitian form on 
V . 
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which is > unless c acts as the zero map on V. On applying this remark with 
V = C, we obtain (c). 

(c) =>■ (a). The condition (c) is that the hermitian form (c, d) ^ Tr c / R (c*c') 
on C is positive definite. □ 

Definition 8.11. An involution satisfying the equivalent conditions of (8.10) 
is said to be positive. 

Proposition 8.12. Let B be a semisimple R-algebra with a positive involution 
* of type A or C. Let (V,ip) be a symplectic (B,*) -module, and let C be the 
centralizer of B in EndR(V^). Then there exists a homomorphism of R- algebras 
h: C — > C, unique up to conjugation by an element c of C x with cc* = 1, such that 
o h(z) = h(z)* and 

o u, v i— > tp(u, h(i)v) is positive definite and symmetric. 

Proof. To give an h satisfying the conditions amounts to giving an element 
J (= h(i)) of C such that 

(39) J 2 = -l, ip{Ju,Jv) = ip{u,v), Jv) > if v ^ 0. 

Suppose first that (B,*) is of type A. Then (B,*,V,i(>) decomposes into systems 
arising as in (8.5). Thus, we may suppose B — Endp(VF), V = W ® Vo, etc., as 
in (8.5). We then have to classify the J e C = Endc(Vb) satisfying (39) with tp 
replaced by Vo- There exists a basis (ej) for Vo such that 

{il>o{ej,e k ))j,k =diag(i,...,i,-i,...,-i), i = V^l- 

r 

Define J by J(ej) — —ipo{zj,ej)ej. Then J satisfies the required conditions, and 
it is uniquely determined up to conjugation by an element of the unitary group of 
ipo- This proves the result for type A, and type C is similar. (For more details, see 
Zink 1983, 3.1). □ 

Remark 8.13. Let (B,*) and (V,ip) be as in the proposition. For an h satis- 
fying the conditions of the proposition, define 

t(b) = Tr c (b\V/rflV), beB. 

Then, t is independent of the choice of h, and in fact depends only on the iso- 
morphism class of (V, ip) as a B-module. Conversely, (V, ip) is determined up to 
JS-isomorphism by its dimension and t. For example, if V = W <E>c V), <j>, tpo, etc. 
are as in the above proof, then 

Tr k (b\V) = r-Tr k (b\W), 

and r and dim V determine (Vo, Vo) U P to isomorphism. Since W and <f> are deter- 
mined (up to isomorphism) by the requirement that W be a simple _B-module and 
4> be a hermitian form giving * on B, this proves the claim for type A. 

PEL data. Let B be a simple Q-algebra with a positive involution * (meaning 
that it becomes positive on B ®q R), and let (V, tp) be a symplectic (B, *)-module. 
Throughout this subsection, we assume that (B, *) is of type A or C. 

Proposition 8.14. There is a unique G(M.)-conjugacy class X of homomor- 
phisms h : § — > Gr such that each h € X defines a complex structure on V(M) that 
is positive or negative for ip. The pair (G,X) satisfies the conditions SV1-4- 
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Proof. The first statement is an immediate consequence of (8.12). The com- 
posite of h with G ^> G(ip) lies in X(if>), and therefore satisfies SV1, SV2, SV4. As 
h is nontrivial, SV3 follows from the fact that G ad is simple. □ 

Definition 8.15. The Shimura data arising in this way are called simple PEL 
data of type A or C. 

The simple refers to the fact that (for simplicity), we required B to be simple 
(which implies that G ad is simple). 

Remark 8.16. Let b e B, and let t b be the tensor (x,y) i-> ip(x,by) of V. An 
element g of G(tp) fixes tb if and only if it commutes with b. Let b\, . . . , b s be a set 
of generators for B as a Q-algebra. Then (G, X) is the Shimura datum of hodgc 
type associated with the system (V, {ip, t^,..., £&„}). 

PEL Shimura varieties. 

Theorem 8.17. Let (G,X) be a simple PEL datum of type A or C associated 
with (B,*,V,ip) as in the last subsection, and let K be a compact open subgroup 
of G(Af). Then Shx(G, X)(C) classifies the isomorphism classes of quadruples 
(A, s, i, rjK) in which 

o A is a complex abelian variety, 

o ±s is a polarization of the hodge structure Hi(A,Q), 
o i is a homomorphism B — ► End(A) <g> Q, and 

o rjK is a K -orbit of B®Af -linear isomorphisms 77: V(Af) — > H 1 (A,Q)(^Af 
sending ip to an Aj -multiple of s, 
satisfying the following condition: 

(**) there exists a B -linear isomorphism a: Hi(A,Q) — ► V send- 
ing s to a Q x -multiple ofip. 

Proof. In view of the dictionary b <-> t^ between endomorphisms and tensors 
(8.16), Theorem 7.4 shows that Sh^(G, X)(C) classifies the quadruples (A, i, t, rjK) 
with the additional condition that ah € X, but ah defines a complex structure on 
V(R) that is positive or negative for \p, and so (8.14) shows that ah automatically 
lies in A. □ 

Let (G, X) be the Shimura datum arising from (B, *) and (V,tp). For h £ X, 
we have a trace map 

b^Tr(b\V(C)/F°): B -> C. 
Since this map is independent of the choice of h in A, we denote it by Trx- 

Remark 8.18. Consider a triple (A, s,i,r)K) as in the theorem. The existence 
of the isomorphism a in (**) implies that 

(a) s(bu, v) — s(u,b*v), and 

(b) Tr(i(6)|Tgt A) = Tr x (b) for all b e B ® C. 

The first is obvious, because tp has this property, and the second follows from the 
B- isomorphisms 

(34) 

Tgto(A) = ^(AQ/^A^QK. 

We now divide the type A in two, depending on whether the reduced dimension 
of V is even or odd. 
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Proposition 8.19. For types Aeven and C, the condition (**) of Theorem 8.17 
is implied by conditions (a) and (b) of (8.18). 

PROOF. Let W = Hi(A,Q). We have to show that there exists a £?-linear 
isomorphism a: W — > V sending s to a Q x -multiple of ip. The existence of i] shows 
that W has the same dimension as V, and so there exists a B ®q Q al -isomorphism 
a: V(Q al ) -> W(Q al ) sending t to a Q alx -multiple of ip. For a e Gal(Q al /Q) write 
act = a o a a with a a e G(Q al ). Then a a a is a one-cocycle. If its class in 
H 1 (Q, G) is trivial, say, = a -1 • era, then a o a -1 is fixed by all a E Gal(Q al /Q), 
and is therefore defined over Q. 

Thus, it remains to show that the class of (a a ) in H 1 (Q,G) is trivial. The 
existence of n shows that the image of the class in H 1 (Qi, G) is trivial for all finite 
primes £, and (8.13) shows that its image in G) is trivial, and so the statement 

follows from the next two lemmas. □ 

Lemma 8.20. Let G be a reductive group with simply connected derived group, 
and letT = G/G dcr . If iJ^Q, T) -> JL^oo ^(Qi, T) is injective, then an element 
of H 1 (Q,G) that becomes trivial in H 1 (Qi,G) for all I is itself trivial. 

PROOF. Because G dcr is simply connected, iJ 1 (Qi,G dor ) = for I ^ oo and 
if^Q, G dcr ) -> H 1 ^, G dor ) is injective (5.19). Using this, we obtain a commutative 
diagram with exact rows 

T(Q) ► i? 1 (Q,G' dor ) ► H\Q,G) ► H^T) 

injective injective J 

— ^h^^g^) - n^HQi.G) — ►ni^ 1 (Qi.T)- 

If an element c of iJ 1 (Q,G) becomes trivial in all _ff 1 (Qj,G), then a diagram 
chase shows that it arises from an element d of H 1 (Q, G der ) whose image 
in ff^R, G dcr ) maps to the trivial element in H 1 (R, G). The image of G(R) in 
T(R) contains T(M) + (sec 5.1), and the real approximation theorem (5.4) shows 
that T(Q) • T(R)+ = T(R). Therefore, there exists a i e T(Q) whose image in 
if^R, G dor ) is c' TO . Then f c' in ff^Q, G dor ), which shows that c is trivial. □ 



Lemma 8.21. Let (G,X) be a simple PEL Shimura datum of type Aeven or C, 

Koo 



and let T = G/G dcr . Then H\Q, T) -» ri/<oo H HQh T) is injective. 



Proof. For G of type Aeven, T = Kcr((G m ) F N ^> /fc (G m ) fo ) x G m . The 
group H 1 (Q,G m ) = 0, and the map on iJ^'s of the first factor is 

^/NmF^nX/NmF;. 

This is injective (CFT, VIII 1.4). 

For G of type G, T = G m , and so ff^Q, T) = 0. □ 

PEL modular varieties. Let B be a semisimple algebra over Q with a posi- 
tive involution *, and let (V, ip) be a symplcctic (£>, *)-modulc. Let K be a compact 
open subgroup of G(A/). There exists an algebraic variety over C classifying 
the isomorphism classes of quadruples (A, s, i, r]K) satisfying (a) and (b) of (8.18) 
(but not necessarily condition (**)), which is called the PEL modular variety 
attached to (B,*,V,il>). In the simple cases (Aeven) and (C), Proposition 8.17 
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shows that Mk coincides with Sh^(G, X), but in general it is a finite disjoint union 
of Shimura varieties. 

Notes. The theory of Shimura varieties of PEL-type is worked out in detail in 
several papers of Shimura, for example, Shimura 1963, but in a language somewhat 
different from ours. The above account follows Deligne 1971c, §§5,6. Sec also 
Zink 1983 and Kottwitz 1992, §§1-4. 

9. General Shimura varieties 

Abelian motives. Let Hod(Q) be the category of polarizable rational hodge 
structures. It is an abelian subcategory of the category of all rational hodge struc- 
tures closed under the formation of tensor products and duals. 

Let V be a variety over C whose connected components are abelian varieties, 
say V = \_\Vi with V$ an abelian variety. Recall that for manifolds Mi and M 2 , 

H r (Mi U M 2 ,Q)=H r (Mi ,Q)®H r (M 2 , Q) . 

For each connected component V° of V, 

H*(V°,Q) £* A^O^Q) £* Hom Q (A£fi(^°,Q),Q) 

(see 6.4). Therefore, H*(V,Q) acquires a polarizable hodge structure from that on 
ifi(V,Q). We write H*(V,Q)(m) for the hodge structure H*(V,Q) <g> Q(m) (see 
2.6). 

Let (W, h) be a rational hodge structure. An endomorphism e of (W, h) is an 
idempotent if e 2 = e. Then 

(W, h) = Im(e) 8 Im(l - e) 

(direct sum of rational hodge structures). 

An abelian motive over C is a triple (V, e, to) in which V is a variety over 
C whose connected components are abelian varieties, e is an idempotent in 
End(iJ*(V, Q)), and meZ. For example, let ^4 be an abelian variety; then the 
projection 

H*(A,Q) ^ H l (A,Q) c H*(A,Q) 

is an idempotent e % , and we denote (A,e l ,0) by h l {A). 

Define Hom((V, e, m), (V', e', m')) to be the set of maps H*(V, Q) -» i?*(F',Q) 
of the form e' o f o e with / a homomorphism fP(V,Q) — » H*(V',Q) of degree 
d = m' — m. Moreover, define 

(V, e, to) (V, e', to) = (V U V', e © e', to) 

(V, e, to) ® (V, e', to) = (V x V', e ® e', to + to') 

(V, e, to) v = (V, e* , d — to) if F is purely d-dimensional. 

For an abelian motive (V,e,m) over C, let H(V,e,m) = eH*(V,Q)(m). Then 
(V, e,m) i ^ H(V,e,m) is a functor from the category of abelian motives AM to 
Hod(Q) commuting with ©, ®, and v . We say that a rational hodge structure 
is abelian if it is in the essential image of this functor, i.e., if it is isomorphic 
to H(V,e,m) for some abelian motive (V, e, m). Every abelian hodge structure is 
polarizable. 
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Proposition 9.1. Let Hod (Q) be the full subcategory of Hod(Q) of abelian 
hodge structures. Then Hod ab (Q) is the smallest strictly full subcategory o/Hod(Q) 
containing Hi (A, Q) for each abelian variety A and closed under the formation of di- 
rect sums, subquotients, duals, and tensor products; moreover, H: AM — > Hod ab (Q) 
is an equivalence of categories. 

Proof. Straightforward from the definitions. □ 

For a description of the essential image of H, see Milne 1994, 1.27. 

Shimura varieties of abelian type. Recall (§6) that a symplcctic space 
(V, ip) over Q defines a connected Shimura datum (S(tp),X(tp) + ) with S(ip) — Sp(V') 
and X{\p) + the set of complex structures on V(R) 7 ip). 

Definition 9.2. (a) A connected Shimura datum (H, X + ) with H simple is of 
primitive abelian type if there exists a symplcctic space (V, tji) and an injective 
homomorphism H — > S(ip) carrying X + into X(tp) + . 

(b) A connected Shimura datum (H, X + ) is of abelian type if there exist pairs 
{Hi, Xf) of primitive abelian type and an isogeny \\ i Hi — * H carrying FJ i Xf into 
X. 

(b) A Shimura datum (G, X) is of abelian type if (G dol ,X + ) is of abelian 
type. 

(c) The (connected) Shimura variety attached to a (connected) Shimura datum 
of abelian type is said to be of abelian type. 

Proposition 9.3. Let (G,X) be a Shimura datum, and assume 

(a) the weight wx is rational SV4 and Z(G)° splits over a CM-field SV6, and 

(b) there exists a homomorphism v: G — > G m such that v o wx = —2. 

If G is of abelian type, then (V, hop) is an abelian hodge structure for all represen- 
tations (V, p) of G and all h € X; conversely, if there exists a faithful representation 
p of G such that (V, hop) is an abelian hodge structure for all h, then (G, X) is of 
abelian type. 

Proof. See Milne 1994, 3.12. □ 

Let (G, X) be a Shimura datum of abelian type satisfying (a) and (b) of the 
proposition, and let p: G — > GL{V) be a faithful representation of G. Assume that 
there exists a pairing -0 : V x V ^> Q such that 

(a) gtp = v(g) m ip for all g G G, 

(b) ip is a polarization of (V, hop) for all h £ X. 

There exist multilinear maps ti : V x • • • x V — > Q(fj), 1 < i < n, such that G is 
the subgroup of GL(y) whose elements satisfy (a) and fix ti, . . .t n (cf. 7.2). 

Theorem 9.4. With the above notations, Sh(G, X) classifies the isomorphism 
classes of triples (A, (si) <i< n ,r]K) in which 
o A is an abelian motive, 

o ±so is a polarization for the rational hodge structure H(A), 
o si,...,s n are tensors for A, and 

o rjK is a K-orbit of Af -linear isomorphisms V(Af) — ► Vf(A) sending ip to 
an -multiple of sq and each ti to Sj, 
satisfying the following condition: 
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(**) there exists an isomorphism a: H{A) — ► V sending sq to a 
Q x -multiple of ip, each Sj to t i7 and h onto an element of X. 

PROOF. With A replaced by a hodge structure, this can be proved by an ele- 
mentary argument (cf. 6.3, 7.3), but (9.3) shows that the hodge structures arising 
are abelian, and so can be replaced by abelian motives (9.1). For more details, see 
Milne 1994, Theorem 3.31. □ 

Classification of Shimura varieties of abelian type. Dcligne (1979) clas- 
sifies the connected Shimura data of abelian type. Let (G,X + ) be a connected 
Shimura datum with G simple. If G ad is of type A, B, or C, then (G, X + ) is of 
abelian type. If G ad is of type E 6 or E 7 , then (G, X + ) is not of abelian type. If G ad 
is of type D, (G,X + ) may or may not be of abelian type. There are two problems 
that may arise. 

(a) Let G be the universal covering group of G ad . There may exist homomor- 
phisms (G, X + ) — > (S(ip), X{ip) + ) but no injective such homomorphism, i.e., there 
may be a nonzero finite algebraic subgroup N C G that is in the kernel of all ho- 
momorphisms G — ► S(ip) sending X + into X(ip) + . Then (G/N 1 , X + ) is of abelian 
type for all N' D N, but (G, X + ) is not of abelian type. 

(b) There may not exist a homomorphism G — > S(ip) at all. 

This last problem arises for the following reason. Even when G ad is Q-simple, it 
may decompose into a product of simple group G^ = G\ x • • • x G r over R. For 
each i, d has a dynkin diagram of the shape shown below: 



D n (iya o- 




(n > 4) 




(n > 4) 



On 



D n (n — 1): Same as D n (ri) by with a„_i and a n interchanged (rotation about the 
horizontal axis). 

Nodes marked by squares are special (p278), and nodes marked by stars cor- 
respond to symplectic representations. The number in parenthesis indicates the 
position of the special node. As is explained in §1, the projection of X + to a con- 
jugacy class of homomorphisms § — > Gi corresponds to a node marked with a □. 
Since X + is defined over K, the nodes can be chosen independently for each i. On 
the other hand, the representations GiR — ► S(iP)r correspond to nodes marked with 
a *. Note that the * has to be at the opposite end of the diagram from the □. In 
order for a family of representations Gol — > «S i (^)k, 1 < i < r, to arise from a sym- 
plectic representation over Q, the *'s must be all in the same position since a galois 
group must permute the dynkin diagrams of the Gi. Clearly, this is impossible if 
the CPs occur at different ends. (See Deligne 1979, 2.3, for more details.) 
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Shimura varieties not of abelian type. It is hoped (Deligne 1979, p248) 
that all Shimura varieties with rational weight classify isomorphism classes of mo- 
tives with additional structure, but this is not known for those not of abelian type. 
More precisely, from the choice of a rational representation p: G — > GL(V r ), we 
obtain a family of hodge structures ho p R on V indexed by X. When the weight of 
(G, X) is defined over Q, it is hoped that these hodge structures always occur (in a 
natural way) in the cohomology of algebraic varieties. When the weight of (G, X) 
is not defined over <Q> they obviously can not. 

Example: simple Shimura varieties of type A\. Let (G, X) be the Shimura 
datum attached to a B be a quaternion algebra over a totally real field F, as in 
(5.24). With the notations of that example, 

G««IWHI X xrU,„ c GL 2 (]R). 

(a) If B = M 2 (F), then (G,X) is of PEL-typc, and Sh K (G,X) classifies iso- 
morphism classes of quadruples (A, i, t, rjK) in which A is an abelian variety of di- 
mension d = [F : Q] and i is a homomorphism homomorphism i: F — > End(A) £g) Q. 
These Shimura varieties are called Hilbert (or Hilbert-Blumenthat) varieties, 
and whole books have been written about them. 

(b) If B is a division algebra, but I c — 0, then (G, X) is again of PEL-type, and 
Sh^(G, X) classifies isomorphism classes of quadruples (A, i, t, r]K) in which A is an 
abelian variety of dimension 2[F: Q] and i is a homomorphism i: B — > End(A) £g>Q. 
In this case, the varieties are projective. These varieties have also been extensively 
studied. 

(c) If B is a division algebra and I c ^ 0, then (G, X) is of abelian type, but 
the weight is not defined over Q. Over R, the weight map wx sends a G R to the 
element of (F®R) X = Y\ v . F ^ R K with component 1 for v G I c and component a for 
v e I nc . Let T be the torus over Q with T(Q) = F x . Then w x ■ G m -» T K is defined 
over the subfield L of Q whose fixed group is the subgroup of Gal(Q/Q) stabilizing 
I c C I c U J„ c . On choosing a rational representation of G, we find that Shif (G, X) 
classifies certain isomorphism classes of hodge structures with additional structure, 
but the hodge structures are not motivic — they do not arise in the cohomology of 
algebraic varieties (they are not rational hodge structures). 

10. Complex multiplication: the Shimura- Taniyama formula 

Where we are headed. Let V be a variety over Q. For any a G Gal(Q al /Q) 
and P G V"(Q al ), the point aP G ^(Q al ). For example, if V is the subvariety of A" 
defined by equations 

f(X 1 ,...,X n )=Q, f eQ[X lt ...,X n ], 

then 

/(ai, . . . ,a„) = =>• /(o-ai, . . .,aa n ) = 
(apply er to the first equality). Therefore, if we have a variety V over Q al that we 
suspect is actually defined over Q, then we should be able to describe an action of 
Gal(Q al /Q) on its points V(Q al ). 

Let E be a number field contained in C, and let Aut(C/S) denote the group of 
automorphisms of C (as an abstract field) fixing the elements of E. Then a similar 
remark applies: if a variety V over C is defined by equations with coefficients in 
E, then Aut(C/i?) will act on V(C). Now, I claim that all Shimura varieties are 
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defined (in a natural way) over specific number fields, and so I should be able to 
describe an action of a big subgroup of Aut(C/Q) on their points. If, for example, 
the Shimura variety is of hodge type, then there is a set Mk whose elements are 
abelian varieties plus additional data and a map 

(A, . . .) - P(A, ...):M K ^ Sh K (G, X)(C) 

whose fibres are the isomorphism classes in Mk- On applying a e Aut(C/Q) to the 
coefficients of the polynomials defining A, . . ., we get a new triple (aA, . . .) which 
may or may not lie in Mk- When it does we define a P(A, . . .) to be P(aA, . . .). 
Our task will be to show that, for some specific field E, this does give an action of 
Aut(C/.E) on Shif (G, X) and that the action does arise from a model of Sh^(G, X) 
over E. 

For example, for P e r(l)\Wi, a P is the point such that j( a P) = a (j(P)). If j 
were a polynomial with coefficients in Z (rather than a power series with coefficients 
in Z), we would have j(crP) = crj(P) with the obvious meaning of aP, but this is 
definitely false (if a is not complex conjugation, then it is not continuous, nor even 
measurable). 

You may complain that we fail to explicitly describe the action of Aut(C/i?) on 
Sh(G, X) (C), but I contend that there can not exist a completely explicit description 
of the action. What are the elements of Aut(C/i?)? To construct them, we can 
choose a transcendence basis B for C over E, choose a permutation of the elements 
of B, and extend the resulting automorphism of Q(B) to its algebraic closure C. 
But proving the existence of transcendence bases requires the axiom of choice (e.g., 
FT, 8.13), and so we can have no explicit description of, or way of naming, the 
elements of Aut(C/-E), and hence no completely explicit description of the action 
is possible. 

However, all is not lost. Abelian class field theory names the elements of 
Gal(E ah /E), where E ah is a maximal abelian extension of E. Thus, if we sus- 
pect that a point P has coordinates in E ah , the action of Aut(C/i?) on it will 
factor through Gal(E ab /E), and we may hope to be able to describe the action of 
Aut(C/i?) explicitly. This the theory of complex multiplication allows us to do for 
certain special points P. 

Review of abelian varieties. The theory of abelian varieties is very similar 
to that of elliptic curves — just replace E with A, 1 with g (the dimension of A), 
and, whenever E occurs twice, replace one copy with the dual A v of A. 

Thus, for any m not divisible by the characteristic of the ground field k, 

(40) A(fc al ) m w (Z/mZ) 2 9. 

Here A{k aX ) m consists of the elements of A(fc al ) killed by m. Hence, for I ^ char(fc), 

T e A = l\mA(k al ) en 
is a free Z^-module of rank 2g, and 

V e (A) =T t A® %t Qt 
is a Q^-vector space of dimension 2g. In characteristic zero, we set 
T f A = Y\T t A = ^mA{k aX ) m , 

m 

V f A = T f <g>z Q = T i A ) (restricted topological product). 
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They are, respectively, a free Z-module of rank 2g and a free A/-module of rank 
2g. The galois group Gal(k ed /k) acts continuously on these modules. 

For an endomorphism a of an abelian variety A, there is a unique monic poly- 
nomial P a (T) with integer coefficients (the characteristic polynomial of a) such 
that |-P ( n )| = deg(a — n) for all neZ. Moreover, P a is the characteristic polyno- 
mial of a acting on VgA (£ ^ char(fc)). 

For an abelian variety A over a field k, the tangent space Tgt (A) to A at is a 
vector space over k of dimension g. As we noted in §6, when k = C, the exponential 
map defines a surjective homomorphism Tgt (j4) — > A(C) whose kernel is a lattice 
A in Tgt (A). Thus A(C) m ^ ^A/A = A/mA, and 

(41) T e A = A® z Z e , V t A°£A® z Qt, T / A = A® Z Z, V>A = A® z A/. 

An endomorphism a of A defines a C- linear endomorphism (da)o = a of Tgt (yl) 
such that a(A) C A (see 6.5), and P a (T) is the characteristic polynomial of a on 
A. 

For abelian varieties A, B, Hom(A, B) is a torsion free Z-module of finite rank. 
We let AV(fc) denote the category of abelian varieties and homomorphisms over k 
and AV°(fc) the category with the same objects but with 

Hom AV o (fe) (AB) = Hom°(AB) = Hom AV ( fe )(A,.B) ® Q. 

An isogeny of abelian varieties is a surjective homomorphism with finite kernel. 
A homomorphism of abelian varieties is an isogeny if and only if it becomes an 
isomorphism in the category AV°. Two abelian varieties are said to be isogenous 
if there is an isogeny from one to the other — this is an equivalence relation. 

An abelian variety A over a field k is simple if it contains no nonzero proper 
abelian subvariety. Every abelian variety is isogenous to a product of simple abelian 
varieties. If A and B are simple, then every nonzero homomorphism from A to B 
is an isogeny. It follows that End (A) is a division algebra when A is simple and a 
semisimplc algebra in general. 

Notes. For a detailed account of abelian varieties over algebraically closed 
fields, see Mumford 1970, and for a summary over arbitrary fields, see Milne 1986. 

CM fields. A number field E is a CM (or complex multiplication) field 

if it is a quadratic totally imaginary extension of a totally real field F. Let a i— > a* 
denote the nontrivial automorphism of E fixing F. Then p(a*) = p(a) for every 
p: E ^ C. We have the following picture: 

£® Q M w C x • • • x C 

(42) | | 

F (g)Q R w R x • • • x M 

The involution * is positive (in the sense of 8.11), because we can compute 
Tr_E® Q R/Figi,}R(fr*fr) on each factor on the right, where it becomes Tr c / R (zz) = 
2|z| 2 > 0. Thus, we are in the PEL situation considered in §8. 

Let E be a CM-field with largest real subficld F. Each embedding of F into R 
will extend to two conjugate embeddings of E into C. A CM-type <f> for E is a 
choice of one element from each conjugate pair {ip, Tp}. In other words, it is a subset 
$ C Hom(S, C) such that 

Hom(i?, C) = $ U 3> (disjoint union, 3> = {ip | p G $}). 
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Because E is quadratic over F, E = F[a] with a a root of a polynomial 
X 2 + aX + b. On completing the square, we obtain an a such that a 2 G F x . Then 
a* = —a. Such an element a of E is said to be totally imaginary (its image in 
C under every embedding is purely imaginary). 

Abelian varieties of CM-type. Let £ be a CM-field of degree 2g over Q. 
Let A be an abelian variety of dimension g over C, and let i be a homomorphism 
E -» End (A). If 

(43) Tr(i(a) | Tgt (A)) = E v eM^), all a £ E, 

for some CM-type <I> of E, then (A, i) is said to be of CM-type (E, $). 

Remark 10.1. (a) In fact, (A, i) will always be of CM-type for some <&. Recall 
(p319) that A(C) = Tgt (A)/A with A a lattice in Tgt (A) (so A ® R = Tgt (A)). 
Moreover, 

A ® R = £fi (A, R) , = Tgt (A) 

A ® C = H^A, C) S H- lfi tf ^ 1 = Tgt (A) Tgt„(A). 

Now i?i(A, Q) is a one-dimensional vector space over E, so i?i(A, C) = e^c^v 
where C v denotes a 1-dimensional vector space with E acting through <p. If ip 
occurs in Tgt (A), then Tp occurs in Tgt (-4), and so Tgt (A) = vG $C v with <f> 
a CM-type for E. 

(b) A field E of degree 2g over Q acting on a complex abelian variety A of 
dimension g need not be be CM unless A is simple. 

Let $ be a CM-type on E, and let C* be a direct sum of copies of C indexed 
by Denote by <& again the homomorphism Oe — * C*, a (<^a) v ea>. 

Proposition 10.2. T7ie image o/C E m C* is a /attice, and i/ie quotient 

C $ /§(Oe) is an abelian variety A§ of CM-type (E,&) for the natural homomor- 
phism i$ : E — > End°(^4$). ^4nj/ oi/ier pair (A, i) of CM-type (E, $) is E-isogenous 
to (A$,i$). 

Proof. We have 

O e ®z R = Ob ®z Q ®q R = £ ®q R e ® rH "(- 7 " ye '-) ! C*, 

and so <&(£>£;) is a lattice in C*. 

To show that the quotient is an abelian variety, we have to exhibit a riemann 
form (6.7). Let a be a totally imaginary clement of E. The weak approximation 
theorem allows us to choose a so that 3(<pa) > for tp e <!>, and we can multiply 
it by an integer (in N) to make it an algebraic integer. Define 

ip(u, v) = Tr E/Q (auv*), u,veO E - 

Then ip(u,v) € Z. The remaining properties can be checked on the right of (42). 
Here tp takes the form tp = X^ 6$ VV' wnere 

i><p(u, v) — Tr c/R (a v ■ u ■ v), a lp = ip(a), u,veC. 

Because a is totally imaginary, 

ip v (u, v) = a v (uv — uv) e R, 
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from which it follows that Vv( w > u ) = ^, tp<p(iu,iv) = i[) v (u,v), and ip v (u,iu) > 
for ii^O. Thus, ip is a riemann form and A$ is an abelian variety. 

An element a e acts on C* as muliplication by <j>(a). This preserves 
<I>(C>£), and so defines a homomorphism — > End(^4$). On tensoring this with 
Q, we obtain the homomorphism i$. The map C* — > C*/ ( f>(C£;) defines an isomor- 
phism C* = Tgt (C*) — ► Tgt (A$) compatible with the actions of £7. Therefore, 
is) is of CM-type (E, $). 

Finally, let (A, i) be of CM-type (£, The condition (43) means that Tgt (A) 
is isomorphic to C* as an E ®q C-modulc. Therefore, A(C) is a quotient of C* by 
a lattice A such that QA is stable under the action of E on C* given by $ (see 6.7 
et seq.). This implies that QA = $(E), and so A = <1>(A') where A' is a lattice in 
E. Now, NA' C Oe for some N, and we have S-isogenies 

C*/A^C*/AA^C <E, /$(C £ ;). □ 

PROPOSITION 10.3. Let (A,i) be an abelian variety of CM-type (E,$) over C. 
Then (A, i) has a model over Q al , uniquely determined up to isomorphism. 

Proof. Let k C £1 be algebraically closed fields of characteristic zero. For 
an abelian variety A over k, the torsion points in A(k) are zariski dense, and the 
map on torsion points ^4(fc) t0 rs — * ^4(^)tors is bijective (see (40)), and so every 
regular map Aq — > Wn (W a variety over k) is fixed by the automorphisms of 
fl/k and is therefore defined over k (AG 16.9; see also 13.1 below). It follows that 
iHi : AV(fc) -» AV(ft) is fully faithful. 

It remains to show that every abelian variety (A, i) of CM-type over C arises 
from a pair over Q al . The polynomials defining A and i have coefficients in some 
subring R of C that is finitely generated over Q al . According to the Hilbert Null- 
stellensatz, a maximal ideal m of R will have residue field Q al , and the reduction 
of (A,i) mod m is called a specialization of (A,i). Any specialization (A',i') of 
(A,i) to a pair over Q al with A' nonsingular will still be of CM-type (E,$), and 
therefore (see 10.2) there exists an isogeny (A' , i')c — ► (A, i). The kernel H of this 
isogeny is a subgroup of ^4'(C) t0 rs = ^4'(Q al )tors, and (A'/H,i) will be a model of 
(A, i) over Q al . □ 

Remark 10.4. The proposition implies that, in order for an elliptic curve A 
over C to be of CM-type, its j-invariant must be algebraic. 

Let A be an abelian variety of dimension g over a subfield k of C, and let i : E — > 
End (A) be a homomorphism with E a CM-field of degree 2g. Then Tgt (A) is a 
fc-vector space of dimension g on which E acts fc-linearly, and, provided k is large 
enough to contain all conjugates of E, it will decompose into one-dimensional k- 
subspaces indexed by a subset $ of Hom(E, k). When we identify $ with a subset of 
Hom(£7, C), it becomes a CM-type, and we again say (A, i) is of CM-type (E,$). 

Let A be an abelian variety over a number field if. We say that A has good 
reduction at *p if it extends to an abelian scheme over Ok,^, i.e., a smooth proper 
scheme over O^ijj with a group structure. In down-to-earth terms this means the 
following: embed A as a closed subvariety of some projective space P^-; for each 
polynomial P{Xq, . . . ,X n ) in the homogeneous ideal a defining A C multiply 
P by an element of K so that it (just) lies in Ok,<$ [A , . . . , X n ] and let P denote the 
reduction of P modulo *P; the P's obtained in this fashion generate a homogeneous 
a ideal in k[X , . . . , X n ] where k — Ok/^', the abelian variety A has good reduction 
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at <p if it is possible to choose the projective embedding of A so that the zero set of 
o is an abelian variety A over k. Then A is called the reduction of A at ^3. It can 
be shown that, up to a canonical isomorphism, A is independent of all choices. For 
£ ^ char(fc), Ve(A) = Vg(A). There is an injective homorphism End(A) — > End(A) 
compatible with Vg(A) = Ve(A) (both are reduction maps). 

PROPOSITION 10.5. Let (A,i) be an abelian variety of CM-type (E,$) over 
a number field K C C, and let ^ be a prime ideal in Ok- Then, after possibly 
replacing K by a finite extension, A will have good reduction at ^p. 

Proof. We use the Neron (alias, Ogg-Shafarcvich) criterion (Serre and Tate 
1968, Theorem 1): 

an abelian variety over a number field K has good reduction at 
*P if for some prime £ ^ char(C^/*P), the inertia group / at 
acts trivially on TgA. 
In our case, VgA is a free E <g)Q Q^-module of rank 1 because Hi{Ac<Qi) is a one- 
dimensional vector space over E and VgA = _ffi(Ac, Q) <8> Qe (see (41)). Therefore, 
E®qQe is its own centralizer in Endq^VgA) and the representation of Gal(Q al /Q) 
on VgA has image in (E ® Qe) x , and, in fact, in a compact subgroup of (E ® Qe) x . 
But such a subgroup will have a pro-£ subgroup of finite index. Since / has a pro-p 
subgroup of finite index (ANT, 7.5), this shows that image of / is finite. After K 
has been replaced by a finite extension, the image of / will be trivial, and Neron's 
criterion applies. □ 

Abelian varieties over a finite field. Let F be an algebraic closure of the 
field F p of p-elements, and let F g be the subfield of F with q = p m elements. An 
clement a of F lies in F g if and only if a q = a. Recall that, in characteristic p, 
(X + Y)p = XP + YP. Therefore, if f(X u ...,X n ) has coefficients in F„ then 

f(X u ...,X n y = f(Xf, XI), /(oi, . . . , a n y = f(a\, al), a t e F. 

In particular, 

f(a u ...,a n )=0 /(a?,. ..,o«) = 0, a.eF. 

Proposition 10.6. There is a unique way to attach to every variety V over 
¥ q a regular map ixy. V — > V such that 

(a) for any regular map a : V — ► W , a o iry = ttw ° ex; 

(b) 7r An is the map (a 1} . ..,a„) h-> {a\, . . . ,a«). 

Proof. For an affine variety V = SpecmA, define ny be the map correspond- 
ing to the F 9 -homomorphism x ^ x q : A—f A. The rest of the proof is straightfor- 
ward. □ 

The map ny is called the Frobenius map of V. 

Theorem 10.7 (Weil 1948). For an abelian variety A over ¥ q , End (A) is a 
finite- dimensional semisimple Q-algebra with -ka in its centre. For every embedding 
p: Q[tt a ]^C, \p(ir A )\ = qi. 

PROOF. See, for example, Milne 1986, 19.1. □ 

If A is simple, Q[7r^] is a field (p334), and is an algebraic integer in it (p334). 
An algebraic integer it such that \p(n)\ — q? for all cmbeddings p: Q[tt] — > C is 
called a Weil q-integer (formerly, Weil q- number). 
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For a Weil g-integer tt, 



p(n) ■ p(tt) = q = p(ir) ■ p(q/n), all p: Q[tt] C, 



and so p(q/n) = p(n). It follows that the field p(Q[7r]) is stable under complex 
conjugation and that the automorphism of Q[ir] induced by complex conjugation 
sends ir to q/ir and is independent of p. This implies that Q[n] is a CM-field (the 
typical case), Q, or Q[y/p\. 

Lemma 10.8. Let n and ir' be Weil q-integers lying in the same field E. If 
ord„(7r) = ord t) (7r') for all v\p, then n' = (ir for some root of 1 in E. 

Proof. As noted above, there is an automorphism of Q{ir] sending tt to q/n. 
Therefore q/n is also an algebraic integer, and so ord t ,(7r) = for every finite v \ p. 
Since the same is true for w', we find that \n\ v = \n'\ v for all v. Hence tt/tt' is a 
unit in Oe such that \tt/tt'\ v — 1 for all v\oo. But in the course of proving the unit 
theorem, one shows that such a unit has to be root of 1 (ANT, 5.6). □ 

The Shimura-Taniyama formula. 

Lemma 10.9. Let {A, i) be an abelian variety of CM-type (E, <!>) over a number 
field k C C having good reduction at <p C Ok to {A,i) over Ok/ty = Then the 
Frobenius map 7Tj of A lies in l{E) . 

Proof. Let tt = n^- It suffices to check that ir lies in i{E) after tensoring with 
Qe. As we saw in the proof of (10.5), ViA is a free E ®q Q^-module of rank 1. It 
follows that V(,A is also a free E ®q Q^-module of rank 1 (via i). Therefore, any 
endomorphism of Vi A commuting with the action of E ® will lie in E ® . □ 

Thus, from (A, i) and a prime *p of fc at which A has good reduction, we get a 
Weil g-integer 7r <G E. 

Theorem 10.10 (Shimura-Taniyama). In the situation of the lemma, assume 
that k is galois over Q and contains all conjugates of E. Then for all primes v of 
E dividing p, 



where H v = {p: E — > fc | p 1 (*P) = p v } and \S\ denotes the order of a set S. 

Remark 10.11. (a) According to (10.8), the theorem determines ir up to a root 
of 1. Note that the formula depends only on (E 7 &). It is possible to see directly 
that different pairs (A, i) over k of CM-type (E, $) can give different Frobenius 
elements, but they will differ only by a root of 1. 

(b) Let * denote complex conjugation on Q[n]. Then nir* — q, and so 

(45) ord t ,(7r) + ord t ,(7r*) = ord v (q). 



(44) 



ord^Tr) = |$nff,| 
ord v (q) \H V \ 



Moreover, 



ord„(7r*) 



ord l ,«(7r) 



and 



<E>niJ„. 



Therefore, (44) is consistent with (45): 



ord„(7r) ord„(7r*) (44) |<i>n7J„| 



+ 



\$nH v ,\ _ |($u$)nff,| 



= l. 



ord v (q) ord v (q) 
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In fact, (44) is the only obvious formula for ord„(7r) consistent with (45), which 
is probably a more convincing argument for its validity than the proof sketched 
below. 

The O E-structure of the tangent space. Let R be a Dedekind domain. Any 
finitely generated torsion R- module M can be written as a direct sum ©j-R/P? 
with each pi an ideal in R, and the set of pairs (pi,rt) is uniquely determined by 
M. Define \M\r = IIP?- For example, for R — Z, M is a finite abelian group and 
\M\z is the ideal in Z generated by the order of M. 

For Dedekind domains R C S with S finite over R, there is a norm homomor- 
phism sending fractional ideals of S to fractional ideals of R (ANT, p58). It is 
compatible with norms of elements, and 

Nm(<p) = p/(WP) j <p p rimC; p = tp n R 

Clearly, 

(46) \S/X\r = Nm(a) 

since this is true for prime ideals, and both sides are multiplicative. 

Proposition 10.12. Let A be an abelian variety of dimension g over¥ q , and 
let i be a homomorphism from the ring of integers Oe of a field E of degree 2g over 
Q into End(A). Then 

\Tgt A\ OE = (n A ). 

Proof. Omitted (for a scheme-theoretic proof, see Giraud 1968, Theoreme 
1). □ 

Sketch of the proof the Shimura-Taniyama formula. We return to the situation 
of the Theorem 10.10. After replacing A with an isogenous variety, we may assume 
i(Oe) C End(A). By assumption, there exists an abelian scheme A over Ofc,<p 
with generic fibre A and special fibre an abelian variety A. Because A is smooth 
over Ok,ip, the relative tangent space of A/Ok,<$ is a free C^qj-module T of rank 
g endowed with an action of Oe such that 

T ®o k , v k = Tgt (A), T ® 0k V O kiV /<$ = Tgt (A). 

Therefore, 

(47) (tt) 10 - 12 |Tgt A\ 0e = \T® 0k , v {O k ^m\ QE . 

For simplicity, assume that (p) =df *P H Z is unramified in E. Then the isomor- 
phism of i?-modules 

T® 0kV k^k* 
induces an isomorphism of C^-modules 

(48) T « Ot,y 

In other words, T is a direct sum of copies of Ofe.qj indexed by the elements of <f>, 
and Oe acts on the (p th copy through the map 

As Ofc/qj = Ofe^/^P (ANT, 3.11), the contribution of the (p th copy to (tt) in (47) 
is 

(46) 
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Thus, 

(49) (n)=ll^ l p- 1 (Nm k/vE y). 

It is only an exercise to derive (44) from (49). 

Notes. The original formulation of the Shimura-Taniyama theorem is in fact 
(49). It is proved in Shimura and Taniyama 1961, III. 13, in the unramified case 
using spaces of differentials rather than tangent spaces. The proof sketched above 
is given in detail in Giraud 1968, and there is a proof using p-divisible groups in 
Tate 1969, §5. See also Serre 1968, pII-28. 

11. Complex multiplication: the main theorem 

Review of class field theory. Classical class field theory classifies the abclian 
extensions of a number field E, i.e., the galois extensions L/E such Gal(L/E) is 
commutative. Let E ah be the composite of all the finite abelian extensions of E 
inside some fixed algebraic closure E al of E. Then E ah is an infinite galois extension 
oiE. 

According to class field theory, there exists a continuous surjective homomor- 
phism (the reciprocity or Artin map) 

rec B : A* -» Gal(£ ab /£) 

such that, for every finite extension L of E contained in i? ab , rec E gives rise to a 
commutative diagram 

E X \A X Gal(£ ab /£) 

onto 

cri— *<r\L 

£*\A*/Nm i/E (A£) Gal(L/25). 

It is determined by the following two properties: 

(a) rec L / E (u) = 1 for every u = (u v ) £ A^ such that 

i) if v is unramified in L, then u v is a unit, 

ii) if v is ramified in L, then u v is sufficiently close to 1 (depending only 
on L/E), and 

iii) if v is real but becomes complex in L, then u v > 0. 

(b) For every prime v of E unramified in L, the idele 

a = (1, . . . , 1, 7r, 1, . . .), 7r a prime element of 0^, 

V 

maps to the Frobenius element (v,L/E) £ Gal(L/E). 

Recall that if is a prime ideal of L lying over p v , then (v,L/E) is the automor- 
phism of L/E fixing <p and acting asn-» x^° E '- p ") on C^/*|3. 

To see that there is at most one map satisfying these conditions, let a £ A E , 
and use the weak approximation theorem to choose an a £ E x that is close to a v 
for all primes v that ramify in L or become complex. Then a = au[3 with u an idele 
as in (a) and [3 a finite product of ideles as in (b). Now rec L / E (a) = rec L / E ((3), 
which can be computed using (b). 

Note that, because Gal(_E ab /i?) is totally disconnected, the identity component 
of E x \Ag is contained in the kernel of rec^;. In particular, the identity component 
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of riuioo-k? 1S contained in the kernel, and so, when E is totally imaginary, rec^ 
factors through E X \A E f . 

For E = Q, the reciprocity map factors through Q x \{±} x A£, and every 

element in this quotient is uniquely represented by an element of Z x C A^ . In this 
case, we get the diagram 

Z x Gal(Q ab /Q) IMOv] 

(50) J jrcstrict 

(Z/NZ) X i±l^p^ Gal(Q[Cjv]/Q) 

which commutes with an inverse. This can be checked by writing an idele a in the 
form auf3 as above, but it is more instructive to look at an example. Let p be a 
prime not dividing TV, and let 

a=p-(l,...,l,p _1 ,l,...) eZ-A x = A x . 
p 

Then a G Z x and has image [p] in Z/NZ, which acts as (p, Q[Gv]/Q) on Q[( N ]- On 
the other hand, recQ(a) = recQ((l, . . . ,_p _1 , . . .)), which acts as (p, Q[Civ]/Q) _1 - 

Notes. For the proofs of the above statements, see Tate 1967 or my notes 
CFT. 

Convention for the (Artin) reciprocity map. It simplifies the formulas 
in Langlands theory if one replaces the reciprocity map with its reciprocal. For 
a e A^, write 

(51) arte(a) = rec E (a)~ 1 . 
Now, the diagram (50) commutes. In other words, 

art Q (x(a)) = a, for a e Gal(Q ab /Q), 

where \ is the cyclotomic character Gal(Q ab /Q) — > Z x , which is characterized by 

(7C = C X W, C a root of 1 inC x . 

The reflex field and norm of a CM-type. Let (E, $) be a CM-type. 

Definition 11.1. The reflex field E* of (E, <&) is the subfield of Q al charac- 
terized by any one of the following equivalent conditions: 

(a) cr <E Gal(Q al /Q) fixes E* if and only if cr(f> = <I>; here cr<& = {cr o Lp\tp e $}; 

(b) E* is the field generated over Q by the elements ^2 ve ^,<f(a), a e E; 

(c) E* is the smallest subfield k of Q al such that there exists a fc-vector space 
V with an action of E for which 

Tr k (a\V) = J2 ve <s> L p( a )' all a £ E. 

Let V be an i?*-vector space with an action of E such that Tr E *(a\V) = 
^ ¥ , e4 ,< / 9(a) for all a e E. We can regard V as an E* ®q 75-space, or as an E- 
vector space with a E- linear action of E* . The reflex norm is the homomorphism 

iV$» : (G m ) E ,/q — > (G m ) B /Q such that 

iV*.(a) = det E (a\V), all a e E* x . 
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This definition is independent of the choice of V because V is unique up to an 
isomorphism respecting the actions of E and E* . 

Let (A,i) be an abelian variety of CM-type (E,<&) defined over C. According 
to (11.1c) applied to Tgt (-4), any field of definition of (A,i) contains E* . 

Statement of the main theorem of complex multiplication. A homo- 
morphism a: k — > Q, of fields defines a functor V i— ► aV, a i— » era, "extension of 
the base field" from varieties over k to varieties over Q. In particular, an abelian 
variety A over k equipped with a homomorphism i: E — > End (A) defines a similar 
pair <j(A, i) = {a A, a i) over ft. Here a i: E — > F,nd(aA) is defined by 

a i(a) = cr(i(a)). 

A point P e gives a point aP e -A(fi), and so a defines a homomorphism 

ct: Vf(A) — » V/(ctA) provided that fc and are algebraically closed (otherwise one 
would have to choose an extension of k to a homomorphism fc al — ► fi al ). 

Theorem 11.2. Let (A,i) be an abelian variety of CM-type (E,$) overC, and 
let a G Aut(C/i?*). For any s <G A^, ^ with art£;*(s) = a\E* ah , there is a unique 
E-linear isogeny a: A — > a A such that a(N$,*(s) ■ x) = ax for all x e VfA. 

Proof. Formation of the tangent space commutes with extension of the base 
field, and so 

Tgt (aA) = Tgt (A) ® c , ff C 

as an E <g)Q C-module. Therefore, (a A, a i) is of CM type cr<I>. Since a fixes E* , 
<t<J> = <I>, and so there exists an iMinear isogeny a: A^> a A (10.2). The map 

V f (A) A Vf(o-A) V,( ^ V f (A) 

is £^(g)QA/-linear. As Vf(A) is free of rank one over £7®qA/ = Aej, this map must 
be multiplication by an clement of a e A^ j. When the choice of a is changed, 
then a is changed only by an element of E x , and so we have a well-defined map 

a^aE x : Gal(Q al /£*) -» A* f /E x , 

which one checks to be a homomorphism. The map factors through Gal(-E* ab / 'E*) , 
and so, when composed with the reciprocity map arts*, it gives a homomorphism 

We have to check that r] is the homomorphism defined by , but it can be 
shown that this follows from the Shimura-Taniyama formula (Theorem 10.10). The 
uniqueness follows from the faithfulness of the functor A \— > Vf(A). □ 

Remark 11.3. (a) If s is replaced by as, a <G E* x , then a must be replaced by 
aoJV$.(a) -1 . 

(b) The theorem is a statement about the -E-isogeny class of (A, i). If /?: (A, i) — > 
(B,j) is an E-lincar isogeny, and a satisfies the conditions of the theorem for (A,i), 
then (ct/3) o a o satisfies the conditions for (B, j). 

Aside 11.4. What happens in (11.2) when a is not assumed to fix E*l This 
also is known, thanks to Deligne and Langlands. For a discussion of this, and much 
else concerning complex multiplication, sec my notes Milne 1979. 



12. DEFINITION OF CANONICAL MODELS 



343 



12. Definition of canonical models 

We attach to each Shimura datum (G, X) an algebraic number field E(G,X), 
and we define the canonical model of Sh(G, X) to be an inverse system of varieties 
over E{G 1 X) that is characterized by reciprocity laws at certain special points. 

Models of varieties. Let k be a subfield of a field ft, and let V be a variety 
over fL A model of V over k (or a k-structure on V) is a variety Vq over fc 
together with an isomorphism ip : Vqq — > V^. We often omit the map 93 and regard 
a model as a variety Vq over fc such that Von = V. 

Consider an affine variety V over C and a subfield k of C. An embedding 
Ag defines a model of V over fc if the ideal I(V) of polynomials zero on V is gener- 
ated by polynomials in k[Xi, . . . , X n ], because then I =df I{V) n k[X\, . . . , X n ] is 
a radical ideal, k[Xi, . . . , X n ]/I is an affine /c-algebra, and V"(io) C AJJ is a model 
of V. Moreover, every model (Vo, </?) arises in this way because every model of an 
affine variety is affine. However, different embeddings in affine space will usually 
give rise to different models. For example, the embeddings 

define the Q-structures 

x 2 + r 2 = i, X 2 + 2F 2 = 1 

on the curve X 2 + Y" 2 = 1. These are not isomorphic. 
Similar remarks apply to projective varieties. 

In general, a variety over C will not have a model over a number field, and 
when it does, it will have many. For example, an elliptic curve E over C has a 
model over a number field if and only if its j-invariant j(E) is an algebraic number, 
and if Y 2 Z = X z + aXZ 2 + bZ 3 is one model of E over a number field k (meaning, 
a, b e k), then Y 2 Z = X 3 + ac 2 XZ 2 + be 3 Z 3 is a second, which is isomorphic to 
the first only if c is a square in k. 

The reflex field. For a reductive group G over Q and a subfield k of C, we 
write C(k) for the set of G(/c)-conjugacy classes of cocharacters of Gk defined over 
k: 

C(k) = G(k)\Kom(G m ,G k ). 
A homomorphism k — > k' induces a map C(k) — > C(fc'); in particular, Aut(fc'/fc) 
acts on C(k'). 

Lemma 12.1. Assume G splits over k, so that it contains a split maximal torus 
T, and let W be the Weyl group N G(k) (T) /C G{k) {T) of T . Then the map 

VF\Hom(G m ,T fe ) -» G(k)\ Hom(G m , G k ) 

is bijective. 

Proof. As any two maximal split tori are conjugate (Springer 1998, 15.2.6), 
the map is surjective. Let fi and p! be cocharacters of T that are conjugate by an 
element of G(k), say, p = ad(<?) o p! with g e G(k). Then ad(g)(T) and T are both 
maximal split tori in the centralizer C of p{G m ), which is a connected reductive 
group (ibid., 15.3.2). Therefore, there exists ace C(k) such that ad(cg)(T) = T. 
Now eg normalizes T and ad(cg) o p' = p, which proves that p and p! are in the 
same VF-orbit. □ 
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Let (G, X) be a Shimura datum. For each x e A, we have a cocharacter \i x of 

M*) = h xC (z,\). 

A different a; e X will give a conjugate u x , and so X defines an element c(X) of 
C(C). Neither Hom(G m , Tq»i) nor W" changes when we replace C with the algebraic 
closure Q al of Q in C, and so the lemma shows that c(X) contains a \x defined over 
Q aI and that the G(Q al )-conjugacy class of a is independent of the choice of \i. 
This allows us to regard c(X) as an clement of C(Q al ). 

Definition 12.2. The reflex (or dual) field E(G,X) is the field of definition 
of c(X), i.e., it is the fixed field of the subgroup of Gal(Q al /Q) fixing c(X) as an 
element of C(Q al ) (or stabilizing c(X) as a subset of Hom(G m , Gq*i)). 

Note that the reflex field a subfield of C. 

Remark 12.3. (a) Any subfield k of Q al splitting G contains E(G,X). This 
follows from the lemma, because W\Hom(G m ,T) does not change when we pass 
from k to Q al . If follows that E(G,X) has finite degree over Q. 

(b) If c(X) contains a a defined over k, then k D E(G,X). Conversely, if 
G is quasi-split over k and k D E(G,X), then c(X) contains a u defined over k 
(Kottwitz 1984, 1.1.3). 

(c) Let (G,X) ^ (G',X') be an inclusion of Shimura data. Suppose a fixes 
c(X), and let \i € c(X). Then afi = g- u- g -1 for some g e G(Q al ), and so, for any 

g' e G'(Q al ), 

<9' '{ion)- g'- 1 ) = (ag')(i(g)) - ion - {i{g))-\ag')^ e c(X'). 

Hence a fixes c(X'), and we have shown that 

E{G,X) D E(G',X'). 

Example 12.4. (a) Let T be a torus over Q, and let ft, be a homomorphism 
§ — > Tr. Then E(T, h) is the field of definition of fih, i-e., the smallest subfield of 
C over which Uh is defined. 

(b) Let (E, $) be a CM-type, and let T be the torus (<S m ) E/ ®, so that T(Q) = 
i? x and 

T(R) = (£<8> Q M) X = (C*) x , (eOr) ^ ( v (e) • r) ve *. 
Define ft$ : C x — > T(R) to be z (z, . . . , z). The corresponding cocharacter fi^ is 

C x -> T(C) ^ (C*) x x (C*) x 
z i ► (z, . . . ,z, 1, . . . , 1) 

Therefore, ct/z$ = if and only if <r stabilizes and so -E(T, ft$) is the reflex field 
of (£,$) defined in (11.1). 

(c) If (G, A) is a simple PEL datum of type (A) or (C), then E(G,X) is the 
field generated over Q by {Tr x (6) | 6 e 5} (Dclignc 1971c, 6.1). 

(d) Let (G, A) be the Shimura datum attached to a quaternion algebra B over 
a totally real number field F, as in Example 5.24. Then c(A) is represented by the 
cocharacter fi: 

G(C) w GL 2 (C) / = x GL 2 (C) / - 
H(z) = x ((§?),...,(§?)). 
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Therefore, E(G, X) is the fixed field of the stabilizer in Gal(Q al /Q) of J nc C /. For 
example, if I nc consists of a single element v (so we have a Shimura curve), then 
E(G,X) = v(F). 

(e) When G is adjoint, E(G, X) can be described as follows. Choose a maximal 
torus T in GQai and a base («,),£/ for the roots. Recall that the nodes of the dynkin 
diagram A of (G,T) are indexed by I. The galois group Gal(Q al /Q) acts on A. 
Each c G C(Q al ) contains a fi: G m — > G Q ai such that (aj,/z) > for all z (cf. 1.25), 
and the map 

CH((ai,/i}) je7 : C(Q al ) -> N 7 (copies of N indexed by J) 

is a bijection. Therefore, £?(G, X) is the fixed field of the subgroup of Gal(Q al /Q) 
fixing ({at, G N 7 . It is either totally real or CM (Deligne 19716, pl39). 

(f ) Let (G, X) be a Shimura datum, and let G A T be the quotient of G by 
G dor . From (G, X), we get Shimura data (G ad , A ad ) and (T, ft) with h=voh x for 
all x G X. Then E(G,X) = E(G ad ,X ad ) ■ E(T, h) (Deligne 19716, 3.8). 

(g) It follows from (c) and (f ) that if (G, X) satisfies SV6, then E(G, X) is 
cither a totally real field or a CM-field. 

Special points. 

Definition 12.5. A point ielis said to be special if there exists a torus 
T C G such that /i x (C x ) C T(R). We then call (T,x), or (T,h x ), a special pair 
in (G,X). When the weight is rational and Z(G)° splits over a CM-field (i.e., SV4 
and SV6 hold) , the special points and special pairs are called CM points and CM 
pairs. 

Remark 12.6. Let T be a maximal torus of G such that T(R) fixes x, i.e., such 
that ad(i) o h x — h x for all t G T(R). Because 7r is its own centralizer in Gr, this 
implies that h x (C x ) C T(R), and so a; is special. Conversely, if (T, x) is special, 
then T(R) fixes x. 

Example 12.7. Let G = GL 2 and let Uf = C \ R. Then G(R) acts on by 

a 6 \ flz + 6 

2 = 



c d y cz + d ' 

Suppose that z G C\R generates a quadratic imaginary extension E of Q. Using the 
Q-basis {1,2;} for E, we obtain an embedding E M2(Q), and hence a maximal 
subtorus (G m )#/Q C G. As (G to )b/q(R) fixes z, this shows that z is special. 
Conversely, if z G is special, then Q[z] is a field of degree 2 over Q. 

The homomorphism r x . Let T be a torus over Q and let /x be a cocharacter of 
T defined over a finite extension E of Q. For Q G T(E), the element ^ _E^Qai p(Q) 
of T(Q al ) is stable under Gal(Q al /Q) and hence lies in T(Q). Let r(T,^) be the 
homomorphism (G m ) s /Q — > T such that 

(52) r(7»(P)= E H^)), allPGP x . 

p: S— >Q al 

Let (T, x) C (G, A) be a special pair, and let E(x) be the field of definition of 
/j, x . We define r x to be the homomorphism 

(53) A x (x) ^T(A Q )^T(A QJ ). 
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Let a e &£( x y and write a = (a^a/) G (E(x) <8)qIR) x x ^e(x) /> * nen 

r x {a) = £ p(fi x (a f )). 

p: E^Q*' 

Definition of a canonical model. For a special pair (T, x) C (G,Jf), we 
have homomorphisms ((51), (53)), 

art s(x) : A* (x) -» Gal(£(x) ab / 'E(x)) 

Definition 12.8. Let (G, X) be a Shimura datum, and let K be a compact 
open subgroup of G(A/). A model M K (G,X) of Sh K (G,A) over E(G,X) is 
canonical if, for every special pair (T, x) C (G, X) and a € G(A/), [x, a]#- has 
coordinates in i?(x) ab and 

(54) <r[a;,a]K = [x, r x (s)a]^ , 

for all 

a e G&\{E{xY h /E{x)) \ . , 

x with art E(x) (s) = <7. 

S fc A £(!) J 

In other words, Mk(G, X) is canonical if every automorphism a of C fixing E(x) 
acts on [x, o\k according to the rule (54) where s is any idele such that art#( x )(s) = 
a\E(x) ah . 

Remark 12.9. Let (T\,x) and (I2, x) be special pairs in (G, X) (with the same 
x). Then (T\ <~)T2, x) is also a special pair, and if the condition in (54) holds for one 
of (Ti nT2,a;), (Ti,x), or (T2,x), then it holds for all three. Therefore, in stating 
the definition, we could have considered only special pairs (T, x) with, for example, 
T minimal among the tori such that T R contains h x (S). 

Definition 12.10. Let (G, X) be a Shimura datum. 

(a) A model of Sh(G, X) over a subfield k of C is an inverse system M(G, X) = 
(Mk(G, X))x of varieties over k endowed with a right action of G(Af) such that 
M(G, X) c = Sh(G, X) (with its G(A/) action). 

(b) A model M(G, A) of Sh(G, X) over £(G, X) is canonica/ if each M K (G, X) 
is canonical. 

Examples: Shimura varieties defined by tori. For a field k of charac- 
teristic zero, the functor V V{k aX ) is an equivalence from the category of zero- 
dimensional varieties over k to the category of finite sets endowed with a continuous 
action of Gal(fc al //c). Continuous here just means that the action factors through 
Gal(L/fc) for some finite galois extension L of k contained in fc al . In particular, to 
give a zero-dimensional variety over an algebraically closed field of characteristic 
zero is just to give a finite set. Thus, a zero-dimensional variety over C can be 
regarded as a zero-dimensional variety over Q al , and to give a model of V over a 
number field E amounts to giving a continuous action of Gal(Q al /Q) on V(C). 

Tori. Let T be a torus over Q, and let h be a homomorphism § — > Tr. Then 
(T, h) is a Shimura datum, and E =df E(T,h) is the field of definition of /U^. In 
this case 

Sh K (T, h) = T(Q)\{h} x T(A f )/K 
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is a finite set (see 5.22), and (54) defines a continuous action of Gal(E ah / E) on 
Sh k(T, h). This action defines a model of Sh^(T, h) over E, which, by definition, 
is canonical. 

CM-tori. Let (E, $) be a CM-type, and let (T, /i$) be the Shimura pair defined 
in (12.4b). Then EiT.hq,) = E* , and r(T,/x$): (G m ) £ ./ Q -> (G m ) B/Q is the reflex 
norm iV$.. 

Let if be a compact open subgroup of T(Af). The Shimura variety Sh^(T, /i$) 
classifies isomorphism classes of triples (A, i, r/K) in which (A, i) is an abelian variety 
over C of CM-type (E,&) and n is an £7® A/-linear isomorphism V(Ay) — > V/(A). 
An isomorphism (A, i,r)K) — ► (A',i',r)'K) is an ^-linear isomorphism A — > A' in 
AV°(C) sending ryif to r/if. To see this, let V be a one-dimensional vector space. 
The action of E on F realizes T as a subtorus of GL(V). If (A, z) is of CM-type 
(E, $), then there exists an i?-homomorphism a: Hi(A,Q) — > carrying /i^ to /i<j> 
(see 10.2). Now the isomorphism 

K(A,) V,(A) A% y( A/ ) 

is _E(g)A/-linear, and hence is multiplication by an element g of (E(g>Af) x — T E (Af). 
The map (A, i,r/) i— > [<?] gives the bijection. 

In (10.3) and its proof, we showed that the functor (A, i) i— » (Ac,ic) defines 
an equivalence from the category of abelian varieties over Q al of CM-type (J5, $) 
to the similar category over C (the abelian varieties are to be regarded as objects 
of AV ). Therefore, SYik(T e , h$) classifies isomorphism classes of triples (A,i,rjK) 
where (A, i) is now an abelian variety over Q al of CM-type (E, <f>). 

The group Gal(Q al /i?*) acts on the set Mr of such triples: let (A, i, rf) e Mr] 
for cr e Gal(Q al /£*), define a(A,i,r]K) to be the triple (a A, a i, a r]K) where a n is 
the composite 

(55) V(Af) V f (A) V f (aA); 

because a fixes E* , (aA 7 ai) is again of CM-type (E,&). 

The group Gal(Q al /£*) acts on Sh K (T E , h*) by the rule (54): 

°[9] = [ r h*(s)g]K, art B .(s) = <t\E*. 

Proposition 12.11. The map {A,i,rj) ^ [aorj\ K : Mr — » Sh K (T E ,h$) com- 
mutes with the actions o/Gal(Q al /_E*). 

Proof. Let (A, i,rj) e Mk map to [a o t]]k for an appropriate isomorphism 
a: if^AjQ) -» V, and let a e Gal(Q a1 /^*)- According to the main theorem of 
complex multiplication (11.2), there exists an isomorphism a: A — > a A such that 
a(iV$*(s) • x) = ax for x G V/ (A), where s € A^* is such that art£*(s) = cr|-E*. 
Then <r(A, i, 77) 1— > [a o i2i(a) =1 o a o rj\ K . But 

y / (a) =1 o (T = JV».(s) = r fc .(s), 

and so 

[00 Hxiay 1 o<toi 1 ] k = [r h #(s) ■ (aoij)] K 
as required. □ 

Notes. Our definitions coincide with those of Deligne 1979, except that we 
have corrected a sign error there (it is necessary to delete "inverse" in ibid. 2.2.3, 
p269, line 10, and in 2.6.3, p284, line 21). 
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13. Uniqueness of canonical models 

In this section, I sketch a proof that a Shimura variety has at most one canonical 
model (up to a unique isomorphism) . 

Extension of the base field. 

Proposition 13.1. Let k be a subfield of an algebraically closed field Q, of 
characteristic zero. If V and W are varieties over k, then a regular map Vh — ► Wq. 
commuting with the actions of Aut(f2/fc) on V(£i) and W{Q) arises from a unique 
regular map V — > W . In other words, the functor 

V i— » Vq + action of Aut(Jtyfc) on V(Ct) 

is fully faithful. 

PROOF. See AG 16.9. [The first step is to show that the Cl A "W/k) = fc ; which 
requires Zorn's lemma in general.] □ 

Corollary 13.2. A variety V over k is uniquely determined (up to a unique 
isomorphism) by Vq and the action o/Aut(f2/fc) on V(fl). 

Uniqueness of canonical models. Let (G, X) be a Shimura datum. 

Lemma 13.3. There exists a special point in X. 

Proof (sketch). Let x £ X, and let T be a maximal torus in Gr containing 
h x (C). Then T is the centralizer of any regular element A of Lie(T). If A € Lie(G) 
is chosen sufficiently close to A, then the centralizer T of A in G will be a maximal 
torus in G (Borcl 1991, 18.1, 18.2), and T will become conjugate 17 to T over E: 

T m = gTg-\ somegeG(K). 

Now h gx (E>) =df <7/u/ _1 (§) C T r, and so gx is special. □ 

Lemma 13.4 (Key Lemma). For any finite extension L of E(G, X) in C, there 
exists a special point Xq such that E(xq) is linearly disjoint from L. 

Proof. See Deligne 19716, 5.1. [The basic idea is the same as that of the proof 
of 13.3 above, but requires the Hilbert irreducibility theorem.] □ 

If G = GL2, the lemma just says that, for any finite extension L of Q in C, 
there exists a quadratic imaginary extension E over Q linearly disjoint from L. 
This is obvious — for example, take E = Q[y/—p\ for any prime p unramificd in L. 

Lemma 13.5. For any x e X, {[x, o]k \ a € G(A/)} is dense in S1ir-(G, X) (in 
the zariski topology). 

Proof. Write 

Sh K (G,X)(C) = G(Q)\X x (G(A f )/K) 

and note that the real approximation theorem (5.4) implies that G(Q)x is dense in 
X for the complex topology, and, a fortiori, the zariski topology. □ 

17 Any element sufficiently close to a regular element will also be regular, which implies that 
To is a maximal torus. Not all maximal tori in G are conjugate — rather, they fall into several 
connected components, from which the second statement can be deduced. 
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Let g e G(Af), and let K and K' be compact open subgroups such that 
K' D g~ 1 Kg. Then the map T(g) 

[x, a] K >-> [a;, ag] K > ■ Sh K (C) — > Sh K > (C) 

is well-defined. 

Theorem 13.6. //Sh^(G,X) and Sh^-' (G, A) /icwe canonical models over 
E{G,X), then T{g) is defined over E{G,X). 

PROOF. After (13.1), it suffices to show that a(T(g)) — T(g) for all automor- 
phisms ct of C fixing E{G, A). Let x € X be special. Then E(x ) D E{G,X) (see 
12.3b), and we first show that a(T(g)) — T(g) for those a's fixing E(xq). Choose 
an s e A^ q such that art(s) = cr|i;(xo) ab . For a e G(A/), 

[x ,a] K i — T(9) ► [oio.op]^ 



[zcb^s)^ N,^ ( s ) a 5]K' 
commutes. Thus, T(<?) and a(T(g)) agree on {[x ,a] | a e G(Ay)}, and hence on 
all of Shx by Lemma 13.5. We have shown that a(T(g)) = T(g) for all a fixing 
the reflex field of any special point, but Lemma 13.4 shows that these a's generate 
Aut(C/£(G,A)). □ 

Theorem 13.7. (a) A canonical model of Shx(G, X) (if it exists) is unique up 
to a unique isomorphism. 

(b) If, for all compact open subgroups K ofG(Af), Shff(G, X) has a canonical 
model, then so also does Sh(G, X), and it is unique up to a unique isomorphism. 

Proof, (a) Take K = K' and g = 1 in (13.6). 

(b) Obvious from (13.6). □ 

In more detail, let (Mk(G,X),ip) and (M' K (G, X), ip') be canonical models of 
Sh K (G,X) over E(G,X). Then the composite 

M K (G,X) C Sh K (G,X) ?C M' K (G,X) C 

is fixed by all automorphisms of C fixing E(G,X), and is therefore defined over 
E(G,X). 

Remark 13.8. In fact, one can prove more. Let a: (G,X) — > (G',X') be amor- 
phism of Shimura data, and suppose Sh(G, X) and Sh(G', X') have canonical mod- 
els M(G,X) and M{G',X'). Then the morphism Sh(o): Sh(G,A) -» Sh(G',A') 
is defined over E(G, X) ■ E(G', X'). 

The galois action on the connected components. A canonical model for 
Sh K (G, X) will define an action of Aut(C/£(G, X)) on the set 7r (Sh K (G, X)). In 
the case that G dcr is simply connected, we saw in §5 that 

7r (Sh K (G,X)) = T(Q)\Y x T(A f )/u(K) 

where v : G -> T is the quotient of G by G dor and Y is the quotient of T(R) by the 
image T(R)t of Z(R) in T(R). Let h = v o /i x for any x e X. Then ^ is certainly 
defined over E(G,X). Therefore, it defines a homomorphism 

r = r(T,/i h ):A^ (G>JC) - 
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The action of a e Aut(C/£J(G, X)) on 7To(S1ir: (G, X)) can be described as fol- 
lows: let s e &e(g x) k e sucn that B,vtE(G,x){s) = cr\E(G, A) ab , and let r(s) = 
(r(a)co,r(a) f ) € T(K) x T(A f ); then 

(56) cr[y,a] x = [r(s) oc y,r(s)f ■ a] Kl for all y e Y, a € T(A f ). 

When we use (56) to define the notion a canonical model of a zero-dimensional 
Shimura variety, we can say that ttq of the canonical model of Shx(G, X) is the 
canonical model of Sh(T, Y). 

If g fixes a special x mapping to y, then (56) follows from (54), and a slight 
improvement of (13.4) shows that such a's generate Aut(C/E(G, X)). 

Notes. The proof of uniqueness follows Deligne 19716, §3, except that I am 
more unscrupulous in my use of the Zorn's lemma. 

14. Existence of canonical models 

Canonical models are known to exist for all Shimura varieties. In this section, 
I explain some of the ideas that go into the proof. 

Descent of the base field. Let k be a subficld of an algebraically closed field 
ft of characteristic zero, and let A = Aut(£l/k). In (13.1) we observed that the 
functor 

{varieties over k} — > {varieties V over ft + action of A on V(Q)}, 

is fully faithful. In this subsection, we find conditions on a pair (V, •) that ensure 
that it is in the essential image of the functor, i.e., that it arises from a variety over 
k. We begin by listing two necessary conditions. 

The regularity condition. Obviously, the action • should recognize that V(f2) is 
not just a set, but rather the set of points of an algebraic variety. Recall that, for 
a € A, o~V is obtained from V by applying a to the coefficients of the polynomials 
defining V, and aP e (aV)(Q) is obtained from P e V(Q) by applying a to the 
coordinates of P. 

Definition 14.1. An action • of A on V(Q) is regular if the map 

aP^a-P: (aV)(Cl) — » V(fi) 

is a regular isomorphism for all a. 

A priori, this is only a map of sets. The condition requires that it be induced 
by a regular map f a : aV — > V . If (V, •) arises from a variety over k, then aV = V 
and aP = a ■ P, and so the condition is clearly necessary. 

Remark 14.2. (a) When regular, the maps f a are automatically isomorphisms 
provided V is nonsingular. 

(b) The maps j„ satisfy the cocycle condition f a ouf T = f aT . Conversely, every 
family (f a )aeA of regular isomorphisms satisfying the cocycle condition arises from 
an action of A satisfying the regularity condition. Such families {fa)aeA are called 
descent data, and normally one expresses descent theory in terms of them rather 
than actions of A. 
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The continuity condition. 

Definition 14.3. An action • of A on V(SY) is continuous if there exists a 
subficld L of ft finitely generated over k and a model Vo of V over L such that the 
action of Aut(f2/L) on V(Q) defined by Vo is •. 

More precisely, the condition requires that there exist a model (Vo, if) of V over 
L such that ip(aP) = a ■ ip(P) for all P e Vb(ft) and a e Aut(C/L). Clearly this 
condition is necessary. 

Proposition 14.4. A regular action ■ of A on V(Q) is continuous if there exist 
points Pi, . . . ,P n G V(fl) such that 

(a) the only automorphism of V fixing every Pi is the identity map; 

(b) there exists a subfield Loffl finitely generated over k such that a ■ Pi = Pi 
for all a fixing L. 

PROOF. Let (Vo, <p) be a model of V over a subfield L of il finitely generated 
over k. After possibly enlarging L, we may assume that ip~ 1 (Pij e Vq(L) and that 
a ■ Pi — Pi for all a fixing L (because of (b)). For such a a, f a and (p o (aip)^ 1 arc 
regular maps aV — > V sending a Pi to Pi for each i, and so they are equal (because 
of (a)). Hence 

ip(aP) = f„((o-y)(o-P)) = Ma(<p(P))) - a ■ p(P) 

for all P e Vb(ri), and so the action of Aut(C/L) on V(Q) defined by (Vo,ip) is 

□ 

A sufficient condition for descent. 

Theorem 14.5. If V is quasiprojective and ■ is regular and continuous, then 
(V, •) arises from a variety over k. 

PROOF. This is a restatement of the results of Weil 1956 (see Milne 1999, 
1.1). □ 

Corollary 14.6. The pair (V, ■) arises from a variety over k if 

(a) V is quasiprojective, 

(b) ■ is regular, and 

(c) there exists points P\,...,P n in V(Vt) satisfying the conditions (a) and (b) 

of (144). 

PROOF. Immediate from (14.5) and (14.6). □ 

For an elementary proof of the corollary, not using the results of Weil 1956, see 
AG 16.33. 

Review of local systems and families of abelian varieties. Let S be a 

topological manifold. A local system of Z-modules on S is a sheaf F on S that 
is locally isomorphic to the constant sheaf Z™ (n € N). 

Let F be a local system of Z-modulcs on S, and let o e S. There is an action 
of 71-1(5,0) on F D that can be described as follows: let 7 : [0, 1] — > 5 be a loop 
at o; because [0, 1] is simply connected, there is an isomorphism from 7* F to the 
constant sheaf defined by a group M say; when we choose such an isomorphism, 
we obtain isomorphisms (j*F)i — > M for all i £ [0,1]; now (f*F)i = F 1 ^ and 
7(0) = o = 7(1), and so we get two isomorphisms F — ► M; these isomorphisms 
differ by an automorphism of F , which depends only the homotopy class of 7. 
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Proposition 14.7. If S is connected, then F i— » (F , p ) defines an equivalence 
from the category of local systems of 'L-modules on S to the category of finitely 
generated Z-modules endowed with an action ofni(S,o). 

PROOF. This is well known; cf. Deligne 1970, II. □ 

Let F be a local system of Z-modulcs on S. Let ir : S — ► S be the universal 
covering space of S, and choose a point o £ S. We can identifiy ir* F with the 
constant sheaf defined by F„^ y Suppose that we have a hodge structure h s on 
F s ® M for every s <G S. We say that F, together with the hodge structures, is a 
variation of integral hodge structures on S if s (hodge structure on 

F n t ) (g)R) is a variation of hodge structures on S. A polarization of a variation of 
hodge structures (F, (h s )) is a pairing ip: F x F — ► Z such that Vs is a polarization 
of (F s ,h s ) for every s. 

Let V be a nonsingular algebraic variety over C. A family of abelian vari- 
eties over V is a regular map /: A — > V of nonsingular varieties plus a regular 
multiplication A x y A — > A over V such that the fibres of / are abelian varieties 
of constant dimension (in a different language, A is an abelian scheme over V). 

Theorem 14.8. let V be a nonsingular variety overC There is an equivalence 
(A, f) i — ► (i? 1 /*Z) v from the category of families of abelian varieties over V to the 
category of polarizable integral variations of hodge structures of type (—1,0), (0, —1) 
on S. 

This is a generalization of Riemann's theorem (6.8) — see Deligne 1971a, 4.4.3. 

The Siegel modular variety. Let (V, ip) be a symplectic space over Q, and 
let (G, X) = (GSp(^), X(ip)) be the associated Shimura datum (§6). We also 
denote Sp(V>) by S. We abbreviate Sh K (G,X) to Sh K . 

The reflex field. Consider the set of pairs (L, L') of complementary lagrangians 
in K(C): 

(57) V(C) = L®L', L, L' totally isotropic. 

Every symplectic basis for V(C) defines such a pair, and every such pair arises 
from a symplectic basis. Therefore, G(C) (even 5(C)) acts transitively on the 
set of pairs (L, L') of complementary lagrangians. For such a pair, let be 
the homomorphism G m — > GL(V) such that fj,(z) acts as z on L and as 1 on L'. 
Then, ^(l,u) takes values in Gc, and as (L, L') runs through the set of pairs of 
complementary lagrangians in V(C), A*(l,l') runs through c(X) (notation as on 
p343). Since V itself has symplectic bases, there exist pairs of complementary 
lagrangians in V. For such a pair, H(l.l') is defined over Q, and so c(X) has a 
representative defined over Q. This shows that the reflex field E(G, X) = Q. 

The special points. Let if be a compact open subgroup of G(Af), and, as in 
§6, let Mk be the set of triples (A, s, r]K) in which A is an abelian variety over C, 
s is an alternating form on Hi(A, Q) such that ±s is a polarization, and n is an 
isomorphism V(A/) — > V/(A) sending tp to a multiple of s. Recall (6.11) that there 
is a natural map Mk — > Sh^(C) whose fibres are the isomorphism classes. 

In this subsubsection we answer the question: which triples (A, s, r)K) corre- 
spond to points [a;, a] with x special? 
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Definition 14.9. A CM-algebra is a finite product of CM-fields. An abclian 
variety A over C is CM if there exists a CM-algebra E and a homomorphism 
E -> End°(y4) such that ff^A.Q) is a free ^-module of rank 1. 

Let E -» End (A) be as in the definition, and let i? be a product of CM-fields 
Ei, ... , E m . Then A is isogenous to a product of abelian varieties Ax x • • • x A m 
with ^ of CM- type for some <&j. 

Recall that, for an abelian variety A over C, there is a homomorphism /i^ : C x — > 
GL(iJi(A, R)) describing the natural complex structure on iJi(^4,R) (see §6). 

Proposition 14.10. 4n abelian variety A over C is CM i/ and only if there 
exists a torus T C GL(i?i(A, Q)) sucft i/iat /ia(C x ) C T(R). 

Proof. See Mumford 1969, §2, or Dcligne 1982, §3. □ 

Corollary 14.11. If(A,s,rjK) ^ [x,a] K under Mr — » Sh^(G, X), i/ien A 
is of CM-type if and only if x is special. 

Proof. Recall that if (A,s,r)K) \— > [x, a]x, then there exists an isomorphism 
Hi(A,Q) — > V sending /i^ to /i^. Thus, the statement follows from the proposition. 

□ 

^4 criterion to be canonical. We now define an action of Aut(C) on A4k ■ Let 
(A, s,r]K) e .M_ff. Then s e iJ 2 (A,Q) is a hodge tensor, and therefore equals r[D] 
for some r € Q x and divisor Z) on A (see 7.5). We let a s = r[aD]. The condition 
that ±s be positive definite is equivalent to an algcbro-geometric condition on D 
(Mumford 1970, pp29~30) which is preserved by a. Therefore, ± CT s is a polarization 
for i2i(A,Q). We define a(^, s, ryif) to be (ctA, "s, ^if ) with ^ as in (55). 

PROPOSITION 14.12. Suppose that Sh K has a model M K over Q for which the 

map 

M K -> Afjf(C) 

commutes with the actions o/Aut(C). TTien is canonical. 

Proof. For a special point [x, o\k corresponding to an abelian variety A with 
complex multiplication by a field E, the condition (54) is an immediate consequence 
of the main theorem of complex multiplication (cf. 12.11). For more general special 
points, it also follows from the main theorem of complex multiplication, but not 
quite so immediately. □ 

Outline of the proof of the existence of a canonical model. Since the action of 
Aut(C) on M.k preserves the isomorphism classes, from the map M.k — ► Sh^(C), 
we get an action of Aut(C) on Shff(C). If this action satisfies the conditions of hy- 
potheses of Corollary 14.6, then Sh^(G, X) has a model over Q, which Proposition 
14.12 will show to be canonical. 

Condition (a) of (14.6). We know that Sh K (G, X) is quasi-projective from 
(3.12). 

Condition (b) of (14.6). We have to show that the map 

aP^o-P: aSh K {<C) ^ Sh^(C) 

is regular. It suffices to do this for K small, because if K' D K, then Sh^< (G, X) 
is a quotient of Sh K (G, X). 
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Recall (5.17) that ir (Sh K ) = Q> \A^ /v(K). Let s e Q>o\A^ /v(K), and 
let Sh^- be the corresponding connected component of Sh/f ■ Then Sh^- = r e \A + 
where T e = G(Q) n K £ for some conjugate K £ of K (see 5.17, 5.23) 

Let (A, s,T]K) <E M.k and choose an isomorphism a: Hi(A,Q) — ► V sending s 
to a multiple of tp. Then the image of (A, s, r\K) in Q>o\A^ jv(K) is represented 
by v(aorj) where ao-q: V(Af) — > V^(A^) is to be regarded as an element of G(Af). 
Write A4 £ K for the set of triples with v(a o rj) G e. Define 7^ similarly. 

The map — ► Q>o\A^ /v(K) is equivariant for the action of Aut(C) when 
we let Aut(C) act on Q>o\Aj /v(K) through the cyclotomic character, i.e., 

a[a] = [x(cr)a] where X (°) & % x , C x(a) = <, C a root of 1. 

Write X + (T £ ) for L e \X + regarded as an algebraic variety, and let a(X + (T E )) 
be the algebraic variety obtained from X + (T E ) by change of base field a: C — > C. 
Consider the diagram: 



^ + (l CT£ ) ^(^ + (r e )) 

M a K £ M £ K 

The map a sends (A, . . .) to <j(A, . . .), and the map f a is the map of sets aP ^ a-P. 
The two maps are compatible. The map U — ► cr(X+(L e )) is the universal covering 
space of the complex manifold (<j(X + (T E ))) an . 

Fix a lattice A in V that is stable under the action of L e . From the action of T e 
on A, we get a local system of Z-modules M on A+(r e ) (see 14.7), which, in fact, 
is a polarized integral variation of hodge structures F. According to Theorem 14.8, 
this variation of hodge structures arises from a polarized family of abelian varieties 
f:A—* X + (T £ ). As / is a regular map of algebraic varieties, we can apply a to 
it, and obtain a polarized family of abelian varieties af: a A — ► er(A + (r e )). Then 
(i? 1 (cr/) st Z) v is a polarized integral hodge structure on cr(A + (r e )). On pulling this 
back to U and tensoring with Q, we obtain a variation of polarized rational hodge 
structures over the space U, whose underlying local system can identified with the 
constant sheaf defined by V. When this identification is done correctly, each u € U 
defines a complex structure on V that is positive for tp, i.e., a point x of X + , and 
the map u ^ x makes the diagram commute. Now (2.15) shows that u x is 
holomorphic. It follows that f a is holomorphic, and Borcl's theorem (3.14) shows 
that it is regular. 

Condition (c) of (14.6). For any x e X, the set {[a;, o\k | a € G(A/)} has the 
property that only the identity automorphism of Sh^ (G, X) fixes its elements (see 
13.5). But, there are only finitely many automorphisms of Sh^(G, X) (see 3.21), 
and so a finite sequence of points [x, ai], . . . , [x, a n ] will have this property. When 
we choose x to be special, the main theorem of complex multiplication (11.2) tells 
us that a ■ [x,di] — [x,ai\ for all a fixing some fixed finite extension of E(x), and 
so condition (c) holds for these points. 

Simple PEL Shimura varieties of type A or C. The proof is similar to 
the Siegel case. Here Sh^-(G, X) classifies quadruples (A, i, s, r/K) satisfying certain 
conditions. One checks that if a fixes the reflex field E(G,X), then a(A, i, s, r}K) 
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lies in the family again (see 12.7). Again the special points correspond to CM 
abelian varieties, and the Shimura-Taniyama theorem shows that, if Sh^(G, X) has 
a model M K over E(G,X) for which the action of Aut(C/E(G,X)) on M K (C) = 
Sh/f (G, X)(C) agrees with its action on the quadruples, then it is canonical. 

Shimura varieties of hodge type. In this case, Sh^(G, X) classifies isomor- 
phism classes of triples (A, (si)o<i< n ,r]K) where the are hodge tensors. A proof 
similar to that in the Sicgcl case will apply once we have defined "s for s a hodge 
tensor on an abelian variety. 

If the Hodge conjecture is true, then s is the cohomology class of some algebraic 
cycle Z on A (i.e., formal Q- linear combination of integral subvaricties of A). Then 
we could define a s to be the cohomology class of aZ on a A. Unfortunately, a proof 
of the Hodge conjecture seems remote, even for abelian varieties. Deligne succeeded 
in defining ° s without the Hodge conjecture. It is important to note that there is no 
natural map between H n (A, Q) and H n (aA,Q) (unless a is continuous, and hence 
is the identity or complex conjugation). However, there is a natural isomorphism 
a: H n (A,Af) — ► H n (aA, Af) coming from the identification 

H n (A,A f ) = Hom(/\A,A / ) ^ Hom(/\(A <g> A f ),A f ) = Kom(f\V f A,A f ) 
(or, equivalently, from identifying H n (A 7 Af) with etale cohomology). 

Theorem 14.13. Let s be a hodge tensor on an abelian variety A over C, and 
let sa, be the image of s the A f -cohomology. For any automorphism a ofC, there 
exists a hodge tensor 17 s on a A (necessarily unique) such that ( <t s)a / = c(sa/)- 

Proof. This is the main theorem of Deligne 1982. [Interestingly, the theory 
of locally symmetric varieties is used in the proof.] □ 

As an alternative to using Deligne's theorem, one can apply the following result 
(note, however, that the above approach has the advantage of giving a description 
of the points of the canonical model with coordinates in any field containing the 
reflex field) . 

PROPOSITION 14.14. Let (G,X) <-* (G',X') be an inclusion of Shimura data; 
i/Sh(G', X') has canonical model, so also does Sh(G, X). 

Proof. This follows easily from 5.16. □ 

Shimura varieties of abelian type. Deligne (1979, 2.7.10) defines the notion 
of a canonical model of a connected Shimura variety Sh°(G, X). This is an inverse 
system of connected varieties over Q al endowed with the action of a large group (a 
mixture of a galois group and an adelic group). A key result is the following. 

Theorem 14.15. Let (G,X) be a Shimura datum and let X + be a connected 
component of X. Then Sh(G, X) has a canonical model if and only i/Sh°(G dor , X + ) 
has a canonical model. 

PROOF. See Deligne 1979, 2.7.13. □ 

Thus, for example, if (G\,Xi) and (G2,A 2 ) are Shimura data such that 
(Gf cr ,A+) S3 (G2° r ,A+), and one of Sh(Gi.-Yi) or Sh(G 2 ,A 2 ) has a canonical 
model, then they both do. 

The next result is more obvious (ibid. 2.7.11). 
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Proposition 14.16. (a) Let (Gi,Xi) (I < i < m) be connected Shimura data. 
If each connected Shimura variety Sh°(Gi,X i ) has a canonical model M°{Gi,Xi), 
then Y\ i M°(Gi,X i ) is a canonical model for Sh°(f| i Gj, n^i)- 

(b) Let (Gi,Xi) — ► (G2,X2) be an isogeny of connected Shimura data. If 
Sh°(Gi,Xi) has a canonical model, then so also does Sh°(G2,^2)- 

More precisely, in case (b) of the theorem, let G ad (Q)+ and G ad (Q)^ be 
the completions of G ad (Q) + for the topologies defined by the images of congru- 
ence subgroups in Gi(Q) + and G2(Q) + respectively; then the canonical model for 
Sh°(G2,A 2 ) is the quotient of the canonical model for Sh°(G2,^2) by the kernel 
of G ad (Q)+ -» G ad (Q)+. 

We can now prove the existence of canonical models for all Shimura varieties 
of abelian type. For a connected Shimura variety of primitive type, the existence 
follows from (14.15) and the existence of canonical models for Shimura varieties of 
hodge type (see above). Now (14.16) proves the existence for all connected Shimura 
varieties of abelian type, and (14.16) proves the existence for all Shimura varieties 
of abelian type. 

Remark 14.17. The above proof is only an existence proof: it gives little in- 
formation about the canonical model. For the Shimura varieties it treats, Theorem 
9.4 can be used to construct canonical models and give a description of the points 
of the canonical model in any field containing the reflex field. 

General Shimura varieties. There is an approach that proves the existence 
of canonical models for all Shimura varieties, and is largely independent of that 
discussed above except that it assumes the existence 18 of canonical models for 
Shimura varieties of type A\ (and it uses (14.15) and (14.16)). 

The essential idea is the following. Let (G, X) be a connected Shimura datum 
with G the group over <Q> obtained from a simple group H over a totally real field 
F by restriction of scalars. 

Assume first that H splits over a CM-field of degree 2 over F. Then there exist 
many homomorphisms Hi — > H from groups of type A\ into H. From this, we get 
many inclusions 

Sh°(G 4 ,Xi) ^ Sh°(G,X) 

where G» is the restriction of scalars of Hi. From this, and the existence of canonical 
models for the Sh° (Gi,Xi), it is possible to prove the existence of the canonical 
model for Sb°(G,X). 

In the general case, there will be a totally real field F' containing F and such 
that H F i splits over a CM-field of degree 2 over F. Let G* be the restriction of 
scalars of Hp/. Then there is an inclusion (G, X) (G*, X*) of connected Shimura 
data, and the existence of a canonical model for Sh°(G*,X st ) implies the existence 
of a canonical model for Sh°(G, X) (cf. 14.14). 

For the details, sec Borovoi 1984, 1987 and Milne 1983. 

Final remark: rigidity. One might expect that if one modified the condition 
(54), for example, by replacing r x (s) with r x (s)~ , then one would arrive at a 
modified notion of canonical model, and the same theorems would hold. This is 
not true: the condition (54) is the only one for which canonical models can exist. 



In fact, the approach assumes a stronger statement for Shimura varieties of type A\ , namely, 
Langlands's conjugation conjecture, and it proves Langlands's conjecture for all Shimura varieties. 
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In fact, if G is adjoint, then the Shimura variety Sh(G, A) has no automorphisms 
commuting with the action of G(Af) (Milne 1983, 2.7), from which it follows that 
the canonical model is the only model of Sh(G, A") over E(G, A), and we know that 
for the canonical model the reciprocity law at the special points is given by (54). 

Notes. The concept of a canonical model characterized by reciprocity laws 
at special points is due to Shimura, and the existence of such models was proved 
for major families by Shimura, Miyake, and Shih. Shimura recognized that to 
have a canonical model it is necessary to have a reductive group, but for him the 
scmisimple group was paramount: in our language, given a connected Shimura 
datum (H,Y), he asked for Shimura datum (G, X) such that (G dor , A+) = (H, Y) 
and Sh(G, X) has a canonical model (see his talk at the 1970 International Congress 
Shimura 1971). In his Bourbaki report on Shimura's work (1971b), Dclignc placed 
the emphasis on reductive groups, thereby enlarging the scope of the field. 

15. Abelian varieties over finite fields 

For each Shimura datum (G,A), we now have a canonical model Sh(G, X) 
of the Shimura variety over its reflex field E{G,X). In order, for example, to 
understand the zeta function of the Shimura variety or the galois representations 
occurring in its cohomology, we need to understand the points on the canonical 
model when we reduce it modulo a prime of E{G,X). After everything we have 
discussed, it would be natural to do this in terms of abelian varieties (or motives) 
over the finite field plus additional structure. However, such a description will not 
be immediately useful — what we want is something more combinatorial, which 
can be plugged into the trace formula. The idea of Langlands and Rapoport (1987) 
is to give an elementary definition of a category of "fake" abelian varieties (better, 
abelian motives) over the algebraic closure of a finite field that looks just like the 
true category, and to describe the points in terms of it. In this section, I explain 
how to define such a category. 

Semisimple categories. An object of an abelian category M is simple if it 
has no proper nonzero subobjects. Let F be a field. By an F -category, I mean an 
additive category in which the Horn-sets Hom(i, y) are finite dimensional F- vector 
spaces and composition is F-bilinear. An F-category M is said to be semisimple 
if it is abelian and every object is a direct sum (necessarily finite) of simple objects. 

If e is simple, then a nonzero morphism e — > e is an isomorphism. Therefore, 
End(e) is a division algebra over F. Moreover, End(re) = M r (End(e)). Here re 
denotes the direct sum of r copies of e. If e' is a second simple object, then cither 
e w e 1 or Hom(e, e') = 0. Therefore, if x = ^r^i {ri > 0) and y — Y^, s i e i ( s i > 0) 
are two objects of M expressed as sums of copies of simple objects ej with ffc ej 
for i ^ j, then 

Hom(.x,y) = rLM Si , ri (End(e;)). 
Thus, the category M is described up to equivalence by: 

(a) the set S(M) of isomorphism classes of simple objects in M; 

(b) for each a e S, the isomorphism class [D a ] of the endomorphism algebra 
D a of a representative of a. 

We call (S(M), ([AxDtxei^M)) the numerical invariants of M. 
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Division algebras; the Brauer group. Wc shall need to understand what 
the set of isomorphism classes of division algebras over a field F look like. 

Recall the definitions: by an F-algebra, we mean a ring A containing F in 
its centre and finite dimensional as F-vector space; if F equals the centre of A, 
then A is called a central F-algebra; a division algebra is an algebra in which 
every nonzero element has an inverse; an F-algebra A is simple if it contains no 
two-sided ideals other than and A. By a theorem of Wedderburn, the simple 
F-algebras are the matrix algebras over division F-algebras. 

Example 15. 1 . (a) If F is algebraically closed or finite, then every central 
division algebra is isomorphic to F. 

(b) Every central division algebra over M. is isomorphic cither to M. or to the 
(usual) quaternion algebra: 

e = c®Cj, j 2 = -i, jzj- 1 = z (zeC). 

(c) Let F be a p-adic field (finite extension of Q p ), and let i be a prime 
element of Op. Let L be an unramified extension field of F of degree n, 
and let a denote the Frobenius generator of Gal(L/F) — a acts as x ^ x p 
on the residue field. For each i, 1 < i < n, define 

D it n = L@La@---@La n ~ 1 , a n = tt\ aza' 1 = a{z) (z e L). 

Then Di n is a central simple algebra over F, which is a division algebra 
if and only if gcd(z, n) = 1. Every central division algebra over F is 
isomorphic to Di_ n for exactly one relatively prime pair (i,n) (CFT, IV 
4.2). 

If B and B' are central simple F-algebras, then so also is B <S>p B' (CFT, 2.8). 
If D and D' are central division algebras, then Wedderburn's theorem shows that 
D ®p D' rts M r (D") for some r and some central division algebra D" well-defined 
up to isomorphism, and so we can set 

[D][D') = [D"}. 

This law of composition is obviously, and [F] is an identity element. Let D opp 
denote the opposite algebra to D (the same algebra but with the multiplication 
reversed: a °PP&°PP = (ba) opp ). Then (CFT, IV 2.9) 

D ® F D op P = End F . lincar (F) w M r (F) , 

and so [F>][F opp ] = [F]. Therefore, the isomorphism classes of central division 
algebras over F (equivalently, the isomorphism classes of central simple algebras 
over F) form a group, called the Brauer group of F. 

Example 15.2. (a) The Brauer group of an algebraically closed field or 
a finite field is zero. 

(b) The Brauer group R has order two: Br(R) ^ ±Z/Z. 

(c) For a p-adic field F, the map [D n ^\ i— > ^ mod Z is an isomorphism 
Br(F) = Q/Z. 

(d) For a number field F and a prime v, write inv„ for the canonical homomor- 
phism Br(Fy) — > Q/Z given by (a,b,c) (so inv„ is an isomorphism except 
when v is real or complex, in which case it has image |Z/Z or 0). For a 
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central simple algebra B over F, [B ®i? F v ] — for almost all v, and the 
sequence 

> Br(F) ^ B ®^\ 0Br(Ftj) Q/z > Q 

is exact. 

Statement (d) is shown in the course of proving the main theorem of class 
field theory by the cohomological approach (CFT, VIII 2.2). It says that to give 
a division algebra over F (up to isomorphism) is the same as to give a family 

M € 0„ fin iteQ/Z © ©„ reai^/Z such that £iv = 0. 

The key tool in computing Brauer groups is an isomorphism 

Br (F) = H 2 (F, G m ) = H 2 (Gal(F al /F) , F alx ) = lim H 2 (G&\(L /F),L X ). 

The last limit is over the fields L C F al of finite degree and galois over Q. This 
isomorphism can be most elegantly defined as follows. Let D be a central simple 
division of degree n 2 over F, and assume that D contains a subfield L of degree 
n over _F and galois over F. Then each (3 € D normalizing L defines an element 
x h-> fixP" 1 of Gal(L/F), and the Noethcr-Skolcm theorem (CFT, IV 2.10) shows 
that every element of Gal(L/F) arises in this way. Because L is its own centralizer 
(ibid., 3.4), the sequence 

1 -» L x -» JV(L) -» Gal(i/F) -» 1 

is exact. For each a € Gal(i/F), choose an e iV(L) mapping to a, and let 

Then (d CTiT ) is a 2-cocycle whose cohomology class is independent of the choice of 
the family (s a ). Its class in H 2 (Gal(L/F), L x ) C H 2 (F,G m ) is the cohomology 
class of [D]. 

Example 15.3. Let L be the completion of Q™ (equal to the field of fractions 
of the ring of Witt vectors with coefficients in F), and let a be the automorphism 
of L inducing x x p on its residue field. An isocrystal is a finite dimensional 
L-vector space V equipped with a cr-linear isomorphism F: V — > V. The category 
Isoc of isocrystals is a semisimplc Q p -linear category with Z'(lsoc) = Q, and the 
endomorphism algebra of a representative of the isomorphism class A is a division 
algebra over Q p with invariant A. If A > 0, A = r/s, gcd(r, s) = 1, s > 0, then E x 
can be taken to be (Q p /(T r — p s )) <8>q p L, and if A < 0, E x can be taken to be the 
dual of E~ x . See Demazure 1972, Chap. IV. 

Abelian varieties. Recall (p334) that AV°(fc) is the category whose objects 
are the abelian varieties over k, but whose horns are 

Hom°(i, B) = Hom(A, B)<g>Q. 
It follows from results of Weil that AV°(fc) is a semisimplc Q-catcgory with the 
simple abelian varieties (see p334) as its simple objects. Amazingly, when k is 
finite, we know its numerical invariants. 

Abelian varieties over ¥ q , q — p n . Recall that a Weil q-intcger is an algebraic 
integer such that, for every embedding p : Q[n] — » C, = qi . Two Weil g-integers 
tt and tt' are conjugate if there exists an isomorphism Q[n] — > Q[n'] sending tt to 
tt'. 
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Theorem 15.4 (Honda- Tate) . The map A i— » tta defines a bijection from 
Z'(AV(Fq)) to the set of conjugacy classes of Weil q-integers. For any simple A, 
the centre of D — df End '(A) is F = Q[tta], and for a prime v of F, 

{I if v is real 

°S(^[F V :Q P } ifv\p 
otherwise. 

Moreover, 2 dim A = [D : F ] 5 • [F : Q] . 

In fact, Q[ir] can only have a real prime if w = ^/p" '. Let W\(q) be the set of 
Weil g-integers in Q al C C. Then the theorem gives a bijection 

£(AV°(F,)) - T\Wx{q), T = Gal(Q al /Q). 

Notes. Except for the statement that every tta arises from an A, the theorem 
is due to Tate. That every Weil g-integer arises from an abelian variety was proved 
(using 10.10) by Honda. See Tate 1969 for a discussion of the theorem. 

Abelian varieties over F. We shall need a similar result for an algebraic closure 
F of F p . 

If 7r is a Weil p™-integer, then 7r m is a Weil p mrl -integcr, and so we have a 
homomorphism it ir rn : W\(p n ) ~ > Wi(p nm ). Define 

W 1 = ljmW 1 (p n ). 

If 7r e Wi is represented by 7r„ € Wi(p n ), then 7r™ G Wi(p nm ) also represents 7r, 
and Q[-7r„] D Q[tt™]- Define Q{7r} to be the field of smallest degree over Q generated 
by a representative of 7r. 

Every abelian variety over F has a model defined over a finite field, and if 
two abelian varieties over a finite field become isomorphic over F, then they are 
isomorphic already over a finite field. Let A be an abelian variety over ¥ q . When 
we regard A as an abelian variety over F 9 ™, then the Frobenius map is raised to 
the m th -power (obviously): 7Ta f m — n™- 

Let A be an abelian variety defined over F, and let Aq be a model of A over 
F q . The above remarks show that sa(v) =<jf or ^ ^° - is independent of the choice 
of A . Moreover, for any p: Q a , the L-orbit of the element tta of W\ 

represented by p^a depends only on A. 

Theorem 15.5. The map A ^ Ttt a defines a bijection Z , (AV°(F)) T\Wi. 
For any simple A, the centre of D =d/End°(^4) is isomorphic to F = Q{tta}, and 
for any prime v of F, 

{\ if v is real 

sa(v) ■ [F v : Q p ] ifv\p 
otherwise. 

Proof. This follows from the Honda- Tate theorem and the above discussion. 

□ 

Our goal in the remainder of this section is to give an elementary construction 
of a semisimple Q-category that contains, in a natural way, a category of "fake 
abelian varieties over F" with the same numerical invariants as AV°(F). 

For the remainder of this section F is a field of characteristic zero. 
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Tori and their representations. Let T be a torus over F split by a ga- 
lois extension L/F with galois group T. As we noted on p276, to give a repre- 
sentation p of T on an F-vector space V amounts to giving an X*(T)-grading 
= xe x*(T)^x °f w it n the property that crV^ = V CTX for all a e T and 

X G X*(T). In this, L/F can be an infinite galois extension. 

Proposition 15.6. Let T = Gal(F al /F). The category of representations 
Rep(T) of T on F -vector spaces is semisimple. The set of isomorphism classes 
of simple objects is in natural one-to-one correspondence with the orbits ofT acting 
on X*(T), i.e., S(Rep(T)) = T\X*(T). IfVr x is a simple object corresponding to 
Tx, then dim(Vr x ) is the order of Fx, and 

End(V x ) « F( X ) 

where F(x) is the fixed field of the subgroup T(x) ofT fixing %. 

Proof. Follows easily from the preceding discussion. □ 

Remark 15.7. Let x € X*(T), and let L(x) and F(x) be as in the proposition. 
Then Hom(F(x),i ;ial ) ~ T/T( X ), and so X*((G m ) F{x)/F ) = Z r / r W. The map 

defines a homorphism 

(58) T — » (G to )f(x)/f- 

From this, we get a homomorphism of cohomology groups 

H 2 (F,T)^H 2 (F,(G m ) F(x)/F ). 

But Shapiro's lemma (CFT, II 1.11) shows that H 2 (F 7 (G m ) F(x}/F ) = H 2 (F(x),G m ), 
which is the Brauer group of F(x)- On composing these maps, we get a homomor- 
phism 

(59) H 2 (F,T)^Br(F( X )). 

The proposition gives a natural construction of a semisimple category M with 
S(M) = T\N, where N is any finitely generated Z-module equipped with a con- 
tinuous action of T. However, the simple objects have commutative endomorphism 
algebras. To go further, we need to look at new type of structure. 

Affine extensions. Let L/F be a Galois extension of fields with Galois group 
T, and let G be an algebraic group over F. In the following, we consider only 
extensions 

1 -» G{L) —> E —>T —> I 

in which the action of T on G(L) defined by the extension is the natural action, 
i.e., 

if e ff i ^ cr, then e^.geT 1 = ag (e a £ E, a el, g£ T(F a1 )). 

For example, there is always the split extension Eg =df G(L) xi V. 

An extension E is affine if its pull-back to some open subgroup of T is split. 
Equivalently, if for the a in some open subgroup of T, there exist e a ^> o such that 
e aT = e a e T . We sometimes call such an E an L/F-affme extension with kernel G. 

Consider an extension 
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with T commutative. If E is affine, then it is possible to choose the e CT 's so that 
the 2-cocycle d: T x T -> T(L) defined by 

e a e T = d a , T e a e T , d a>T e T(F al ). 

is continuous. Thus, in this case -E defines a class cZ(£7) € H 2 {F 1 T). 
A homomorphism of affine extensions is a commutative diagram 

1 ► Gi(L) ► E 1 ► r ► 1 

i ► g 2 (l) ► £ 2 ► r ► l 

such that the restriction of the homomorphism <f> to G\(L) is defined by a homo- 
morphism of algebraic groups (over L) . A morphism <f> — > 0' of homomorphisms 
i?i — > i?2 is an element of g of G2(L) such that ad(g) o <fi = (j>', i.e., such that 

g- 4>{e) -g- 1 = <j>'{e), all e e E x . 

For a vector space V over F, let Fy be the split affine extension defined by the 
algebraic group GL(V). A representation of an affine extension E is a homomor- 
phism E — > _Ey . 

Remark 15.8. To give a representation of Fg on Ey is the same as to give 
a representation of G on V. More precisely, the functor Rep(G) — ► Rep(Ea) is an 
equivalence of categories. The proof of this uses that H 1 (F, GL(V)) = 1. 

Proposition 15.9. Let E be an L/F-affine extension whose kernel is a torus 
T split by L. The category Rep(E) is a semisimple F-category with S(Rep(E)) = 
T\X*(T). Let Vr x be a simple representation of E corresponding to T\ € T\X*(T). 
Then, D = End(Vr x ) has centre F(x), and its class in Br(F(x)) is the image of 
d(E) under the homomorphism (59). 

PROOF. Omitted (but it is not difficult). □ 

We shall also need to consider affine extensions in which the kernel is allowed 
to be a protorus, i.e., the limit of an inverse system of tori. For T = lim Tj , 
X*(T) = Ihn X*(Ti), and T ^ X*(T) defines an equivalence from the category 
of protori to the category of free Z-modulcs with a continuous action of T. Here 
continuous means that every clement of the module is fixed by an open subgroup 
of T. Let L = F al . By an affine extension with kernel T, we mean an exact 
sequence 

1 -» T(F al ) -> E -» T -» 1 

whose push-out 

1 -> T 4 (F al ) -> E t -» T -» 1 

by T(F sd ) — » Ti(F al ) is an affine extension in the previous sense. A representation 
of such an extension is defined exactly as before. 

Remark 15.10. Let 

L — - — L' 
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be a diagram of fields in which L' /F' is Galois with group V . From an L/F-aSmc 
extension 

1 -» G(L) -> £ -> T -» 1 

with kernel G we obtain an L'/F'-affine extension 

1 -> G(L') -» £' -» T' -» 1 

with kernel Gf> by pulling back by cr er|L: V — > T and pushing out by G(X) — ► 
G(L')). 

Example 15.11. Let Q™ be a maximal unramificd extension of Q p , and let 
L„ be the subfield of Q™ of degree n over Q p . Let T n = Gal(L„/Q p ), let Di n be 
the division algebra in (15.1c), and let 

l^L* ^A/(L*)^r„^l 

be the corresponding extension. Here N(L*) is the normalizer of L x in Z?i, n : 

^) = Uo<*<„-i^X- 

This is an L„/Qj,-affine extension with kernel G m . On pulling back by T — > T n and 
pushing out by L* — » Q p nx , we obtain a Q p nx /Q^-affine extension D„ with kernel 
G m . From a representation of D n we obtain a vector space V over Q p n equipped 
with a (T-lincar map F (the image of (l,a) is (F, a)). On tensoring this with the 
completion L of Q™, we obtain an isocrystal that can be expressed as a sum of 
F A 's with A e £z. 

Note that there is a canonical section to N(L*) — > r„, namely, cr* i-> a*, which 
defines a canonical section to D n — > T. 

There is a homomorphism Z?„ m — ► D n whose restriction to the kernel is mul- 
tiplication by m. The inverse limit of this system is a Qp n /Q p - affine extension D 
with kernel G =<jf hmG m . Note that X*(G) — lrm ^Z/Z = Q. There is a natural 
functor from Rep(D) to the category of isocrystals, which is faithful and essentially 
surjective on objects but not full. We call D the Dieudonne affine extension. 

The affine extension <p. Let W(p n ) be the subgroup of Q alx generated by 
Wi(p n ), and let W — lim W(p n ). Then W is a free Z-module of infinite rank with 
a continuous action of V = Gal(Q al /Q). For 7r e W, we define Q{tt} to be the 
smallest field generated by a representative of it. If n is represented by n n e W(p n ) 
and |p(7r„)| = (p™)"'/ 2 , we say that tt has weight m and we write 

^ , , _ ord t ,(7r„) 
ord„(a/) 

Theorem 15.12. Le£ P &e i/ie protorus over Q loifft X*(P) = TL". T/ien iftere 
eirzste an aj/ine extension 

1 -> P(Q al ) -» <p -» T -» 1 

such that 

(a) £(Rep(<p)) = T\W; 

(b) /or 7r € W , let D(ir) = End(Vrv) where Vr v is a representation corre- 
sponding to Tir; then D(ir) is isomorphic to the division algebra D with 
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centre Q{ir} and the invariants 

( ifv is real 

inv v (D) = I s w {v) ■ [Q{w} v : Q p ] if v\p 

[ otherwise. 

Moreover, *P is unique up to isomorphism. 

Proof. Let c(n) denote the class in Br(Q{7r}) of the division algebra D in (b). 
To prove the result, we have to show that there exists a unique class in H 2 (Q,P) 
mapping to c(n) in Br(Q{7r}) for all ir: 

c^(c(n)):H\Q,P) ^ Ur,er\w Br(<Q>W). 
This is an exercise in galois cohomology, which, happily, is easier than it looks. □ 

We call a representation of <p a fake motive over F, and a fake abelian 
variety if its simple summands correspond to ir e r\ W"i . Note that the category of 
fake abelian varieties is a semisimple Q-category with the same numerical invariants 
as AV°(F). 

The local form tyi of ty. Let I be a prime of Q, and choose a prime wi of Q al 
dividing I. Let Qf be the algebraic closure of Qi in the completion of Q al at wi. 
Then T t = df Gal(Q al /Qi) is a closed subgroup of L = df Gal(Q al /Q), and we have 
a diagram 

(60) 



From !|J we obtain a Q al /Q/-affine extension by pulling back by L; — > L and 
pushing out by P(Q al ) -> P(Qf) (cf. 15.10). 

TTie Qi-space attached to a fake motive. Let £ =/= p, oo be a prime of Q. 

Proposition 15.13. There exists a continuous homomorphism Q making 
1 P(Qf) — <P(f) — L £ 1 

comrade. 

Proof. To prove this, we have to show that the cohomology class of <p in 
H 2 (Q, P) maps to zero in H 2 (Q e , P), but this is not difficult. □ 

Fix a homomorphism Q: T( — > ty(£) as in the diagram. Let p: <p — > £7y be a 
fake motive. From p, we get a homomorphism 

P (£): W)^GL(V(Qf))*T e . 

For er e T e , let (p(£) o C^)( CT ) = { e a,°~)- Because Q is a homomorphism, the 
automorphisms e CT of V(Q al ) satisfy 

e CT o cre T = e CTT , (7,rer f , 

and so 

a ■ v = e a (av) 



15. ABELIAN VARIETIES OVER FINITE FIELDS 



365 



is an action of Yi on V(Qf), which one can check to be continuous. Therefore 

(AG 16.14), V t (p) = df V(Ql i ) Te is a Q £ -structurc on V(Qf). In this way, we get a 
functor p i ► Vi(p) from the category of fake motives over F to vector spaces over 

The Q can be chosen in such a way that the spaces Ve (p) contain lattices Ae(p) 
that are well-defined for almost all I ^ p, which makes it possible to define 

Vf(p) = Ue^,oo(Ve( P ):Mp)). 

It is a free module over = df Yl^ p>00 (Qi- 

The isocrystal of a fake motive. Choose a prime w p of Q al dividing p, and let 
Q p n and Q al denote the subfields of the completion of Q al at w p . Then T p = d f 
Gal(Q al /Q p ) is a closed subgroup of T = df Gal(Q al /Q) and r™ = df Gal(Q™/Q p ) 
is a quotient of T p . 

Proposition 15.14. (a) The affine extension ^{p) arises by pull-back and 
push- out from a Q™ /Q p -affine extension *P(p) un . 

(b) There is a homomorphism of Q p n / ^-extensions D — > *P(p) un whose re- 
striction to the kernels, G — > Pq p , corresponds to the map on characters it 
s v (w p ): W^Q. 

Proof, (a) This follows from the fact that the image of the cohomology class 
of <p in H 2 (T p , P(Q a1 )) arises from a cohomology class in ff 2 (T£ n , P(Q™)). 

(b) This follows from the fact that the homomorphism H 2 (Q p , G) — > H 2 (Q p ,Pq p ) 
sends the cohomology class of D to that of *P(p) un . □ 

In summary: 

1 > G m (Q7) > D > r™ ► 1 



i ► P(Q™) ► *p(p) un ► r™ ► i 

l ► p(Q al ) ► «p(p) ► r p ► l 

A fake motive /?: — > Ey gives rise to a representation of ^(p), which arises 
from a representation of *P(p) un (cf. the argument in the preceding subsubsection) . 
On composing this with the homomorphism D — ► <P(p) un , we obtain a representa- 
tion of D, which gives rise to an isocrystal D(p) as in (15.11). 

Abelian varieties of CM-type and fake abelian varieties. We saw in (10.5) that 
an abelian variety of CM-type over Q al defines an abelian variety over F. Does it 
also define a fake abelian variety? The answer is yes. 

PROPOSITION 15.15. Let T be a torus over Q split by a CM-field, and let p be a 
cocharacter ofT such that p + ip is defined over Q (here i is complex conjugation). 
Then there is a homomorphism, well defined up to isomorphism, 



Proof. Omitted. 



□ 
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Let A be an abelian variety of CM-type (E, $) over Q al , and let T = (G m )s/Q- 
Then <I> defines a cocharacter /U<j, of T (sec 12.4(b)), which obviously satisfies the 
conditions of the proposition. Hence we obtain a homomorphism (f>: — > _E T . Let 
V = Hi(A, Q). From (j> and the representation p of T on V we obtain a fake abelian 
variety po <f> such that 14 (p o cfy) = H\(A,Qe) (obvious) and D{p) is isomorphic to 
the Dieudonne module of the reduction of A (restatement of the Shimura-Taniyama 
formula). 

Aside 15.16. The category of fake abelian varieties has similar properties to 
AV°(F). By using the Qf-spaces and the isocrystals attached to a fake abelian 
variety, it is possible to define a Z-linear category with properties similar to AV(F). 

Notes. The affine extension *p is defined in Langlands and Rapoport 1987, 
§§1-3, where it is called "die pseudomotivische Galoisgruppe" . There an affine ex- 
tension is called a Galoisgcrbc although, rather than a gerbe, it can more accurately 
be described as a concrete realizations of a groupoid. See also Milne 1992. In the 
above, I have ignored uniqueness questions, which can be difficult (see Milne 2003). 

16. The good reduction of Shimura varieties 

We now write Sh^(G, X), or just Sh^, for the canonical model of the Shimura 
variety over its reflex field. 

The points of the Shimura variety with coordinates in the algebraic 
closure of the rational numbers. When we have a description of the points of 
the Shimura variety over C in terms of abelian varieties or motives plus additional 
data, then the same description holds over Q al . For example, for the Siegel modular 
variety attached to a symplectic space (V, ip), Sh#-(Q al ) classifies the isomorphism 
classes of triples (A, s, r/K) in which A is an abelian variety defined over Q al , s is 
an element of NS(A) <g) Q containing a Q x -multiple of an ample divisor, and i] is 
a if-orbit of isomorphisms V(Af) — > Vf(A) sending ip to an A^-multiple of the 
pairing defined by s. Here NS(A) is the Neron-Severi group of A (divisor classes 
modulo algebraic equivalence). 

On the other hand, I do not know a description of Sh^(Q al ) when, for example, 
G ad has factors of type E 6 or £7 or mixed type D. In these cases, the proof of the 
existence of a canonical model is quite indirect. 

The points of the Shimura variety with coordinates in the reflex 
field. Over E = E(G,X) the following additional problem arises. Let A be an 
abelian variety over Q al . Suppose we know that a A is isomorphic to A for all 
a G Gal(Q al /_E). Does this imply that A is defined over El Choose an isomorphism 
f a : a A — > A for each a fixing E. A necessary condition that the f a arise from a 
model over E is that they satisfy the cocycle condition: f„ o a f T = f aT . Of course, 
if the cocycle condition fails for one choice of the / CT 's, we can try another, but 
there is an obstruction to obtaining a cocycle which lies in the cohomology set 
ff 2 (Gal(Q al /£0,Aut(A)). 

Certainly, this obstruction would vanish if Aut(A) were trivial. One may hope 
that the automorphism group of an abelian variety (or motive) plus data in the 
family classified by Sh#-(G,X) is trivial, at least when K is small. This is so when 
condition SV5 holds, but not otherwise. 
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In the Siegel case, the centre of G is G m and so SV5 holds. Therefore, provided 
K is sufficiently small, for any field L containing E(G, X), Shx(L) classifies triples 
(A, s, r]K) satisfying the same conditions as when L = Q al . Here A an abelian 
variety over L, s E NS(A) <g> Q, and n is an isomorphism V(Af) Vf(A) such that 
r)K is stable under the action of Gal(L al /i). 

In the Hilbcrt case (4.14), the centre of G is (<G to )f/q for F a totally real field 
and SV5 fails: F x is not discrete in A F j because every nonempty open subgroup 
of Apj will contain infinitely many units. In this case, one has a description 
of Sh K (L) when L is algebraically closed, but otherwise all one can say is that 
Shx(L) = Sh x (L al ) Gal(iaI/i) . 

Hyperspecial subgroups. The modular curve T (N)\Hi is defined over Q, 
and it has good reduction at the primes not dividing the level N and bad reduction 
at the others. Before explaining what is known in general, we need to introduce 
the notion of a hyperspecial subgroup. 

Definition 16.1. Let G be a reductive group over Q (over Q p will do). A 
subgroup K C G(Q P ) is hyperspecial if there exists a flat group scheme Q over Z p 
such that 

o Qq p = G (i.e., Q extends G to Z p ); 

o Q ¥p is a connected reductive group (necessarily of the same dimension as 

G because of flatness) ; 
o 0(Z P ) - K. 

Example 16.2. Let G = GSp(V,ip). Let A be a lattice in V(Q P ), and let K p 
be the stabilizer of A. Then K p is hyperspecial if the restriction of tp to A x A takes 
values in Z p and is perfect (i.e., induces an isomorphism A — > A v ; equivalcntly, 
induces a nondegenerate pairing A/pAx A/pA — > F p ). In this case, Qw p is again a 
group of symplectic similitudes over F p (at least if p ^ 2). 

Example 16.3. In the PEL-case, in order for there to exist a hyperspecial 
group, the algebra B must be unramified above p, i.e., B <g>Q Q p must be a product 
of matrix algebras over unramified extensions of Q p . When this condition holds, 
the description of the hyperspecial groups is similar to that in the Siegel case. 

There exists a hyperspecial subgroup in G(Q p ) if and only if G is unramified 
over Q p , i.e., quasisplit over Q p and split over an unramified extension. 

For the remainder of this section we fix a hyperspecial subgroup K p C G(Q P ), 
and we write Sh p (G, X) for the family of varieties ShKPxK p (G, X) with K p running 
over the compact open subgroups of G(A P j). The group G(A^) acts on the family 
Sh p (G,A). 

The good reduction of Shimura varieties. Roughly speaking, there are 
two reasons a Shimura variety may have bad reduction at a prime dividing p: the 
reductive group itself may be ramified at p or p may divide the level. For example, 
the Shimura curve defined by a quaternion algebra B over Q will have bad reduction 
at a prime p dividing the discriminant of B, and (as we noted above) T (N)\Hi has 
bad reduction at a prime dividing N. The existence of a hyperspecial subgroup K p 
forces G to be unramified at p, and by considering only the varieties Sh^-p^- (G, X) 
we avoid the second problem. 
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Theorem 16.4. Let Sh p (G, X) be the inverse system of varieties over E(G, X) 
defined by a Shimura datum (G, A) of abelian type and a hyper special subgroup 
K p C G(Q p ). Then, except possibly for some small set of primes p depending only 
on (G, A), Sh p (G, X) has canonical good reduction at every prime p of E(G,X) 
dividing p, . 

Remark 16.5. Let E p be the completion of E at p, let O p be the ring of 
integers in E p , and let k(p) be the residue field O p /p. 

(a) By Sh p (G, X) having good reduction p, we mean that the inverse system 

(ShKPK p (G, X))kp 1 K p C G(Ay ) compact open, K p fixed, 

extends to an inverse system of flat schemes S p = (Skp) over O p whose reduction 
modulo p is an inverse system of varieties (Sh KPKp (G, X)) K p over fc(p) such that, 
for K'P D K'P sufficiently small, 

ShKPK p <— SilK'PK p 

is an etale map of smooth varieties. We require also that the action of G(A^) on 
Sh p extends to an action on S p . 

(b) A variety over E p may not have good reduction to a smooth variety over 
fc(p) — this can already be seen for elliptic curves — and, when it does it will 
generally have good reduction to many different smooth varieties, none of which is 
obviously the best. For example, given one good reduction, one can obtain another 
by blowing up a point in its closed fibre. By Sh p (G, X) having canonical good 
reduction at p, I mean that, for any formally smooth scheme T over Op, 

(61) Hom d (T,Um5jfp) = Rom Ep {T Ep ,limSh KPKp ). 

Kp Kp 

A smooth scheme is formally smooth, and an inverse limit of schemes etale over a 
smooth scheme is formally smooth. As HiyiSkp is formally smooth over O p , (61) 
characterizes it uniquely up to a unique isomorphism (by the Yoneda lemma) . 

(c) In the Siegel case, Theorem 16.4 was proved by Mumford (his Fields medal 
theorem; Mumford 1965). In this case, the Skp and S\\kpk p are moduli schemes. 
The PEL-case can be considered folklore in that several authors have deduced it 
from the Siegel case and published sketches of proof, the most convincing of which 
is in Kottwitz 1992. In this case, S P (G, X) is the zariski closure of Sh p (G, X) 
in S p (G(ip),X(ip)) (cf. 5.16), and it is a moduli scheme. The hodge case 19 was 
proved by Vasiu (1999) except for a small set of primes. In this case, S p (G, X) is 
the normalization of the zariski closure of Sh p (G, X) in S p (G(tp), X(ip)). The case 
of abelian type follows easily from the hodge case. 

(d) That Sh p should have good reduction when K p is hyperspecial was conjec- 
tured in Langlands 1976, p411. That there should be a canonical model character- 
ized by a condition like that in (b) was conjectured in Milne 1992, §2. 



Over the reflex field, Shimura varieties of hodge type are no more difficult than Shimura 
varieties of PEL-typc, but when one reduces modulo a prime they become much more difficult 
for two reasons: general tensors are more difficult to work with than endomorphisms, and little is 
known about hodge tensors in characteristic p. 
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Definition of the Langlands-Rapoport set. Let (G,X) be a Shimura da- 
tum for which SV4,5,6 hold, and let 

Sh p (C) - Sh(C)/Xp - limSh KPKp (G,X)(C). 

Kp 

For x E X, let I(x) be the subgroup G(Q) fixing x, and let 

S(x) = I(x)\X p (x)xX p (x), X p (x) = G(A p f ), X p {x) = G{%) / K p . 
One sees easily that there is a canonical bijection of sets with G(A^)-action 

|JS(aO - Sh p (C) 

where the left hand side is the disjoint union over a set of representatives for 
G(Q)\X. This decomposition has a modular interpretation. For example, in the 
case of a Shimura variety of hodge type, the set S(x) classifies the family of iso- 
morphism classes of triples (A, (si),T]K) with (A, (sj)) isomorphic to a fixed pair. 

Langlands and Rapoport (1987, 5e) conjecture that Sh p (F) has a similar de- 
scription except that now the left hand side runs over a set of isomorphism classes 
of homomorphisms <j> : ^ — > Eq . Recall that an isomorphism from one to a second 
<// is an element g of G(Q al ) such that 

<p'{p)=g-<p{p)-g-\ aUpeqj. 

Such a (f> should be thought of as a "pre fake abelian motive with tensors" . Specif- 
ically, if we fix a faithful representation G GL(V) and tensors i, for V such 
that G is the subgroup of GL(V) fixing the ti, then each </> gives a representation 
*P — > GL(V r (Q a1 )) xi r (i.e., a fake abelian motive) plus tensors. 

Definition of the set S ((f)). We now fix a homomorphism tfi: ^ Eq and define 
a set 5(0) equipped with a right action of G(A P ) and a commuting Frobenius 
operator 

Definition of the group I ((f)- The group 7(0) is defined to be the group of 
automorphisms of <p, 

I(4>) = {g e G(Q al ) | ad( ff ) o = 0}. 

Note that if p: G — > GL(F) is a faithful representation of G, then p o cf> is a fake 
motive and 7(0) C Aut(po <f) (here we have abbreviated p xi 1 to p). 

Definition of X p (4>). Let £ be a, prime ^ p,oo. We choose a prime u;^ of Q al 
dividing £, and define Qf 1 and ^ cT as on p364. 

Regard as an Q al /Q£-affine extension with trivial kernel, and write ^ for 
the homomorphism 

o i ► (1,^): -> £ G (£), E G (£) = G(Q al ) x r,. 

From we get a homomorphism <j)(£): ty{£) — > Eq(£), and, on composing 
this with the homomorphism : — > *P(^) provided by (15.13), we get a second 
homomorphism Yg — > Eq(£). 

Define 

X/f» =Isom(^,Oo0(£)). 
Clearly, Aut(^) = G(Q^) acts on Xe(<f>) on the right, and 7(0) acts on the left. If 
Xe(<t>) is nonempty, then the first action makes Xe(if>) into a principal homogeneous 
space for G(Qe). 

Note that if p: G — > GL(V) is a faithful representation of G, then 
(62) X e (<f>) C Isom(y(Q,), V/(p o 4>)). 
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By choosing the Q judiciously (cf. p365), we obtain compact open subspaces 
of the Xf ((f>), and we can define X p ((f>) to be the restricted product of the X e ((f>). 
If nonempty it is a principal homogeneous space for G(A^). 

Definition of X p (<fr). We choose a prime w p of Q al dividing p, and we use the 
notations of p365. We let L denote the completion of Q p n , and we let Ol denote 
the ring of integers in L (it is the ring of Witt vectors with coefficients in F) . We 
let d Frobenius automorphism of Q™ or L that acts as x i— > x p on the residue field. 

From (j) and (15.14), we have homomorphisms 

D — » <p(p) un G(Q p D ) x r™. 

For some n, the composite factors through D n . There is a canonical clement in D n 
mapping to a, and we let (b, a) denote its image in G(Qp n ) xi T p n . The image b(<j)) 
of b in G(L) is well-defined up to cr-conjugacy, i.e., if b(cf))' also arises in this way, 
then b(4>)' = g- 1 ■ b(<t>) ■ ag. 

Note that if p: G — > GL{V) is a faithful representation of G, then D(<fr o p) is 
V(L) with F acting as v t— > b((j>)av. 

Recall p344 that we have a well-defined G(Q al )-conjugacy class c(X) of cochar- 
acters of Gq»i. We can transfer this to conjugacy class of cocharacters of GQai, 
which contains an element fi defined over Q p n (see 12.3; G splits over Q™ because 
we are assuming it contains a hyperspecial group). Let 

C p = G(0 L )-n(p)-G(0 L ). 

Here we are writing G(Ol) for Q{Ol) with Q as in the definition of hyperspecial. 
Define 

X p (4>) — {g E G(L)/G(O l ) | g- 1 ■ b(<f>) ■ g G C p }. 

There is a natural action of 1(0) on this set. 

Definition of the Frobenius clement <f>. For g € X p ((p), define 

<%) = b{<t>) ■ ab(<f>) o^btf) • a m g 

where m = [EV, : Q p ] . 
The set S(<j>). Let 

S(0)=/(0)W)xX p (0). 

Since /(</>) acts on both X p (^) and X p (<j)), this makes sense. The group G(A^) acts 
on £(</>) through its action on X p (<j>) and $ acts through its action on X p (<f). 

The admissibility condition. The homomorphisms 4>: ^ — > Eg contributing to 
the Langlands-Rapoport set must satisfy an admissibility condition at each prime 
plus one global condition. 

The condition at oo. Let E^ be the extension 

1^C X 1, r TO = Gal(C/R) = <t) 

associated with the quaternion algebra H, and regard it as an affine extension with 
kernel G m . Note that E^ = C x U C x j and jzj^ 1 = z. 

From the diagram (60) with I = oo, we obtain a C/M-affine extension 

1 -» P(C) -» «P(oo) -» I 1 *, -> 1. 

Lemma 16.6. There is a homomorphism (oo : Eoo — > ^J(oo) whose restriction 
to the kernels, G m i— » P C; corresponds to the map on characters ir i— » wt(7r). 
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PROOF. This follows from the fact that the homomorphism iJ 2 (roo,G m ) — ► 
^(Tryc, Pg) sends the cohomology class of E x to that of ^J(oo). □ 

Lemma 16.7. For any x G X , the formulas 

U*) = i), Uj) = (Mx(-i)" 1 , 

define a homomorphism E^ — > ^3(oo) . Replacing x with a different point, replaces 
the homomorphism with an isomorphic homomorphism. 

Proof. Easy exercise. □ 

Write £x for the isomorphism class of homomorphisms defined in (16.7). Then 
the admissibility condition at oo is that Coo 4>{°°) <= £x- 

The condition at I ^ p. The admissibility condition at I ^ p is that the set 
Xe(4>) be nonempty i.e., that Q o <j>(t) be isomorphic to ^. 

The condition at p. The condition at p is that the set X p (<p) be nonempty. 

The global condition. Let v: G — > T be the quotient of G by its derived group. 
From X we get a conjugacy class of cocharacters of Gc, and hence a well defined 
cocharacter /j, of T. Under our hypotheses on (G, X), fj, satisfies the conditions of 
(15.15), and so defines a homomorphism (j)^ : <p — > E?- The global condition is that 
v o <f> be isomorphic to 0^ . 

T/ie Langlands-Rapoport set. The Langlands-Rapoport set 

LR(G,X) = |j5(0) 

where the disjoint union is over a set of representatives for the isomorphism classes 
of admissible homomorphism cf: *}3 — > i? G . There are commuting actions of G(k p f ) 
and of the Frobenius operator $ on LR(G, X). 

The conjecture of Langlands and Rapoport. 

Conjecture 16.8 (Langlands and Rapoport 1987). Let (G,X) be a Shimura 
datum satisfying SV4,5,6 and such that G der is simply connected, and let K p be 
a hyperspecial subgroup of G(Q P ). Let p be a prime of E(G,X) dividing p, and 
assume that Sh p has canonical good reduction at p. Then there is a bijection of sets 

(63) LR(G, X) -» Sh p (G, X){¥) 

compatible with the actions G(A^) and the Frobenius elements. 

Remark 16.9. (a) The conditions SV5 and SV6 are not in the original conjec- 
ture — I included them to simplify the statement of the conjecture. 

(b) There is also a conjecture in which one docs not require SV4, but this 
requires that be replaced by a more complicated affine extension 0. 

(c) The conjecture as originally stated is definitely wrong without the assump- 
tion that G dcr is simply connected. However, when one replaces the "admissible 
homomorphisms" in the statement with another notion, that of "special homomor- 
phisms", one obtains a statement that should be true for all Shimura varieties. In 
fact, it is known that the statement with G dcr simply connected then implies the 
general statement (see Milne 1992, §4, for the details and a more precise statement). 

(d) It is possible to state, and prove, a conjecture similar to (16.8) for zero- 
dimensional Shimura varieties. The map (G, X) — > (T, Y) (see p311) defines a map 
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of the associated Langlands-Rapoport sets, and we should add to the conjecture 
that 

LR(G,X) ► Sh p (G,X)(¥) 

I I 

LR(T,Y) ► Sh p (T,F)(F) 

commutes. 

17. A formula for the number of points 

A reader of the last two sections may be sceptical of the value of a description 
like (63), even if proved. In this section we briefly explain how it leads to a very 
explicit, and useful, formula for the number of points on the reduction of a Shimura 
variety with values in a finite field. 

Throughout, (G,X) is a Shimura datum satisfying SV4,5,6 and K p is a hy- 
perspecial subgroup of G(Q P ). We assume that G dcr simply connected and that 
Sh p (G, X) has canonical good reduction at a prime p\p of the reflex field E = 
E(G,X). Other notations are as in the last section; for example, L n is the sub- 
field of Q p n of degree n over Q p and L is the completion of Q p n . We fix a field 
¥ q Dk(p)D¥ p , q = p n . 

Triples. We consider triples (7057, where 

o 70 is a semisimple element of G(Q) that is contained in an elliptic torus 

of Gr (i.e., a torus that is anisotropic modulo the centre of Gr), 
7 — {l{())i=Lp,oo is an element of G(A^) such that, for all £, 7(f) becomes 

conjugate to 70 in G(Qf), 
o S is an clement of G(L n ) such that 

AfS = S-aS-...- a^S, 
becomes conjugate to 70 in G(Qp 1 ). 

Two triples (70; 7, 6) and (7^; 7', 6') arc said to be equivalent, (70; 7, 6) ~ (70; 7', S'), 
if 70 is conjugate to 7q in G(Q), 7 (I) is conjugate to j'(£) in G(Qe) for each £ ^ p, 00, 
and 5 is cr-conjugate to 5' in G(L n ). 

Given such a triple (70; 7, S), we set: 

o I = G 7o , the centralizcr of 70 in G; it is connected and reductive; 

loo — the inner form of 7 r such that I QO /Z(G) is anisotropic; 

o I i = the centralizer of in Gq e ; 

o I p = the inner form of Gq such that I p (Q p ) = {x e G(L n ) \ • S ■ ax = 
5}. 

We need to assume that the triple satisfies the following condition: 

(*) there exists an inner form / of Io such that Iq t is isomorphic 
to Ig for all £ (including p and 00). 

Because 70 and 7^ are stably conjugate, there exists an isomorphism ag : I Qai — > 
i^Qai, well-defined up to an inner automorphism of Io over Qf. Choose a system 
(I,a,(jg)) consisting of a Q-group /, an inner twisting a: Io — > / (isomorphism 
over Q al ), and isomorphisms jg: Iq e — ► over for all ^, unramified for almost 
all £, such that o a and differ by an inner automorphism — our assumption 
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(*) guarantees the existence of such a system. Moreover, any other such system is 
isomorphic to one of the form (I, a, (je ° adhi)) where (he) € I ad (A). 

Let dx denote the Haar measure on G(A^) giving measure 1 to K p . Choose a 
Haar measure di p on I(A^) that gives rational measure to compact open subgroups 
of I(A P j), and use the isomorphisms je to transport it to a measure on G(Ay) 7 
(the ccntralizcr of 7 in G(A P j)). The resulting measure does not change if (je) is 
modified by an element of 7 ad (A). Write dx for the quotient of dx by di p . Let / 
be an element of the Hecke algebra 7i of locally constant AT-bi-invariant Q-valued 
functions on G(A/), and assume that / = f p ■ f p where f p is a function on G(Aj) 
and f p is the characteristic function of K p in G(Q p ) divided by the measure of K p . 
Define 



Let dy denote the Haar measure on G(L n ) giving measure 1 to G(Ol u ). Choose 
a Haar measure di p on I(Q P ) that gives rational measure to the compact open 
subgroups, and use j p to transport the measure to I p (Q p ). Again the resulting 
measure does not change if j p is modified by an element of J ad (Q p ). Write dy for 
the quotient of dy by di p . Proceeding as on p370, we choose a cocharacter /1 in 
c(X) well-adapted to the hyperspecial subgroup K p and defined over L n , and we 
let ip be the characteristic function of the coset G(Ol„) • n(p) • G(Ol„)- Define 



Since I/Z(G) is anisotropic over K, and since we are assuming SV5, I(Q) is a 
discrete subgroup of I(A P ), and we can define the volume of 7(Q)\7(Aj). It is a 
rational number because of our assumption on di p and di p . Finally, define 



The triple attached to an admissible pair (</>, e). An admissible pair 

(<j), 70) is an admissible homomorphism <j>: *p — > Eq and a 7 G ^(Q) such that 
7ox = <f) r a; for some x G X p ((j)). Here r = [fc(p) : F p ]. An isomorphism (0, 70) — > 
(</>', 7o) °f admissible pairs is an isomorphism ^ — > 0' sending 7 to 7', i.e., it is a 
.9 e G(Q al ) such that 



Let (T,x) C (G,X) be a special pair. Because of our assumptions on (G, X), 
the cocharacter /x K of T satisfies the conditions of (15.15) and so defines a homo- 
morphism <j> x : ?(S — > £t. Langlands and Rapoport (1987, 5.23) show that every 
admissible pair is isomorphic to a pair ((f), 7) with <f> = 4> x and 7 e T(Q). For 
such a pair (^,7), b((f>) is represented by a <$ e G(L n ) which is well-defined up to 
conjugacy. 

Let 7 be the image of 70 in G(K p f ). Then the triple (70; 7,(5) satisfies the 
conditions in the last subsection. A triple arising in this way from an admissible 
pair will be called effective. 






ad( 5 )o0 = 0', ad( 5 )(7) = 7'. 
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The formula. For a triple (70 . . .), the kernel of 

H\Q, I ) - H\Q, G) @ n^^Qh h) 

is finite — we denote its order by 0(70). 

Theorem 17.1. Let (G,X) be a Shimura datum satisfying the hypotheses of 
(16.8). If that conjecture is true, then 

(64) #Sh p (F 9 )= c(7o)-/(7o;7,«) 

(7o;7,<5) 

where the sum is over a set of representatives for the effective triples. 

Proof. See Milne 1992, 6.13. □ 

Notes. Early versions of (64) can be found in papers of Langlands, but the first 
precise general statement of such a formula is in Kottwitz 1990. There Kottwitz 
attaches a cohomological invariant 01(70; 7, 6) to a triple (70; 7, S), and conjectures 
that the formula (64) holds if the sum is taken over a set of representatives for 
the triples with a = 1 (ibid. §3). Milne (1992, 7.9) proves that, among triples 
contributing to the sum, a = 1 if and only if the triple is effective, and so the con- 
jecture of Langlands and Rapoport implies Kottwitz's conjecture. 20 On the other 
hand, Kottwitz (1992) proves his conjecture for Shimura varieties of simple PEL 
type A or C unconditionally (without however proving the conjecture of Langlands 
and Rapoport for these varieties). 
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Linear Algebraic Groups 

Fiona Murnaghan 

Abstract. We give a summary, without proofs, of basic properties of linear 
algebraic groups, with particular emphasis on reductive algebraic groups. 



1. Algebraic groups 

Let K be an algebraically closed field. An algebraic K-group G is an algebraic 
variety over K, and a group, such that the maps \i : G x G — > G, jj,(x,y) = xy, 
and l : G — > G, t(x) = x^ 1 , are morphisms of algebraic varieties. For convenience, 
in these notes, we will fix K and refer to an algebraic X-group as an algebraic 
group. If the variety G is affine, that is, G is an algebraic set (a Zariski-closed set) 
in K n for some natural number n, we say that G is a linear algebraic group. If G 
and G' are algebraic groups, a map ip : G — > G' is a homomorphism of algebraic 
groups if if is a morphism of varieties and a group homomorphism. Similarly, ip is 
an isomorphism of algebraic groups if <p is an isomorphism of varieties and a group 
isomorphism. 

A closed subgroup of an algebraic group is an algebraic group. If H is a closed 
subgroup of a linear algebraic group G, then G/H can be made into a quasi- 
projective variety (a variety which is a locally closed subset of some projective 
space). If H is normal in G, then G/H (with the usual group structure) is a linear 
algebraic group. 

Let ip : G — > G' be a homomorphism of algebraic groups. Then the kernel of 
ip is a closed subgroup of G and the image of <p> is a closed subgroup of G. 

Let X be an affine algebraic variety over K, with affine algebra (coordinate 
ring) ^[-X] = K[x\, . . . , x n ]/I. If k is a subfield of K, we say that X is defined over 
k if the ideal / is generated by polynomials in k[x\, . . . , x n ], that is, / is generated 
by Ik := I H k[xi, . . . , x n ]. In this case, the fc-subalgebra k[X] := k[x\, . . . , x n ]/Ik 
of K[X] is called a k-structure on X, and K[X] = k[X] <g) fe K. If X and X' are 
algebraic varieties defined over fc, a morphism <p : X — > X' is defined over k (or 
is a k-morphism) if there is a homomorphism : fc[A'] — > k[X] such that the 
algebra homomorphism tp* : K[X'] —> K[X] defining ip is p* k x icZ. Equivalcntly, 
the coordinate functions of p> all have coefficients in k. The set X(k) := X D k n is 
called the K-rational points of X. 
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If A: is a subfield of K, we say that a linear algebraic group G is defined over k 
(or is a k-group) if the variety G is defined over k and the homomorphisms /i and 
l are defined over k. Let p : G — > G' be a fc-homomorphism of fc-groups. Then the 
image of p is defined over k but the kernel of p might not be defined over k. 

An algebraic variety A over K is irreducible if it cannot be expressed as the 
union of two proper closed subsets. Any algebraic variety A over K can be expressed 
as the union of finitely many irreducible closed subsets: 

X = X 1 UX 2 U---UX r , 

where X; t <f_ Xj if j ^ i. This decomposition is unique and the Xi are the maximal 
irreducible subsets of X (relative to inclusion). The A, are called the irreducible 
components of A. 

Let G be an algebraic group. Then G has a unique irreducible component G° 
containing the identity clement. The irreducible component G° is a closed normal 
subgroup of G. The cosets of G° in G are the irreducible components of G, and G° 
is the connected component of the identity in G. Also, if H is a closed subgroup of 
G of finite index in G, then H D G°. For a linear algebraic group, connectedness 
is equivalent to irreducibility. It is usual to refer to an irreducible algebraic group 
as a connected algebraic group. 

If (p : G — > G' is a homomorphism of algebraic groups, then <p(G°) = <^(G)°. 
If A: is a subfield of K and G is defined over k, then G° is defined over k. 

The dimension of G is the dimension of the variety G°. That is, the dimension 
of G is the transcendence degree of the field K(G°) over K. 

If G is a linear algebraic group, then G is isomorphic, as an algebraic group, 
to a closed subgroup of GL„(A) for some natural number n. 

Example 1.1. G = K, with fi(x, y) = x+y and t(x) = —x. The usual notation 
for this group is G a . It is connected and has dimension 1. 

Example 1.2. Let n be a positive integer and let M n (K) be the set ofnxn 
matrices with entries in K. The general linear group G = GL„(A) is the group of 
matrices in M n (K) that have nonzero determinant. Note that G can be identified 
with the closed subset {(g,x) | g € M n (K), x e K, (det g)x = 1 } of A™ 2 x K = 
K n 2 +i Thcn R j G j = K y Xi .^ l<i,j <n, det^ij) -1 ]- The dimension of GL n (A) 
is n 2 , and it is connected. In the case n = 1, the usual notation for GLi(A) is G m . 
The only connected algebraic groups of dimension 1 are G a and G m . 

Example 1.3. Let n be a positive integer and let /„ be the n x n identity 
matrix. The 2n x 2n matrix J = [_° ! ( ™ ] is invertible and satisfies *J = —J, 
where * J denotes the transpose of J. The 2n x 2n symplectic group G = Sp 2n (A) 
is defined by { g <E M 2 „(A) | l gJg = J}. 

2. Jordan decomposition in linear algebraic groups 

Recall that a matrix x g M n {K) is semisimple if x is diagonalizable: there is 
aje GL„(A) such that gxg^ 1 is a diagonal matrix. Also, x is unipotent if x — I n 
is nilpotent: (x — I n ) k — for some natural number k. Given x G GL„(A), there 
exist elements x s and x u in GL„(A) such that x s is semisimple, x u is unipotent, 
and X — XgXi£ — X nX § • Furthermore, x s and Xu £irG uniquely determined. 

Now suppose that G is a linear algebraic group. Choose n and an injective 
homomorphism p : G — > GL„(A) of algebraic groups. If g € G, the semisimple 
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and unipotent parts f(g) s and <p(g) u of <p(g) lie in ty?(G), and the elements g s and 
g u such that f{g s ) — f{g)s and (/?(</«) = ( p{g) u depend only on g and not on the 
choice of ip (or n) . The elements g s and are called the semisimple and unipotent 
part of g, respectively. An element g £ G is semisimple if g = g s (and g u = 1), and 
unipotent if g = g u (and <? s = 1). 

Jordan decomposition. 

(1) If .g € G, there exist elements g s and g u in G such that g — g s g u = g u g s , 
g s is semisimple, and g u is unipotent. Furthermore, g s and g u are uniquely 
determined by the above conditions. 

(2) If k is a perfect subfield of if and G is a fc-group, then g £ G(k) implies 
g s , g u £ G(k). 

Jordan decompositions are preserved by homomorphisms of algebraic groups. 
Suppose that G and G' are linear algebraic groups and <p : G — > G' is a ho- 
momorphism of linear algebraic groups. Let g £ G. Then tp(g) s = <p(g s ) and 

<p(g)u = f(gu)- 

3. Lie algebras 

Let G be a linear algebraic group. The tangent bundle T(G) of G is the set 
Rom K _ a i g (K[G], K[t]/(t 2 )) of if-algebra homomorphisms from the affme algebra 
K[G] of G to the algebra K[t]/(t 2 ). If g £ G, the evaluation map / f(g) from 
K[G] to if is a if-algebra isomorphism. This results in a bijection betweeen G and 
RomK- a ig(K[G], K). Composing elements of T(G) with the map a + bt+ (t 2 ) a 
from K[t]/{t 2 ) to if results in a map from T(G) to G = Kom K _ alg (K [G], K). 
The tangent space 7i(G) of G at the identity element 1 of G is the fibre of T(G) 
over 1. If X £ Ti(G) and / £ K[G], then X(f) = /(l) +td x (f) + (t 2 ) for some 
dx(f) £ K. This defines a map dx ■ K[G] — » if which satisfies: 

<Wi/ 2 ) - d x (/i)/ 2 (l) + /i(l)dx(/ 2 ), /i, / 2 e if [G]. 

Let /x* : if [G] — > if [G] <X>k if [G] be the if-algebra homomorphism which 
corresponds to the multiplication map y(i : G x G — > G. Set (5x = (1 ® rfx) ° M*- 
The map (5x : if [G] — » if [G] is a if -linear map and a derivation: 

M/1/2) - ^(/i)/ 2 + /i«x(/ 2 ), A, / 2 e if [G]. 

Furthermore, <5x is left- invariant: € 9 <5x = <5a^ 9 for all j e G, where (i g f)(g') = 
f(g~ 1 g'), f £ ^[G]. The map X S x is a if -linear isomorphism of Ti(G) onto 
the vector space of if -linear maps from if [G] to if [G] which are left-invariant 
derivations. 

Let q — Ti(G). Define [X, Y] £ q by S[x,y] = Sx Sy — $y Sx- Then g is a 
vector space over if and the map [•, •] satisfies: 

(1) [•, •] is linear in both variables 

(2) [X, X]=0 for all X £ g 

(3) [[X, Y],Z] + [[Y, Z],X} + [[Z, X],Y]=0 for all X , Y, X £ g. (Jacobi 
identity) 

Therefore g is a Lie algebra over if. We call it the Lie algebra of G. 

Example 3.1. If G = GL„(if ), then g is isomorphic to the Lie algebra gl n (K) 
which is M n {K) equipped with the Lie bracket [X, Y] = XY-YX, X, Y £ M n (if) . 
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Example 3.2. If G = Sp 2n (K), then g is isomorphic to the Lie algebra { X e 
M 2n (K) | t XJ + JX = }, with bracket [X, Y] = XY — YX. 

Let p : G — ► G' be a homomorphism of linear algebraic groups. Composition 
with the algebra homomorphism p* : K [G'\ — ► if[G] results in a map T(</?) : 
T(G) -> T(G'). The differential dip of p is the restriction dip = T(p) | B of T(</?) to 
0. It is a K- linear map from g to g', and satisfies 

dip([X,Y]) = [d<p(X),dp(Y)], X,Ye S . 

That is, cZt/? is a homomorphism of Lie algebras. If y> is bijective, then ip is an isomor- 
phism if and only if dip is an isomorphism of Lie algebras. If K has characteristic 
zero, any bijective homomorphism of linear algebraic groups is an isomorphism. 

If H is a closed subgroup of a linear algebraic group G, then (via the differential 
of inclusion) the Lie algebra f) of H is isomorphic to a Lie subalgebra of g. And H 
is a normal subgroup of G if and only if f) is an ideal in g ([X, Y] € i) whenever 
X e fl and Y € fj). ' 

If g G G, then Int g : G — > G, Int g = ggog -1 , 9o € G, is an isomorphism of 
algebraic groups, so Adg := d(Int s ) : g — > g is an isomorphism of Lie algebras. 
Note that (Ad^) -1 = Ad^ -1 , g <E G, and Ad(g 1 g 2 ) = Adgx oAd(/ 2 , ffi, 52 € G. 
The map Ad : G — > GL(g) is a homomorphism of algebraic groups, called the 
adjoint representation of G. 

If G is a fc-group, then its Lie algebra g has a natural fc-structurc g(fc), with 
q~ K ®k g(fc)- Also, Ad is defined over k. 

Jordan decomposition in the Lie algebra. We can define semisimple and nilpo- 
tent elements in g in manner analogous to definitions of semisimple and unipotent 
elements in G (as g is isomorphic to a Lie subalgebra of Ql n (K) for some n). If 
X e g, there exist unique elements X s and X n e g such that X = X s + X n , 
[X s ,X n ] — 0, X s is semisimple, and X n is nilpotent. If ip : G G' is a homomor- 
phism of algebraic groups, then d<p(X) 8 = dp(X s ) and dip(X) n = dip(X n ) for all 

leg. 

4. Tori 

A torus is a linear algebraic group which is isomorphic to the direct product 
G^ = G m x • • • x G m (d times), where d is a positive integer. A linear algebraic 
group G is a torus if and only if G is connected and abclian, and every clement of 
G is semisimple. 

A character of a torus T is a homomorphism of algebraic groups from T to G m . 
The product of two characters of T is a character of T, the inverse of a character 
of T is a character of T, and characters of T commute with each other, so the set 
X(T) of characters of T is an abelian group. A one-parameter subgroup of T is a 
homomorphism of algebraic groups from G m to T. The set Y(T) of one-parameter 
subgroups is an abelian group. If T ~ G m , then X(T) = Y(T) is just the set of 
maps x i— > x r , as r varies over Z. In general, T ~ G^ for some positive integer d, 
so X(T) ~ X(G m ) d ~ 1 d ~ y(T). We have a pairing 

(•,•) : X(T) x Y(T) -» Z 

(x, T)) r where x ° = % T , x € G m . 
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Let k be a subfield of K. A torus T is a k-torus if T is defined over k. Let T 
be a fc-torus. Let X(T) k be the subgroup of X(T) made up of those characters of 
T which are defined over k. We say that T is k-split (or splits over k) whenever 
X(T)k spans fe[T], or, equivalently, whenever T is fc-isomorphic to G m x • • • x G m 
(d times, d = dimT). In this case, T(fc) ~ fc x x • • • x fc x . If X(T) k = 0, then we 
say that T is k- anisotropic. There exists a finite Galois extension of k over which 
T splits. There exist unique tori T sp i and T a „ of T, both defined over k, such that 
T = T sp; T on , T sp[ is fc-split and T an is fc-anisotropic. Also, T an is the identity 
component of n x£ x(T) fc ker^- 

Example 4.1. Let T be the subgroup of GL n (K) consisting of diagonal ma- 
trices in GL n (K). Then T is a fc-split fc-torus for any subfield k of K. 

Example 4.2. Let T be the closed subgroup of GL 2 (C) defined by 



Then T is an M-torus and is K- anisotropic. 

5. Reductive groups, root systems and root data the absolute case 

Let G be a linear algebraic group which contains at least one torus. Then the 
set of tori in G has maximal elements, relative to inclusion. Such maximal elements 
are called maximal tori of G. All of the maximal tori in G are conjugate. The rank 
of G is defined to be the dimension of a maximal torus in G. 

Now suppose that G is a linear algebraic group and T is a torus in G. Recall 
that the adjoint representation Ad : G — > GL(fl) is a homomorphism of algebraic 
groups. Therefore Ad (T) consists of commuting semisimplc elements, and so is 
diagonalizable. Given a <= A(T), let Q a = { X e Q | Ad(t)X = a(t)X, VteT}. 
The nonzero a e -X'(T) such that Q ^ are the roots of G relative to T. The set 
of roots of G relative to T will be denoted by ^(G, T). 

The centralizer Z G (T) of T in G is the identity component of the normalizcr 
N G (T) of T in G. The Weyl group W(G,T) of T in G is the (finite) quotient 
JV G (T)/Z G (T). Because W(G,T) acts on T, W(G,T) also acts on A(T), and 
W(G, T) permutes the roots of T in G. Since any two maximal tori in G arc 
conjugate, their Weyl groups are isomorphic. The Weyl group of any maximal 
torus is referred to as the Weyl group of G. 

An algebraic group G contains a unique maximal normal solvable subgroup, 
and this subgroup is closed. Its identity component is called the radical of G, 
written R(G). The set R U (G) of unipotent elements in R(G) is a normal closed 
subgroup of G, and is called the unipotent radical of G. If G is a linear algebraic 
group such that the radical R(G°) of G° is trivial, then G is semisimplc. In fact, G 
is semisimplc if and only if G has no nontrivial connected abelian normal subgroups. 
If ^(G ) is trivial, then G is reductive. The semisimple rank of G is defined to 
be the rank of G/i?(G), and the reductive rank of G is the rank of G/R U (G). 

The derived group Gder of G is a closed subgroup of G, and is connected when 
G is connected. Suppose that G is connected and reductive. Then 



(1) Gder is semisimple. 

(2) R(G) = Z(G)°, where Z{G) is the centre of G, and R(G) is a torus. 

(3) R(G) n G der is finite, and G = R(G)G der . 
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For the rest of this section, assume that G is a connected reductive group. Let 
T be a torus in G. Then Z G (T) is reductive. This fact is useful for inductive 
arguments. Now assume that T is maximal. Let t be the Lie algebra of T and let 
$ = $(G,T). Then 

(1) g = te0 ae$ a and dimg Q = 1 for all a £ 

(2) If a £ $, let T„ = (Kera) . Then T Q is a torus, of codimension one in 
T. 

(3) If a £ <&, let Z a = Zc(T a ). Then Z Q is a reductive group of scmisimplc 
rank 1, and the Lie algebra i a of Z Q satisfies % a = i © g a © The 
group G is generated by the subgroups Z a , a £ <f>. 

(4) The centre Z(G) of G is equal to n ae $T Q . 

(5) If a £ there exists a unique connected T-stable (relative to conjugation 
by T) subgroup U Q of G having Lie algebra g Q . Also, U a C Z Q . 

(6) Let n £ Nc(T), and let w be the corresponding clement of W — W(G, T). 
Then !iU a !i _1 = U ro ( a ) for all a £ 

(7) Let a £ <f>. Then there exists an isomorphism e a : G a — » U a such that 
te Q (a;)t _1 = e a (a(t)a;), teT,ie G . 

(8) The groups U Q , a£$, together with T, generate the group G. 

Let ($) be the subgroup of X(T) generated by $ and let V = (<f>) ©z K. Then 
the set $ is a subset of the vector space V and is a root system. In general an 
abstract root system in a finite dimensional real vector space V, is a subset $ of V 
that satisfies the following axioms: 

(Rl): $ is finite, $ spans V, and ^ <j>. 

(R2): If a £ $, there exists a reflection s a relative to a such that s Q ( ( f>) C <&. 
(A reflection relative to a is a linear transformation sending a to —a that 
restricts to the identity map on a subspace of codimension one) . 

(R3): If a, (3 £ <&, then s a (/3) — (i is an integer multiple of a. 

A root system is reduced if it has the property that if a £ then ±a are the 
only multiples of a which belong to 

The rank of $ is defined to be dimV. The abstract Weyl group W(<&) is the 
subgroup of GL(V) generated by the set { s a | a £ $ }. 

If T is a maximal torus in G, then <f> = <1>(G,T) is a root system in V = 
(<J>) ©z K, and it is reduced. The rank of <J> is equal to the semisimple rank of G, 
and the abstract Weyl group VF(<!>) is isomorphic to W = W(G,T). 

A base of $ is a subset A = { a\, . . . , ag}, i = rank(<&), such that A is a basis 
of V and each a 6 $ is uniquely expressed in the form a = J2i=i c i a ii where the 
Cj's are all integers, no two of which have different signs. The elements of A are 
called simple roots. The set of positive roots <f> + is the set ofa£$ such that the 
coefficients of the simple roots in the expression for a, as a linear combination of 
simple roots, are all nonncgativc. Similarly, <f> _ consists of those a £ $ such that 
the coefficients are all nonpositive. Clearly <!> is the disjoint union of <I> + and <i>~. 
Given there exists a base containing a. Given a base A, the set { s a \ a £ A } 

generates W = W(Q). The subgroups Z Q , a £ A, generate G. Equivalcntly, the 
subgroups U a , a £ A, and T, generate G. 

There is an inner product (•, •) on V with respect to which each w £ W is an 
orthogonal linear transformation. If a, (3 £ <&, then s a {(3) = j3 — (2(/3, a) /(a, a))a. 
A Weyl chamber in V is a connected component in the complement of the union 
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of the hyperplanes orthogonal to the roots. The set of Weyl chambers in V and 
the set of bases of $ correspond in a natural way, and W permutes each of them 
simply transitively. 

If a E <!>, there exists a unique a v E Y(T) such that (f3,a v ) = 2((3,a)/(a,a) 
for all (3 E <&. The set <i> v of elements a v (called co-roots) forms a root system in 
($ v ) <8>z K, called the dual of The Weyl group W($ v ) is isomorphic to W(&), 
via the map s a <— > s Q v . 

A root system $ is said to be irreducible if $ cannot be expressed as the 
union of two mutually orthogonal proper subsets. In general, <& can be partitioned 
uniquely into a union of irreducible root systems in subspaces of V. The group G 
is simple (or almost simple) if G contains no proper nontrivial closed connected 
normal subgroup. When G is scmisimple and connected, then G is simple if and 
only if <!> is irreducible. 

The reduced irreducible root systems are those of type A n , n > 1, B n , n > 1, 
C n , n > 3, D n , n > 4, E 6 , E 7 , Eg, F4, and Gi- For each n > 1 there is one 
irreducible nonreduced root system, BC n . (These root systems are described in 
many of the references). If n > 2, the root system of GL n (A) (relative to any 
maximal torus) is of type A n _\. The root system of Sp 2n (A) is of type C n , if 
n > 3, and of type A\ and £?2 for n = 1 and 2, respectively. 

The quadruple *(G,T) = (A,y$,$ v ) = (X(T), Y(T), $(G, T), $ V (G, T)) 
is a roo£ datum. An abstract root datum is a quadruple ^ = (X, Y, <i>, < i )V ), where 
X and y are free abelian groups such that there exists a bilinear mapping (•, •) : 
X x Y — > Z inducing isomorphisms X ~ Hom(Y,Z) and 1" ~ Hom(A, Z), and 
$ C A and <!> v C y are finite subsets, and there exists a bijection a n a v of $ 
onto <& v . The following two axioms must be satisfied: 

(RD1): (a,a v )=2 

(RD2): If s a : X — > A and s Q v : Y — > y are defined by s Q (x) = x — (x, a v )a 
and s a v(y) = y - (a,y)a v , then s Q (<I>) C <f> and s Q v(<i) v ) c <f> v (for all 
a e $). 

The axiom (RD2) may be replaced by the equivalent axiom: 

(RD2'): If a E <f>, then s a ($) C <f>, and the s a , a E <f>, generate a finite 
group. 

If <E> 7^ 0, then $ is a root system in V := (<&) ®z where ($) is the subgroup 
of A generated by <I>. The set <& v is the dual of the root system $. 

The quadruple * v = (Y, X, <f> v , $) is also a root datum, called the dual of 
A root datum is reduced if it satisfies a third axiom 

(RD3): a€$=^2a^$. 

The root datum *(G,T) is reduced. 

An isomorphism of a root datum , f = (A, Y, $,$ v ) onto a root datum vp' = 
(A', y', <i>' v ) is a group isomorphism / : A — > A' which induces a bijection of 
$ onto $' and whose dual induces a bijection of <I>' V onto $ v . If G' is a linear 
algebraic group which is isomorphic to G, and T' is a maximal torus in G', then 
the root data *(G, T) and *(G', T') are isomorphic. 

If ^ is a reduced root datum, there exists a connected reductive A-group G 
and a maximal torus T in G such that = ^(G,T). The pair (G,T) is unique 
up to isomorphism. 
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6. Parabolic subgroups 

Let G be a connected linear algebraic group. The set of connected closed 
solvable subgroups of G, ordered by inclusion, contains maximal elements. Such a 
maximal element is called a Borel subgroup of G. If B is a Borel subgroup, then 
G/B is a projective variety and any other Borel subgroup is conjugate to B. If P is 
a closed subgroup of G, then G/P is a projective variety if and only if P contains a 
Borel subgroup. Such a subgroup is called a parabolic subgroup. If P is a parabolic 
subgroup, then P is connected and the normalizer 7Vg(P) of P in G is P. If P 
and P' are parabolic subgroups containing a Borel subgroup B, and P and P' are 
conjugate, then P = P'. 

Now assume that G is a connected reductive linear algebraic group. Let T 
be a maximal torus in G. Then T lies inside some Borel subgroup B of G. Let 
U = Ru(B) be the unipotent radical of B. There exists a unique base A of 
<f> = <J>(G, T) such that U is generated by the groups U Q , a £ <I> + , and B = T k U. 
Conversely if A is a base of <&, then the group generated by T and by the groups 
U Q , a £ <i> + , is a Borel subgroup of G. Hence the set of Borel subgroups of G which 
contain T is in one to one correspondence with the set of bases of The Weyl 
group W permutes the set of Borel subgroups containing T simply transitively. 
The set of Borel subgroups containing T generates G. 

The Bruhat decomposition. Let B be a Borel subgroup of G, and let T be a 
maximal torus of G contained in B. Then G is the disjoint union of the double 
cosets BwB, as w ranges over a set of representatives in JVg(T) of the Weyl group 
W (BwB — Bw'B if and only if w = w' in W). 

Let G, B and T be as above. Let A be the base of <&(G,T) corresponding to 
B. If / is a subset of A, let Wj be the subgroup of W generated by the subset 
5/ = {s a | a £ 1} of I. Let Pj = BWjB (note that P = B). Then Pj is a 
parabolic subgroup of G (containing B). A subgroup of G containing B is equal 
to Pj for some subset I of A. If I and J are subsets of A then Wj C Wj implies 
I C J and Pj C Pj implies I C J. Also, Pj is conjugate to Pj if and only if 
I = J. A parabolic subgroup is called standard if it contains B. Any parabolic 
subgroup P is conjugate to some standard parabolic subgroup. 

Let I C A. The set <&j of a £ <& such that a is an integral linear combination of 
elements of I forms a root system, with Weyl group Wj. The set of roots ^(Pj, T) 
of Pj relative to T is equal to $+ U ($~ n Let Nj = R u (Pi). Then N 7 is a 
T-stable subgroup of U = B u , and is generated by those XJ a which are contained 
in Nj, that is, by those U a such that a € <i> + and a £ $/. Let T/ = (flag/Ker a) , 
and let Mj = Zg(Tj). The set <&/ coincides with the set of roots in $ which are 
trivial on Tj. The group M/ is reductive and is generated by T and by the set of 
XJ a , a £ T/ is the identity component of the centre of Mj, and <1>(M/, T) = <!>/. 
The Lie algebra of M/ is equal to t©® Qg<I)7 g a (here t is the Lie algebra of T). The 
group Mj normalizes Nj and Pj = Mj k Nj. A Levi factor (or Levi component) 
of Pj is a reductive group M such that Pj = M x Nj, and the decomposition 
Pj = M k Nj is called a Levi decomposition of Pj. If M is a Levi factor of Pj, 
then there exists n G Nj such that M = nM/n" 1 . It is possible for Mj and 
Mj to be conjugate for distinct subsets / and J of A. More generally, if P is 
any parabolic subgroup of G, P has Levi decompositions (which we can obtain via 



LINEAR ALGEBRAIC GROUPS 



387 



conjugation from Levi decompositions of a standard parabolic subgroup to which 
P is conjugate). 

Note that if P is a proper parabolic subgroup of G, then the semisimple rank 
of a Levi factor of P is strictly less than the semisimple rank of G. This fact is 
often used in inductive arguments. 

7. Reductive groups - relative theory 

Let fc be a subficld of K. Throughout this section, we assume that G is a 
connected reductive k- group. Then G has a maximal torus which is defined over 
k. We say that G is k-split if G has a maximal torus T which is fc-split. If G is 
fc-split and T is such a torus, then each U a , a € <1>(G,T), is defined over k, and 
the associated isomorphism e a : G a — > U Q can be taken to be defined over k. If 
G contains no fc-split tori, then G is said to be k-anisotropic. There exists a finite 
separable extension of k over which G splits. 

Suppose that G and G' are connected reductive fc-split fc-groups which are 
isomorphic. Then G and G' are fc-isomorphic. 

The ccntralizcr Z G (T) of a fc-torus T in G is reductive and defined over k, and 
if T is fc-split, Z G (T) is the Levi factor of a parabolic fc-subgroup of G. (Here, we 
say a closed subgroup H of G is a fc-subgroup of G if H is a fc-group) . Any fc-torus 
in G is contained in some maximal torus which is defined over k. If k is infinite, 
then G(fc) is Zariski dense in G. 

The maximal fc-split tori of G are all conjugate under G(fc). Let S be a maximal 
fc-split torus in G. The k-rank of G is the dimension of S. The semisimple k-rank 
of G is the fc-rank of G/R(G). The finite group k W = N G (S)/Z G (S) is called the 
k- Weyl group. The set = ^(G, S) of roots of G relative to S is called the k-roots 
of G. The fc-roots form an abstract root system, which is not necessarily reduced, 
with Weyl group isomorphic to kW. The rank of is equal to the semisimple 
fc-rank of G. 

A Borel subgroup B of G might not be defined over k. We say that G is 
k-quasisplit if G has a Borel subgroup that is defined over fc. If P is a parabolic 
fc-subgroup of G, then R U (P) is defined over fc. A Levi factor M of a parabolic 
fc-subgroup is called a Levi fc-factor of P if M is a fc-group. Any two Levi fc- 
factors of P are conjugate by a unique element of R u (P)(k). If two parabolic 
fc-subgroups of G are conjugate by an element of G then they are conjugate by an 
element of G(fc). The group G contains a proper parabolic fc-subgroup if and only 
if G contains a noncentral fc-split torus, that is, if the semisimple fc-rank of G is 
positive. The results described in this section give no information in the case where 
G has semisimple fc-rank zero. 

Let Po be a minimal clement of the set of parabolic fc-subgroups of G (such 
an element exists, since the set is nonempty, as it contains G). Any minimal 
parabolic fc-subgroup of G is conjugate to Po by an element of G(fc). The group 
P contains a maximal fc-split torus S of G, and Z G (S) is a fc-Levi factor of P . 
The semisimple fc-rank of Z G (S) is zero. Because iV G (S) = N G (S)(k) • Z G (S), 
G(fc) contains representatives for all elements of . The group kW acts simply 
transitively on the set of minimal parabolic fc-subgroups containing Z G (S). 

Let Lie(Z G (S)) be the Lie algebra of Z G (S). Then 

9a- 

aGfc* 
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If a G and 2a ^ fc<I>, then g a is a subalgcbra of q. If a and 2a G then 
0a + 02a is a subalgebra of q. For each a G fc^, set 



0(a) 



Q) if 2a ^ fe $ 

0a ©02a, if 2a € fc$. 



There exists a unique closed connected unipotent fc-subgroup U( a ) of G which 
is normalized by Zg(S) and has Lie algebra 0( Q ). 

Let Po be as above. Then there exists a unique base feA of fc<& such that 
R U (P ) is generated by the groups U7 a ), a G fc$ + . The set of standard parabolic 
fc-subgroups of G corresponds bijectively with the set of subsets of Fix I C feA. 
Let Si = (n Q£ j n Ker a) and let fe<I>/ be the set of a G which are integral linear 
combinations of the roots in /. Let kWi be the subgroup of k W generated by 
the reflections s a , a G /. The parabolic fc-subgroup of G corresponding to / is 
Pi = Po • kWi ■ Po- The unipotent radical of Pj is equal to Nj, the subgroup of G 
generated by the groups U( a ), as a ranges over the elements of fe<£ + which are not 
in fe<I>/. The fc-subgroup M 7 := Z G (Si) is a Levi fc-factor of P/, <&(M/,S) = fc <I>j, 
and k Wi = k W{Mi,S). 

A parabolic fc-subgroup of G is conjugate to exactly one Pi, and it is conjugate 
to Pi by an element of G(fc). 

Relative Bruhat decomposition. Let Uo = R u (Pq). Then G(fc) = Uo(fc) • 
N G (S)(k) ■ U (fc), and G(fc) is the disjoint union of the sets P (k)wP (k), as w 
ranges over a set of representatives for elements of feTL" in N G (S)(k). 

A parabolic subgroup of G(fc) is a subgroup of the form P(fc), where P is a 
parabolic fc-subgroup of G. A subgroup of G(fc) which contains Po(k) is equal to 
P/(fc) for some / C feA. If / C feA, choosing representatives for k W i in Nc(S)(k), 
we have P/(fc) = Po(k)-kWi-P a (k). The group P/(fc) is equal to its own normalizer 
in G(fc). The Levi decomposition Pi = M/ k Nj carries over to the fc-rational 
points: P/(fc) = M/(fc) x N/(fc). If /, J C fe A and g G G(fc), then gP J {k)g~ 1 C 
P/(fc) if and only if J C / and g G P/(fc). 

8. Examples 

Example 8.1. G = GL n (K), n>2. 

The group T = { diag (ti, i2, ■ ■ ■ , t n ) \ ti G K x } is a maximal torus in G. For 
1 < i < n, let £i = (0, 0, . . . , 0, 1, 0, • • • , 0) G Z™, with the 1 occurring in the zth 

n 

coordinate. The map V kdi y n , where 



X » , , (diag (ii, • •• , t n )) = t 1 1 ---t 



fei + k n 
n ! 



i=l 



is an isomorphism from Z™ to A(T). If [l „ (t) = diag (t kl , ••• , t kn ), t G 

i = l 

n 

K x , then the map W» i— » t 1 n is an isomorphism from Z™ to Y(T). Also, 

* _ 1 i = l 

n 

{Xzkih, Wtiei) = E Mi- The root system $ = $(G,T) = {y^-£ 3 I 1 < i + 3 < 
n}. 

For 1 < i ^ j < n, let G M n (K) = g be the matrix having a 1 in the 
entry, and zeros elsewhere. If a = Xh-iji i 3\ then g a is spanned by Eij, and 
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U Q = {I n + tEij | t € K }. The reflection s a permutes 1% and £j, and fixes all Ik 
with fe ^ The co-root a v is The Weyl group W is isomorphic to the 

symmetric group S n . The root system $ ~ $ v is of type A n _i. 

The set A :— { Xh-h+i \ 1 < i < n — l}isa base of <!>. The corresponding 
Borcl subgroup B is the subgroup of G consisting of upper triangular matrices. 

If I C A, there exists a partition (m, n 2 , ■ ■ ■ , n r ) of n (tii a positive integer, 
1 < i < r, ni + n 2 + ■ ■ ■ + n r = n), such that 

T 7 = {diag(ai, . . . , oi, a 2 , . . . , a 2 , . . . , a r , . . . ,a r ) \ ai,a 2 , ■ ■ ■ ,a r e K x } 

v ' s v ' v v ' 

ni times 712 times n r times 

The group M/ := Z G (Tj) is isomorphic to GL ni (if) x GL„ 2 (if) x • • • x GL„ r (X), 
N/ consists of matrices of the form 

I ni * * * 

In 2 * ■ 

7 

* 

and P/ = M/K Nj. 

Example 8.2. G = Sp 4 (X) (the 4x4 symplectic group). Let 



J = 












1 








1 








-1 








1 












Then G = {g e GL 4 (K) | *g Jg = J} and Q = {X e M 4 {K) | *XJ + JX = 0}. 

The group T := {diag (a, b, b^ 1 , a" 1 ) | a, b € if x } is a maximal torus in G 
and X(T) ~ Z x Z, via X(i,j) <-» where X(i,j) (diag (a, 6, 6 _1 , a" 1 )) = oW. 

And Y(T) ~ Z x Z, via /i^j <-» (i,j), where H(ij)(t) = (diag (i\ t -3 , i~ J ). 
Note that (X(i,j), M(M)) = ki + j£. 

Let a = X(i ,-i) and /? = X(o,2)- Then 

4> = {±a, ±/3, ±(a + /?),±(2a + /3}, 

A := {a, (3} is a base of $ = $(G, T), and 

Q a = Span K ( J Bi2 - E 34 ), g_ Q = Span x (S 2 i - S43) 0/3 = Span K £ 2 3 
fl Q +/3 = Span K (£ 13 + £ 24 ), 02a+^ = Span K £; 14 , etc. 

Identify md /3 with (1,-1) and (0,2) e Z x Z, respectively, we have 

s a (l, —1) = (—1, 1) = —a and s Q (l, 1) = (1, 1). The corresponding element of 
W = A r c(T)/T is represented by the matrix 

"0 10 0" 
10 
1' 
10 
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We also have s (O,2) = (0,-2) = -/3 and s (l,O) = (1,0). The corresponding 
element of W — A r c(T)/T is represented by the matrix 





1 

-10 

1 



The Weyl group W = W(&) is equal to { 1, s a , sp, s a sp, sps a , sps a sp, s a sps ai (sps c 
which is isomorphic to the dihedral group of order 8. 
The dual root system <!> v is described by 

$ v = {±a v , ±/3 v , ±{a + /3) v , ±(2q + /3) v } 

a v = (l, -1) (a + /?) v = (l, 1) 

/3 V = (0, 1) (2a + /3) v = (l,0) 

The root system $ is of type C 2 and <& v is of type B 2 , isomorphic to C 2 - 

Remark 8.3. If n > 2 the root system of Sp 2n (K) is of type C„, and the dual 
is of type B n , and B n and C„ are not isomorphic. 

The Borel subgroup of G which corresponds to A is the subgroup B of upper 
triangular matrices in G. Apart from G and B, there arc two standard parabolic 
subgroups, P Q and Pp, attached to the subsets {a} and {/3} of A, respectively. It 
is easy to check that 

T a = (Kcr a)° = {diag (a, a, a -1 a -1 ) | a e K x } 




M a = Z a (T a ) 



'0 1" 


t A -l 


'0 


1" 






1 0_ 




1 


0_ 







A e GL 2 {K) 



T> = (Ker (3) 



h B 
I 2 



B e M 2 (K), l B = B 
{diag (a, 1, 1, oT 1 ) | a e } 



M g = Z G (T^) 



~d 














Cll 


C12 








C21 


C22 














d- 1 



d S A" X , C11C22 - C12C21 = 1 



SL 2 (K) x i<" > 



1 x y z 

10?/ 

1 -x 

1 



x,y,z S K 



9. Comments on references 

For the basic theory of linear algebraic groups, see [Bl], [H] and [Sp2], as 
well as the survey article [B2]. For information on reductive groups defined over 
non algebraically closed fields, the main reference is [BoTl] and [BoT2]. Some 
material appears in [Bl], and there is a survey of rationality properties at the end 
of [Sp2]. See also the survey article [Spl]. For the classification of scmisimplc 
algebraic groups, see [Sa] and [T2]. For information on reductive groups over 
local nonarchimedean fields, see [BrTl], [BrT2], and the article [Tl]. Adeles and 
algebraic groups are discussed in [W]. 
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Introduction 



One of the long term goals in the representation theory of reductive groups over 
p-adic fields is the local Langlands conjecture, which classifies irreducible represen- 
tations in terms of Langlands parameters (and auxiliary data on the Langlands 
dual group). This goal has been achieved for GL n (see [CarOO] for a survey of 
recent work on this problem), but not in general. 

One way to approach the classification problem for classical groups is via the 
twisted Arthur-Selberg trace formula for GL n , the reason behind this being that 
all quasi-split classical groups are captured as twisted endoscopic groups for GL n 
(strictly speaking, a suitable restriction of scalars of GL n in the case of unitary 
groups). The building blocks of representation theory on a p-adic group are the 
supercuspidal representations, and these show up in the trace formula only through 
their distribution characters. To use the trace formula successfully it is necessary 
to know some qualitative facts about these characters. 

Here we should pause to recall that for any smooth representation tt of our 
p-adic group G and any / e (G) (the space of locally constant and compactly 
supported functions on G) there is an operator 7r(/) on the underlying vector space 
Vn of 7r, defined on v € V v by 



dg being some fixed Haar measure on G. 

When 7r is irreducible, it is necessarily admissible (see the survey article [BZ76] 
for this and other basic facts about the representation theory of p-adic groups), 
which guarantees that 7r(/) has finite rank and hence has a trace. The character 
©tt of 7r is the distribution on G defined by 



on each test function / e C%°(G). 

It is a deep theorem of Harish-Chandra that the distribution ©„• can be repre- 
sented by integration against a locally constant function, still denoted O w , on the 
set G rs of regular scmisimplc elements in G. Thus, for all / e C^°(G) there is an 
equality 



The function is independent of the choice of Haar measure, and by comparing 
equations (0.0.1) and (0.0.2) one sees that formally Qn(g) = t r7r (s); though of 
course trir(g) does not make sense literally when ir is infinite dimensional, as is 
usually the case. 

In order to extract information about classical groups from the twisted trace 
formula for GL n (see [Art97]), one must stabilize the twisted trace formula, which 
is to say that one must express it as a linear combination of stable trace formulas for 
the elliptic twisted endoscopic groups H of GL n . The stabilization process should 
then yield identities between (suitable linear combinations of) characters on the 
classical group H and (suitable linear combinations of) twisted characters on GL n . 
This has been done in full [Rog90] for GL 3 (E) and its twisted endoscopic group 
C/(3) (quasi-split unitary group over F coming from a quadratic extension E/F), 



(0.0.1) 




e.(/)=tr7r(/) 



(0.0.2) 
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giving a classification for representations of U(3) in terms of the better understood 
representations of GL 3 (E) . 

Information about the characters of irreducible representations of p-adic groups 
is embedded in the spectral side of the trace formula, but in order to carry out the 
stabilization one must start with the geometric sides of the relevant trace formulas, 
and so one must study orbital integrals (invariant integrals over conjugacy classes) 
as well as Arthur's weighted orbital integrals (obtained from certain non-invariant 
integrals over conjugacy classes, and more generally from certain limits of these). 

Thus, in order to use the trace formula, one needs a good understanding of 
characters, orbital integrals and weighted orbital integrals, and these are precisely 
the main objects of study in harmonic analysis on G. Many of the most basic (and 
deepest) results in this area are due to Harish-Chandra, among them his theorem, 
mentioned above, that the distribution character 0^ can be represented by a locally 
integrable function on G, locally constant on G rs . 

The main step in Harish-Chandra's proof of this result involves passing to the 
Lie algebra g of G and proving an analogous result there. For this reason, among 
others, one should study harmonic analysis on g along with that on G, and in 
this article, after introducing some of the key concepts in harmonic analysis on 
G, we will then concentrate on g, giving an almost self-contained exposition of 
Waldspurger's local trace formula on g [Wal95] as well as many results of Harish- 
Chandra [HC78, HC99] . We should now follow up these rather vague motivational 
remarks with a more precise discussion of some of the key results in harmonic 
analysis on G and g. 

Harish-Chandra's first assault [HC70] on the problem of representing the dis- 
tribution character Q n by a locally integrable function on G was limited to the case 
in which ir is a supercuspidal representation. Given a vector v in the space of ir 
and a vector v in the space of the contragredient representation n, we can define a 
locally constant function on G by 

(0.0.3) fv,v{g)~(v,ir{g)v), 

the pairing denoting the value of the linear functional v on the vector 7r(g)v. The 
function fy iV is referred to as a matrix coefficient for n. For simplicity let us as- 
sume for the remainder of the introduction that the center of G is compact. Our 
assumption that ir is supercuspidal implies [BZ76] that all its matrix coefficients 
are compactly supported functions on G. (Conversely, an irreducible smooth rep- 
resentation whose matrix coefficients are compactly supported is supercuspidal.) 

Now choose v 7 v so that (v,v) is the formal degree (see [HC70]) of ir, and let 
4> denote the matrix coefficient / 5)t) . (Thus <j)(l) is the formal degree of n.) Then 
as an easy first step Harish-Chandra shows that 



(0.0.4) 



e*(/)= / [/ 4>{x)f{g- 1 xg)dx 
Jg l Jg 

= <l}{gxg^ 1 )f{x)dx dg. 

Jg l Jg j 



These integrals are convergent only as iterated integrals, and it is not legitimate 
to interchange the order of integration. However, let's pretend for a moment that 
we could interchange the order of integration. Then we would conclude that the 
distribution is represented by the function x i— > f G (fi^gxg^ 1 ) dg on G. This is 
nonsense since the integral f G <ft(gxg~ 1 )dg diverges unless the centralizer of x is 
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compact. Nevertheless Harish-Chandra shows that the restriction of the distribu- 
tion ©„. to G rs is represented by the function 

(0.0.5) x^> I " \ f (j){gkxk- l g- 1 ) dk] dg 

Jg ^Jk - 1 

for any compact open subgroup K of G that we like, and he then goes on to prove 
the difficult result that the function ©„. is locally integrablc on G and represents 
the distribution on all of G, not just on G IS . 

For x G G rs the identity component of the centralizer of £ is a torus, and when 
this torus is compact (compact modulo the center, when the center is not assumed 
to be compact) we say that x is elliptic. For elliptic regular scmisimplc x Harish- 
Chandra shows that the order of integration in (0.0.5) can be reversed, so that (for 
such a;) the character value at x is given by the orbital integral 

(0.0.6) e,r(aO= f (Pigxg-^dg. 

Jg 

Arthur [Art 87] has generalized the formula (0.0.6) in a very beautiful way: for 
any x G G rs the character value at x is given by the weighted orbital integral 

(0.0.7) e n ( X ) = (-l)d^M f ^g-l X g) VM (g)dg 

Ja m \g 

for a weight function vm described in 12.6 and a suitably normalized invariant 
measure dg on the homogeneous space Am\G. Here M is a Levi subgroup in which 
x is elliptic, and Am is the split component of the center of M. 

What happens when our irreducible smooth representation 7r is not assumed 
to be supercuspidal? If tt is obtained by parabolic induction from a supcrcuspi- 
dal representation a of a Levi subgroup M of G, then one can easily express the 
character of tt in terms of that of a, and in this way show that ©„■ is represented 
by a locally integrable function on G. However, even for GL2, the Grothendieck 
group of representations of G having finite length is not spanned by the classes of 
representations that are parabolically induced from supercuspidal representations 
of Levi subgroups, so parabolic induction alone does not solve our problem. 

To handle the general case Harish-Chandra [HC78, HC99] changed his strat- 
egy, no longer treating supercuspidal representations separately, and relying even 
more heavily on passage to the Lie algebra g. One goal of this article is to work 
through the main results of [HC78, HC99] concerning harmonic analysis on q. 
What serve as the Lie algebra analogs of the invariant distributions 0^? The 
answer is quite simple: Fourier transforms of orbital integrals. 

Orbital integrals are obtained as follows. For any X G 2 the adjoint orbit of X 
can be identified with Gx\G (Gx being the centralizer of X in G) and carries a 
G-invariant measure dg; moreover for any / € G^°(g) the integral 



Ox(f) ■■= [ f(g- 1 Xg)dg 

JGx\G 



>Gx\G 

converges, yielding an invariant distribution Ox, called the orbital integral for X. 

The Fourier transform / / for / G G^°(g) is reviewed in 8.2. As usual one 
extends the notion of Fourier transform to distributions T on q by the rule 

T(/)=T(/). 
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In particular we can consider the Fourier transform Ox of any orbital integral 
Ox, and, as mentioned above, Ox is analogous to the character of an irreducible 
representation. 

For example, if G is split with split maximal torus A and X is a regular clement 
in Lie(A), then Ox is analogous to a principal series character. If X = 0, then 
Ox is analogous to the character of the trivial representation. If T is an elliptic 
maximal torus and X is regular in Lie(T), then Ox is analogous to the character 
of a supercuspidal representation of G. 

Given this analogy, it is perhaps not hard to guess the statement of one of 
Harish-Chandra's main results in harmonic analysis on g (see Theorem 27.8): for 
every X £ g the distribution Ox is represented by a locally integrable function 
on g, locally constant on g rs , the set of regular semisimplc elements in g. In fact 
Theorem 27.8 says something even more general: for any invariant distribution I on 
g whose support is bounded modulo conjugation (see 15.2) the Fourier transform I 
is represented by a locally integrable function on g, locally constant on g rs . 

It is not easy to prove that Ox is represented by a function. The essential 
case is when X lies in g e , the open subset of elliptic regular semisimple elements 
in g, which Harish-Chandra treats by using Howe's finiteness theorem (see 26.2) to 
reduce to proving that 1^ is represented by a function for any <j> £ C^°(g e ). Here 
1$ is the invariant distribution on g defined for any cusp form <f) £ Cc°(0) by the 
iterated integral 

(0.0.8) I4f) = [\[ cf>(X)f(g- 1 Xg)dx} dg, 

Jg 1 J0 j 

the Lie algebra analog of (0.0.4). The integral (0.0.8) is actually convergent as a 
double integral for the special cusp forms <j> £ C£°(g e ). [Recall that we are assuming 
that the center of G is compact and hence can be ignored. We should also note 
that later, when discussing 1^ systematically (see 25.2), we will find it convenient 
to build in a harmless factor |Zg| _1 (see (25.4.3)).] In particular, we see that <j> 
(and more generally any cusp form on g) behaves analogously to a cusp form on 
G. (Cusp forms on G turn out to be linear combinations of matrix coefficients of 
supercuspidal representations of G.) 

Now (0.0.8) is something that arises naturally in the context of Waldspurger's 
local trace formula [Wal95] on g, and following Waldspurger we use (see 25.2) 
the local trace formula to prove that 1$ is represented by a function, as well as to 
prove Harish-Chandra's Lie algebra analog of (0.0.6) and Waldspurger's Lie algebra 
analog of (0.0.7). 

Waldspurger uses the exponential map to derive the local trace formula on g 
from Arthur's [Art91a] local trace formula on G. A second goal of this article is to 
write out a direct proof of the local trace formula on g. For the most part we follow 
Arthur's treatment of the geometric side of the one on G, the main point being 
Arthur's key geometric result (Theorem 22.3). However some steps in the proof are 
handled differently. For example toric varieties are used to pass from weight factors 
obtained by counting lattice points to weight factors obtained as volumes of convex 
polytopes; these considerations lead to a variant of the local trace formula taking 
values in the complexified if -theory of the relevant toric variety. 

Shalika germs play an important role in Harish-Chandra's proofs and are used 
elsewhere in harmonic analysis. The last goal of this article is to give a self-contained 
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treatment of them, including Harish-Chandra's deep linear independence result, 
which is closely tied to the density of regular scmisimple orbital integrals (see 
Theorem 27.5) in the space of all invariant distributions on g. 

It remains to explain the organization of this article. The first ten sections 
cover roughly the same material as that presented at the summer school. The first 
section discusses an abstract form of the local trace formula that one has on any 
compact group. It provides motivation and a first glimpse of how harmonic analysis 
works, but is not used again later in the article. The second section discusses the 
basics of integration on l.c.t.d spaces and proves a rather technical lemma used later 
in semisimple descent for orbital integrals. The third and fourth sections provide 
background for the fifth section, which aims to give the reader a feel for orbital 
integrals on p-adic groups by calculating lots of them for GL 2 ; a side benefit is 
that the calculations illustrate the phenomenon of homogeneity that is the subject 
of DeBacker's article in this volume. The sixth section establishes the existence of 
the Shalika germ expansion on G. The seventh section proves the Weyl integration 
formula, a simple but important ingredient in the local trace formula. The eighth 
section begins our discussion of the local trace formula. The ninth and tenth sections 
prove the local trace formula on g for G = GLi and derive from it the fact that 1^ is 
represented by a function for any (j> £ C^°(g e ) (see (25.4.3) in order to understand 
why the function 1$ considered in section 10 is essentially the same as the one 
defined earlier in this introduction). 

The remainder of the article is less elementary, though it is still almost com- 
pletely self-contained. To keep the structure theory of G as simple as possible, we 
usually assume that G is split. The eleventh section (on certain convex cones and 
polytopes in Euclidean space) is quite technical and should be consulted only as 
needed while reading later sections. The twelfth section proves some basic facts 
about the weight factors occurring in Arthur's weighted orbital integrals. Once 
the definitions have been understood, the reader can move on, returning to the 
lemmas proved in this section when they arc referred to later. The next four sec- 
tions concern descent, both parabolic and semisimple, which is used to perform 
reduction steps in later proofs. The seventeenth section proves some relatively easy 
results about Shalika germs on g: homogeneity (which lets one define Shalika germs 
as canonical functions on g rs , not just germs of functions) and local boundedness 
(see Theorem 17.9) of normalized Shalika germs. As a consequence we obtain the 
boundedness (see Theorem 17.10) of the function X i— > Ix(f) on g rs , where Ix 
denotes the normalized orbital integral over the orbit of X e g rs . 

In the next two sections we study norms on the set X(F) of F-points on a 
variety X (usually affinc) over a field F equipped with a non-trivial absolute value. 
It is standard practice to use such norms on g and G, but it seems useful to study 
them in greater generality, so that one can also take X to be a G-orbit in g, for 
example. Most of this material is very easy, the one result requiring some work 
being Proposition 18.3. The twentieth section uses this theory of norms to estimate 
weighted orbital integrals. 

The next four sections prove the local trace formula on g (for any split group G) , 
including the if -theoretic version (see 24.5) as well as the standard one (Theorem 
24.1) involving volumes of convex hulls. The formula simplifies (see (24.10.8) and 
(24.10.9)) when one of the test functions is a cusp form. In the next section we use 
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the local trace formula to prove (see Theorem 25.1) the facts about 1^ mentioned 
earlier in this introduction. 

The next two sections apply Theorem 25.1, Howe's finiteness theorem (see 
26.2) and the elementary part of the theory of Shalika germs in order to prove the 
rest of the main results in harmonic analysis on g, namely Theorem 27.5 (linear 
independence of Shalika germs and density of regular semisimple orbital integrals) , 
Theorem 27.8 (J is represented by a function when / is an invariant distribution 
whose support is bounded modulo conjugation), and Theorem 27.12 (the Lie algebra 
analog of Harish-Chandra's local character expansion for 6^). 

The last section is a guide to some of the notation used in this article. 

1. Local trace formula for compact groups G 

In this section G denotes a compact (Hausdorff) topological group and dg 
denotes the unique Haar measure on G that gives measure 1 to G. 

1.1. Finite dimensional representations of G. We need to spend a mo- 
ment discussing finite dimensional representations (ir, V) of G. In other words we 
are interested in continuous linear actions G x V — > V, where V is a finite di- 
mensional complex vector space. Continuity means that the map G x V — > V 
is continuous; linearity means that for each g £ G the map v i— > gv is a linear 
transformation ir(g) from V to itself. 

We write (tt*,V*) for the contragredient representation of (tt,V). Here V* 
is the vector space dual to V, and ir* is the obvious representation of G on V* , 
characterized by the equation 

(1.1.1) (gv*,gv) = (v*,v) 

for all v € V, v * E V* , g € G, the pairing on both sides of this equation being the 
canonical one given by evaluating linear functionals on vectors. 

1.2. Group algebra C{G). For our purposes the best version of the group 
algebra of G is obtained by taking the vector space C(G) of continuous complex- 
valued functions on G. viewed as a C-algebra using convolution. Recall that the 
convolution fi * f 2 of two functions /i , f 2 £ C (G) is the function on G whose value 
at x € G is given by 

(1-2.1) / h(xg- 1 )f 2 (g)dg. 

JG 

Let (it, V) be a finite dimensional representation of G. Then the group algebra 
C(G) acts on V in a natural way. For / € C(G) we denote by n(f) the linear 
transformation by which / acts on V; it is defined by 

(1-2.2) *(/)(«)= / f(g)9vdg. 

J G 

1.3. Characters of finite dimensional representations of G. Let (ir, V) 
be a finite dimensional representation of G. We write 6^ for the character of n, 
which is by definition the function on G defined by 

(1.3.1) @7r(s0 = trace -ir(g). 

Similarly, for / G C(G) we define a complex number T (/) by 

(1.3.2) e„(/) = trace tt(/). 
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It is clear from the definitions that 

(1-3.3) ®M)= I f{g)Q*{g)dg. 

Jg 

1.4. Function space L 2 (G). We use dg to form the space L 2 (G) of square- 
integrable functions on G. The group G x G acts by unitary transformations on 
the Hilbert space L 2 (G), the action of (51,52) € G x G on ip e L 2 (G) being given 
by the rule 

(1-4.1) ({9i,92)<p) {x) = f(g^ 1 xg 2 ). 

The (G x G)-module £ 2 (G) can also be viewed as a G(G) <x>c G(G)-module, 
the action of /1 ® / 2 € G(G) ®c G(G) on e L 2 (G) being given by the following 
integrated form of (1.4.1): 

(1.4.2) ((/i®/ 2 )¥>)(aO= / / fMfMrtgl^dgidgz. 

Jg Jg 

In the integral over 52 <G G we may replace 52 by x~ 1 gig 2 , obtaining 

(1.4.3) ((/i®/ 2 )¥>)(aO= / f fi(gi)f2(x- 1 g 1 g 2 ) lf (g 2 )dg 1 dg 2 , 

Jg Jg 

which shows that /1 (g> /2 acts by an integral operator whose kernel function if is 
given by 

(1-4-4) tffoy) = / fi(g)f 2 (x- 1 gy)dg. 

Jg 

Clearly this kernel is a continuous (hence squarc-integrablc) function on G x G, 
so that the action of /1 ® / 2 on L 2 (G) is given by a Hilbert-Schmidt operator. Simi- 
larly (and even more simply) the left-translation (resp., right-translation) action of 
fi (resp., f 2 ) on L 2 (G) is given by a continuous kernel, hence by a Hilbert-Schmidt 
operator; since the product of the Hilbert-Schmidt operators obtained from /1 and 
f 2 separately gives the action of /1 <X> f 2 , we see that /1 <£> f 2 is a trace class operator 
whose trace is equal to the integral of the kernel K over the diagonal: 

(1.4.5) trace(/ l( g>/ 2 ;£ 2 (G)) = / / f 1 {g)h{x- 1 gx)dgdx. 

Jg Jg 

This equation is a preliminary form of the trace formula for the compact group 
G. We will modify both sides of (1.4.5) in order to get the final form of the trace 
formula for G. To rewrite the left side we will use the Peter- Weyl theorem. 

1.5. Peter- Weyl theorem. The Peter- Weyl theorem (see the book [Kna86] 
by Knapp, for example) tells us that the (G x G)-module L 2 (G) is isomorphic to 
the Hilbert space direct sum 

(1-5-1) 

where (ir, V) runs over a set of representatives for the isomorphism classes of ir- 
reducible finite dimensional representations of G. We have already discussed the 
G-module structure on V* . We regard V®cV* as a (GxG)-module by the following 
rule: 



(1.5.2) 



(51,52) M"*) = g\v®g 2 v 
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Therefore the left (spectral) side of the trace formula can be rewritten as 

(1.5.3) £ e ff (/i)e,.(/ 2 ). 

1.6. Final form of the trace formula. Now we manipulate the right (geo- 
metric) side of the trace formula. Note that the right side of (1.4.5) can be rewritten 
as 

(1.6.1) / [ f 1 (y- 1 gy)f 2 (x- 1 gx)dgdx 

Jg Jg 

for any y G G. [Change variables twice: first replace x by y~ 1 x, then g by y~ 1 gy.} 
Integrating over y and changing the order of integration, we arrive at the final form 
of the trace formula: 

(1-6.2) J2 e -(/i) -*(./2) = / fi(9)h(g)dg, 

where for any / G G(G) we define / <G C(G) by 

(1.6.3) f(g) = f f(x- 1 gx)dx. 

Jg 

Thus f(g) is obtained by integrating / over the orbit (or conjugacy class) of g; 
for this reason f(g) is known as an "orbital integral." Obviously the function / is 
constant on orbits. 

1.7. Algebraic form of the Peter- Weyl theorem. Consider once again 
the Peter- Weyl theorem isomorphism (of (G x G)-modules) 

(1.7.1) l2 ( G ) = (B {w!V) v ®cV*. 

Inside the Hilbert space direct sum on the right side of (1.7.1) we have the algebraic 
direct sum, which can be characterized as the set of vectors u such that the (G x G)- 
module generated by u is finite dimensional. Under the Peter- Weyl isomorphism 
these correspond to functions if G L 2 (G) that are left and right G-finite, in the 
sense that the (G x G)-submodulc of L 2 (G) generated by if is finite dimensional; 
it turns out that such functions are automatically continuous. Thus we obtain the 
algebraic form of the Peter- Weyl theorem 

(1.7.2) G(G) ^ V® C V*, 

where G(G)o denotes the space of left and right G-finite continuous functions on G. 

We have not yet specified how we are normalizing the Peter- Weyl isomorphism. 
To do so we note that V ®c V* is canonically isomorphic to Endc(U) (even as 
(G x G)-module). In our normalization of the Peter- Weyl isomorphism a function 
/ e G(G) maps to the family of elements w(f) G End c (U) = V <X>c V* . In 
particular for / G C(G)o we have ir(f) = (and hence 6^(7) = 0) for all but 
finitely many isomorphism classes of irreducible finite dimensional representations 
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1.8. Fourier transforms of orbital integrals. For any irreducible finite 
dimensional representation (n, V) of G the linear functional / ^ W (/) on C(G) 
is conjugation invariant, and it is clear from the algebraic Peter- Weyl theorem that 
any conjugation invariant linear functional is an infinite linear combination of these 
basic ones. In particular this is the case for the orbital integral 

(1.8.1) / h- / fix-'gx) dx. 

Jg 

In fact we have the following formula for any g € G and / G C(G)o- 



(1.8.2) 




How does one prove this formula? Both sides of it are continuous functions of g; 
to prove that they are equal it is enough to show that they have the same integral 
against an arbitrary continuous function on G, and this is just a restatement of the 
preliminary form (1.4.5) of the trace formula. 

1.9. Plancherel formula. In the special case g — 1 equation (1.8.2) yields 
the Plancherel formula (valid for any / e G(G)o) 

(1.9.1) /(l) = Yl dim(7r)e ff (/). 

(7T,V) 

(Here we used that 7r and ir* have the same dimension.) 

1.10. Matrix coefficients. Let (ir, V) be an irreducible finite dimensional 
representation of G. For v e V, v* e V* such that (v*,v) — 1 we define functions 

and on G by f v *. v (g) — (v*,gv) and f v ,v*{g) = (gv* ,v). Both functions 
lie in G(G)o- The function f v *. v is a matrix coefficient for n, while is a matrix 
coefficient for it*. The two functions are related by f v ,v*(g) — fv.vig^ 1 )- 

We can use matrix coefficients to give an explicit formula for the inverse f3 of 
the isomorphism a appearing in the algebraic Peter- Weyl theorem. Recall that 
a(f) is the element of 

(1.10.1) End c (y) 

whose (tt, V)-th component is 7r(/). We will give an explicit formula for (3 on each 
summand V ® c V* = End c (y). For v (g> v* e V ® c V* we claim that (3{v ®v*) = 
dim7r • /„,„.. 

Why is this the right formula for fP. The representations V ®c V* of G x G are 
irreducible and pairwise non-isomorphic, and the map v ® v* is (G x G)- 

equivariant and non-zero. Therefore it is clear that there exists a scalar c n such 
that /3(v ® u*) = c„. • Taking / = f v<v * in the Plancherel formula (1.9.1), we 

see that = dim7r. 

1.11. Orbital integrals of matrix coefficients. Let (w, V) be an irreducible 
finite dimensional representation of G. Let g € G. Then from (1.8.2) it follows easily 
that 

(1.11.1) / f v *, v (x~ 1 9x)dx= ( dim k)- 1 ■ e^g). 

Jg 
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Thus the orbital integrals of the matrix coefficient for 7r give the character 

values of ir (up to the scalar (dim ir) ~ 1 ) . We have proved this as a consequence of 
the Peter- Weyl theorem and the trace formula for G, but in fact there is a simple 
direct proof, as the reader may wish to devise as an exercise. [Hint: Consider the 
endomorphism J G ir(x~ 1 gx) dx of V.] 

1.12. Comments. Our goal here has not been to develop harmonic analysis 
on compact groups in the most efficient way, but rather to concentrate on the trace 
formula and its relationship to other basic concepts, stressing those, such as orbital 
integrals, that we will meet again in the non-compact case. 

A more standard treatment would emphasize the orthogonality relations (for 
irreducible characters and for matrix coefficients). The trace formula for G has 
essentially the same information in it, but packaged in a slightly different way, as 
we have tried to illustrate. 

2. Basics of integration 

2.1. l.c.t.d spaces. What kind of spaces will we be integrating over? In 
this article we are interested in p-adic groups and Lie algebras, so the topological 
spaces we will encounter will be l.c.t.d spaces (short for locally compact and totally 
disconnected). Thus an l.c.t.d space is a Hausdorff topological space in which every 
point has a neighborhood basis of compact open subsets. 

On an l.c.t.d space X the most important space of functions is C%°(X), the 
space of all locally constant, compactly supported, complex- valued functions on 
X. Any such function can be written as a linear combination of characteristic 
functions of compact open subsets of X. This makes integration rather easy, at 
least in principle: we just need to assign measures to compact open subsets. 

Let X be an l.c.t.d space and let Y be a closed subset with complementary 
open subset U. Then both Y and U are themselves l.c.t.d spaces, and it is an 
instructive exercise to check that the sequence 

(2.1.1) 0^C , c oo (C/)^C c oo (A)^C c oo (y)^0 

is exact. (The first map is given by extending by 0, the second by restriction to Y .) 

Sometimes it is useful to consider vector-valued functions. For any complex 
vector space V we write C^°(X;V) for the space of locally constant, compactly 
supported functions on X with values in V. It is easy to check that 

(2.1.2) C?{X; V) = C™(X) ® c V. 

Lemma 2.1. Let X, Y be l.c.t.d topological spaces. Then the product X xY is 
also a l.c.t.d space, and moreover there are equalities 

Cf{X xY) = C™(X- C C °°(F)) = Cf{X) ® c c c °°(r). 

We leave the proof to the reader as another exercise. 

2.2. l.c.t.d groups. An l.c.t.d topological group is by definition a locally 
compact Hausdorff topological group G in which the identity clement has a neigh- 
borhood basis of compact open subgroups. Clearly G is then a l.c.t.d topological 
space. For us a typical example is G(F), where F is a p-adic field and G is a linear 
algebraic group over F. To see that G(F) is a l.c.t.d group we reduce to the case of 
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the general linear group GL n (by choosing an embedding of G in a general linear 
group); in GL n (F) the compact open subgroups 

(2.2.1) K n = {g e GL n (0) : g = 1 mod tt™} 

give the desired neighborhood basis at the identity element. Here (and throughout 
the article) we write O for the valuation ring in F and ir for a generator of the 
maximal ideal of O. 

2.3. Unimodular groups. Any locally compact Hausdorff topological group 
G admits a left invariant Radon measure dg, known as a (left) Haar measure, and 
dg is unique up to a positive scalar. Since right translations commute with left 
translations, a right translate of dg is another Haar measure, hence is a positive 
multiple of dg; in this way one obtains the modulus character 8q (with values in 
the multiplicative group of positive real numbers) characterized by the property 

(2.3.1) digh- 1 ) = 8 G (h) ■ dg 
or, equivalently, 

(2.3.2) d^hgh' 1 ) = 5 G (h) ■ dg. 

When the modulus character is trivial, one says that G is unimodular. In this case 
dg is both left and right invariant and d(g _1 ) — dg. 

For a reductive group G over our p-adic field F the group G(F) is always 
unimodular. This stems from the fact that G acts trivially on the top exterior power 
of the Lie algebra of G. On the other hand, for any proper parabolic subgroup P 
of G, the group P(F) is not unimodular. 

On a l.c.t.d group G integration is particularly simple. Fix some compact open 
subgroup Kq. Then there is a unique Haar measure dg giving K measure 1. For 
any compact open subgroup K of G the measure of K is 

(2.3.3) [K : KDKo] ■ [K : KnKo]' 1 . 

Moreover for any compact open subset S of G there is a compact open subgroup 
K small enough that S is a disjoint union of cosets gK, so that the measure of S 
is the number of such cosets times the measure of K. That's all we need to know 
about integration on l.c.t.d groups! 

2.4. Integration on homogeneous spaces. Let G be a unimodular locally 
compact Hausdorff topological group and let U be a closed subgroup. Then there 
exists a right G-invariant Radon measure on H\G if and only if H is unimodular. 
Assume this is so, and assume also that G (and hence H) is a l.c.t.d group. 

Choose Haar measures dg, dh on G, H respectively. Then there is a quotient 
measure (right G-invariant) dg/dh on H\G characterized by the formula (integra- 
tion in stages) 

(2.4.1) [ f(g)dg= [ f f(hg)dh dg/dh, 

Jg Jh\gjh 

valid for all / e G c co (G). 

The reason why the integration in stages formula characterizes the invariant 
integral on H\G is that any function in C^°(H\G) lies in the image of the linear 
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map 

CT(G) C™(H\G) 

(2.4.2) „ 

defined by putting 

(2.4.3) f\g) = f f(hg)dh. 

Again we can see rather concretely how the measure works. Indeed, any com- 
pact open subset of our homogeneous space can be written as a disjoint union of 
ones of the form H\HgK (for some compact open subgroup K of G), and the 
measure of H\HgK is given by 

(2.4.4) mcas d3 (K)/ meas dh (H n gKg~ 1 ) , 

as one sees by applying integration in stages to the characteristic function of gK. 

2.5. Integration in stages in reversed order. We continue with G, H 
as above. Later, when discussing descent for orbital integrals, we will need the 
integral formula in Lemma 2.3 below. As a warm-up exercise, we first prove a 
simpler statement, which can be thought of as a version of integration in stages in 
which the order of integration has in a sense been reversed. This reversed formula 
involves a compact open subset C of H\G. We also need to choose a € G^°(G) 
such that a" = 1q- 

Lemma 2.2. For all f e G^°(G) such that the image of Supp(/) under G -» 
H\G is contained in C there is an equality 

(2.5.1) f f{g) dg= [ ([ f(hg)a(g) dg) dh. 
Jg Jh Jg 

PROOF. Change variables in the integral on the right, replacing g by h~ x g, then 
reverse the order of integration, then replace h by noting that <i(/i _1 ) = dh, a 
consequence of the unimodularity of H . □ 

For descent theory we will actually need a variant of (2.5.1), in which we are 
also given a closed unimodular subgroup I of H and a Haar measure di on /. With 
C, a as before we then have the following lemma. 

Lemma 2.3. For any integrable, locally constant function f on I\G such that 
the image of Supp( J) in H\G is contained in C there is an equality 

(2.5.2) / f(g)dg/di= [ <f>{h)dh/di 

JI\G Jl\H 

where <j) is the integrable, locally constant function on I\H defined by 

4>{h)= I f(hg)a(g)dg. 
Jg 

Proof. Let (3 e C~(G) and consider /3» e C™(H\G) defined as above by 

/%)= / P{hg)dh= f P{h- 1 g)dh. 
Jh Jh 
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Then, abbreviating dg/di and dh/di to dg and dh respectively, we have 
f(g)PH9)dg= f f{g) f f3(h- 1 g)dhdg 

I\G JI\G JH 



f(g) [ ( P{h~\- 1 g)didhdg 
Ji\hJi 



i\g Ji\hji 

f{g)l3{h- 1 ig) didgdh 



I\H JI\GJI 

I f(g)P(h- 1 g)dgdh 

I\H JG 



f{hg)l3{g)dgdh. 

ll\H JG 

To see that all these integrals are convergent, replace / and fj by their absolute 
values and note that the integral we started with is obviously convergent, since / 
is integrable and /?" is bounded. Fubini's theorem takes care of the rest. 
Taking (3 = a, we obtain 

(2.5.3) / f(g)lc(g)dg= f c^{h)dh, 

Jl\G Jl\H 

which in view of our assumption on the support of / yields the equality stated in 
the lemma. We have seen along the way that <j) is integrable, and it is obviously 
locally constant. □ 



3. Preliminaries about orbital integrals 

3.1. The set-up. We are going to discuss orbital integrals on G(F), where G 
is a connected reductive group over a p-adic field F. We fix an algebraic closure F 
of F. 

3.2. Orbits. Let 7 e G(F). We are interested in the orbit 0(7) of 7 for the 
conjugation action of G on itself. In other words 0(7) is the conjugacy class of 7, 
a locally closed subset G in the Zariski topology, isomorphic as variety to G/G 7 , 
where G 7 denotes the centralizer of 7 in G (see [Bor91, Prop. 6.7]). There is an 
exact sequence of pointed sets 

(3.2.1) 1 - G 7 (F) - G(F) - (G/G 7 )(F) - H\F, G 7 ) - H\F, G) 

where ^(F^G) denotes the Galois cohomology set H 1 (Gal{F/F),G(F)), and the 
boundary map in this sequence induces a bijection from the set of G(F)-orbits in 
0(7) (F) to the set 

(3.2.2) ]bbi[H 1 (F,G 7 )^H 1 (F,G)]. 

Since H 1 (F, G 7 ) is a finite set (see [Ser02, Ch. Ill, §4]), there are in fact only finitely 
many such orbits. From the theory of p-adic manifolds (see [Ser92]) one knows 
first of all that each G(F)-orbit is open in 0(j)(F), hence also closed in 0(-f)(F), 
and second of all that the G(F)-orbit of 7 is isomorphic as p-adic manifold (hence 
also as topological space) to the homogeneous space G(F)/G 1 (F). Since 0(7) is 
locally closed in G, the set 0(7) (F) is locally closed in G(F), and it follows that 
the same is true of each individual G(F)-orbit in 0(7) (F). 
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When 7 is semisimple, 0(7) is closed in G (see [Bor91, Thm. 9.2]), hence 
0(7) (F) and the individual G(F)-orbits in it are all closed in G(F). 

It is instructive to consider the example of the group GL 2 - There is map a of al- 
gebraic varieties from GL2 to the affine plane A 2 , defined by g 1— » (trace(g), det(g)). 
On A 2 we have the discriminant function D, defined by D(b, c) = b 2 — 4c. All fibers 
of a are of course closed. The fiber of a over a point (b, c) where D is non-zero 
consists of a single orbit of regular semisimple elements. (An element in GL2 is 
regular semisimple if and only if it has distinct eigenvalues.) The fiber of a over 
a point (b, c) where D vanishes is the union of two G-orbits, namely those of the 
matrices 



where we have written a for 6/2. The first matrix is semisimple (but not regu- 
lar), and its orbit is closed in the fiber. The second matrix is regular (but not 
semisimple), and its orbit is open in the fiber. A very special feature of the group 
GL2 (and, more generally, of GL n ) is that the Galois cohomology set H 1 (F : G 7 ) is 
always trivial, so that 0(7) (F) always consists of a single G(F)-orbit. 

A map similar to a exists for any G. For GL n one simply uses all the coefficients 
of the characteristic polynomial of a matrix to define a map from GL n to A™. In 
general one uses the morphism G — > G/Int(G), where G/Int(G) is by definition 
the affine scheme whose ring of regular functions is the ring of conjugation invariant 
regular functions on G. Later (see 14.2) we will discuss the analogous construction 
for the Lie algebra of G in greater detail. 

3.3. Definition of orbital integrals. Let 7 € G(F). The orbital integral 
7 (/) of a function / <G C%°(G(F)) is by definition the integral 



where dg is a right G(_F)-invariant measure on the homogeneous space over which 
we are integrating. Thus 7 depends on a choice of measure, but once this choice 
is made we get a well-defined linear functional on C%°(G(F)). (We are not putting 
any topology on our function space, so there is no continuity requirement in the 
definition of linear functional.) 

Two comments are needed. First, we need to know that G 1 {F) is unimodular 
in order to ensure that dg exists. For semisimple elements 7 there is no problem, 
since then G 7 is reductive. In general, however, G 7 is not reductive, and we need 
to argue as follows. By the Jordan decomposition (see [Bor91]) we can decompose 
7 uniquely as 7 — su — us with s semisimple and u unipotent. It follows that 
u € G s and that G 7 coincides with the centralizcr of u in the reductive group G s . 
This reduces us to the case in which 7 is unipotent. Then (since the characteristic 
of our field is 0) we can write 7 as the exponential of a nilpotcnt element in the 
Lie algebra over G over F. Using a G-invariant non-degenerate symmetric bilinear 
form to identify the Lie algebra with its dual, we see that it is enough to prove 
that the stabilizer (for the coadjoint action) of any clement in the dual of the Lie 
algebra is unimodular. This is equivalent to the statement that every coadjoint 
orbit carries a G(F)-invariant measure, which in turn follows from the fact that 
every coadjoint orbit admits a G-invariant structure of symplectic manifold and 
hence admits a G-invariant volume form (which can then be used to construct a 



a 
a 



and 



a 1 
a 



(3.3.1) 
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G(.F)-invariant measure on the F-points of the orbit). See 17.3 for a discussion of 
the symplectic structure on coadjoint orbits. 

Second, we need to know that the integral converges. For semisimple elements 
there is again no problem, since the orbit is closed, which ensures that the integrand 
is a compactly supported (and locally constant) function on the homogenous space, 
which is exactly the sort of function we can integrate. For arbitrary 7 the orbit 
is only locally closed, and while the integrand is still locally constant, it is not 
necessarily compactly supported. (Of course the integral is still discrete in nature, 
but it boils down to an infinite series rather than a finite sum, so that convergence 
is not obvious.) For a proof of convergence see [Rao72], and for a slightly different 
perspective on the geometry involved see [Pan91]. The idea is to reduce to the case 
of nilpotent orbital integrals and then to show that the G-invariant volume form 
on a nilpotent orbit extends (without singularities) to a suitable desingularization 
(constructed using the theory of sl(2)-triples) of the closure of that nilpotent orbit. 

3.4. Orbital integrals of characteristic functions of double cosets. We 

continue with 7 e G(F). We are going to lighten notation by writing G and 
G 7 instead of G(F) and G 1 {F). The material in this subsection will be used in 
section 5, when we calculate orbital integrals of functions in the spherical Hcckc 
algebra of GL 2 (F). 

Let if be a compact open subgroup of G, and write X for the homogeneous 
space G/K. Since K is open, X has the discrete topology. We write Xo for the 
base point in X (given by the trivial coset of K in G). Given {x\,X2) € X x X 
we pick 31,32 € G such that Xi = giXo for i = 1, 2. The double coset Kg 2 ~ 1 g\K is 
well-defined and will be denoted by inv(xi, x 2 )- It follows immediately from these 
definitions that the map inv :IxI^ K\G/K induces a bijection from the set of 
G-orbits on X x X to K\G/K (with G acting on X x X by g(xi,x 2 ) — (gx\, gx 2 )). 
Here "inv" is short for "invariant". The reason for this name is that uw(xi,x 2 ) is 
an invariant measuring the relative position of the two points x\ and x 2 . 

For any a e G wc can consider the double coset KaK, a compact open subset 
of G, as well as its characteristic function 1ko,k, which lies in G^°(G). The orbital 
integrals of lx a K can be understood using the action of G on X. Indeed, from 
(2.4.4) it follows that 

(3.4.1) / WOrSff) dg/dg, = ]T ^"[f , 

Jc y \G V meas(Stab G7 (a;)) 

where the sum on the right side runs over a set of representatives for the G 7 -orbits 
on the set of elements x e X such that inv(7x, x) = KaK, and the measures are 
taken with respect to the Haar measures dg, dg 1 on G, G 7 respectively; Stabc T (x) 
denotes the stabilizer of x in G 7 , a compact open subgroup of G 7 . 

We may replace G 7 by any convenient closed subgroup G 7 such that G 7 \G 7 
is compact. This multiplies the orbital integral by the factor meas(G 7 \G 7 ), but 

(3.4.1) remains valid, with G 7 replacing G 7 everywhere. In particular, when G 7 
is compact, we may take G 7 to be the trivial subgroup. Then, if we use the Haar 
measure dg on G giving K measure 1, we have 

(3.4.2) / iKaKig^ig) dg=\{xeX: inv( 7 x, x) = KaK}\, 
Jg 
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where |S| is being used to denote the cardinality of a finite set S, showing that 
our orbital integral is the answer to a simple counting problem involving the action 
of G on X. In section 5 we will solve such counting problems for G = GL 2 (F), 
K = GL 2 (0) using the tree for SL 2 (F), but first we need to discuss two double 
coset decompositions. 

4. Cartan and Iwasawa decompositions 

When calculating orbital integrals for GL 2 , we are going to need both the 
Cartan and Iwasawa decompositions. Later we will need them for all split groups, 
as this is the context in which we will discuss the Lie algebra version of the local 
trace formula. In this section we will state both decompositions for all split groups 
and will sketch proofs for GL n . 

4.1. Notation. Let F be a p-adic field with valuation ring O and uniformizing 
clement tt (so that the valuation of it is 1). For x € F x we denote by val(cc) the 
valuation of x. 

In this section G denotes a split connected reductive group scheme over O. We 
need to choose various O-subgroup schemes in G: a split maximal torus A, and a 
Borel subgroup B = AN containing A and having unipotent radical N. We write 
Aq for the identity component of the center of G. In the case of G = GL n we 
make the standard choices: B consists of upper-triangular matrices, A of diagonal 
matrices, and N of upper-triangular matrices with l's on the diagonal. We write 
W for the Weyl group of A. 

We write Gder for the derived group of the algebraic group G, and we write 
G sc for its simply connected cover. 

We will need the group X*(A) of cocharacters of A (in other words, the group 
of homomorphisms from the multiplicative group G m to A). The cocharacter group 
is a free abelian group whose rank is equal to the dimension of A over F. For GL n 
we identify X„{A) with Z n as follows: to the n-tuple (ji, . . . , j n ) corresponds the 
cocharacter which sends an element z in the multiplicative group to the diagonal 
matrix whose diagonal entries are (z^ 1 , . . . , zJ n ). 

To lighten notation we write K for G{0) and then abbreviate G(F), A(F), 
B(F), N(F) to G, A, B, N respectively 

4.2. The isomorphism A/ An K ~ X*(A). For GL n the map which sends 
a diagonal matrix to the n-tuple of valuations of the diagonal entries induces an 
isomorphism from A/ A n K to II 1 . In general we have a canonical isomorphism 
A/ A fl K ~ X*(A), under which a cocharacter u corresponds to the (class of) 
the clement e A obtained by applying the cocharacter to the element n in the 
multiplicative group. 

4.3. Cartan decomposition. The crude version of the Cartan decomposition 
states simply that G = KAK. It is an instructive exercise to prove this for GL n . 
[Start with an clement in G and modify it by row and column operations coming 
from K until eventually it is transformed into a diagonal matrix.] 

For a, a' E A, when are the double cosets KaK and Ka'K the same? The re- 
fined version answers this question. First of all it is evident that KaK = Ka'K if a, 
a' have the same image in A/AC\K. Second of all, since we can find representatives 
in K for all elements of the Weyl group W , it is also clear that KaK = Kw(a)K 
for all w € W (where w(a) denotes the conjugation action of W on A). In fact 
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these two observations turn out to be the end of the story: KaK = Ka'K if and 
only if the images of a, a' in A/ AD K arc conjugate under the Weyl group. In view 
of the discussion in 4.2 we obtain a natural bijection from the set of K\G/K of K- 
double cosets to the set of orbits of W in A* (A) . The dominant cowcights provide 
a natural set of orbit representatives for this action, so that the set of A-doublc 
cosets can also be parametrized by dominant coweights. (Recall that a coweight \x 
is said to be dominant if (a, fi) > for every positive root a of A.) 

For GL n the dominant coweights are the n-tuples (ji, . . . ,j n ) G Z" such that 
ji > • • • > in, and we conclude that such cowcights parametrize the if -double 
cosets. The following method can be used to prove the refined Cartan decomposition 
for GL n . The idea is to construct sufficiently many invariants of AT-double cosets. 
The first idea is to consider the valuation of the determinant; this invariant of a 
matrix clearly only depends on its if -double coset. A more subtle invariant is to 
consider the least valuation of all the matrix entries (for this purpose we consider 
that has valuation +oo). The two procedures can be combined by considering 
any integer i such that 1 < i < n and considering the least valuation of all the 
i x i minors in our matrix. Applying this last invariant to any clement in the K- 
double coset containing the diagonal matrix with diagonal entries {it 01 , . . . ,ir 3n ), 
we obtain the sum of the last % entries in the n-tuple (j l7 . . . ,j n ). These sums (for 
all i) together determine the dominant coweight uniquely This proves the refined 
Cartan decomposition for GL n . 

4.4. Iwasawa decomposition. The Iwasawa decomposition states that G = 
BK. This reflects the fact that the flag variety B\G is projective over F, hence 
satisfies the valuative criterion for properness. For GL n it is another instructive ex- 
ercise to prove the Iwasawa decomposition directly. [Start with an element in G and 
modify it by column operations coming from K until eventually it is transformed 
into an upper-triangular matrix.] 

4.5. Definitions of Ac?, H G ■ G — > Ac?, a, ac?. We now introduce various 
objects that will be used throughout this article. For example, there is an obvious 
surjective homomorphism GL n (F) — > Z defined by g i— > val(det g), which we need 
to generalize to all split groups. 

Let Ac? denote the quotient of X*(A) by the coroot lattice for G (by which 
we mean the subgroup of A* (A) generated by all the coroots of A). There is a 
surjective homomorphism Hq : G — ► Ac?, which by virtue of the Cartan decompo- 
sition is characterized by the following two properties. The first property is that 
the restriction of Hq to the subgroup A is equal to the composition 

(4.5.1) A A/(AC\ K) = X*(A) -» A G . 

The second property is that the restriction of Hq to K is trivial. Moreover it is 
true that H G is also trivial on the image in G of the F-points of G BC . From this it 
follows that if g = ank with a e A, n e N, k e K (Iwasawa decomposition), then 
H G (g) = H G (a). 

We write o for A* (A) K and Oc? for X*(^4c?) ®i K- Thus a G can be viewed 
as a subspace of a. Moreover the composition X*(A G ) A* (A) -» Ac? induces an 
isomorphism 



(4.5.2) 



a G = Ac? ®i M. 



ORBITAL INTEGRALS ON GL 2 (F) 



411 



When Gder is simply connected as algebraic group, the finitely generated abelian 
group Aq is torsion-free and is therefore a free abelian group. In this case the nat- 
ural map A G — > Og is injective and identifies A G with a lattice in the real vector 
space og, so that there is no harm in thinking about Hq as being a homomorphism 
G — > a that takes values in the lattice Aq in a. When the derived group is not 
simply connected, Aq has torsion which is lost when one passes to Aq <8>z R = Og- 
In order to avoid confusion the reader should be aware that in Arthur's papers Hq 
denotes the composition of our Hq with the natural map Aq — ► Og- 

5. Orbital integrals on GL2(F) 

5.1. The goal. Our goal in this section is to get a better understanding of 
orbital integrals by calculating lots of them for the group GL 2 (F). As we will 
see, the phenomenon of homogeneity (covered in DeBacker's course in this summer 
school), shows up very clearly in these calculations. We follow the exposition in 
[Lan80], using the tree for SL 2 (F) as our main computational tool. 

As before we consider a p-adic field F with valuation ring O and uniformizing 
element it. We write q for the cardinality of the residue field O/ttO of O. 

We write G for the group GL 2 (F) and write K for its compact open subgroup 
GL 2 (0). We will not consider orbital integrals for arbitrary functions in C£°(G). 
We will only consider functions lying in the spherical Hecke algebra H, defined 
as the subspace of G^°(G) consisting of functions that are both left and right 
invariant under K. The multiplication on H is given by convolution and turns out 
to be commutative, and there is a simple description of this commutative C-algebra 
(using the Satake isomorphism). Important as these facts are, they play no role 
here. Our limited goal is to understand the linear functionals on H obtained by 
restriction from the linear functionals 1 on G£°(G), and even this will be done 
only for elements 7 <G K (which covers orbital integrals for all elements in G whose 
conjugacy class meets K). So, throughout this section 7 will always denote an 
element of K. 

The characteristic functions IxaK of the double cosets KaK of K in G form 
a basis for the vector space Ji. By the Cartan decomposition 4.3 there is bijection 
from K\G/K to {(to, n) e Z 2 : m > n}, which associates to the pair (m, n) the 
double coset containing the diagonal matrix with diagonal entries (7r m ,7r™). 

For (to, n) G Z 2 with m > n, we write / mj „ for the characteristic function of the 
iif-double coset corresponding to (to, n). The functions / TO; „ form a basis for H, so 
it is enough to calculate the numbers 7 (/ m , ra )- Since 7 € K, the determinant of 7 
has valuation 0, which means that 7 (/ m ,„) vanishes unless m + n — 0. Therefore, 
it is enough to consider the functions f m defined by f m := f m ,-m (f° r to > 0). 
We will now compute, case-by-case, the orbital integrals 1 (f m ) for all conjugacy 
classes meeting K. 

To define the orbital integral for 7 we need an invariant measure dg/dg^ on 
G' 7 \G (see 3.4). We will always use the Haar measure dg on G that gives K 
measure 1. We will discuss dg^ case-by-case below. 

5.2. Some useful subgroups of G. Let Z denote the group of non-zero 
scalar multiples of the identity matrix; in other words, Z is the center of G. Let 
B = AN be as in 4.1. 
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5.3. Tree for SL,2(F). As mentioned before, our main computational tool 
will be the tree for SL2(F), which we now need to discuss. A good reference is 
[Ser03]. A tree is the geometric realization of a 1-dimcnsional simplicial complex 
that is both connected and simply connected. It can be specified by giving its set 
V of vertices and saying which pairs of vertices are joined by an edge. The tree of 
interest here comes equipped with an action of G, and the action is transitive on 
the set of vertices. In fact the set V of vertices has a base-point vo whose stabilizer 
is KZ, so that V becomes identified with the homogeneous space G/KZ. 

Inside the set V we have the orbit of v n under A, which can be identified with 
A/ {A n KZ) = A/ (A n K)Z. In fact the group A/ (A n K)Z is isomorphic to Z, 
via the isomorphism sending a diagonal matrix to the difference of the valuations 
of its two diagonal entries. Under this isomorphism an integer j then corresponds 
to the diagonal matrix 



(5.3.1) 



7T J 

1 



e A/{AC\K)Z, 



and we write Vj for the corresponding vertex in V. We connect any two successive 
vertices Vj, fj+i by an edge, obtaining a 1-dimcnsional simplicial complex whose 
geometric realization is a real line, with vertices placed at each integer point; this 
copy of the real line is called the standard apartment in our tree. 

So far we have just described some of the edges in our tree, namely the ones 
joining vertices in A/ (A n K)Z. We get all the edges in the tree by using the 
action of G to move around the edges we have already described (ensuring that 
the G-action does preserve the set of edges, as desired) . It then turns out that the 
1-dimensional simplicial complex we have constructed really is a tree, each vertex 
of which has q + 1 neighbors (where q is the cardinality of the residue field) . 

Indeed, because of the G-action it is enough to show that the base-point vq has 
q + 1 neighbors. It turns out that K (which fixes vq) acts transitively on the set 
of neighbors of vq. One of these neighbors is V-i, and a simple calculation shows 
that the stabilizer of v-i in K is 



(5.3.2) 



O x O 
irO O x 



Thus the X-orbit of v-\ is G(0 /nO) / B((D /irO) , the set of points on the projective 
line over the residue field, which explains why there are q+ 1 neighbors of vq. 

5.4. Metric on the tree and its relation to inv(xi, £2). There is an obvious 
metric d(yi,y 2 ) ° n the tree. It is G-invariant, and on the standard apartment 
discussed above it agrees with the usual metric on the real line. For this metric two 
neighboring vertices have distance 1, and d(v m ,v n ) = \m — n\. 

As before we write X for G/K and Xq for the base-point in X. Let x\,x% € X. 
Since the set V of vertices of the tree is equal to G/KZ = Z\X, the images of x\, 
X2 under the canonical surjection X — ► Z\X = V are vertices V\, v-i in the tree. 

As in 3.4 the relative position of x\, x 2 is measured by inv(xi,x 2 ) € K\G/K. 
By the refined Cartan decomposition for GL2 we can view inv^i,^) as a pair 
(to, n) of integers such that m > n. 

It is easy to see that m + n coincides with the valuation of the determinant 
of any group element g such that x\ = gx 2 , and that to — n coincides with the 
distance between the vertices V\ and i>2 in the tree. 
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5.5. Geodesies in the tree, convexity of fixed-point sets. Any two 

points yi, 2/2 in °ur tree are joined by a unique shortest path [2/1,2/2], called a 
geodesic. Inside the standard apartment (identified with R) geodesies are closed 
intervals. We say that a subset C of the tree is convex if for every c\, C2 <G C the 
geodesic [01,02] is contained in C. 

Any element 7 e G takes the geodesic joining 2/1 and 2/2 to the geodesic joining 
72/1 to 72/2- Therefore if j/i, 2/2 are fixed by 7, so is every point of the geodesic 
joining them. Thus the fixed point set of 7 in the tree is convex. 

For elements 7 £ if we can say more. First of all such an element obviously 
fixes the base- vertex vo, so its fixed-point set on the tree is certainly non-empty. 
Moreover, since the determinant of 7 is a unit, the distance d("fv,v) is an even 
integer for any vertex v E V, and it follows that 7 cannot take a vertex to one of 
its neighbors, and in particular it cannot interchange the two vertices of an edge. 
Therefore, if 7 fixes an interior point of an edge, it actually fixes the entire edge 
pointwise, and we see that the fixed point set of 7 in the tree is simply the union 
of all the edges both of whose vertices are fixed by 7. 

For 7 G K these considerations lead to the following simple method for deter- 
mining d^-yv, v) for any vertex v. There is a unique geodesic joining v to a vertex 
v' fixed by 7 and having the additional property that no vertex along this geodesic 
other than v' is fixed by 7. Equivalcntly, this geodesic is the shortest possible one 
joining v to some vertex in the fixed-point set of 7. Applying 7 to this geodesic, we 
see that every point moves but v' , so that the geodesic together with its transform 
form a geodesic from v to jv. This shows that d{^v, v) = 2d{v, v'); in other words, 
d(-yv, v) is twice the distance from v to the fixed point set of 7. We will use this 
observation repeatedly below. 

5.6. Unipotent orbital integrals restricted to H (denoted Lq, Li). In 

G there are two unipotent orbits, one of them being {1}, the other being the orbit 
of the matrix u defined by 



In this subsection we compute the restrictions to Ti of the orbital integrals 1 for 
7 = 1 and 7 = u. 

For 7=1 the problem is trivial, since the orbital integral is just evaluation 
at the identity. Thus the restriction Lq of 0\ to H takes the value 1 on /o and 
vanishes on f m for m > 0. 

Next we calculate the restriction L\ of O u to H. The centralizer G u is easily 
seen to be ZN. We identify Z with F x in the obvious way, sending a scalar z 
to the corresponding scalar matrix. We use the Haar measure on Z giving O x 
measure 1. We identify N with the additive group F in the obvious way, using the 
upper right matrix entry as our coordinate. We use the Haar measure on F that 
gives O measure 1. We use the product measure on ZN, and hence K n NZ has 
measure 1. 

From 3.4 we see that 



(5.6.1) 



u = 



1 1 
1 



(5.6.2) 




V 
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where the sum runs over a set of representatives for the orbits of N on the set of 
vertices v £ V such that d(uv,v) — 2m. Here we used that NZ\X = N\V (clear) 
and that Stabjvz(aO = Stab A r(w) • [Z n K ) for x £ X mapping to v £ V. 

Using the Iwasawa decomposition G = BK = NAK, we see that the set N\V 
of orbits of N on V is A/Z(A n K) ~ Z. The vertices t> j (j € Z) in the standard 
apartment are a particularly convenient set of orbit representatives. We need to 
compute StabAr(w) for each orbit representative. 

This is a simple computation, the result of which is that Stabjv(fj) = 7r J C 
(identifying N with F as above), a group whose measure is q^K Another conse- 
quence of this computation is that Vj is fixed by u if and only if j < 0, and, as we 
saw in 5.5, this allows us to calculate d(uvj,Vj) for each j £ Z. Indeed, for j < 
the vertex Vj is fixed, so that d(uVj,Vj) = 0. For j > 0, the geodesic [vj,«o] has Vq 
as its unique fixed point, so d(uVj,Vj) = 2j. 

Putting all these observations together, we see that 

(5.6.3) M/o) = 1 + q- 1 + q- 2 + ■ ■ ■ = 1/(1 - q- 1 ) 
and that for all m > 

(5.6.4) L 1 (/ m ) = g m . 

5.7. 7 for any 7 that is not regular semisimple. For / £ Ti it is evident 
that 7 (f) does not change when 7 is multiplied by z £ Z n K. Any j £ K which 
is not regular semisimple is conjugate to an element of the form z or zu (for some 
z £ Z n K), and therefore 1 restricted to TL is cither Lq or L\, as the case may 
be. It now remains only to consider regular semisimple elements 7 £ if, in other 
words those whose eigenvalues are distinct. 

5.8. Hyperbolic orbital integrals. Next we consider regular semisimple 7 
whose eigenvalues lie in F. The conjugacy class of such an clement meets K if and 
only if the two eigenvalues are units, and after replacing 7 by a conjugate we may 
assume that 



(5.8.1) 7 = 



a o 
b 



with a, b distinct elements in O x . The ccntralizer G 7 is A, and the most convenient 
choice for G 7 is the product of Z and the infinite cyclic subgroup of A generated 

by 



(5.8.2) 



7T 

1 



We use the Haar measure on Z that gives ZDK measure 1, and we use the counting 
measure on the infinite cyclic subgroup Z. 
Using 3.4 and 5.5, we see that 



(5.8.3) 7 (/ m ) = ^l, 



where the sum runs over a set of representatives for the orbits of Z on the set of 
vertices v £ V such that d(-fv, v) = 2m (equivalently, such that the distance from v 
to the fixed point set of 7 in the tree is equal to to). Thus 7 (/ m ) is the number of 
orbits of the infinite cyclic subgroup Z of A on the set of vertices v £ V at distance 
to from the fixed point set of 7 in the tree. 
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As observed before, since 7 £ K, its fixed point set in the tree is just the union 
of the edges joining two fixed vertices. Therefore it remains only to understand the 
set V 1 of vertices fixed by 7. Put rf 7 := val(l — |), a non- negative integer. We 
claim that V 1 is the set of vertices v £ V whose distance to the standard apartment 
is less than or equal to d 1 . By the Iwasawa decomposition we may write v = anvo 
with a £ A and n £ N. Since the two sets we are trying to prove are equal are both 
stable under A, it is harmless to suppose that a = 1. Thus we need only consider 
v of the form nv . 

Let us determine when 7 fixes nv - Since 7 fixes v , the condition that 7 fix 
nvo is equivalent to the condition that 7n~ 1 7~ 1 n fix vq. But ~fn~ 1 ~f~ 1 n lies in N 
and is easily computed in terms of n and 7. Indeed, identifying N with F as before, 
so that n becomes an element y £ F, we find that 7n~ 1 7 _1 n becomes the element 
(1 — § )y °f -P- Since the stabilizer of w is KZ, it is now clear that 7 fixes nw if 
and only if y £ Tr~ d ->0. 

To finish proving the claim we now need to compute the distance from nvo to 
the standard apartment in terms of the valuation of y. If y £ O, then nvo equals i>o 
and hence has distance to the standard apartment. On the other hand, suppose 
that the valuation of y is negative, say equal to — r for some positive integer r. We 
saw above that (see 5.6) Stabjv(^j) = tt^O, from which it follows that the vertex Vj 
in the standard apartment is fixed by n if and only if j < —r. Therefore the geodesic 
n{v- r vo] meets the standard apartment only at its endpoint u_ r , showing that its 
other endpoint, namely the point nvo, has distance r to the standard apartment. 
This completes the proof of the claim. 

Having proved the claim, now we can finish the computation of our orbital 
integral. Working modulo the action of the infinite cyclic subgroup Z, we need 
to count vertices whose distance to the fixed point set is m. The fixed point set 
consists of all points whose distance to the standard apartment is less than or equal 
to d 7 ; when m = we are simply counting these points. When m > 0, a vertex has 
distance m from the fixed point set if and only if it has distance m + d 7 from the 
standard apartment. 

Therefore for any non-negative integer s we need to calculate the number N(s) 
of orbits of Z on the set of vertices at distance s from the standard apartment. 
Clearly N(s) is also equal to the number of vertices v at distance s to the standard 
apartment and having the additional property that the point in the standard apart- 
ment that is closest to v is equal to vq. Elementary reasoning, using that every 
vertex has q + 1 neighbors, shows that N(0) = 1 and N(s) = q s — <7 S_1 for s > 0. 

Putting everything together, we now see that 

(5.8.4) O 7 (/ ) = 1 + (q - 1) + (q 2 - q) + ■ ■ ■ + (q d - - q^ 1 ) - q d - 
and that for all m > 

(5.8.5) 7 (/ m ) = q m+d -< - q m + d i-\ 

and comparing this with the computation of L\ that we made earlier, we obtain 

Lemma 5.1. The restriction to H of the hyperbolic orbital integral 7 is equal 
to (1 - q-^q^ ■ L x . 

5.9. Elliptic orbital integrals. The only remaining orbits (among those 
meeting K) arc elliptic. The eigenvalues of an elliptic (regular scmisimple) ele- 
ment generate a quadratic extension E of F. How do such elements sit inside G? 
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Start with a quadratic extension E/F. We can view E as a 1-dimensional E- vector 
space and as a 2-dimcnsional F-vector space, and since an F-linear map is necessar- 
ily F-linear, we have GL E (E) C GLp(E). Choosing an F-basis in E, this becomes 
an embedding of E x in G. The image is the set of F-points of a maximal torus T 
in GLi- 

Using this embedding, we view 76 E x as an element of G. Then its two 
eigenvalues are 7, 7 (using bar to denote the non-trivial clement in the Galois 
group of the quadratic extension), and its determinant is the norm 77 of 7. If 7 
is conjugate to an element of K, then its determinant is a unit, and hence 7 is a 
unit in the valuation ring Oe of E. In order to embed E x in G we have to choose 
an F-basis in E. Let us agree to pick one which is at the same time an O-basis for 
Oe- Then we will have E x n K — Oe- In order that 7 be regular, we need 7^7. 
Thus the elements of interest are those in (Oe) x but not in O x . 

For such an element 7 the centralizer is E x , and we are free to take the group 
G 7 of 3.4 to be Z. It follows from 3.4 and 5.4 that 

(5.9.1) 7 (/ m ) = \{v e V : d(TV,v) = 2m}|. 

We are going to calculate these orbital integrals in two steps. First we will compute 
them in terms of the cardinality of the set V 1 of vertices fixed by 7, then we will 
calculate \y i \- 

Lemma 5.2. For all elliptic regular semisimple 7 e K the restriction of 7 to 
H is equal to 

(5.9.2) (2q~ 1 + (1 - q-^l) ■ L x - — ■ L - 

q — 1 

Proof. We need to compute 7 (/ m ) for all to > 0. Of course 

(5.9.3) O 7 (/ ) = m- 

Now assume that m > 0. As we have seen in 5.5, the condition d(-fv, v) — 2m is 
equivalent to the condition that the distance d(v, V) from v to the fixed point set 
V 1 be m. Consider the unique shortest geodesic joining v to the fixed point set, 
and let w be the unique endpoint of that geodesic lying in V . Then imroisa 
well-defined retraction of V onto V 1 , and thus 

(5.9.4) 7 (/ m ) = \{veV :d(v,V~ t ) = mniidv^w}\. 

wev-i 

Given w e V , an clement w e U satisfies the two conditions d^jV) — m and 
v 1 ► w if and only if d(i>, w) = to and the unique neighboring vertex of w lying on 
the geodesic [w, v] is not fixed by 7; the number of such neighbors is (q + 1) — C w , 
where C w is the number of neighbors of w fixed by 7. Therefore 

(5.9.5) 7 (/ m ) = £ + 1) - 

Summing C w over all in e V 1 , we get 2|_E 7 |, where E 1 denotes the set of edges in 
the tree that are fixed by 7. Now the fixed point set of 7 in the tree is convex, hence 
contractible, and therefore its Eulcr characteristic |U 7 | — \E~ < \ is 1, which means 
that the sum over w of C w is 2(|y 7 | — 1). Thus we have proved that 

(5.9.6) 1 {f m )=q m - 1 ({q-l)\V<\ + 2). 
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The lemma follows from (5.9.3), (5.9.6) and the formulas for L and L\ that we 
found before. □ 

Our next task is to calculate \V 1 \. The answer depends on whether or not the 
quadratic extension E/F is ramified. 

First we consider the case in which E/F is unramificd. In particular the car- 
dinality of the residue field of E is q 2 . The tree for SL2(F) is a subtree of the tree 
for SL 2 (E), and in this bigger tree every vertex has q 2 + 1 neighbors. Moreover 
Gal(E/F) operates on the bigger tree and its set of fixed points is the smaller one. 

Inside GL 2 (E) our matrix 7 is conjugate to the diagonal matrix 7' with diagonal 
entries (7, 7), so that we are dealing with a hyperbolic element whose fixed point set 
we already understand. As in the hyperbolic case we define a non-negative integer 

d 7 := val(l — 77~ 1 ). 

Choose an element of GL 2 (E) that conjugates 7' to 7 and apply it to the standard 
apartment, obtaining a non-standard apartment in the bigger tree. From previous 
work we know that the fixed point set of 7 is the set of vertices in the bigger tree 
whose distance to the non-standard apartment is less than or equal to d 1 . The 
non-trivial element of Gdl(E/F) preserves this non-standard apartment, flipping it 
end-to-end, and fixes a unique vertex v' in it. The fixed point set of 7 in the smaller 
tree is precisely the set of vertices v € V whose distance to v' is less than or equal 
to dj, from which one sees easily that 

(5.9.7) \V^\ =l + (q+ l)(l + • • • + q d -- 1 ) = l + (q+ l)^y^ 
Combining this with Lemma 5.2, we obtain our final formula 

(5.9.8) (1 + <rV 7 • L! - ■ L 

Q — 1 

for the restriction of 7 to TL in the unramified case. 

Next we consider the case in which E/F is ramified. The tree for SL 2 (F) 
still sits inside the tree for SL 2 (E), but in a more complicated way. Since the 
uniformizing element tt for F has valuation 2 in E, the midpoint of each edge in 
the smaller tree becomes a vertex in the bigger one. Since the residue field does 
not change, every vertex in the bigger tree still has q + 1 neighbors. The Galois 
group of E/F still acts on the bigger tree, and the smaller tree is fixed pointwise by 
this action, but it docs not fill out the whole fixed point set unless E/F is tamely 
ramified. 

Our clement j E (Oe) x \ O x still can be diagonalized in GL 2 (E), so that we 
again get a non-standard apartment in the bigger tree. There is a unique edge e 
in the smaller tree closest to this non-standard apartment, and the shortest path 
between the edge e and the apartment starts from the midpoint of that edge. 

From previous work we know that the fixed point set of 7 in the bigger tree 
consists of all points whose distance d to this non-standard apartment is less than 
or equal to a certain integer (that depends on 7). For a vertex v in the smaller 
tree this distance d is twice (because of the subdivision that occurred) the distance 
from v to the edge e plus a constant (the constant being 1 plus the distance from e 
to our non-standard apartment). Therefore there exists a non-negative integer d 7 
such that the fixed point set of 7 in V consists of all vertices whose distance from e 
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(measured in the smaller tree) is less than or equal to d 1 . In fact one can show that 

(5.9.9) 1 + 2d 1 = sup{val s (7- a) : a <= O x }, 

where the valuation val^ being used here assigns 1 to uniformizing elements in E. 
It is then easy to see that 

(5.9.10) \V'<\ = 2(1 + ■ ■ ■ + q d ->) = 2 qd ~'^ Zl . 
Combining this with Lemma 5.2, we obtain our final formula 

(5.9.11) 2q d -- • Li - ■ L 

q - 1 

for the restriction of 1 to H in the ramified case. 

5.10. Homogeneity! Our computations have revealed something quite re- 
markable. The restrictions of the orbital integrals for the unipotent elements 1 and 
u give us two linear functionals L and L\ on H. For every other clement 7 e K 
the restriction of the orbital integral 7 to TL is a linear combination of Lq and L\. 
It was by no means obvious a priori that this should be the case. In fact this is an 
example of the deep phenomenon of homogeneity that is the subject of DeBacker's 
course. 

The coefficients of Lq, Li in these linear combinations are very interesting 
functions of 7, called Shalika germs, and we will discuss them next. 

6. Shalika germs 

6.1. The goal. Our goal in this section is to prove the existence of the Shalika 
germ expansion (see [Sha72]). Once the general theory is in place, we will illustrate 
how it works by re-examining our computations of orbital integrals on GL 2 . We 
now work with any connected reductive group over a p-adic field F, and we once 
again lighten the notation by writing G for the F-points of our group. 

6.2. Notation. Let U be the set of unipotent elements in G. Then U is closed, 
and there are finitely many G-orbits Oi,0 2 , ■ ■ ■ ,O r in U. We write fj,i, . . . ,[i r for 
the corresponding unipotent orbital integrals (for some choice of invariant measures 
on the orbits that we prefer not to encode in the notation). Let T be (the set of 
F-points of) a maximal torus in G, and let T reg be the subset of regular elements. 
We are interested in orbital integrals for variable 7 G T rC g , so we need a coherent 
set of choices of invariant measures on the orbits of all such elements 7. This can 
be done as follows. Once and for all we choose Haar measures dg and dt on G and 
T respectively. Then for any 7 e T rog we put (for / e Cf{G)) 

(6.2.1) 7 (/)= f Hg-^g) dg/dt. 

Jt\g 

6.3. Distributions. For any l.c.t.d space we have already introduced the 
space C^°(X) of locally constant compactly supported functions on X. A distribu- 
tion is by definition any linear functional on (X) (with no continuity hypothesis 
since there is no topology on our function space). We write T>(X) for the vector 
space of all distributions on X. 
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Let Y be any closed subset of X, and let U be the complementary open subset. 
Dual to the short exact sequence (2.1.1) is the short exact sequence 

(6.3.1) -» V(Y) V(X) -» Z>(f7) -» 0. 

In other words, given a distribution on X, we can restrict it to U, and among the 
distributions on X, we have those whose support (see 26.2 for a discussion of the 
notion of support of a distribution) is contained in Y. Now suppose that some 
group H acts on X, preserving Y and U. Then, taking invariants under the group 
action (denoted by a superscript H ) , we get an exact sequence 

(6.3.2) -» V(Y) H -» X>pf) ff -> 2?(10 H 

but there is no guarantee that the restriction map at the right end is surjective. 
From the short exact sequence (2.1.1) we also get an exact sequence 

(6.3.3) C™(U) H - C™(X) H - C?(Y) H -> 0, 

where the subscript H denotes coinvariants for H. (For an ii-modulc V the space of 
coinvariants Vr is by definition the biggest quotient of V on which H acts trivially, 
or, in other words, the quotient of V by the linear span of all vectors of the form 
hv — v for some h £ H, v e V .) The sequence (6.3.2) can also be obtained as the 
C-dual of the sequence (6.3.3). 

6.4. Existence of the Shalika germ expansion. Order the unipotent or- 
bits so that their dimensions increase as i does. Of course there can be several 
orbits of the same dimension; for these the order is immaterial. By dimension of 
the orbit we really mean the dimension (as algebraic variety) of the G(.F)-orbit 
containing the given G-orbit. The purpose of this ordering is to guarantee that 

(6.4.1) OjU-UO, 

is closed in G for all i. 

Inside the space 0\ L)0 2 (which is closed in G, hence l.c.t.d) we have the closed 
subset 0\ and complementary open subset 2 . The group G acts by conjugation 
on all these spaces. Therefore we get an exact sequence 

(6.4.2) -» P(d) G -» U 2 ) G -» V(0 2 ) G . 

The spaces T>(0\) G and T>{02) G are 1-dimensional, spanned by the invariant inte- 
grals on the homogeneous spaces 0\ and 2 . Now we need to recall the non-trivial 
fact that [i 2 is well-defined on C^°(G) ("convergence of orbital integrals," discussed 
in 3.3). Therefore [i 2 gives us an element of T>((D\yjO-i) G that maps to the invariant 
integral on 2 . We conclude that the map at the right end of the exact sequence 
above is surjective, and that V(0\ U 2 ) G is 2-dimensional with basis given by (the 
restrictions of) fii and [i 2 . An obvious inductive argument then shows that 

V{Ox U • • • U O r f 

is r-dimensional with basis given by (the restrictions of) (n,...,(i r . Now we are 
ready for the theorem on germ expansions. 

Theorem 6.1 (Shalika [Sha72]). There exist functions T 1 ,T 2 , . . . ,T r on T rog 
having the following property. For every f € C^°(G) there exists an open and closed 
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G-invariant neighborhood Uf of 1 in G such that 

r 

(6-4.3) 7 (/) = £>(/)■ Tift) 

i=i 

/or aZZ 7 <G {/ /flT rcg . TYie germs about 1 € T of the functions Ti, . . . , T r are unique. 
We refer to Ti as the Shalika germ for the unipotent orbit Oi and the torus T. 

Proof. Since the unipotent set U = 0\ U • • • U O r is closed in G, there is 
a surjective restriction map C^°(G) — > C£°(U), and we may choose functions fi 
(i = 1, . . . ,r) such that Hi(fj) = <% (Kroncckcr S). Inserting the function /$ into 

(6.4.3) , we see that the germ of 1^(7) must be equal to the germ of 1 {f i ). This 
already proves the uniqueness assertion in the theorem. It also shows that we may 
as well take 

(6.4.4) I\( 7 ) := O 7 (/0 

as the definition of IV (There is no need to be troubled by the non-uniqueness of 
the functions fi since it is only germs that matter in the theorem.) 

However we must still show that (6.4.3) is valid for all functions on G. So let 
/ e Cf{G). The function 

r 

(6-4.5) £>(/)■/< 

i=l 

obviously has the same unipotent orbital integrals as / does. In other words all 
unipotent orbital integrals of 

r 

(6.4.6) :=/"!>(/)■/< 

i=l 

vanish. Choose a neighborhood U of U as in Lemma 6.2 below. We claim that 
(6.4.3) holds for the neighborhood Uf — U. Indeed, for 7 e U n T rcg the orbital 
integral 7 (<p) vanishes by Lemma 6.2. In view of how (f> was defined, this establishes 
(6.4.3). □ 

Lemma 6.2. Let <f> g C^°(G) and assume that all unipotent orbital integrals of 
(f> vanish. Then there is an open and closed conjugation invariant neighborhood U of 
the unipotent set U such that I(4>) = for every invariant distribution I supported 
on U. 

Proof. The dual space to C^°(U)g is V{U) G , which has as basis the unipotent 
orbital integrals ^1, . . . , fi r , so the vanishing of the unipotent orbital integrals of <p 
is equivalent to the vanishing of the image of <f> in C^°(L{)g- In order to construct 
the desired neighborhood U oiU, we use that there exists a continuous map a from 
G to a l.c.t.d space A such that every fiber of a is a union of conjugacy classes in 
G and such that there exists x € A for which a^ 1 (x) = U. Therefore by the last 
statement of Lemma 27.1 there exists an open neighborhood w of i in A such that 
the image of <f> in '(c(~~ 1 lu)g vanishes. Shrinking u, we may assume that it is 
compact as well as open, and then U := or x io is the desired neighborhood of U. 

It remains to prove the existence of a. In fact the map denoted a in 3.2 does the 
job. However, we were a bit sketchy about its construction in the general case, and 
the reader may prefer to use the following cruder version of a, which is however 
sufficient for our current needs. The cruder version is obtained by choosing an 
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embedding (of algebraic groups) of G into some general linear group, constructing 
a for the general linear group (using the coefficients of the characteristic polynomial, 
as in 3.2), and then restricting a to the subgroup G. This works since an element 
of G is unipotent if and only if the corresponding matrix is unipotent. □ 

6.5. Back to GL 2 . Recall that in G = GL 2 there are two unipotent classes 
and hence two unipotent orbital integrals n±, fi 2 . Our computations of orbital 
integrals for GL 2 revealed that for every regular scmisimplc 7 e K = GL 2 (0) 
there are complex numbers ^1(7), ^2(7) such that for every / eW the equality 

(6.5.1) 7 (/) = A^Mf) + A 2 ( 7 ) M2 (/) 

holds. Our computations also showed that the restrictions of fii and /i 2 to Ti are 
linearly independent. Therefore the numbers Ai( 7 ), ^2(7) are uniquely determined, 
and, moreover, inside the rather small function space Ti we can find functions /1, 
f 2 satisfying Hi(fj) — We have seen that the Shalika germs Li, T 2 are obtained 
by taking the orbital integrals of fi , f 2 , which in view of the equality above means 
that Ti is the germ of A, (i = 1, 2). 

At first glance it might now seem that Shalika germ theory explains (6.5.1) 
and hence explains why the restrictions to Ti of the orbital integrals 1 for 7 e K 
arc all linear combinations of the restrictions of \x\ and fi, 2 . This is far from being 
true, since the Shalika germ expansion is only valid on some (possibly very small) 
neighborhood of 1 and moreover this neighborhood depends on the function / that 
we are considering. The amazing thing that has happened here is that there is a 
big neighborhood of 1 (namely K) which works for all the functions in Ti- 
lt is tempting to refer to A\, A 2 as "the" Shalika germs for GL 2 , since among 
all possible functions having the correct germs, they are singled out naturally by 
the property (6.5.1). 

7. Weyl integration formula 

In this section we work at first with an arbitrary connected reductive group G 
over our p-adic field F; starting with 7.8 we assume that G is split. We write g for 
the Lie algebra of G. Before we can get down to work on our next topic, the local 
trace formula, we need to derive the Weyl integration formula for g, which, roughly 
speaking, expresses the integral of a function on g as an iterated integral, in which 
one first integrates over the various (adjoint) orbits in g and then integrates over 
the set of orbits. 

7.1. Remarks on Weyl groups. When working with maximal tori over non- 
algebraically closed fields such as F, there are three relevant Weyl groups. In order 
to explain them clearly we continue to make a notational distinction between the 
algebraic group G and its group G(F) of F-points. 

Let T be a maximal torus in G. The quotient W :— Nq(T)/T is a finite 
algebraic group defined over F. (We are writing Nq(T) for the normalizer in G of 
T.) We then have inclusions 

(7.1.1) Wt C W(F) c W(F), 

where W T is by definition the quotient N G (T)(F)/T(F). Of course W(F) is the 
absolute Weyl group, and, up to inner automorphisms, is independent of T. The 
subgroup Wt is the Weyl group needed in the Weyl integration formula. 
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The main thing wc need to know about Wt is that two regular elements X, X' e 
t are G(F)-conjugate if and only if they are conjugate under Wt- Indeed, if g <G 
G(F) conjugates X to X', then it conjugates the centralizer of X to the centralizer 
of X'; since the two elements arc regular both centralizers are T, and therefore g 
normalizes T, proving the forward implication. The reverse implication is trivial. 

7.2. Calculation of the differential of (3. Now we return to our usual 
practice of abbreviating G(F) to G, T(F) to T, etc. We write t for the Lie algebra 
of T. 

Consider the map 

(7.2.1) (T\G) xt^g 

defined by 0(g,X) = g~ 1 Xg. For any X e t the differential d/3 of (5 at (1,X) e 
(T\G) x t is the map (fl/t) x t -> fl given by (Y, Z) ^ [X, Y] + Z. The two tangent 
spaces (fl/t) x t, g both sit in short exact sequences with t as the subspace and g/i 
as the quotient space, and d(i is the identity on t. Therefore the top exterior powers 
of the two tangent spaces are canonically isomorphic, and the determinant of dj3 at 
(1,X) makes sense and is equal to 

(7.2.2) D(X) := det(ad(JT);g/t). 

The map j3 is G-equivariant (for the translation action on T\G, the trivial 
action on t, and the adjoint action on g). Choosing a G-invariant volume form (i.e. 
non-vanishing differential form of top degree) on T\G is the same as choosing a 
generator of the top exterior power of g/t. Choosing a translation invariant volume 
form on t is the same as choosing a generator of the top exterior power of t. Make 
such choices. From them we get a generator of the top exterior power of g, which we 
use to get a translation invariant volume form on g. In this way we get G-invariant 
volume forms on the source and target of /?, and we may use these volume forms 
to talk about the determinant of df3, or, in other words, the Jacobian of (3. In fact 
the computation we made above, together with the G-equivariance of /3, shows that 
the Jacobian of (3 at any point (g,X) e (T\G) x t is equal to D(X). 

7.3. Measures obtained from volume forms. A volume form oj on a p- 
adic manifold M gives rise to a measure \u\ on M, just as in the real case. In 
the end it boils down to assigning a measure \dx\ on F to the differential form dx, 
where x denotes the standard coordinate on F, that is, the identity map on F. In 
the real case the usual convention is of course that \dx\ is Lebesgue measure on R. 
In the p-adic case one simply agrees \dx\ is some Haar measure on F, fixed once 
and for all. See [Wei82] for further details. As in the real case, there is a change 
of variables formula involving the Jacobian. 

The volume forms on T\G, I, g chosen above give us a G-invariant measure dg 
on T\G and Haar measures dX, dY on t, g respectively. 

7.4. Expression for D(X) in terms of roots. Let R be the set of roots 
of T in g. Here we are talking about the absolute root system, a subset of the 
group X*(T) of characters on T over F. The differentials of the roots are linear 
forms on t ®f F and hence yield F- valued functions on t; these functions on t will 
also be called roots, but no confusion should result from this. It is clear from the 
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definitions that 

(7.4.1) D(X) = [] <*(X) 

for any X e t. From this it follows that the differential d(i is an isomorphism at 
all points (g, X) such that X is regular. (Recall that a semisimple element in g is 
said to be regular if its centralizcr in the algebraic group G is a maximal torus, and 
that X e t is regular in this sense if and only if no root of T vanishes on it.) 

7.5. D as polynomial function on g. Let t denote the absolute rank of 
G, in other words, the dimension of any maximal torus in G. For any X € g 
we can consider the characteristic polynomial of the endomorphism s.d{X). Each 
individual coefficient of this characteristic polynomial is a polynomial function of 
X, and since gencrically ad(X) has the eigenvalue with multiplicity I, we see that 
the lowest non- vanishing coefficient occurs in front of the £-th power of the variable 
and is equal to D(X) for X e t. In this way we see that the function D(X) defined 
above for X e t extends to a polynomial function (still denoted by D) on all of g, 
which explains why we did not include T in the notation. Note that D(X) ^ if 
and only if X is regular semisimple. 

7.6. Decomposition of g rs as a disjoint union of open subsets gf s . Let 
t reg be the set of regular elements in t, let g rs be the set of regular semisimple 
elements in g, and let g^ be the subset of g rs consisting of all elements that are 
conjugate under G to some element of treg. Then the map 

(7.6.1) (T\G) x t rcg -> g 

(obtained from j3 by restriction) is a local isomorphism of p-adic manifolds and its 
image, namely g^, is open in g. The fiber of (3 through (g,X) G (T\G) x t reg has 
\Wt\ elements, namely those of the form (wg,w(X)) with w ranging through Wt- 
To complete our picture of g rs , we note that its complement has measure 0, 
and that 

(7-6.2) flrs-Us- 

T 

where the union ranges over a set of representatives T for the set of G(F)-conjugacy 
classes of maximal F-tori in G. 

7.7. First form of the Weyl integration formula. These considerations 
lead to the following formula, known as the Weyl integration formula. Let / e 
C c °°(fl). Then 

(7.7.1) f f(Y)dY^J2\ W ^ 1 I \°( X )\ [ f(9- 1 Xg)dgdX, 

Jg rp Jt ros JT\G 

where dg, dY, dX are the measures on T\G, Q, t respectively that were introduced 
in 7.3, and where the sum ranges over a set of representatives T for the set of 
G(F)-conjugacy classes of maximal F-tori in G. Since the complement of t rcg in t 
has measure 0, we could equally well integrate over t instead of t reg . Moreover we 
are not obliged to stick with precisely these measures dg, dY, dX. Clearly it is only 
the product dg dX that matters in the Weyl integration formula, so we are free to 
multiply dg by a constant as long as we divide dX by the same constant, and we 
are free to multiply dY by a constant as long as we arrange that the product dg dX 
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is multiplied by the same constant (for all T). For any such choices of measures we 
say that dg dX is compatible with dY . 

Actually there are several useful variants of the Wcyl integration formula, one 
of which is the one we will actually use later. For this we need some further prepa- 
ration. We again need to maintain a notational distinction between an algebraic 
group and its group of F-points. We return to assuming that G is split over F. 

7.8. Review of Levi subgroups and the definition of C. By a Levi sub- 
group M of G we mean some Levi component of a parabolic F-subgroup of G. 
We write Am for the maximal F-split torus in the center of M. In particular Aq 
denotes the maximal F-split torus in the center of G. A basic fact about Levi 
subgroups is that M is the centralizer in G of Am- 

As usual let us fix a split maximal torus A in G. Then Am is conjugate under 
G(F) to a subtorus of A. Thus, after replacing M by a conjugate, we may assume 
that Am C A. The condition Am C A is equivalent to the condition M D A. 
[Use that M is the centralizer of Am and that A is its own centralizer.] We write 
C = C(A) for the set of Levi subgroups M of G such that M D A. 

7.9. Definition of Tm- Let T be a maximal F-torus of G, and let At denote 
the maximal F-split subtorus of T. Let M denote the centralizer of At in G, a 
Levi subgroup of G. We claim that Am — At- Indeed, it is obvious that At is 
central in M and hence contained in Am- On the other hand T is contained in M 
and hence is a maximal torus in M, which implies that T contains the center of M. 
Therefore Am is contained in T and hence in At- 

The reason for introducing M is that T is elliptic in M, in the sense that 
T/A M is an anisotropic torus over F (which implies that T(F)/A M (F) is compact). 
We choose a set Tm of representatives for the M(F)-conjugacy classes of elliptic 
maximal tori T in M. 

7.10. Definition of the positive integer ■ Let M be a Levi subgroup 
of G and let T be a maximal torus in M. We write N M (f)(T) for the normalizcr 
in M(F) of T. Then N M{F) (T) /T(F) is a finite group, and we write for its 
cardinality. 

7.11. Second form of the Weyl integration formula. We return to writ- 
ing G instead of G(F). Let / e G c °°(g). Then 

(7.11.1) [f(Y)dY= J2^J2^m[ I^WI / f{9- 1 Xg)dgdX, 

where W (respectively, Wm) denotes the Weyl group of A in G (respectively, M), 
and where dg is the unique G-invariant measure on Am\G such that 

(7.11.2) / v{g)dg= f p(g)dg 

J Am\G Jt\g 

for every <p £ C%°(T\G). (We used here that Am\T is compact.) Since we have 
replaced dg by dg, we need to extend the terminology introduced in 7.7 by now 
saying that the measure dg dX is compatible with dY (when dg has been obtained 
from dg as above, and dgdX is compatible with dY). 
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7.12. Derivation of the second form of the Weyl integration formula 
from the first. We write N G / F \(M) for the normalizer in G(F) of M. The group 
Ng(f){M)/M{F) is finite, and we denote by n M its cardinality. We need a couple 
of lemmas in order to derive the second form of the Weyl integration formula from 
the first. 

Lemma 7.1. Let M be a Levi subgroup of G, and let T be an elliptic maximal 
torus in M. Then the number of M(F)-conjugacy classes of maximal tori T' in M 
such that T' is G(F) -conjugate to T is equal to 

n M ' n T ' ( n f ) 1 - 

Proof. Let g e G(F). We claim that gTg^ 1 C M if and only if g e N G{F) {M). 
Indeed, suppose that gTg^ 1 C M. Then gTg^ 1 is a maximal torus in M, and 
therefore its split component gA M g~ x contains A M , hence equals A M (look at 
dimensions). Thus g normalizes Am, which implies that it also normalizes the 
ccntralizcr of Am, namely M. This proves the forward implication in the claim; the 
other implication is trivial. A consequence of the claim is that Nc(f)(T) normalizes 
M and hence normalizes N G{F) {T) n M(F) = N M{F) {T). 

It follows from the claim we just proved that the set of M(.F)-conjugacy classes 
of T' C M such that T' is G(F)-conjugate to T is in natural bijection with the set 

M(F)\N G(F) (M)/N G(F) (T), 

and the cardinality of this set is clearly the index of 

N G(F) (T)/N M(F) (T), 

a group of order n F ■ (n^) _1 , in 

N G{F) (M)/M(F), 

a group of order n M . This proves the lemma. □ 

The next lemma involves the set C of Levi subgroups of G containing A. For 
M,M' e C we write M ~ M' if M, M' are conjugate under G(F). We write £/ ~ 
for the set of equivalence classes in C for the equivalence relation ~. Moreover 
we fix some Borel subgroup Bq containing A, and write Vo for the set of parabolic 
subgroups of G containing Bq (called standard parabolic subgroups) . Also, we write 
F(A) for the set of parabolic subgroups of G containing A, and for P e J 7 (A) we 
write M P for the unique Levi subgroup of P containing A. For a Levi subgroup M 
we write V(M) for the set of parabolic subgroups of G having M as Levi component. 

Lemma 7.2. Let ?/> be a function defined on the set C and assume that tl>(M) = 
ip(M') whenever M - M' . Then 



E 



lj 12 J) Mec/~ Mec 

= \V(M P )\-^(M). 



PeVo 



Proof. Let M e C and let g e G(F). We claim that gMg^ 1 e C if and only 
if g e N G(F) {A) ■ M(F). Indeed, suppose that gMg^ 1 e C. Then both g~ x Ag and 
A are split maximal tori in M, from which it follows that they are conjugate under 
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M(F). Thus there exists m € M(F) such that mg^ 1 normalizes A. This proves 
the forward implication in the claim; the reverse implication is clear. 

Write Nq( F ) (M, A) for the intersection of the normalizers in G(F) of M and 
A, and write Nw(M) for {w <E 14^ : wMw" 1 = M}, a subgroup of 14^ that contains 
Wm as a normal subgroup. As a special case of the claim above we see that 

N G(F) (M) = N G(F) (M,A)-M(F), 

and from this it follows that 

(7.12.2) N G[F) {M)/M{F) = N G(F) (M, A) /N M[F) {A) = N W {M)/W M - 

How many M' S C are there such that M' ~ M? It follows from the claim 
proved above that the set of such M' is simply the IF-orbit of M in £, and therefore 
its cardinality is equal to the index [W : Nyy(M)], which by (7.12.2) is equal to 

(7.12.3) <"S>"S- 

The first equality in the lemma follows from (7.12.3). 

Finally, the second sum in the statement of the lemma can obviously be rewrit- 
ten as 

(7.12.4) J2 ^^IWp)rV(M). 

Now any P £ F(A) is conjugate under W to a unique standard parabolic subgroup, 
and the stabilizer in W of P is Wm p - Therefore (7.12.4) is equal to the third sum 
in the statement of the lemma. □ 

Now let's return to the Weyl integration formula. From (7.11.2) and Lemma 
7.1 we see that our first form (7.7.1) of that formula can be rewritten as 

(7.12.5) [f(Y)dY= £ £ 4? / \D(X)\ f .n 9 - 1 Xg)dgdX, 

J B M£C/~ Um T£T m U T J W JA M \G 

and then from Lemma 7.2 we see that it can also be rewritten in the form (7.11.1). 
One could also use Lemma 7.2 to rewrite the Weyl integration formula as a sum 
over standard parabolic subgroups. Similarly, there are several ways of rewriting 
the sums in the local trace formula, and the global trace formula as well (see the 
remarks after Thm. 6.1 in [Art89a]). 

8. Preliminary discussion of the local trace formula 

Now that we have a feel for how orbital integrals work on the group GL 2 , it 
is time to begin a more systematic treatment. Harish-Chandra [HC78, HC99, 
HC70] developed harmonic analysis on the Lie algebra of G and then used the 
exponential map to climb back to the group itself, following the same path he had 
taken for real Lie groups. Now in harmonic analysis on the group the two key 
objects are orbital integrals and irreducible characters. Orbital integrals still make 
sense on the Lie algebra (integrate over orbits for the adjoint action of G). What 
about irreducible characters? Have they been irretrievably lost in passing to the 
Lie algebra? No! Harish-Chandra discovered that the role played by irreducible 
characters on G is played by Fourier transforms of orbital integrals on the Lie 
algebra (again he did this first in the real case). Of course Fourier transforms of 
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orbital integrals arc in many respects simpler than irreducible characters, and this 
partly explains why passing to the Lie algebra is so effective. 

In any case for most of the rest of this article we are going to work on the Lie 
algebra rather than the group. We will follow what seems to be the shortest known 
path through the material, first proving Waldspurger's local trace formula on the 
Lie algebra [Wal95] and then using it as a tool to develop the rest of the theory. 
This path is not essentially different from the one taken by Harish-Chandra in the 
papers cited above, and at most key points is exactly the same. 

8.1. Local trace formula on the group. We began this article by discussing 
the trace formula on compact groups. Before passing to the Lie algebra, we should 
briefly discuss Arthur's local trace formula [Art76, Art87, Art89b, Art91a, 
Art91b] on a p-adic group G. (Actually Arthur also allows real and complex 
groups.) 

Choose a Haar measure dg on G. Just as in the compact case, given fi, f 2 G 
C£°(G), we get an integral operator on L 2 (G) with kernel function 

(8-1.1) K(x,y)= f fi(g)f2(x- 1 gy)dg, 

Jg 

a locally constant function on G x G. The restriction of the kernel function to the 
diagonal will be denoted by K(x) and is given by 

(8.1.2) K(x)= f f 1 (g)f 2 (x- 1 gx)dg 1 

JG 

Next Arthur uses Harish-Chandra's Plancherel theorem to rewrite K(x) in spectral 
terms. However, since G is no longer assumed to be compact, the kernel function 
usually fails to be compactly supported, the integral operator is usually not of 
trace class, and the integral over G of K(x) is usually divergent. As in the global 
trace formula, Arthur handles these difficulties by truncating both expressions for 
K(x) before integrating over G, obtaining in the end a formula with a geometric 
side involving weighted orbital integrals (which generalize orbital integrals) and a 
spectral side involving weighted characters (which generalize characters). 

8.2. First steps towards the local trace formula on g. We again write 
g for the Lie algebra of our p-adic group G (the F-points of a connected reductive 
group over a p-adic field F, just as before). Consider a pair of functions /i, f 2 G 
G£°(g) and use them to define a locally constant function K (x) on G by 

(8.2.1) K(x)= [ f 1 (Y)f 2 (x- 1 Yx)dY, 

where dY is a Haar measure on g. (We are using the expression x~ x Yx to denote 
the adjoint action of x^ 1 on Y .) Clearly this function is the analog for g of the 
function (8.1.2) above that is the starting point for the local trace formula on G. 
Arthur uses the Plancherel theorem on G to obtain a second expression for (8.1.2); 
similarly, Fourier theory on the additive group g yields an identity 

(8.2.2) [ f 1 (Y)f 2 (x- 1 Yx)dY= f f^h^Yx) dY, 

where / and / denote the two possible variants of the Fourier transform for g. In 
more detail, let us now choose a G-invariant non-degenerate symmetric bilinear 
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form Bong and a non-trivial additive character tp on F. Then for / € C^°(g) we 
define the first version of the Fourier transform by 

(8.2.3) f(Y) = f f(ZMB(Y,Z))dZ, 

where dZ is a self-dual Haar measure on g. We define / by the same formula, except 
that we replace -0 by V -1 - Thus / 1— > / is inverse to / 1— > /. 

In case G is compact we obtain the local trace formula on g simply by regarding 
both sides of (8.2.2) as functions of x and then integrating over G. In general this 
integral diverges, and we must truncate before integrating. The truncation needed 
on the Lie algebra is the same as the one Arthur uses on the group. 

8.3. Truncation. In order to keep the structure theory of G as simple as 
possible (for expository purposes) we assume from now on that G is a split group, 
and we use the notation B = AN and K of 4.1. We will eventually need to let B 
vary through the set B(A) of all Borcl subgroups containing A, but it is sometimes 
convenient to fix one of them, which from now on we will denote by Bq = ANo. In 
addition we write Ac for (the F'-points of) the identity component of the center of 
our algebraic group G. 

Recall that /i G X*(A) is said to be dominant if (a,x) > for every simple 
root a. There is a standard partial order < on X*(A), defined as follows: v < \i 
means that [i — v is a non-negative integral linear combination of simple coroots. 
Note that v < /i implies that ji and v have the same image in the quotient Aq of 
X*(A) introduced in subsection 4.5. Of course all these notions depend on a choice 
of Borel subgroup, which determines the sets of simple roots and coroots. When 
we need to stress which Borel subgroup B is being used, we will say B-dominant 
rather than dominant. However, in the discussion below we will use the fixed Borcl 
subgroup B and say dominant rather than £? -dominant. 

From the Cartan decomposition discussed in 4.3 we have 

(8.3.1) G = ]]_Kir v K, 

V 

where v runs over the set of dominant cocharacters, and where ~k v means (as before) 
the image of 7r under the homomorphism F x — ► A obtained from v. Each if-doublc 
coset is of course a compact subset of G, and therefore the Cartan decomposition 
gives a very precise way of understanding the non-compactness of G. 

We are finally in a position to define the function that is used to truncate 
our integral. We need to choose a truncation parameter /i, which is allowed to be 
any dominant element of X*(A). Let G M denote the subset of G obtained by taking 
the union of the double cosets K-k u K for all dominant cocharacters v such that 
v < [i. Since G M is a finite union of i-C-double cosets, it is compact. 

We write for the characteristic function of the subset G M of G. For f\ , f 2 € 
C£°(g) and any truncation parameter \x we put 

(8.3.2) K»{h,h)~ I / h(Y)h(g~ 1 Yg)dYdg. 

JG J 3 

Here we have written dg for the unique Haar measure on G giving K measure 1 . It is 
evident that the integrand of this double integral is compactly supported as well as 
locally constant, so that the double integral is convergent and can be manipulated 
in any way we like. 
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Multiplying both sides of (8.2.2) by and integrating over G, we get a very 
crude first version of the local trace formula on g, namely the equality 

(8.3.3) K»(f 1 ,f 2 )=K»(f 1 J 2 ). 

Since both sides of the formula have the same shape (unlike what happens on the 
group), it is enough to analyze the left side. 

8.4. Using the Weyl integration formula to rewrite K fl (fi, f 2 ). We now 
use the Weyl integration formula (7.11.1) to rewrite the inner integral in the ex- 
pression (8.3.2) defining K IM {f 1 ,f 2 ), obtaining 



fh(Y)M9- 1 Y 9 )dY= £ ^ E i / 1^)1" 

/ f 1 (h- 1 Xh)f 2 (g- 1 h- 1 Xhg)dhdX. 

Ja m \G 



ia m \g 

The notation is the same as in the Weyl integration formula (7.11.1), so that in 
particular dhdX is compatible with dY in the sense of 7.11. By adjusting both dh 
and dX in such a way that dh dX remains unchanged, we now assume that dh is 
the quotient of the Haar measure on G(F) giving K measure 1 by the Haar measure 
dau on Am giving Am H K = Am(0) measure 1. 

Substitute (8.4.1) back into (8.3.2), change the order of integration so that the 
innermost integral becomes the one taken over G, change variables by replacing g 
by h~ 1 g, and finally do the integration over G in stages, first integrating over Am 
and then integrating over Am\G. This yields 



(8.4.2) 



where 



Me£ 1 1 TeT M 



fi(h 1 Xh)f 2 (g 1 Xg)u M (h,g;fi)dhdgdX 7 

a m \G Ja m \g 



(8.4.3) u M (h,g; fx) := / u^(h 1 a M g)da M - 

J A M 

To make further progress on the local trace formula we need to analyze the 
function um- In fact, as we will see, the more refined versions of the local trace 
formula are obtained from our crude one just by replacing um by something simpler. 
We begin by rewriting the definition of um in a more convenient form. Recall that 
we are writing X for the set G/K and x for its base-point. Recall also the function 
inv from 3.4. It takes values in K\G/K, which by the Cartan decomposition we 
have now identified with the set of dominant coweights in X*(A). It follows from 
all our various definitions that a 1— > u fi (h~ 1 ag) is the characteristic function of the 
set of a e A such that 

(8.4.4) iiw(h~ 1 agx , xq) < /j,. 

Putting x := gx , y := hx , we conclude that UM(h,g; /x) is the measure of the set 
of a e Am such that 

(8.4.5) inv(aa;,y) < /i. 
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Therefore, in order to understand um for any M, we need to understand, for fixed 
x,y e X, the subset of A consisting of all a e A satisfying (8.4.5). To do so, it is 
best to begin with the simplest non-trivial example, that of GL 2 . This will be the 
topic of the next section. 

9. Calculation of um for G = GL 2 

In this section G is GL 2 (F). 

9.1. Variant of truncation for GL 2 . In this special case it seems more 
convenient to do the truncation slightly differently. Recall the function 

K{x)= [ f 1 (Y)f 2 (x- 1 Yx)dY 

on G that we need to truncate. Our method was to multiply this function by 
the characteristic function of a compact subset of G and then to integrate over G. 
However, the function K{x) is obviously invariant under translation by Aq, so 
another perfectly good way to proceed is to multiply K(x) by the characteristic 
function of a compact subset of G/A G and then integrate over G/Aq- This is what 
we will do for G = GL 2 . 

Our truncation parameter will be a non-negative integer D. Given D, we then 

put 

G D :={geG: d(gv ,v ) < D}. 
Here v is the usual base vertex in the tree, and d denotes the usual metric on the 
tree. Then Go is the inverse image in G of a compact subset of G/Aq. We write 
Ud for the characteristic function of the subset Go of G. Our weight factor will be 

u M (h,g;D)= u D (h~ 1 ag)da, 

JA M /A G 

where da denotes the quotient daM/daa of the Haar measures da,M, dac on Am, 
Aq respectively that give measure 1 to their intersections with K. 

Putting v :~ gvo and w := Iivq, we see that u(h, g; D) is the measure of the set 
of a e Am /Aq such that 

(9.1.1) d(av,w)<D. 

This condition is reminiscent of ones we have seen before and can be understood 
easily using the geometry of the tree. 

9.2. The case M = A. We now define d(v) to be the distance from v to the 
standard apartment (and the same for w) . We warn the reader that later on in the 
article, when we are working with general split groups, we will use the notation d(-) 
for a different purpose. 

Lemma 9.1. If D > d(v) + d(w) , then 

(9.2.1) u A (h, g;D) = 2(D- d(v) - d(w)) + 1. 

If D < d(v) + d(w), then UA(h,g; D) is a real number between and 1. 

Proof. Consider the shortest path in the tree from the vertex v to the standard 
apartment, let v' denote the other endpoint of this shortest path (so that v' is some 
vertex in the standard apartment), and note that d(v) = d(v, v'). In the same way, 
from our other vertex w, we get w' and d(w) — d{w 1 w l ). 
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So long as v' w' it is clear that 

(9.2.2) d{v, w) = d(v) + d(w) + d(v' , w'), 
and when v' — w' we at least have the inequality 

(9.2.3) d(v, w) < d(v) + d(w) 

with strict inequality when there is some overlap between the two shortest paths. 
Thus d(v), d(w) do not quite determine d(v,w). Nevertheless, we can assert that 
the condition 

(9.2.4) d(v,w)<D 
is equivalent to the condition 

(9.2.5) d(v) + d{w) +d{v',w') < D 

so long as d(v) + d(w) < D. 

Of course it is really d{av 1 w) that we care about. Since the action of A on the 
tree preserves the standard apartment, it is clear that d(av) = d(v) and (av)' = av' . 
We conclude that, so long as d(v) + d(w) < D, the condition (9.1.1) is equivalent 
to the condition 

(9.2.6) d(av',w')<D-d(v)-d(w). 

The condition (9.2.6) on a £ A depends only upon the image of a under the 
surjection A —> Z sending the diagonal matrix with entries (01,02) to the integer 
val(ai) — val(o2), and therefore the measure of the set of a £ A/Aq satisfying (9.2.6) 
is equal to the number of lattice points u' in the standard apartment whose distance 
to w' is less than or equal to D — d(v) — d(w), and this number is obviously equal 
to 

(9.2.7) 2(D-d(v) -d(w)) + 1. 

This proves the lemma when D > d(y) + d(w). 

On the other hand, when D < d(v) + d(w), the condition (9.1.1) implies that 
av' = w' , so that the measure of the set of all such a is a real number between 
and 1. □ 

9.3. The case M = G. For an elliptic torus T we have A T = A G , M = G, 
and uc{h, g; D) = uo(h~ 1 g), which is equal to 1 if d(y, w) < D and is otherwise. 

9.4. The functions va and vq- The explicit computations done above show 
that for fixed g, h and for all sufficiently large D, the value of um(/i, g\ D) is given 

by 

u A (h,g;D) = 2(D-d(v)-d(w))+l 

(9.4.1) 

u G (h,g;D) = l 

How large D has to be depends of course on g, h. 

We have already mentioned that more refined versions of the local trace formula 
on g will be obtained by replacing um by simpler related functions. To keep our 
notation consistent with that used later in the general case, we will denote the next 
weight factor to be considered by VM{h, g; D). In the case of GL 2 we take the right 
sides of (9.4.1) as our definitions of vm, in other words, we put 

v A (h,g;D) = 2(D-d(v)-d(w)) + l 

VG(h,g;D) = 1 
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for all g, h, D. 

For later use (in applying Lebesgue's dominated convergence theorem) we note 

\u A (h,g;D)-v A (h,g;D)\<2(d(v)-d(w)) 

\u G (h,g;D)-v G (h,g;D)\<l. 

There is one final comment to make about vm- Until now D has been the 
non-negative integer m — n. However, as we see from (9.4.2), the definition of 
VM{h,g; D) still makes sense for any real number D. 

10. The local trace formula for the Lie algebra of G = GL 2 

In this section G is again GL 2 (F). 

10.1. Next form of the local trace formula for GL 2 . Our preliminary 
version of the local trace formula for the Lie algebra of GL 2 says that 

(10.1.1) K D (f 1 ,f 2 ) = K D (f 1 J 2 ) 

with 



h{h- x XK)f 2 {g- x Xg)u M % .95 D) dh dg dX. 



(10.1.2) Mec TeTM T 



IA M \G JA M \G 

In the case of GL 2 we have also defined functions vm that are closely related to 
the functions u M appearing in (10.1.2). We now define J D (fi, f 2 ) by the formula 

(10.1.3) M6£ TeTM 8 

/ / f 1 (h- 1 Xh).f 2 (g- 1 Xg)i M (h,g;D)dhdgdX. 
Jam\gJa m \g 

The only difference between this expression and the previous one is that Um has 
been replaced by -Dm- Recall that g; D) is defined for all D E R, so the same is 

true of J D (/i , f 2 ) . Looking back at the definition of % , we sec that the convergence 
of the double integral appearing in (10.1.3) is an immediate consequence of the 
following two lemmas. 

Lemma 10.1. For any maximal torus T in G the function 

(10.1.4) X^lDiX)] 1 / 2 [ f(g- 1 Xg)dg 

JA T \G 

on t reg is bounded and locally constant on t rcg . Moreover this function is compactly 
supported on t, in the sense that there exists a compact subset C of t such that it 
vanishes off C n t rog . In particular the integral 

(10.1.5) / |£>(X)|V2 / f(g- 1 Xg)dgdX 
Jt rog Ja t \g 

converges. 

In the definition of VA(h, g; D) we were regarding the function d(v) as a function 
on G. Now we make this more explicit, putting (for g E G) d(g) := d(gv ), where 
v is the base vertex in the tree. 
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Lemma 10.2. The function 

(10.1.6) X^lDiX)] 1 / 2 [ f(g- 1 Xg)d(g)dg 

Ja\g 

on Lie(A) rcg is locally constant on Lie(^4) rog . Moreover this function is compactly 
supported on Lie(A), in the sense that there exists a compact subset C of Lie(A) 
such that it vanishes off C nLie(j4) rcg . Finally, the integral 

(10.1.7) f \D{X)\V* f f{g- 1 Xg)d{g)dgdX 

Jhie(A) Ias JA\G 

converges. 

The first lemma makes sense and is true for any connected reductive G. The 
same will turn out to be true of the second lemma once we have defined a suitable 
generalization of the function d(g). We prefer to prove these results in general, and 
will therefore defer their proofs till later (see Theorems 17.10, 17.11 and 20.6). 

Granting the two lemmas, we can now state and prove the second form of the 
local trace formula for the Lie algebra of GL 2 . 

Theorem 10.3. For all /i,/ 2 € G£°(fl) and all D eM there is an equality 

(10.L8) J D (fi,f2) = J D (fi,h). 

PROOF. The functions /i, / 2 will remain fixed throughout the proof. The first 
thing to note is that the function D h- > J D (f 1 , f 2 ) is affine linear, or, in other words, 
has the form D i— > aD + b for suitable real numbers a, b. 

For any non-negative integer D consider the difference K D (fi, f 2 ) — J D (fi, / 2 ), 
which is given by the expression 

E w E ^ / 1^1- / / h(^xh)M 9 ^x 9 y 

MeC TeT M U T J tree J A M \G J A M \G 

(u M {h,g;D) - v M (h,g; D)) dhdg dX. 

As D — > +oo the pointwise limit of the sequence UM(h,g;D) — VM(h,g;D) is 0. 
Moreover the estimate (9.4.3) for UM(h, g; D) — g; D), in conjunction with 

the two lemmas above, shows that Lebesgue's dominated convergence theorem can 
be applied, yielding the conclusion that 

(10.1.9) K D {.h, f 2 ) - J D (.h,f 2 ) -> as D -> +oo. 

Now consider the difference A(D) := J D (/i,/ 2 ) — J D (fi, ,/ 2 ), which we are trying 
to prove is zero. On the one hand, we know that A(D) is an affinc linear function 
of D S I. On the other hand, applying (10.1.9) to both (/i,/ 2 ) and (/i,/ 2 ) and 
using the first form of the local trace formula, we see that the sequence A(D) has 
limit as D — > +oo. It follows that A(D) is identically zero, as desired. □ 

10.2. Final form of the local trace formula for GL 2 . In the course of 
proving the theorem above we saw that J I3 (/i,/ 2 ) is an affinc linear function of 
D E M. Therefore this theorem is actually an equality between two affine linear 
functions of D, and entails two equalities, one between the linear terms of the two 
sides, and one between their constant terms. However this is less interesting than it 
might at first seem, since the equality between linear terms is a consequence of the 
local trace formula on Lie(A). (Something similar happens for general G, involving 
the local trace formulas for the Lie algebras of the various Levi subgroups of G.) 
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Thus all the real content of the theorem is in the equality of the constant 
terms of the two sides. These constant terms are obtained by setting D equal to 0. 
However, we can capture the same information (modulo the local trace formula on 
Lie(.A)) by setting D equal to any constant we like. The simplest result is obtained 
by taking D to be —1/2, as one sees by looking back at how va was defined. Doing 
so (and denoting the new weight factors by VM(h,g) := VM(h,g; —1/2)) yields the 
final form for the local trace formula on the Lie algebra of GL 2 , namely 

Theorem 10.4. For all /i,/ 2 e C^°(g) there is an equality 

(10.2.1) J(/i,/ 2 ) = J(fuh), 
where J(/i,/2) is defined by 

(10.2.2) Mec TeTM 

■ [ [ f 1 (h- 1 Xh)f 2 (g- 1 Xg)v M (h,g)dhdgdX 
Ja m \gJa m \g 

with VM(h,g) given by 

(1Q23) v A (h,g) = -2{d(g)+d(h)) 

v G (h,g) = 1. 

10.3. Invariance versus non-invariance. When M = G, in which case vg 
is identically 1, the double integral occurring in (10.2.2) is just the product of the 
orbital integrals (for X) of the functions /1 and / 2 . When M = A, the double 
integral is still taken over the (G x G)-orbit of (X, X) in g x g, but we are using vm 
times the invariant measure on the orbit. Thus we are dealing with what Arthur 
calls a weighted orbital integral on g x g. We sec from the explicit formula for 
VA{h, g) that this weighted orbital integral is the sum of two terms, each term being 
a product of an orbital integral on one of the two factors of g x g and a weighted 
orbital integral on the other factor. This last phenomenon is an especially simple 
instance of more complicated splitting formulas of Arthur (see [Art81, Lemma 6.3] 
for instance) on general groups G . 

We can use these remarks to rewrite J(/i,/2) in a form more suited to the 
application we will make in the next section. For any maximal torus T in G and 
any X e t rcg we use Ox (as usual) to denote the orbital integral 

(10.3.1) O x (f)= [ f(g- 1 Xg)dg. 

Ja t \g 

Similarly, for any X € Lie(yl) reg we define the weighted orbital integral WOx by 

(10.3.2) WOxU)= I f(g- 1 Xg)v A (g)dg, 

Ja\g 

where VA(g) ■— 2d(g). (Here we should warn the reader that when we define weight 
factors for general split groups, we will use a different normalization, in which the 
weight factor va for GL 2 turns out to be d(g) rather than 2d{g).) 
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It is then clear from these definitions that 




TeT G 



(10.3.3) 



W\~ l [ \D{X)\O x {.h)WO x {h)dX 



J(LicA) ro , 



-\\V\- 1 f \D{X)\WO x {h)O x {h)dX. 



10.4. Application of the local trace formula for the Lie algebra of GL 2 . 

Suppose that Ox(f2) = for all X e (LicA) rog . Then the last term in (10.3.3) 
vanishes, and the remaining terms can be recombincd using the Weyl integration 
formula. We conclude, for such f 2 , that 



Since F 2 is conjugation-invariant, the distribution f\ ^> J(/i,/2) is an invariant 
distribution on g. [The group G acts by conjugation on g, hence on C%°(g), hence 
on T>(g), and an invariant distribution on g is one that is fixed by this conjugation 
action.] 

What can we say about the function F 2 (under our assumption on / 2 )? It is a 
consequence of Lemmas 10.1 and 10.2 that F 2 is locally constant on g rs . We will 
often regard F 2 as a function on g by extending it by on the complement of g rs ; 
this extended function is usually not locally constant on g. It is obvious that the 
support of F 2 is bounded modulo conjugation, in the sense that there is a compact 
subset wing such that F 2 (X) = unless X e g is G-conjugate to an element in w 
(any compact set u> on which f 2 is supported will do). Finally, we claim that F 2 is 
a locally integrable function on g. 

We pause to recall that a measurable function F on g is said to be locally inte- 
grable if F(X)f(X) is an integrable function on g for all / e C^°(g) (equivalcntly, 
for all / obtained by taking characteristic functions of compact open subsets of g) . 
In our case it is the convergence of the integral (10.4.1) for all /i which guarantees 
that F 2 is indeed locally integrable. 

What is the most obvious source of functions whose hyperbolic orbital integrals 
vanish? Recall that X e g IS is said to be elliptic if its centralizcr in G is an elliptic 
maximal torus in G (see 7.9 for the definition of elliptic maximal torus). We denote 
by g e the set of elliptic elements in g rs . It follows from the discussion in 7.6 that 
g e is open in g. [In the notation of that subsection the set g e is the union of open 
sets gj s for T ranging through Tq.] 

Now suppose that is a function lying in the subspace C^°(g e ) of C^°(g). It is 
then obvious that the hyperbolic orbital integrals of <j) vanish. It is less obvious, but 
true, that the hyperbolic orbital integrals of the Fourier transform (f> also vanish. 
We will prove a suitable generalization of this later (see Lemma 13.5). 



(10.4.1) 




where F 2 is the unique conjugation-invariant function on g rs such that 



(10.4.2) 




if X e t rcg for some T E T G 
if X e Lic(^4) rog . 
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As above we now use <j> to define an invariant distribution 1^ on g by putting 

We have seen that 1^ is represented by the conjugation-invariant function on g rs , 
supported on g e , whose value at X G g e is Ox{4>)- Thus the invariant distribution 1$ 
can be thought of as a "continuous linear combination" of elliptic regular semisimple 
orbital integrals. 

Recall that the Fourier transform T of a distribution T on g is defined by 
(10.4.3) T (/) = T(f) 

for all / G C^°(g). Let's examine the Fourier transform of 1^. Using the local trace 
formula for the functions /, <fi, we see that 

/*(/) = J(fA) = J(f,h 

and therefore, since the hyperbolic orbital integrals of <j> vanish, we conclude that 
the distribution 1^ is represented by the locally integrablc conjugation-invariant 
function F on g rs whose values are given by 



(10.4.4) F(X) 



O x {4>) if X G t rcg for some T G T G 

-WO x {<t>) ifXGLie(A) rcg . 



This establishes, for the group GL 2 , a key special case of a more general result of 
Harish-Chandra (see Theorem 27.8), which says that for any invariant distribution 
7 on g whose support is bounded modulo conjugation, the Fourier transform / is 
represented by a locally integrable function on g that is locally constant on g rs . The 
formula for F(X) when X is elliptic is also due to Harish-Chandra [HC78, HC99]. 
The formula for F(X) when X is non-elliptic is due to Waldspurger. Indeed, 
Waldspurger [Wal95] proves a similar result for arbitrary G, and our approach 
here follows his. 



11. Remarks on Euclidean space 

Before introducing the weight factors (see section 12) occurring in weighted 
orbital integrals for general split groups, we need to discuss some elementary (but 
important) facts about Euclidean space, which will be used again later in the proof 
of the key geometric result needed for the local trace formula. These results are 
related to Langlands' combinatorial lemma [Lan66], [Lan76], [Art76, §2], [Art78, 
Lemma 6.3]. 

11.1. The abstract set-up. Throughout this section V will denote a Eu- 
clidean space, in other words a finite dimensional real vector space equipped with a 
positive definite symmetric bilinear form (y, w). We further suppose that V\,...,v n 
is a basis for V such that 

(11.1.1) (vi,Vj)<0 foralU^j, 

and we denote by v*, . . . , v * the basis in V dual to v\, . . . , v n , so that (vi, v*) = 5ij. 
(In the example of interest to us v\, . . . , v n will be simple roots in a root system.) 

We denote by C the cone generated by v*, . . . ,v*; thus C consists of non- 
negative linear combinations of the elements u*, . . . , u*. We denote by D the cone 
generated by vi, . . - ,v n . The cones C and D are dual to each other in the sense 
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that D = {v e V : (v, w) > VroeC} (and the same with the roles of C and D 
interchanged) . 

Lemma 11.1. Let V and vi, . . . ,v n be as above. Then 

(1) For all i,j we have (v*,v*) > 0. Equivalently, D contains C. 

(2) For any j the vectors 

Vl, . . .,Vj,Vj +1 , ...,v* 

form a basis for V; moreover for all k the vector vl is a non-negative 
linear combination of Vi, . . . , Vj, v* +1 , . . . ,v*. 

Proof. We begin by proving the first part of the lemma. Apply the Gram- 
Schmidt orthonormalization process to v\ , . . . , v n , obtaining an orthonormal basis 
ei, . . . , e n . Thus the first basis vector e\ is the unit vector in the same direction as 
Vi, the next basis vector ei is the unit vector in the same direction as V2 — {v2,ei)ei, 
and so on. 

Claim 1. For all i the vector is a non-negative linear combination of 
Vi,...,Vi, and the coefficient of Vi in this combination is strictly positive. [To 
prove this use induction on i together with (11.1.1).] 

Claim 2. For all i the vector v* is a non-negative linear combination of 
ei,...,e n , and the coefficient of a in this combination is strictly positive. [To 
prove this note that v* — ^2j(v*, ej)ej and then use Claim 1.] 

Claim 3. For all i the vector v* is a non-negative linear combination of 
Vi, . . . , v n . [To prove this combine Claims 1 and 2.] 

We are done proving the first statement of the lemma, as it is just a restate- 
ment of Claim 3. (For root systems Claim 3 is the familiar fact that the positive 
Weyl chamber is contained in the cone of elements that are non-negative linear 
combinations of roots.) 

Now we prove the second part of the lemma. The first statement is clear, 
since v* +1 , . . . ,v* is obviously a basis for the orthogonal complement of the span 
of Vi , . . . , Vj . The second statement is trivial when k > j + 1 , so we just need 
to consider k such that 1 < k < j and show that vl is a non-negative linear 
combination of Vi , . . . , Vj, v* +1 , . . . , u* . 

Let W denote the span of Vi, . . . , Vj. We denote by w\, . . . , w* the basis of W 
dual to vi, . . . , vj; by the first part of the lemma (in the form of Claim 3) applied to 
W, we know that w* k is a non-negative linear combination of vi , . . . , Vj . Clearly w* k 
is the orthogonal projection of v* k on W, and since (as we have already remarked) 
Vj + i, . ..,v*is obviously a basis for the orthogonal complement of W, we can write 
v k as 

(11.1.2) vl = w* k + b j+ iv* + i + ■■■ + b n v* n 

for real numbers bj+i, . . . ,b n - Since we already know that w* k is a non-negative 
linear combination of Vi, . . . , Vk, we just need to check that each b m is non-negative. 
It follows from (11.1.2) that 

(11.1.3) b m = (vl,v m ) - (w* k ,v m ). 

The term (v k ,v m ) is since k ^ m, and (w k ,v m ) < since wl is a non-negative 
linear combination of vi, . . . , Vk, showing that b m > 0, as desired. □ 

As an immediate consequence of this lemma, we obtain the following corollary 
about root systems, which will be used later in our proof of the key geometric 
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result needed for the local trace formula. We fix a Borel subgroup B containing 
A and write A for the set of simple roots of A, viewed as linear forms on o. We 
also need the fundamental weights w a G (a/a^)* C a* (indexed by a G A); recall 
that (n7 Q ,/3 v ) = Sa.p for all a, ft G A. Finally we consider a parabolic subgroup 
P = MU containing B (with Levi component M chosen so that M D A), and write 
Am for the set of simple roots of A in M and Ajj for the set of simple roots of A 
occurring in Lie(U); thus A is the disjoint union of Am and A v . 

Lemma 11.2. Let fi, v G o and assume that fi, v have the same image under the 
canonical surjection a — > Og- Assume further that (a, v) < (a, y) for all a G Am- 
Then v < /j, if and only if {zu a , v) < (w a ,fi) for all a G Ajj. 

B 

Proof. Since we are given that ji, v have the same image in Og, the condition 
v < fi is equivalent to the condition that (ru a , v) < (w a7 fi) for all a G A. Therefore 

B 

we need only show that the inequalities (a, v) < (a, y) for all a e Am and {w a , v) < 
(zu a ,[i) for all a G Au together imply the inequalities (zu a ,v) < (za a ,fj) for all 
a G A. This follows from the second part of Lemma 11.1. □ 

11.2. Subspaces Vj of the Euclidean space V. Now let / be a subset 
of {1, . . . ,n} and denote by Vi the linear span of {v* : i G I}. The orthogonal 
complement of V[ has basis {vj : j £ I}. We denote by 717 the orthogonal projection 
of V onto Vj. 

We are going to see that Vi inherits all the structure we have on V. As usual the 
restriction of the inner product on V makes Vi into a Euclidean space. Obviously 
{niVi : i G /} is the basis in Vi dual to {v* : i G /}. We denote by Ci (respectively, 
Dj) the cone in Vi generated by {v* : i G /} (respectively, {niVi : i G /}). 

Lemma 11.3. The following statements hold. 

(1) Ci = C n Vi = wiC. 

(2) D I = DnV I = ttjD. 

(3) (irjVi,ir]Vj) < for all i,j G / with i ^ j. 

PROOF. It is clear from the definitions that C/ = CnVj and that CnVj C tt/C. 
It follows from the second statement of Lemma 11.1 that C H V/O 7T/C. 

It is clear from the definitions that Dj = 717D and that D (iVi C ttjD. It 
remains only to show that ttjD C D. In other words, we must show that (nid, c) > 
for all d G D and c G C, and this follows from (irjd, c) = (d, ttjc) and wjC C C. 

To prove the last statement of the lemma, we begin by noting that 

(ir I v l ,ir I v j ) = (iriVuVj). 
Next we expand Vi in the basis v* k , obtaining 

n 

Vi = ^2{vi,v k )v* k 
fc=l 

and hence 

n 

(■XlVuVj) = ^(w i ,D fe )(7T/^,^). 
fc=l 

In this sum the term indexed by i is zero since 7T/w* — v* and i =/= j. Each remaining 
term is non-positive; indeed its first factor is non-positive (since k ^ i) and its 
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second factor is non-negative (since ttjC C C). Thus (niVi,Vj) is non-positive, as 
desired. □ 

11.3. The convex polytope E(x). For x £ C we put E(x) :=Cfl(i- D). 
Here x — D has the obvious meaning: it consists of points of the form x — d with 
d G D and is a cone with vertex x. Now E(x) is compact (since it is contained in 
the obviously compact set D<~](x — D)) and is the intersection of finitely many half- 
spaces; therefore E(x) is a convex polytope. In other words E(x) has finitely many 
extreme points (also called vertices) and is the convex hull of its set of vertices. We 
are going to determine the set of vertices of E{x), as this is needed in the proof 
of Lemma 12.2. The reader is encouraged to draw a picture in the 2-dimensional 
case, where it is evident that E(x) is a quadrilateral. 

LEMMA 11.4. The set of vertices of E(x) is {ttix : I C {1, . . . , n}}. 

PROOF. To simplify notation we put xj := ttix, an element in Cj. We begin 
by noting that E(x) ("1 Vj = Cj fl (xj — Dj) for any subset I C {1, . . . , n}, or, in 
other words, E(x) n V/ is the analog Ei(xi) for xj, Vf of the set E(x) for x, V". 
Indeed, using that C n Vj = Cj an d tj-D = Dj, we reduce to showing that 

(11.3.1) (x-D)C\V i = -k i (x-D). 

It is clear that the left side is contained in the right side, but we must check that 
tti(x — D) C x — D. Using again that wiD = Dj C D, we see that it is enough to 
show that xi e x — D, and this follows from the second part of Lemma 11.1. 

Now we prove the assertion of the lemma by induction on the dimension of 
V, the O-dimcnsional case being trivial. Let J C {l,...,n} be a subset having 
n — 1 elements. Then E(x) lies on one side of the hyperplane Vj, so that Ej(xj) — 
E(x) fl Vj is a face of the polytope E(x). By our inductive hypothesis the set of 
vertices of this face is {ttjx : I C J}. We have now accounted for all vertices of 
E{x) lying in one of the codimcnsion 1 faces Cj of the cone C . It remains only to 
find the vertices of E(x) lying in the interior of the cone C. An interior point of C 
is clearly extreme in E{x) if and only if it is extreme in x — D, and, since x — D 
is a cone with vertex x, it has a unique extreme point, namely x. Therefore, if x 
lies in the interior of C, there is exactly one vertex of E(x) in the interior of C, 
namely x. Otherwise there is no vertex of E(x) lying in the interior of C, but in 
this case x is equal to xj for some J as above. In either case we conclude that 
{ttix : I C {1, . . . , n}} is the set of vertices of E(x). □ 

12. Weighted orbital integrals in general 

We worked out the local trace formula explicitly for GL 2 and found the weight 
factor VA(g) = 2d(g) appearing in our weighted orbital integrals. There are similar 
weight factors vm in the general case, which we are now going to discuss. Again 
we prefer to stick to the case of split groups, in order to keep the structure theory 
of the group as straightforward as possible. 

In this section we work with any split connected reductive group G over our 
p-adic field F. We use the same notation (e.g. A and K = G(0)) as in 4.1. 
In addition, for any Levi subgroup M in G we write V(M) for the (finite) set of 
parabolic F-subgroups of G admitting M as Levi component. In the special case 
M = A we often write B(A) instead of T(A); thus B(A) is the set of Borel subgroups 
containing A. 
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We will only be considering Levi subgroups M containing A. In this case Am 
is a subgroup of A and the lattice X*(A M ) is a subgroup of X*(A). Recall the 
definitions a = X*(A) <g) z K and a M = X*(A M ) ® z K. 

In the rest of this section G will denote the group of F-points of our algebraic 
group. 

12.1. The maps Hp : G —> Am- Let M be a Levi subgroup of G containing 
A, and let P = MU G V(M), U being the unipotent radical of P. By the Iwasawa 
decomposition we have G = MUK. Therefore we can write any jeGasj = muk 
with to G M , u G U , k G K , and the element to we obtain in this way is unique 
up to right multiplication by an clement of M(0) — K n M. Recall from 4.5 
the homomorphism Hm ■ M — > Am, and put Hp(g) :— Hm(iti). Then ifp is a 
well-defined map from G to Am- Clearly 

(12.1.1) ifp(TO.gfc) = tf M (m) + #p(<7) 

for all g G G, to G M and k e K. 

The most basic case of this construction occurs when M = A, in which case 
the parabolic subgroup in question is a Borel subgroup B containing A, and the 
map Hp goes from G to X*(A). It follows from the definitions that there is an 
important compatibility between the maps Hp and Hp whenever P contains B, 
namely Hp(g) is the image of Hp(g) under the canonical surjection X*(A) -» Am- 

Of course for a given P = MU there are many Borel subgroups B sandwiched 
between P and A; via B B n M these are in one-to-one correspondence with 
Borel subgroups of M containing A. Moreover, there is another easily verified 
compatibility, this time between Hp : G — > X t (A) and Hp n M ■ M — > X*(A), 
namely for g = muk as above, we have 

(12.1.2) H B (g) = H BnM (m). 

This is especially important in the case when M has rank 1 (so that up to isogeny M 
is the product of SL 2 and a split torus), in which case there are two Borel subgroups 
B sandwiched between P and A, corresponding to the two Borel subgroups in SL2 
containing the relevant split maximal torus of that group. For this reason, among 
others, we need to understand Hp for SL 2 - 

So for a moment we consider the case G = SL 2 - As usual we take A to be 
the subgroup of diagonal matrices and B = AN (respectively B = AN) to be the 
subgroup of upper triangular (respectively, lower triangular) matrices. Let a v be 
the coroot corresponding to the unique root a occurring in Lie(A r ). In order to 
understand Hp and Hp for SL 2 it is enough (by (12.1.1) and the Iwasawa decom- 
position) to compute them on elements neff. Trivially we have that H B (n) = 0. 
A simple computation with 2x2 matrices shows that Hp(n) is —ra v , where r is 
the following non-negative integer. Look at the upper right matrix entry y of n. 
If y G O, then r = 0. Otherwise, r is the negative of the valuation of y. Identify- 
ing a with the standard apartment (see 5.3) in the tree, we see that Hp(n) = vq, 
Hp{n) = v_2r- Looking back at 5.8, we see that w_ r is the point in the standard 
apartment that is closest to nv , and that r is the distance from nvo to the standard 
apartment. 

From this computation we conclude that for any element g G SL2(F) 



(12.1.3) 



H B (g) - H s (g) = ra 
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for some non-negative integer r, that r is in fact equal to the distance from gvo 
to the standard apartment, that the point in the apartment closest to gv is the 
midpoint of the line segment with endpoints at H B (g) and H B {g) (again viewing 
these as points in the standard apartment), and that the length of this line segment 
is 2r. (Since (a, a v ) = 2, translation by a v is translation by 2.) Before going on, we 
pause to notice that the weight factor 2d(g) entering into weighted orbital integrals 
for GL2 has now been interpreted in terms of H B (g) and H B (g): it is the length 
of the line segment joining the two points H B (g) and H B (g) in a. We will see how 
this generalizes in a moment. 

Now we return to our general split group G. The computation we just made 
for SL2 , combined with our previous remarks, shows that for any g g G the family 
of points H B (g) indexed by B g B{A) is an example of what Arthur calls a positive 
(G, A)-orthogonal set; we discuss this notion next. 

12.2. (G, A)-orthogonal sets. A family of points ig in X*(A) (respectively, 
o), one for each B g B(A), is said to be a (G, A) -orthogonal set in X*(A) (re- 
spectively, a) if for every pair B, B' g B(A) of adjacent Borel subgroups (meaning 
that the corresponding Weyl chambers in a are adjacent) there exists an integer 
(respectively, real number) r such that 

(12.2.1) x B - x B > = ra v , 

where a v is the unique coroot for A that is positive for B and negative for B'. (The 
explanation for the word "orthogonal" is that with respect to a Weyl group invariant 
inner product on a, the line segment joining x B and x B > is orthogonal to the root 
hyperplane in o defined by a.) When all the numbers r are non-negative (resp., 
non-positive), the (G, ^4)-orthogonal set is said to be positive (resp., negative). 

Consider once again a parabolic subgroup P = MU with M D A. For any 
(G, A)-orthogonal set {x B ) BeB (A) it is easy to see that the points 

(12-2.2) { x B){BeB(A):BdP} 

form an (M, ^-orthogonal set (identifying {B g B{A) : B C P} with B M (A), the 
analog of B(A) for the group M); moreover this (M, A)-orthogonal set is positive 
if the (G, y4)-orthogonal set we started with is positive. 

We see from (12.1.2) that the set of points H B (g) (B g B(A) with B C P) 
is the positive (M, A)-orthogonal set in A* (A) attached to the element m € M 
obtained from the decomposition g = muk. 

12.3. Arthur's weight factor in case M = A. Now we define Arthur's 
weight factor in the case M = A. Start with g g G. Obtain from it the positive 
(G, A)-orthogonal set H B (g). Take the convex hull in a of the points H B (g) (B g 
B(A)). Define the weight factor VA(g) to be the volume of this convex hull. By 
volume we mean Lebesguc measure in the real affine space consisting of all points 
in a whose image under o ^> ac is the same as the common image of all the points 
H B (g), the Lebesgue measure being normalized so that measure 1 is given to any 
fundamental domain for the (translation) action of the coroot lattice of G. 

In the case of GL 2 the convex hull is the line segment discussed above, and 
its volume is its length, but measured with respect to the coroot lattice, which has 
index 2 in X*(A)/X lf (A G ), so that with our new definition VA_{g) is equal to d(g) 
instead of 2d(g). 
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Returning to the general case, note that the family Hp (g) depends only on the 
coset gK, and that if g is multiplied on the left by an element a E A, then the 
whole family is translated by the vector H A (a), leaving its volume unchanged. It 
follows that 

(12.3.1) v A {agk) = v A {g) 

for all g E G, a E A, and k E K. 

The convex hulls of positive (G, ^-orthogonal sets are very beautiful convex 
polytopes, about which much can be said. In particular, there is an interesting con- 
nection with the theory of toric varieties, as we will sec in section 23. In a moment 
we will see how to get a better picture of the shape of these convex polytopes. 

12.4. (G, M)-orthogonal sets. To define the weight factors in the general 
case we need to generalize the notion of (G, A) -orthogonal set. Let M be a Levi 
subgroup containing A. The roots of A in G that are not roots in M have non-zero 
restrictions to an, hence define hyperplanes (called walls) in Om- The connected 
components of the complement in Om of the union of these hyperplanes are called 
chambers in Om- For M — A these are the usual Weyl chambers. There is a 
one-to-one correspondence between chambers in Hm and the parabolic subgroups 
P E V(M); the chamber corresponding to P = MU is denoted by ap" and is given 

by 

(12.4.1) a£ := {x E a M ■ (a,x) > Va E Ru}, 

where Ru denotes the set of roots of A occurring in u := Lie(C/). 

Consider two adjacent parabolic subgroups P,P' E V(M). (By this we mean 
that the corresponding chambers are adjacent, or, in other words, separated by 
exactly one wall.) Recall that Am is the quotient of X*(A) by the coroot lattice 
for M. Now consider the collection of elements in A M obtained as the images 
of the coroots a v where a runs through R v (1 Rfj, (with P' = MU' denoting the 
parabolic subgroup in V{M) opposite P'). We define (3p : p> to be the unique element 
in this collection such that all other members of the collection are positive integral 
multiples of /3p,p'. In case M — A, so that P,P' are Borel subgroups, (3p.p> is the 
unique coroot of A that is positive for P and negative for P' . 

A family of points x P in A M (respectively, n M ), one for each P E V(M), 
is said to be a (G, M) -orthogonal set in Am (respectively, cim) if for every pair 
P, P' E V(M) of adjacent parabolic subgroups there exists an integer (respectively, 
real number) r (necessarily unique) such that 

xp — xp> = rflp^pi. 

When all the numbers r are non-negative (respectively, non-positive), the (G, M)- 
orthogonal set is said to be positive (respectively, negative). 

It is clear that /3p p, = —(3p t pi. Therefore, if P ^ xp is a (G, M)-orthogonal 
set, then so is P i— > xp, and the one is positive if and only if the other is negative. 

12.5. The points xp associated to a (G, ^4)-orthogonal set. Let P = MU 

be a parabolic subgroup containing A, and let (xb) be a (G, A)-orthogonal set 
in X*(A). We have already observed that the points {xp) {BeB(A)-.B<zP} form an 
(M, A)-orthogonal set in X* (A) . In particular the difference between any two points 
in this (M, A)-orthogonal set is a sum of coroots for M, which means that they 
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map to the same point in Am- Thus we get a well-defined point xp € Am as the 
common image in Am of all the points {xb ■ B C P}. 

It is easy to see that the points (xp) Pe - P ( M - ) form a (G, M)-orthogonal set in 
Am, and that this (G, M)-orthogonal set is positive if (xp) is positive. 

The same things remain true when AT* (A) is replaced by a and Am is replaced 
by a M - 

12.6. Arthur's weight factor %. The weight factor in the general case 
is defined as follows. Start with g e G. Obtain from it the family of points 
H P (g) e A M , one for each P = MU € T(M). This family H P (g) (P € T(M)) is 
a positive (G, M)-orthogonal set in Am- By definition VM(g) is the volume of the 
convex hull of the images in aM of the points Hp(g). (See subsection 24.7 for a 
precise normalization of the volume.) 

The weight factor satisfies 

(12.6.1) v M (mgk) = v M {g) 

for all g EG, mE M, and k e K. 

12.7. Weighted orbital integrals. Now we can define weighted orbital in- 
tegrals for G. Let T be a maximal torus such that At is contained in A. As before, 
let M be the centralizcr of At, a Levi subgroup containing A for which Am = At- 
For A e t rcg and / G C~(G) put 



Just as for unweighted orbital integrals, the scmisimplicity of X ensures that the in- 
tegrand is locally constant and compactly supported on Am\G, so that the integral 
makes sense. 

For G = GL2 this agrees with our previous definition, apart from the factor of 
2 mentioned in 12.3. When T is elliptic, so that M = G, the weight factor is 1 and 
the weighted orbital integral is actually an orbital integral. 

12.8. Weyl group orbits as positive (G, A)-orthogonal sets. As we have 
seen, each element g € G gives rise to a positive orthogonal set Hs{g) (B e B{A)) 
in X*(A). However, there is an even simpler way to produce positive orthogonal 
sets in X*(A), and this construction is also relevant to the local trace formula. 

First recall that an element \i G X*(A) is said to be dominant with respect to 
a Borcl subgroup B = AN if (a,(i) > for every root of A occurring in Lie(iV); 
since we need to vary B it is best to refer to such an clement x as B-dominant. The 
set of B-dominant elements in A* (A) is the intersection of A* (A) with the closure 
of the Weyl chamber corresponding to B (the Weyl chamber itself being defined as 
the set of x e a for which all the inequalities (a, x) > are strict). 

It is a standard fact about root systems that the closure of any Weyl chamber 
serves as a fundamental domain for the action of the Weyl group W of A on o. Thus, 
given /j, e X*(A), for any B e B(A) there exists a unique /ib € A* (^4) such that 
/1 b lies in the TL^-orbit of /x and is B-dominant. Now suppose that B\,B 2 € B(A) 
are adjacent. Then there is a unique root a which is positive for B\ and negative 
for B 2 , and the corresponding root hypcrplane is the unique one separating the 



(12.7.1) 
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Weyl chambers corresponding to Pi, B-i. Let s a £ W be the reflection across this 
hypcrplane. Then ^b 2 — s a^Bn which tells us that 

(12.8.1) - Ms 2 = {ot,^B 1 )ot J . 

Now (a, ubi) > since fi Bl is Si-dominant and a is positive for B\, from which 
we conclude that the family [Lb (B <G B(A)) is a positive (G, A)-orthogonal set. 

12.9. Special (G, M)-orthogonal sets. We say that a (G, ^4)-orthogonal set 
of points x B is special if rep is P-dominant for all P G P(j4). More generally we say 
that a (G, M)-orthogonal set of points xp is special if for all P € V(M) the image 
of ip under Am — > cim lies in the closure of the chamber Op. (This property arises 
in [Art91a] but is not given a name. It seems convenient to have such a name.) 

The (G, A)-orthogonal set obtained from the Weyl group orbit of fi as above 
provides the most obvious example of a special (G, ^-orthogonal set. In this exam- 
ple we saw that the (G, j4)-orthogonal set was positive. This is a general phenome- 
non: any special (G, M)-orthogonal set (xp) is automatically positive. Indeed, for 
adjacent P, P' we have 

(12.9.1) x P - x pi = r(3 Pt p,. 

Let a be any root in Ru n Rfj,. Evaluating the root a on both sides of this 
equation, one gets a non-negative number on the left side, and since (a,(3p,p') is 
strictly positive, we conclude that r must be non-negative. (To see painlessly that 
(a,f3p.pi) is strictly positive, it is convenient to use a Weyl group invariant inner 
product to identify a with its dual, so that a v , a become positive multiples of each 
other.) 

Consider a special (G, A)-orthogonal set (x B ) and a Levi subgroup M con- 
taining A. Then for any parabolic subgroup P e V(M), it is easy to sec that 
the (M, A)-orthogonal set (12.2.2) obtained from (x B ) is special. Moreover the 
(G, M)-orthogonal set (xp) in Am obtained from (x B ) (see 12.5) is also special. 

12.10. Shape of the convex hull of a positive (G, A)-orthogonal set. 

Consider a positive (G, ^4)-orthogonal set of points x B (B <G B(A)) in X*(A). Let 
P, B' e B(A). We no longer assume that they are adjacent. However B, B' can be 
joined by a chain of Borel subgroups (all containing A) such that each consecutive 
pair in the chain is a pair of adjacent Borel subgroups. Now assuming that the 
chain is chosen to be as short as possible, the set of root hyperplanes separating 
the Weyl chambers of B and B' coincides with the set of hyperplanes separating 
the various consecutive pairs in our chain. In this way we see that ig - x B ' is a 
non-negative integral linear combination of the coroots a v that are positive for B 
and negative for B' . In particular we have 

(12.10.1) x b' < x B - 

B 

What is the meaning of the symbol B below the inequality sign? We have been 
using the inequality x < y to mean that y — x is a non-negative integral linear 
combination of positive coroots, positive respect to some fixed B € B(A). Now 
we are letting the Borel subgroup vary, and we use the symbol B to indicate which 
Borel subgroup we are using. 

We also need to define x < y for elements x, y E a: say that x < y if y — xisa 

B B 

non-negative real linear combination of positive coroots. 
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Since (12.10.1) holds for all B' , the convex hull of the points xb, which we 
denote by 

Hull{x B : B E B(A)} 7 
is contained in the convex cone 

(12.10.2) C* B ~ {x E a: x <x B }, 

B 

and since this is true for all B, we conclude that the convex hull is contained in the 
intersection of the cones C* B . 

Lemma 12.1. [Art76, Lemma 3.2] Let (x B ) be a positive (G, A) -orthogonal set 
in a. Then 

Rull{x B : B E B(A)} = {x E a : x < x B V B E B(A)}. 

B 

PROOF. It remains only to see that the convex hull of the points x B contains 
the intersection of the cones C* B . From the theory of convex sets we know that the 
convex hull in question is the intersection of all the halfspaces containing it, so it 
will suffice to show that any such halfspace contains one of the cones C* B . Say the 
halfspace is given by the set of points x E a such that (A, x) < r (with A E a* and 
r E K). Choose B E B(A) such that A is dominant for B. The halfspace contains 
the entire convex hull and thus contains xb\ the dominance of A then implies that 
the halfspace contains C* B . □ 

12.11. A property of special (G, yl)-orthogonal sets. Let xb be a special 
(G, A)-orthogonal set of points in X*(A). In 12.5 we defined points x P E A M , 
one for each parabolic subgroup P = MU containing A. Using the canonical map 
Am — ► Am, we obtain from ip an clement ip of C o. We claim that xp lies in 
the convex hull of the points {x B : B C P}. 

Indeed, we have seen in 12.2 that the points x B with B C P form an (M, A)- 
orthogonal set. This reduces us to the case in which P = G. It is harmless to 
assume that G is semisimplc. Then we must show that the origin lies in the convex 
hull of the points x B . This follows from Lemma 12.1 since by hypothesis x B is 
dominant for B, whence x B > 0. 

B 

As an easy exercise the reader may wish to verify that a (G, A)-orthogonal set 
of points Xb is special if and only if it is positive and satisfies the property that 
for every parabolic subgroup P containing A the point x P lies in the convex hull 
of the points {xb ■ B C P}. (Hint: Use all the parabolic subgroups P = MU for 
which M has rank 1.) 

12.12. Shape of the convex hull of a special (G, A) -orthogonal set. 

For special (G, A)-orthogonal sets (which are positive, as we have seen), there is 
an even more useful description of the convex hull, given in terms of the shapes of 
its intersections with the closures of the various Weyl chambers. We use the same 
notation C B as above. 

Lemma 12.2. [Art91a, Lemma 3.1] Let H denote the convex hull of a special 
{G 1 A) -orthogonal set of points x B . Let B E B(A) and let C B be the set of B- 
dominant elements in a. Then the intersection of H with the cone Cb is equal to 
the intersection of C B with Cb- 
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PROOF. It follows from Lemma 12.1 that H n Cb is contained in C* B n Cb- It 
follows from Lemma 11.4 that C' B C)C B is the convex hull of the points {xp : P D B}; 
thus, in order to show that C* B n Cb is contained in H n Cb, it suffices to show 
that each xp is in H. This was done in 12.11. □ 

12.13. Shape of the convex hull of a (G, M)-orthogonal set. Let M be 

a Levi subgroup of G containing A. For P = MU € V(M) we now define a partial 

order < on Om by saying that x < y if y — a; is a non-negative linear combination 

p p 
of images under a -» % of coroots a v associated to roots a of A in Lie(U). 

We write ttm for the canonical surjection a -» Om- Let x, y <G a. Clearly, for 

any £> G such that B C P we have the implication 

(12.13.1) x < y 7T M (a:) < n M {y)- 

b p 

Lemma 12.3. [Art76, Lemma 3.2] Let (xp) be a positive (G, M) -orthogonal 
set in Om- Then 

HuU{x P : P e V(M)} = {y e a M -y<x P VP e V(M)}. 

p 

PROOF. This generalizes Lemma 12.1 and can be proved the same way. □ 

12.14. Another property of special orthogonal sets. We let M and n M : 

a -» aM be as in the previous subsection. When Om is identified with a subspace 
of a, the map ttm becomes orthogonal projection. Let (xb) be a positive {G,A)~ 
orthogonal set in a, and let (xp) be the positive (G, M )-orthogonal set in aM 
obtained from (xs) as in subsection 12.5. Put Hull := Hu11{xb : B e B(A)}, and 
also put HuIIm := Hulljxp : P e V(M)}. The next result is part of Lemmas 3.1 
and 3.2 in [Art81]. 

PROPOSITION 12.1 (Arthur). The image under ir M o/Hull isHull M - Moreover, 
if (xb) is special, then so is (xp), and 

a M n Hull = Hull M • 

Proof. We begin by proving that 7Tm(Hu11) C HuIIm- By Lemma 12.3 we 

must show that itm(xb) < %p for all B e B{A) and all P e V(M). Choose 

p 

B' e B(A) such that B' c P. Then x B < x B > (sec 12.10), and therefore from 

B' 

(12.13.1) it follows that itm(xb) < ^m{xb') = ^p- 

p 

Next we prove that HuIIm C 7Tm(Hu11). For this it is enough to show that 
xp e 7Tm(Hu11) for all P e V(M). This is clear since xp = itm{xb) for any 
B e B(A) such that B C P. We are now done proving that 7Tm(Hu11) = HuIIm- 

Now suppose that (xb) is special, which means simply that for all B e B(A) the 
point Xb is dominant with respect to B. Let P e V(M) and pick B e B(A) such 
that B <Z P. By the first part of Lemma 11.3 we see that the point xp — ttm( x b) lies 
in the closure of the chamber Op in aM ■ (Note that this closure is the intersection 
of aM with the closed Weyl chamber for B.) Therefore (xp) is special. 

Since we already know that HuIIm is equal to 7Tm(Hu11), to prove that aMHHull 
coincides with both of them, it is enough to note that 

a M n Hull C ttm(HuII) 
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(clear since ttm is the identity on the subspace Om) and that 

Hull M C a M n Hull 

(clear since each xp lies in Hull by the discussion in subsection 12.11). □ 

13. Parabolic descent and induction 

In this section G denotes a connected reductive group over our p-adic field F. 
Let P = MU be a parabolic subgroup with Levi component M and unipotent 
radical U. There always exists some compact open subgroup K of G such that 
G = PK; we fix such a subgroup K. We write p, m, u for the Lie algebras of P, 
M, U respectively. Thus p = m ® u. 

Orbital integrals on m can be related to orbital integrals on g by Harish- 
Chandra's dual processes of parabolic descent and parabolic induction, as we will 
see in this section (which follows [HC99]). Often parabolic descent is used to prove 
statements about general maximal tori T by reducing to the case in which T is ellip- 
tic. (Take M to be the centralizer of the split component of T.) We will encounter 
an application of this kind in 26.1. Parabolic descent will come up again when we 
are proving the local trace formula. 

13.1. Definition of f p . Given / £ C£°(g) we define a function f p £ C~(m) 

by 

(13.1.1) f P (Y) := f f(Y + Z)dZ. 

J u 

Here Y £ m and dZ is Haar measure on u. 

13.2. Definition of cusp forms on g. A function / £ C^°(g) is said to be 
a cusp form if f p is identically for every parabolic subgroup P of G such that 
P 7^ G. Looking ahead to (13.13.2), we see that the Fourier transform of a cusp 
form is a cusp form. 

13.3. Definition of f^K Given / e C c °°(g) we define a function e 
C~(m) by 

(13.3.1) /( p ) := f p , 
where / € C^°(g) is defined by 

(13.3.2) f(X) := / /(k^Xtydk, 

dk being the Haar measure on K giving K measure 1. The linear map / /( p ) 
depends on the choice of K (and the measure dZ) . 

13.4. Definition of parabolic induction ip. Let Tm be a distribution on 
m. We define a distribution ip(T M ) on g as follows: its value on a test function 
/ £ C^(q) is given by 

(13.4.1) i£(T M )(/):=T M (/( p )). 

Lemma 13.1. Suppose that Tm is an invariant distribution on m. Then ip(Tjvf) 
is an invariant distribution on g and is independent of the choice of K. 
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Proof. Recall from before that we use a subscript G to denote coinvariants 
under G. Thus the space of invariant distributions on g is the C-linear dual of 

Let / e C c °°(fl). For any g eG define »/ e G c °°(fl) by «f{X) = fig^Xg). 
Now consider the map 93 : G — > G£°(m)M defined by 

(13.4.2) = (»/) P . 

Note that the vector-valued function 9? satisfies (for p e P, g e G) 

(13.4.3) <p(pg) = 6pfrMg), 

where is the modulus character on P (see 2.3), given in this case by 

5 P (p) = I det(Ad(p);u)|. 

Since P is not unimodular, there is no G-invariant measure on the homogeneous 
space P\G. However there is something similar, namely a non-zero G-invariant 
linear form / P ^ G defined on the space of locally constant C-valued functions ip on 
G satisfying 

(13.4.4) V(f>2) = Mf>M<?)- 

(The reason this works is that ip gives a measure on P\G, and this measure can 
then be integrated over P\G.) The linear form § P ^ G is unique up to a non-zero 
scalar. Since P\G = (P n K)\K and / P \ G is G-invariant (hence if- invariant), we 
see that (for a suitable normalization of § P \ G ), we have 



(13.4.5) d> ip= ip{k)dk. 

JP\G JK 

We have the integration-in-stages formula 

(13.4.6) / f h{pg)dp = f h{g)dg 

JP\GJP JG 

for all h e G^° (G) , where dp is a left Haar measure on P and is a suitable Haar 
measure on G. 

We can apply § P \ G to our vector-valued function tp, obtaining a well-defined 
element $ P \ G <p <= G^°(m)M- Replacing / by a G-conjugate replaces (p by a right 
translate, hence leaves § P \ G <p> unchanged, so that / 1— ► § p \q ^ is a well-defined 
linear map G^°(fl) G — > G~(m) M - 

From (13.4.5) we see that § P \ G f is equal to the image of j^ ps> under G£°(m) — ► 

G^°(m)M- This concludes the proof (and provides a way to define /( p ) as an element 
of G^°(m)M without having to choose K). □ 

13.5. A variant. This variant will not be used in this article and can be safely 
skipped. Let -0 be as above. In some contexts it is natural to work with smaller 
compact open subgroups (for instance an Iwahori subgroup). So, just for this 
subsection, let K be any compact open subgroup such that tjj is right if-invariant. 
Then P\G/K is a finite set. For any ip as above we have (generalizing (13.4.5)) 

(13.5.1) / 4= y ™** g w M x) 

where dp and dg are as in (13.4.6). 
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Therefore, if / G C^°(g) is Ad(K )-invariant under some compact open subgroup 
K, then /( p ) (viewed in the M-coinvariants) is given by 

13.6. Dependence on P. We will sec later (Corollary 27.7) that for any 
invariant distribution Tm on m the induced distribution «p(Tm) depends only on 
M, not on the choice of parabolic subgroup having Levi component M (provided 
that one is careful about the choice of measure dZ) . 

13.7. Analogous construction on G. We are working on the Lie algebra, 
but there are analogs of f^ and ip on the group G. More precisely 



(13.7.1) f (F \m) := 6 P /2 (m) [ f(mu)du 

Ju 



with / again defined by making / conjugation invariant under K. 

With a suitable normalization of Haar measures dg, dm, du one has the follow- 
ing basic fact, which explains the significance of parabolic induction of invariant 
distributions. Let -km be an irreducible representation of M, and let 6m be its 
distribution character (which depends on dm). Let it be the representation of G 
obtained from ttm by (unitary) parabolic induction, and let 6 be its distribution 
character. Then 

(13.7.2) ^(6 M ) = 6. 

13.8. Nice conjugation invariant functions on g. To state the next result 
we need the notion of nice conjugation invariant function on g. By this we mean a 
conjugation invariant function F that is defined and locally constant on g rs and is 
locally integrable on g (after extending it from g rs to g, say by 0). 

The local intcgrability (a notion reviewed in 10.4) of F guarantees that we get 
a well-defined distribution 

(13.8.1) /- f f(X)F(X)dX 

on g, and the conjugation invariance of F implies that this distribution is invariant. 
We say that F represents this distribution. Since nice functions are required to be 
locally constant on g rs , a set whose complement has measure 0, there is at most 
one nice conjugation invariant function representing a given invariant distribution. 

13.9. Parabolic induction of nice invariant distributions. Now we re- 
turn to the parabolic subalgebra p = m u of Lie algebra g. Suppose that F M is a 
nice conjugation invariant function on m, and let Tm be the invariant distribution 
on m that it represents. 

Lemma 13.2. The parabolically induced distribution ip(Tjvf) on g is represented 
by the nice function 

(13.9.1) \D G (X)\-^ 2 |^ M (^)| 1/2 Fm(^) 

Y 

on g rs . Here the sum is taken over a set of representatives for the M-conjugacy 
classes of elements Y € m such that Y is G-conjugate to X. The superscripts on 
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D are used to distinguish between the functions previously denoted by D(X) on g 
and m. 

Proof. Use the Weyl integration formula. □ 

For example suppose that G is a split group with split maximal torus A and 
Borel subgroup B containing A. Let x be a quasi-character on A, that is, a con- 
tinuous homomorphism A — > C x . Then we can parabolically induce x, obtaining a 
principal series representation (possibly reducible, though often irreducible) of G, 
whose character is parabolically induced from \- 

What is the analogous situation on the Lie algebra? The analog of x is a 
continuous homomorphism £ : Lic(A) — > C x , and it represents a distribution (still 
call it £) on Lie(A) that we can parabolically induce to g, obtaining an invariant 
distribution i^(0 on 0; which by Lemma 13.2 is represented by the nice function on 
g rs which vanishes on elements not conjugate to something in Lie (A) and is given 

by 

(13.9.2) \D G (X)\-^ J2 

for X £ Lie(A) rcg (with W denoting the Weyl group of A). This formula is com- 
pletely analogous to the one for the character of a principal scries representation, 
showing that i%{£) should be viewed as the Lie algebra analog of the character of 
a principal series representation. 

13.10. The MJ/if-integration formula. Let P = MU and K be as before 
(so that G=PK= MUK). We have the integration formula (for / £ C~(G)) 

(13.10.1) / f(g)dg= [ f f( P k)dkdp 

JG JPJK 

for suitably normalized Haar measures dg, dp, dk on G, P, K respectively, dp being 
a left Haar measure. 

This formula is not difficult to prove, the main point being that G can be 
regarded as a homogeneous space for the group P x K via the action 

(p,k) ■g = pgk~ 1 , 

so that there is a unique (up to a positive constant) measure on G that is left 
P-invariant and right _ftT-invariant. Both the left and right sides of the equality 

(13.10.1) provide such measures on G. 

Moreover, since P is the semidirect product of M and the normal subgroup U, 
there is another integration formula (for / £ C%°(P)) 

(13.10.2) [ f(p)dp= I I f(mu)dudm 
Jp JmJu 

for suitable Haar measures dm, du on the (unimodular) groups M, U respectively. 
Again one can use that M xU acts transitively on P via (m,u) -p = mpu . Note 
that the order of multiplication matters; if we used f(um) rather than f(mu), we 
would get a right Haar measure on P. Alternatively, (13.10.2) is an instance of 
integration in stages, but in a more general case than we considered before, since 
P is not unimodular. 
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Combining the two integration formulas, we get the M[/ if -integration formula 
(for / e C~(G)) 

(13.10.3) / f{g)dg= ((( f(muk)dkdudm. 
Jg JmJuJk 

There is also a useful variant involving a unimodular closed subgroup H of M. 

For any /' G C c °°(i7\G) we then have 

(13.10.4) [ f(g)dg/dh = [ 11 f (muk) dk dudm/dh. 
Jh\g Jh\m Ju Jk 

The variant can be derived from the M[/ if -integration formula, using that any 
/' e C™{H\G) can be obtained from some / e C™(G) as 

(13.10.5) f(g)= f f(hg)dh. 

J H 

In other words /' = /" in the notation of 2.4. 

13.11. Parabolic descent for orbital integrals. For legwc denote by 
Qx the centralizer of X in g, or, in other words, the kernel of a,d(X). Then (since 
we are working in characteristic 0) gx is the Lie algebra of the centralizer Gx of 
X in G. 

In this subsection we will need to use the parabolic subgroup P = MU opposite 
to P = MU (with Lie algebra p = m u). We then have the Ad(M)-stable 
decomposition 

(13.11.1) g = mfflu®u. 

Note that as M- module u is contragredient to u (via the Killing form on g). 

Now let X e m, and let X s e m be the semisimple part of (the Jordan de- 
composition of) X. Put Dm(X) := det(ad(X); g/m). Since ad(X) preserves the 
decomposition (13.11.1), we see that gx C m if and only if Df I (X) ^ 0. Since 
Dff(X) = D < Ij{X s ), we see also that gx C m if and only if gx s C m. (To put this 
in context we should recall that gx C 0av) 

Now assume that X £ m does satisfy the condition D ( ^ A {X) ^ 0. Then X s 
satisfies the same condition, so that gx s C m. Since Gx s is connected (see [Ste75, 
Cor. 3.11]), we see that Gx s C M, and since Gx C Gx s , we conclude that Gx — 
Mx- Choose a Haar measure dh on H := Gx- As Haar measure dZ on u (the 
one we used in 13.1 to define f p ) we now take the one compatible with the Haar 
measure du used in the MU if -integration formula. 

What does compatible mean? For any algebraic group G over our p-adic field 
there is a notion of compatibility of Haar measures on G and g. This is because 
Haar measures can be obtained from invariant volume forms, and we can agree 
that a (left, say) invariant volume form lu on G is compatible with a translation 
invariant volume form to' on g if the value of oj at 1 e G is equal to the value of 
w' at G g. (It makes sense to compare the two values since the tangent space in 
each case is g.) 

Lemma 13.3. Assume that X e m satisfies D%{X) ^ and put H := G° x - 
Let v be any complex-valued function on G that is right invariant under K and left 
invariant under both U and H. Then for all f € C^°(g) there is an equality 

(13.11.2) \D^{X)\ 1/2 ! fig-'Xg^d^ [ /^(m" 1 Xm)v(m) dm, 

Jh\g Jh\m 
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provided the two integrals converge. Here dg = dg/dh and dm = dm/dh. In case 
X is regular semisimple in g, say with centralizer T, the integrals do converge, and 
we have 

(13.11.3) Df 1 (X) = D G (X)/D M (X), 

so that the equality above can be rewritten as 

|£)G(X)|V2 f f( g - 1 Xg)v{g)dg^\D M {X)\ 1 ' 2 f (to" 1 Xm)v(m) dm. 

Jt\g Jt\m 

Proof. Applying the variant MU if-integration formula (13.10.4), we see that 
we need to compare integrals over the sets {u~ 1 Yu : u £ 11} and Y + u, the first 
using du, the second dZ, where Y is any M-conjugate of X. In fact it is enough to 
show that U — > (Y + u) = U defined byu^ u~ 1 Yu is an isomorphism of algebraic 
varieties whose Jacobian (with respect to compatible left-invariant volume forms 
on U and u) is the non-zero constant det(ad(X); u). (Here one needs to use that u 
is contragredient to u as M-module, so that Dfj(X) = (-l) dim (tO det(ad(A); u) 2 .) 

By a theorem of Rosenlicht [Ros61] the Ad([/)-orbit of Y in Y + u is closed. 
Since the centralizer of Y is contained in M, it intersects U trivially, showing that 
u i ► u~ 1 Yu identifies U with a locally closed subset of Y + u having the same 
dimension as u and hence (by closedness) coinciding with Y + u. Thus our map is 
a bijective morphism U — > Y + u, and it remains only to compute its Jacobian. 

Identifying all relevant tangent spaces with u in the obvious way (using left 
translations in the case of U), we see that the differential of our morphism at the 
point u € U is equal to ad(Y") : u — > u, where Y u := u~ 1 Yu. Since Y U ,X are 
P-conjugate, we see that the determinant of the differential is det(ad(A); u), as 
desired. 

Since semisimple orbits are closed, it is clear that the integrals converge for 
semisimple X. When X is not semisimple, convergence will depend on the weight 
function v. As we have made no assumption on the growth rate of v, we cannot be 
sure the integrals converge. □ 



13.12. Parabolic induction for orbital integrals. We continue with the 
discussion in the last subsection. In particular X still denotes an clement of m such 
that DfflX) ^ 0. Taking v = 1 in Lemma 13.3, we see that 

(13.12.1) %(0%) = \D%(X)\ 1 '*0%, 

where the superscripts on and are used to distinguish between orbital 
integrals on G and M. 

For regular semisimple X £ g it is sometimes more convenient to use the 
normalized orbital integral Ix = 1% defined by 

(13.12.2) I x = \D{X)\ 1 ' 2 O x . 

For X £ m such that X is regular semisimple in g (and hence in m as well) , Lemma 
13.3 yields the especially simple formula 

(13-12.3) i G P {lM)=I^ 
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13.13. Fourier transform commutes with parabolic induction. Let V 

be a finite dimensional vector space over a p-adic field, and let V* be the dual vector 
space. Then, fixing a non-trivial additive character tjj on F, the Fourier transform 
/ i ► / from C~(V) -» C c °°(y*) is defined by 

(13.13.1) />*) = / f(vM(v*,v))dv; 

it depends on the choice of Haar measure dv on V. For any linear subspace W C V 
we denote by W 1 - the subspace of V* consisting of all elements v* G V* such that 
(v*,w) — for all w G W. Now suppose that we have two nested subspaces of 
V, say V D Vi D Vi- Dually we have nested subspaces V* D V^- D Vf 1 and a 
canonical identification (V1/V2)* = V^/V-^. It is easy to check that the following 
diagram commutes 

C C °°(F) — C c °°(y*) 



where the horizontal arrows are Fourier transforms, the left vertical arrow is given 
by restriction to V\ and integration over the cosets of V2, and the right vertical arrow 
is given by restriction to and integration over the cosets of V^~. Compatible 
Haar measures are needed: use dual Haar measures on dual vector spaces and build 
up the Haar measure on V from Haar measures on V/Vi, V1/V2, and V2- 

Now return to q and consider the nested subspaces g D p D u. We have agreed 
(in 8.2) to identify g with its dual g* using some fixed G-invariant non-degenerate 
symmetric bilinear form J5(-, •) on g. With this identification we have it 1 = p and 
p 1 - = u. Therefore the following diagram commutes 

Q°(0) C c °°(fl) 

(13.13.2) 

C~(m) C~(m) 

where the horizontal maps are again Fourier transforms and the two vertical maps 
are both equal to the map / f p defined in 13.1. 

Lemma 13.4. The map f 1— » commutes with the Fourier transform, or, in 
other words, the commutative diagram above continues to commute when the vertical 
arrows are replaced by the map f f^ p \ Parabolic induction ip of invariant 
distributions also commutes with the Fourier transform, or, in other words, for any 
invariant distribution Tm on m we have 

(13.13.3) 4{f M )=i P r ^Z). 

PROOF. Recall that /< p ) = (f) p . We have just shown (see (13.13.2)) that 
/ 1 ► f p commutes with the Fourier transform. It is clear from the definition that 
/ 1 ► / commutes with the Fourier transform. Therefore / 1— > f^ commutes with 
the Fourier transform. Since ip is dual to / 1— ► f^ p \ it too commutes with the 
Fourier transform. □ 
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13.14. Justification of a statement made earlier. Now we are in a posi- 
tion to prove a statement we needed in 10.4. Recall that g e is the (open) subset of 
elliptic regular semisimple elements in g. 

Lemma 13.5. Assume that P ^ G and that cf> e C^{g e ). Then ^ and (>)( p ) 
are identically zero. Moreover, for any X <G m such that D ( ^ [ {X) ^ the integral 

(13.14.1) f $(g- 1 Xg)dg 

Jh\g 

vanishes. 

Proof. Clearly </> also vanishes off g e , and since p docs not meet g e , the func- 
tion </>( p ) is identically zero. Since / i— > /( p ) commutes with the Fourier transform, 
the function (0) < - p - ) is also identically zero. By Lemma 13.3 the integral (13.14.1) 
vanishes. □ 

In 10.4 we needed the special case of this lemma in which G is GL2 and P = AN 
a Borcl subgroup, in order to obtain the vanishing of the hyperbolic orbital integrals 
of the function <j> considered in that subsection. 

14. The map -kq : g — > Aq and the geometry behind semisimple descent 

We have just discussed parabolic descent. When we begin our systematic treat- 
ment of Shalika germs in section 17, we will need semisimple descent, to be discussed 
in section 16. The purpose of this section and the next is to provide the necessary 
preparation for semisimple descent, beginning with Chevalley's restriction theorem. 

We work with a connected reductive group G over an algebraically closed field 
k of characteristic 0. Let T be a maximal torus in G. We of course write g and t 
for the Lie algebras of G and T. We denote by W the Weyl group of T. 

14.1. Basic polynomial invariants. The ring of polynomial functions on t 
is the symmetric algebra S =: S(t*). The Weyl group W acts on S, and the ring 
S w of invariants is the ring of regular functions on the quotient variety t/W. Both 
S and S w are graded (by polynomial degree). Inside S w we have the (graded) 
maximal ideal I comprised of all invariant polynomials with constant term 0. The 
quotient I /I 2 is a graded vector space. Choose a basis of homogeneous elements 
in 1 1 T 2 and lift them to homogeneous elements xi, . . . ,x n in J. Then n = dim(t) 
and S w is isomorphic to the polynomial ring k[x\, . . . , x n ] (see [Bou02, Ch. 5, 
§5]). Our choice of x\, . . . , x n gives us an isomorphism of varieties from t/W to the 
standard affine n-space A™. We will sometimes denote t/W by A G . (The notation 
Ac is supposed to remind us that we are dealing with an affine space.) 

On any affine space A m there is an essentially unique volume form (nowhere- 
vanishing differential form of top degree), unique, that is, up to an element in k x . 
Indeed, it is clear that such forms exist, and uniqueness follows from the fact that 
there are no units in polynomial rings other than constants. Both t and t/W are 
affine spaces of dimension n = dim(T). Pick volume forms on both affine spaces 
and look at the Jacobian of the canonical surjection t — > t/W. Up to an element of 
k x it is independent of the choice of volume forms. The Jacobian turns out to be 



(14.1.1) 



n - 
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(see [Bou02, Ch. 5, §5.5, Prop. 6]), up to an element of k x . Here R G C X*(T) 
is the set of roots of T in g, and R G is the subset of positive roots (positive with 
respect to some Borel subgroup B containing T) . As before, the differentials of the 
roots allow us to view them as linear forms on t, hence as elements in S. 

14.2. Chevalley's restriction theorem. We write O g for the fc-algebra of 
polynomial functions on g. Inside O g we have the subalgebra (O g ) G of conjugation 
invariant polynomial functions on g. Chevalley's theorem [SS70, 3.17] states that 
by restricting polynomial functions from g to t we get an isomorphism from (O g ) G 
to the algebra S w of W-invariant polynomial functions on t. Thus Spec(O fl ) G = 
t/W = Ac. 

Dual to the inclusion of (O g ) G in O g is a surjective morphism 

(14.2.1) 7tg : g — > Ag = t/W 

which maps X G g to the unique VF-orbit in t consisting of elements conjugate to 
the semisimplc part of X . Therefore n G (X) — ir G (Y) if and only if the scmisimplc 
parts of X, Y are G-conjugate. Moreover, the nilpotent cone in g equals 7Tq 1 (0), 
where denotes the origin in A G . 

More concretely, we can also view 7tg as the map X (Pi (X) , . . . , P n (X)) from 
g to A", where Pi is the homogeneous G-invariant polynomial on g corresponding 
to the element Xi from before. Letting di denote the degree of Pi, we define an 
action of G m on A" by /? • (z u . . . , z n ) := (/3 dl z x , (3 d2 z 2 , . . . , /3 d " z n ) for all (3 G G m 
and all (z\, . . . , z n ) G A™. For this G m action on A G = A™ we have 

(14.2.2) 7T G (PX) =f3-n G (X). 

14.3. Non-algebraically closed fields. When the base field k is not alge- 
braically closed, it is better to define Ag as Spec((O fl ) G ), as this avoids having to 
choose a maximal fc-torus. Note that (O g ) G is still a polynomial ring over k for 
which we may choose homogeneous generators Pi,...,P n . The morphism ir G is 
defined over k and G m -equi variant. 

14.4. The subgroup H. Now we come to the geometry behind semisimplc 
descent. For this we consider a connected reductive subgroup H of G such that 
T C H . For example H might be a Levi subgroup or the centralizer of a semisimplc 
element in g (see [Bor91, Prop. 13.19] for the fact that such a centralizer is reductive 
and see [Ste75, Cor. 3.11] for the fact that it is connected when the characteristic 
of the ground field is 0). Taking Lie algebras of the three groups, we have inclusions 

(14.4.1) tcheg. 

The normalizcr of T in H is a subgroup of the normalizer of T in G, so the Weyl 
group Wh of T in H is a subgroup of the Weyl group W G of T in G. 

14.5. Jacobian of p : A H — > A G and definition of A^ and f)'. Using 
(14.1.1), we see that the Jacobian of the natural finite morphism 

p : t/W H t/W G 
is (up to an element in fc x ) equal to 

(14.5.1) J] a. 

aeR+\R+ 
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Let t' be the open Wh -stable subvariety of t consisting of X € t such that a(X) ^ 
for all a G R G \R H , and let A' H be the open subvariety of A H obtained as the image 
of t' under t -» t/Wn- The explicit formula (14.5.1) for the Jacobian of p shows 
that A' H is precisely the set of points where the finite morphism p : Ah -» Aq is 
etale. 

Define an open subvariety \)' in f) by 

0' : = {X e f) : det(ad(X); /f,) ^ 0} 
= 7 r^(A' if ). 

For any I € [)' we have 0x s C f), so that Gx s C H (by the connectedness of GxJ- 
Since Gx c Gx 3 , we also have Gx C Zf, so that i?x = Gx- 

14.6. The morphism /3. The morphism G x f/ — > defined by (g,X) 
gXg -1 is constant on orbits of the right _ff-action on G x F)' given by (5, X) • /i = 
(5ft, h~ l Xh), and therefore descends to a morphism 

(14.6.1) /3:Gxr/^0 

from the quotient space for this iJ-action to g. Clearly (3 is G-equivariant for the 
left translation action of G on the first factor in the source and the adjoint action 
of G on the target. 

We claim that (3 is etale. Indeed, by G-equi variance it is enough to prove that 
the differential d(3 is an isomorphism at (1, X) for any X S f)'. Since d(3 is given by 

(14.6.2) " 

(Ag,AX)^[Ag,X]+AX 

we see that d(3 is surjective (because det(ad(X); g/f)) 7^ 0) and hence an isomor- 
phism (look at dimensions). 

14.7. Factorization of the morphism (3. The morphism (3 is etale, so gen- 
eral theory says that it can be factorized as an open immersion followed by a finite 
morphism. In this case there is an obvious way to produce such a factorization. 
The etale morphism A' H — > Aq factors as 

A' H iA fl AA G 

with j an open immersion and p finite. We now perform a base-change, using the 
morphism ir G : g — > A G . We obtain morphisms 

x Ag A^ ^ g x Ag A h -> g 

with the left arrow an open immersion and the right arrow a finite morphism. We 
will have the desired factorization of j3 once we identify G x [)' with x a g A' ff over 0. 

For this purpose we define a morphism 

7 : G x f/ -» x Ag A^ 

over by putting j(g,X) := (gXg^ 1 , tt h (X)). It then remains to prove the follow- 
ing lemma. 
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Lemma 14.1. The morphism 7 is an isomorphism. In particular 
(g,X)~(gXg-\n H (X)) 

defines a closed immersion 
(14.7.1) 

Proof. We have seen that G x [)' is etale over g (via /3). Moreover g Xa g A^ 

H 

is etale over (since p is etale on the open subset A^ of Ah)- Therefore 7 is 
automatically etale, and it is enough to show that it is bijective on fc-points. 

First we check surjectivity. Thus we start with a pair (X, Y) G g Xa g A^-, 
where Y G t' represents an element in t' /Wh — A' H , and we want to show that 
this pair is in the image of 7. Since X, Y become the same in Aq, we see that the 
scmisimplc part X s of X is G-conjugatc to Y, and by the obvious G-equivariance 
of 7 we may assume without loss of generality that X s — Y. Since Y € f)', we have 
Qy C i), and since X commutes with its semisimple part, namely Y, we see that 
X e f). In fact X G ()', since an element of f) lies in ()' if and only if its semisimple 
part does. The element (1,X) G G x [)' maps to (-^,5^) under 7. 

Now we check injectivity. Again using the G-equivariance of 7, we see that it 
is enough to prove that if 

1 (l,X) = 1 (g,X f ) 

then g G H and gX' g~ x = X. The second condition is obvious. It follows that 
gX^g^ 1 = X s . Since X, X' e f)' become the same in Ah, there exists h £ H such 
that hX^h- 1 = X s . Therefore hg- 1 e G Xs - Since X s G [)', we have Gx s d H, as 
we noted before. Therefore hg^ 1 G H, proving that g G H, as desired. □ 

15. Harish-Chandra's compactness lemma; boundedness modulo 

conjugation 

Before moving on to semisimple descent, we discuss some related matters that 
make use of the map ttq ■ — ► Ag of section 14. In this section F is a local field of 
characteristic 0. 

15.1. Harish-Chandra's compactness lemma. We return to the situation 
in 14.4, but now we suppose that H C G are defined over F. Then we have the 
following slight generalization of Harish-Chandra's compactness lemma [HC70, 
Lemma 25]. It will be used for semisimple descent. 

Lemma 15.1 (Harish-Chandra) . Let w g be a compact subset of g and letujn be 
a compact subset of A' H (F). Then 

(15.1.1) {g G G{F)/H{F) : 3X G ^(loh) such that gXg- 1 G lo b } 

has compact closure in G(F) / H(F). 

Proof. Put Z:=Gx ()'. On F-points the closed immersion (14.7.1) yields a 

H 

closed embedding Z(F) ^gx A' H (F) that we will denote by i. Projection onto the 
first factor of G x I]' induces a morphism Z(F) — > (G/H)(F) that we will denote 
by rj. Note that G(F)/H(F) sits inside (G/H)(F) as an open and closed subset. 
The set (15.1.1) is contained in the compact set ni^ 1 ^^ x ojh)- □ 



G x f)' -» x A 1 ! 



458 



ROBERT E. KOTTWITZ 



15.2. Boundedness modulo conjugation. Boundcdness modulo conjuga- 
tion came up already in 10.4. We now discuss this notion more systematically. We 
say that a subset of A G (F) is bounded if it is contained in some compact subset of 
Ag(F). We say that a subset V of q is bounded modulo conjugation if there exists 
a compact subset G of q such that every element in V is G-conjugate to an element 
in G (in other words V C Ad(G)(G)). ' 

Lemma 15.2. Let V be a subset of g. The following three conditions are equiv- 
alent. 

(1) The set V is bounded modulo conjugation. 

(2) There exists a compact subset C in q such that V is contained in the 
closure o/Ad(G)(G). 

(3) The image of V under ttq ■ — > Aq(F) is bounded in Aq(F). 

Proof. The implications (1) =>• (2) (3) are immediate. It remains to check 
that (3) => (1). Let u be a compact subset of Aq(F). It is enough to show that 
7Tq^lo is bounded modulo conjugation. 

Let T be a maximal torus in G. We say that a linear subspace s of t is special 
if it arises as the center of the centralizer of some element in t. Thus s is the 
intersection of the kernels of some subset of the roots of t; it follows that t has 
only finitely many special subspaces. For each special subspace s let M s denote the 
centralizer in G of s and let m s denote the Lie algebra of M s . Then s coincides with 
the center of m s . Let J\f B be a set of representatives for the M^-conjugacy classes 
of nilpotent elements in xr\ s . Now put 

C: =UUU(( sn ^)+ r )' 

T s Y 

where T runs over a set of representatives for the G-conjugacy classes of maximal F- 
tori in G, runs over the set of special subspaces of t — Lie(T), and Y runs over Af s . 
Each set (sH-Kq 1 ^) +Y is compact (since the maps s t — > Aq(F) are proper) and 
the union is finite, so the set C is compact. It is clear that ttq^lu C Ad(G)(G). □ 

It follows from the lemma that V is bounded modulo conjugation if and only 
if its closure is. 

Lemma 15.3. Now we work over a p-adic field F. Let L be a lattice in q. Then 
Ad(G)(L) contains a G-invariant open and closed neighborhood V of the nilpotent 
cone. 

PROOF . The nilpotent cone equals 1 (0) , where denotes the origin in Aq (F) . 
Pick any compact open neighborhood w of in A G (F). Then ^(uj) is bounded 
modulo conjugation, so by the previous lemma there exists an integer m such that 
-Kq 1 ^) C Ad(G)(7r~ m L). Therefore V := ttq 1 ^" 1 ■ uj) does the job. Here we are 
using the G m -action on A G for which 7r G is equivariant (see (14.2.2)). □ 

16. Semisimple descent 

As usual F is a p-adic field. Throughout this section we consider a connected 
reductive F-group G and a connected reductive F-subgroup H of G that contains 
some maximal torus of G. Our goal is to compare orbital integrals on G and H. 
As usual we write G, H for the F-points of these groups. We use notation such as 
f)', A^, tt h from section 14. 
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16.1. Associated functions / and </>. Let / € G£°(g) and let luh be a 

compact subset of A' H (F). By Lemma 15.1 there exists a compact subset C of 
H\G such that 

(16.1.1) {g G G(F)/H(F) : 3X e ^{uh) such that gXp" 1 e Supp(/)} 

is contained in G, and since _ff\G is an l.c.t.d space, we may even assume that G 
is open as well as compact. Now choose a € G£°(G) such that a" = lc (see 2.4), 
and define <fi € G£°(h) by 

(16.1.2) 0(F) := / f(g- 1 Yg)a(g)dg. 

Jg 

Recall (see 14.5) that for X e f)' we have Hx = Gx- The next result is 
contained implicitly in the proof of Lemma 29 in [HC70]. 

Lemma 16.1. For any X e tt^^h) there is an equality 

(16.1.3) / <P{h- 1 Xh)dk= (' f{g- 1 Xg)dg. 
Jg x \h Jg x \g 

Proof. Use Lemma 2.3, applied to the function g t— > f(g~ 1 Xg) on Gx\G. □ 

16.2. Comparison with parabolic descent. In the special case when H 
is a Levi subgroup M of G we have already done much better than Lemma 16.1. 
Indeed, for any / € G^°(g) we produced a function /( p ) on m having the same 
orbital integrals as / (up to a Jacobian factor) for all orbits in m'. The lemma 
above produces a function on f) having the same orbital integrals as / for all 
orbits in the subset ^^(ujh) of ()'. Of course we are free to take wj? as large as we 
like, provided that it stays compact, but if we change loh, we will have to change 4> 
as well. Nevertheless the lemma above will be enough to prove descent for Shalika 
germs, as we will see later. 

17. Basic results on Shalika germs on g 

In this section F is a p-adic field and G is a connected reductive i^-group. As 
usual we write G for the group of ^-points of G. 

We defined Shalika germs on G and calculated them for GL 2 - Now we begin 
systematically studying Shalika germs on q. The discussion will be completed later, 
in section 27. 

17.1. Orbital integrals Ox for regular semisimple X. Let T be a set of 

representatives for the G-conjugacy classes of maximal F-tori in G. 

Let T e T. In order to define our orbital integrals for X e t rog in a coherent 
way, we fix Haar measures dg, dt on G, T respectively and define (for any X e t rcg ) 

(17.1.1) OxU) ■= I f(g- 1 Xg)dg/dt. 

Jt\g 

The Weyl group Wt (defined in subsection 7.1) acts on T\G by left multiplication, 
preserving the invariant measure on that homogeneous space, and therefore 

(17-1.2) O w(x) {f) = OxU) 

for all / e G c °°(g), all X e t rog and all w G Wt- 

Now let Y € g rs . There exists unique TeT such that Y is G-conjugate to some 
X e t, and moreover X is unique up to the action of Wt- Therefore it is legitimate 
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to put Oy := Ox- Now wc have coherent choices for all regular semisimple orbital 
integrals Oy. 

17.2. Preliminary definition of Shalika germs on g. There are finitely 
many nilpotent G-orbits 0\, O2, ■ ■ ■ , O r in g. We write . . . , [i r for the corre- 
sponding nilpotent orbital integrals. The same reasoning as for unipotent orbital 
integrals (see 6.4) shows that the distributions Hi, . . . ,/j, r are linearly independent. 

Theorem 17.1. There exist functions Ti,T 2, ...,T r on g rs having the following 
property. For every f G C^°(g) there exists an open neighborhood Uf ofO in g such 
that 

r 

(17.2.1) O x (f) = J2»i(f)-UX) 

i=i 

for all X G rs ("1 Uf. The germs about G g of the functions T\, . . . , T r are unique. 
We refer to Tj as the provisional Shalika germ for the nilpotent orbit d. 

Proof. This is proved exactly the same way as the analogous result (Theorem 
6.1) on the group. There we worked with one T at a time, but the proof provided 
a set Uf that works for all T at once. □ 

A Shalika germ is an equivalence class of functions on g ls . As we will see next, 
the homogeneity of Shalika germs makes it possible to single out one particularly 
nice function Tj within its equivalence class. Once we have done this, Ti will from 
then on denote this function (whose germ about is the old Tj). First we need to 
understand homogeneity of nilpotent orbital integrals themselves. 

17.3. Coadjoint orbits as symplectic manifolds. Wc recall Kirillov's con- 
struction of a symplectic structure on coadjoint orbits. We use Ad* (respectively, 
ad*) to denote the coadjoint action of G (respectively, g) on g* . 

For A G g* wc let G\ denote the stabilizer of A in G (for the coadjoint action); 
the Lie algebra of G\ is g\ := {X G g : &d*{X)\ — 0}. The tangent space at A 
to the coadjoint orbit 0\ of A is g/g\ (since A allows us to identify the orbit with 
G/G A ). 

From A we get an alternating form u;\ on g, defined by 
(17.3.1) u>\(X, Y) := X([X,Y))= -(ad*(A)A, Y). 

It is clear from the equality u>\(X, Y) = — (ad*(X)X,Y) that the kernel of the 
alternating form uj\ is g\; therefore uo\ can also be viewed as a non-degenerate 
alternating bilinear form on g/g\, or, in other words, on the tangent space to 0\ 
at A. 

Now fix a coadjoint orbit O. Letting A vary through the orbit O, the construc- 
tion above yields a G-invariant 2-form ui on O whose value at A is u\. 

Thus O is a symplectic G-manifold, and in particular its dimension is even, say 
dimO = 2d. The d-fold wedge product 77 := u A • • • A w is a G-invariant volume 
form on O. The associated measure \rj\ is G-invariant, and consequently G\ is 
unimodular. 

Now suppose that multiplication by (3 G F x preserves the orbit O. (This 
can happen only if the coadjoint orbit is nilpotent, in the sense that when wc 
identify g* with g in the usual way, the corresponding orbit in g is nilpotent.) 
Write mp : O — > O for the map A 1-* 
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We need to compute the differential of mp at any point A € O. This differential 
is a linear isomorphism from the tangent space q/q\ at A to the tangent space Q/Qp\ 
at /3A. Since mp is a G-map, we see that its differential q/q\ — > 0/fl/3A is induced 
by the identity map on g (note that Qp\ = Q\). 

Now we can compute the pull-back m*p(u>). In fact the computation we just 
made of the differential of mp, together with the fact (obvious from the definition 
of bj) that LOp\ — f3u>x, shows that m*p{uj) = (3lo. It follows that m^(rf) = f3 d r). 

Once again identifying g* with g, we reach the conclusion that for any adjoint 
orbit O there exists a G-invariant volume form rj on O, and that if multiplication 
by the scalar [3 preserves O, yielding a multiplication map mp : O — > O, then 

(17.3.2) m£(r?) = /3 dim (°)/V 

17.4. Scaling of functions on g. For (3 € F x and / e G^°(g) we write 
for the function on g defined by 

(17.4.1) fp(X) := /(/3X). 

17.5. Homogeneity of nilpotent orbital integrals. Let O be a nilpotent 
orbit in g. Then for any a G F x multiplication by a 2 preserves C Indeed, by 
the Jacobson-Morozov theorem, it is enough to prove this for the group G = SL2, 
for which the statement is an easy exercise. Let \io denote the corresponding 
nilpotent orbital integral, an invariant distribution on g whose homogeneity we will 
now establish. 

Lemma 17.2. Let f e G^°(g) and let a e F x . Then 

(17.5.1) M/aO = M -dimC W/). 

Proof. This follows from (17.3.2). □ 

17.6. Behavior of regular semisimple orbital integrals under scaling. 

It is clear from (17.1.1) that 

(17.6.1) O x (fp) = Opx(f) 

for all X e g rs and all (3 e F x . 

17.7. Partial homogeneity of our provisional Shalika germs L^. Let 

a € F x . Let Oi be one of our nilpotent orbits, let [ii be the corresponding nilpotent 
orbital integral, and let Ti be the corresponding Shalika germ. Put d,- L :— dimOj. 
We claim that 

(17.7.1) Ti(X) = \a\ di Yi(a 2 X), 

where the equality means equality of germs about of functions on g rs . 

Indeed, as in the proof of existence of Shalika germ expansions, pick a function 
fi € G c °°(g) such that 

(17.7.2) = <5y- 
Then Ti(X) is the germ about of the function 

(17.7.3) X 1 ► Ox(fi) 

on g rs . In fact during the remainder of our discussion of provisional germs, we 
will use always use (17.7.3) as our choice for a specific function F.,; having the right 
germ. 
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In view of the homogeneity of nilpotent orbital integrals established above, the 
function \a\ di ■ (fi) a 2 also satisfies (17.7.2), so that Ti(X) is also the germ about 
of the function 

(17.7.4) X i ► O x (\a\ d > ■ (/0 Q 2) = H d * • O a 2 X (f t ) 

on g rs . Comparing (17.7.3), (17.7.4), we see that and \a\ di Ti(a 2 X) have the 

same germ, as desired. 

17.8. Canonical Shalika germs. Let be one of our germs. Following 
Harish-Chandra [HC78, HC99], we are going to replace I\ by another function 
pnow on £^ thai has the same germ about <G g and is at the same time homoge- 
neous. Along the way we prove a couple of simple properties of T" ew . 

Lemma 17.3. There is a unique function Tf cw on g rs which has the same germ 
about e g as T, and which satisfies (17.7.1) for all a G F x and all X G g rs . More- 
over Tf cw is real-valued, translation invariant under the center of q, and invariant 
by conjugation under G. 

Proof. Choose a lattice Leg such that (17.7.1) holds for a = n (our chosen 
uniformizing element in F) and all X e L n g rs - Iterating (17.7.1), we see that 

(17.8.1) Ti(X) = \i: k \ d ^T t {Tr 2k X) 

for all k > and all X e L n g rs . 

For X e g rs we define Tf cw (X) by choosing k > such that Tr 2k X e L and 
then putting 

(17.8.2) T™ W (X) := |7r fe |*r 4 (7r 2fe X); 

by (17.8.1) T" cw is well-defined. This definition is of course forced on us, so T" ew 
is clearly unique. 

Next we show that Tf cw does satisfy (17.7.1). Let a e F x . Let U be a lattice 
in q such that 

(17.8.3) Ti(X) = \a\ di Ti(a 2 X) 

for all X e L'r\Q rs . For a given X e g rs we may pick k > such that TT 2k X e LtlL' 
and Tr 2k a 2 X e L, and we then have 

(17.8.4) T™ W (X) = |7r fc |*ri(7r 2fc X) = \Tr k \ d * |a| d T 4 (7r 2fc a 2 X) = |a| d Tf w (a 2 X), 
as desired. 

Looking back at how the functions fi (satisfying Hj(fi) = Sij) were shown (in 
6.4) to exist, we see that they can be chosen to be real-valued functions. Then I\ 
is real-valued and (17.8.2) shows that the same is true of r" cw . 

The function fi is translation invariant under some lattice in g and hence under 
some lattice in the center of g. It follows easily that the provisional germ Ti(X) = 
Ox(fi) is translation invariant under this lattice in the center, and hence (from 
(17.8.2)) that r" cw is translation invariant under the center of g. 

The provisional germ Ti(X) — Ox(fi) is clearly invariant under conjugation, 
from which it follows that the same is true of r" cw . □ 

From now on we replace the germs r, by the functions Tf™, but we drop the 
superscript "new." 

We also need a slight strengthening of the fact that 1^ is translation invariant 
under the center 3 of g. Let G' be the derived group of the algebraic group G, 
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and let Z denote the center of G. Then G(F) = G'(F)Z(F), but for F-points we 
have only that G'Z is a normal subgroup of finite index in G. We denote by D the 
finite group G/G'Z. Each G-orbit O in g = g' © 3 decomposes as a finite union of 
G'-orbits O', permuted transitively by D. We normalize the invariant measures on 
the orbits in such a way that 

(17.8.5) / = E / • 

For a nilpotent G-orbit O (respectively, nilpotent G'-orbit O') we denote by 
(respectively, T^,) the corresponding Shalika germ on g rs (respectively q' ts ). 

Lemma 17.4. Let X e g rs and decompose X as X' + Z with X' e g' IS and 
Z G 3. Then 

(17.8.6) rg(x) - 2 r$',(x'). 

O'CO 

Proof. Let 0[, . . . , 0' s be the nilpotent G'-orbits. For each nilpotent G'-orbit 
0^ choose f , e G c °°(0') such that 



(17.8.7) 



/ fo' — 

Jo' 3 



Thus the regular semisimple orbital integrals of f , give the provisional Shalika 
germ Tq, . 

For a nilpotent G-orbit O put 

(17.8.8) fo^W- 1 E &>■ 

O'CO 

We extend f' to a function /o G G^° (g) by choosing a lattice L in 3 and putting 

(17.8.9) f(X' + Z) = f'(X')l L (Z) 

for any X' € g' and any Zej. Here 1^ denotes the characteristic function of L. 
It is easy to see that 

(17.8.10) / f 0j =8ij 

JOi 

for every pair of nilpotent G-orbits Oi, Oj, so that the regular semisimple orbital 
integrals of fo give the provisional Shalika germ r§ , and another easy calculation 
then shows that the provisional Shalika germs for G and G' are related as in the 
statement of the lemma. By homogeneity the same is true for the Shalika germs 
themselves. □ 

17.9. Germ expansions about arbitrary central elements in g. We have 
been studying germ expansions about € g. These involve orbital integrals for the 
nilpotent orbits Oi. Now we consider germ expansions about an arbitrary element 
Z in the center of g. These will involve orbital integrals ^z+Oi f° r the orbits Z+Oi, 
but will involve exactly the same germs Tj as before. 

Theorem 17.5. Let Z be an element in the center of g. For every f e G^°(g) 
there exists an open neighborhood Uf of Z in g such that 

r 

(17.9.1) Ox(/) = 5>W/)- r *P0 

i=l 
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for all X e Uf n g TS . 

Proof. Apply Theorem 17.1 to the translate of / by Z and use that our 
canonical Shalika germs I\ are translation invariant under the center. □ 

17.10. Germ expansions about arbitrary semisimple elements in g. 

We are going to use the descent theory developed in section 16 in order to obtain 
germ expansions about an arbitrary semisimple element S G g. We fix such an 
clement S and let H := Gs denote the centralizer of S, a connected reductive 
subgroup of G. Then £ is contained in the open subset \)' of f). We write i)' IS for 
the intersection f)' n f) rs . Then t)' rs C g IS , since a semisimple element in (/ is regular 
in f) if and only if it is regular in g. 

We will also be concerned with all G-orbits of elements X such that X s = S 
(as usual, X s denotes the semisimple part of X). Such orbits are in one-to-one 
correspondence with -ff-orbits of nilpotent elements 7 £ I) (with Y corresponding 
to X = S + Y). Let Yi, . . . , Y s be a set of representatives for the nilpotent f/-orbits 
in f). Let /J-s+Yi denote the orbital integral on g obtained by integration over the 
G-orbit of S + Yi. Let be the canonical Shalika germ on f) rs corresponding to 
the (nilpotent) ii-orbit of Y^. 

Theorem 17.6. Let S, H be as above. For every f <G C£°(g) there exists an 
open neighborhood Uf of S in such that 

s 

(17.10.1) O x {f) = ^2ns+Y i {f)-Tf{X) 

i=i 

for all X e Uf n g rs = Uf(l f) rs . 

Proof. Note that tth(S) lies in A' H (F). Let u>h be a compact open neighbor- 
hood of tth(S) in A' H (F). By Lemma 16.1 there exists <fi € such that 

(17.10.2) / <P{h- 1 Xh)dk= ( ftg-^dg. 
Jg x \h Jg x \g 

for any X e tt^^h). Note that tt^^loh) contains all the elements S + Yi and is 
an open neighborhood of S in ()'. 

Apply the Shalika germ expansion (Theorem 17.5) to the central element S € f) 
and the function <f). Using (17.10.2) to rewrite this expansion in terms of orbital 
integrals on g, we obtain the desired result. □ 

17.11. Normalized orbital integrals and Shalika germs. It is sometimes 
more convenient (see 13.12, for example) to use the normalized orbital integrals Ix 
(X e rs ) defined by I x = |L>(X)| 1/2 Ox- When we use Ix instead of O x , we need 
to use the normalized Shalika germs 

Ti(X) := \D(X)\ 1 / 2 T i (X) 

instead of the usual Shalika germs. 

Clearly Theorem 17.1 remains valid when Ox, Ti are replaced by Ix, f i respec- 
tively. Now consider the germ expansion about an arbitrary semisimple clement 
S E g. As usual put H := Gs- The function X i— ► det(ad(X); jj/h) is non-zero on 
f)' and its p-adic absolute value is locally constant on h'. Moreover 

D G {X) = D H {X) ■ det(adpsT); g/f)). 
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Therefore there is a neighborhood of S in f)' on which 

|£> G (X)|V2 = \D H (X)\^ • |det(ad(,S); /())| 1 / 2 . 
It then follows from Theorem 17.6 that 

s 

(17.11.1) Ix{f) = |det(ad(S); fl /f))| 1 /2^ Ms+ri(/ ) . f f (X) 

»=i 

for all X € g rs in some sufficiently small neighborhood of 5 in f)'. 

Since D G (X) is a homogeneous polynomial of degree dim(G) — rank(G), where 
rank(G) denotes the dimension of any maximal torus in G, we see immediately that 
the homogeneity property (17.7.1) of the Shalika germs I\ implies the following 
homogeneity property for the normalized Shalika germs I\: 

(17.11.2) f t (a 2 X) = |Q,|d™(G Xi )-rank(G) . p.^Q 

for all a E F x and all X G g rs . Here we have chosen € (9, and introduced its 
centralizer G Xi - Note that the exponent dim(GxJ — rank(G) appearing in (17.11.2) 
is always non-negative. This simple observation will play an important role in the 
proof (to be given shortly) of the boundedness of normalized Shalika germs. 

17.12. Ti is a linear combination of functions in a neighborhood 

of S. Again let S be a scmisimplc clement in g, let H be its centralizer in G, and 
let T be a maximal torus in H. Consider one of the normalized Shalika germs fj 
for G. We are interested in the behavior of Ti on a small neighborhood of S in t. 

Lemma 17.7. There exists a neighborhood V of S in t such that the restriction 
of Ti toVC] t rog is a linear combination of restrictions of normalized Shalika germs 
for H. 

PROOF. Pick fi e G^°(g) such that Hj(fi) = Sij. By the Shalika germ expan- 
sion for fi there is a lattice L in t small enough that 

(17.12.1) Ti(X) = I x (fi) 

for all regular X in L. Let a € F x . By homogeneity of Shalika germs (for both 
G and H ) the lemma holds for S if and only if it holds for aS. Therefore we may 
assume (by scaling S suitably) that S e L. For some neighborhood V of S in L we 
also have (by (17.11.1)) 

(17.12.2) I x (fi) = |det(ad(S); /b)| 1/2 ^>s + ^(/*) • f f (X) 

i=l 

for all regular X in V. Combining (17.12.1) and (17.12.2), we get the lemma. □ 

Corollary 17.8. Let T be any maximal torus in G. Each normalized Shalika 
germ Ti is locally constant on t rog . 

Proof. Apply the lemma above to any regular clement S in t. Then H = T. 
Furthermore, the only nilpotent element in () is 0, and its normalized Shalika germ 
is constant. Therefore f j is constant in some sufficiently small neighborhood of S, 
as was to be shown. □ 
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17.13. Locally bounded functions. We are going to show that the normal- 
ized Shalika germs Fj arc locally bounded functions on t. First let's recall what this 
means. Let / be a complex- valued function on a topological space X. We say that 
/ is locally bounded on X if every point x € X has a neighborhood U x such that 
/ is bounded on U x . When X is a locally compact Hausdorff space, / is locally 
bounded if and only / is bounded on every compact subset of X (easy exercise!). 

17.14. Local boundedness of normalized Shalika germs. Let f j be one 

of our normalized Shalika germs on g. Let T be a maximal torus in G. We have 
just seen that l\ is locally constant on t rcg ; therefore it is locally bounded on t rcg 
for trivial reasons. However we now extend f , by to a function on t. We are going 
to show that r\ is locally bounded as a function on t (a result of Harish-Chandra). 
What this means concretely is that for all S € t there is a neighborhood U of S in 
t such that f i is bounded on U n t reg . 

Theorem 17.9. [HC78, HC99] Every normalized Shalika germ f, is a locally 
bounded function on t. 

Proof. We use induction on the dimension of G, the case dim(G) = being 
trivial. By Lemma 17.4 we may assume that the center of g is 0. 

Let S be any non-zero element in t. Since S is not central, the induction 
hypothesis applies to the centralizcr H of S in G. Now use Lemma 17.7 to conclude 
that f i is bounded on some neighborhood of S. 

We now know that Ti is locally bounded on t \ {0}. Choose any lattice L in t. 
Then L\n 2 L is a compact subset of t\ {0}, and therefore f , is bounded on L\n 2 L. 
By homogeneity (17.11.2) it follows that f j is bounded on L (by the same bound 
as on L \ ir 2 L). 

We have shown that f j is locally bounded everywhere on t, and the proof is 
complete. □ 

As a consequence of the local boundedness of normalized Shalika germs, we get 
another result of Harish-Chandra, needed for the local trace formula. 

Theorem 17.10. Let f e C^°(g) and let T be a maximal torus in G. Then 
the function X Ix(f) on t rcg is bounded and locally constant on t rog . When 
extended by to all of t, the function X Ix(f) is compactly supported as well; 
in other words, there is a compact subset C of t such that Ix(f) vanishes for all 
regular elements oft not lying in C. It should be noted that X Ix(f) is usually 
not compactly supported as a function on t rcg . 

Proof. Local constancy in a neighborhood of S £ t rog follows from the Shalika 
germ expansion about S (for which H = T, so that there is just one germ, and it 
is constant). 

Boundedness in a sufficiently small neighborhood of any Set follows from the 
Shalika germ expansion (17.11.1) about S together with the local boundedness of 
normalized Shalika germs on H = Gs- Thus X i— > Ix(f) is locally bounded on t. 
Boundedness will then follow once we have proved that X \— > Ix(f) is compactly 
supported on t. 

It now remains only to show that X Ix(f) is in fact compactly supported 
on t. The support of / is a compact subset of g, so its image u under ttq ■ 
q — ► Aq(F) = (t/W)(F) is compact. But since t — ► t/W is a proper morphism of 
algebraic varieties, the map t — > (t/W)(F) is a proper map between locally compact 
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Hausdorff spaces. Therefore the inverse image C of to under t — ► (l/W)(F) is a 
compact subset of t. Clearly Ix(f) vanishes off C. □ 

For weighted orbital integrals we have the following partial generalization of 
our last theorem. 

Theorem 17.11. Let f e C£°(q), let T be a maximal torus in G, and let v be 
a locally constant function on G that is invariant under left translation by T. Then 
the function 

X» [ fig-'Xg^dg 
Jt\g 

on t rog is locally constant on t rog and, when extended by to t, is compactly sup- 
ported on t. 

PROOF. Compact support is established just as in the previous result. Local 
constancy needs to be proved more directly, as we have not developed a theory of 
Shalika germs for weighted orbital integrals. 

Let Y € t. We are going to find a neighborhood U of Y in t rcg on which our 
function is constant. Consider the function <f) on t x (T\G) defined by <p(X,g) := 
f(g~ 1 Xg). Clearly 4> is locally constant, but it is usually not compactly supported. 
However, now choosing a compact open neighborhood of Y in t rog , we see from 
Lemma 15.1 (Harish-Chandra's compactness lemma, applied to H = T and lu 3 = 
Supp(/)) that the restriction of <j> to lot x (T\G) is compactly supported. By Lemma 
2.1 there exists an open neighborhood U of Y in lot such that </>(X,g) = 4>(Y,g) 
for all X eU, g € T\G. It follows that 

/ f(g- 1 Xg)v(g)dg = [ fig^Y g)v(g) dg 
Jt\g Jt\g 

for all X e U. □ 

18. Norms on affine varieties over local fields 

The spaces we are working with are usually non-compact, and non-compactly 
supported functions on them can certainly be unbounded. For various purposes we 
need a natural way to measure growth rates of such functions. For this we must be 
able to measure the size of points in the spaces. For instance on the real line one 
usually uses the absolute value of a real number to measure its size, and one says 
that a function f(x) on the real line has polynomial growth if there exist c, R > 
such that |/(x)| < c\x\ R for all x £ M. We want to be able to do something similar 
on the spaces we are using. For this purpose we now develop a theory of norms 
on X(F) for any variety (usually affine) over a field F equipped with an absolute 
value. 

Let F be a field equipped with a non-trivial absolute value | • |. Thus | • | is a 
non-negative real-valued function on F such that 

(1) \x\ — if and only if x = 0. 

(2) \x + y\ < \x\ + \y\ for all x,y e F. 

(3) \xy\ = \x\\y\ for all x,y € F. 

(4) There exists x € F x such that \x\ 1. 

As usual (x,y) t— > \x — y\ defines a metric on F with respect to which F may or may 
not be complete. Starting with subsection 18.7 we will assume that F is complete. 
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18.1. Abstract norms. By an abstract norm on a set X we mean a real- 
valued function || • || on X such that ||x|| > 1 for all x e X. Given two abstract 
norms || • ||i and || • || 2 on X, we say || • || 2 dominates || • Id and write || • ||i -< \\ ■ || 2 
if there exist real numbers c > and R > such that 

IMIi < cIMIf 1 

for all x £ X. The relation of dominance is transitive. We say that two norms are 
equivalent if they dominate each other. 

For any abstract norm || • || we have (by virtue of our requirement that ||x|| > 1) 
the inequality 

Ci\\x\\ Rl < c 2 \\x\\ R * 

whenever < c\ < c 2 and < R\ < i? 2 . This allows us to increase the constants 
c, R occurring in the dominance relation whenever it is convenient to do so. 
Given two abstract norms ||x||i and ||x|| 2 on X, the three abstract norms 

sup{||x||i, ||x|| 2 }, ||x||i + ||x|| 2 , ||x||i • ||x|| 2 

on X are equivalent, and their common equivalence class depends only on the 
equivalence classes of ||x||i and ||x|| 2 . 

18.2. Norms on affine varieties over F. Let X be an affine scheme of finite 
type over F and write Ox for its ring of regular functions, a finitely generated F- 
algebra. For any finite set /i, ... , f m of generators for the F-algebra Ox, we define 
an abstract norm j| • || on X(F) by 

(18.2.1) H :=sup{l, 1/1(1)1,..., |/ ro (a:)|} 
for x e X(F). 

Now let / e Ox ■ It is easy to see that there exist c, R > such that 

(18.2.2) |/(x)| <c\\x\\ R 

for all x G X{F). [Indeed, writing / as a polynomial in /i, . . . , f m , we may take 
for c the sum of the absolute values of the coefficients in the polynomial, and for 
R the degree of the polynomial.] Since we are free to increase c, R, we may choose 
them so that c, R > (or even > 1) whenever it is convenient to do so. 

Using (18.2.2) for all the members of some other generating set for Ox, we see 
that the equivalence class of the abstract norm (18.2.1) is independent of the choice 
of generating set, and by a norm on X(F) we mean any abstract norm lying in this 
equivalence class. 

Example 18.1. On F n , the set of F-points of A", 

|| (xi, . . . , x„)|| := sup{l, |xi|, . . . , |x„|} 

is a norm. The restriction of this norm to the F-points of any closed subscheme 
of A™ is a norm on that set. 

Example 18.2. On (F x ) n , the set of F-points of (G m )™, 

||(xi, . . . , x„)|| := sup{|xi|, Ixil" 1 . . . , |x„|, |x„| -1 } 

is a norm. 



NORMS ON AFFINE VARIETIES OVER LOCAL FIELDS 



469 



18.3. Bounded subsets. Let X be an affine scheme of finite type over F and 
let || • || x be a norm on X(F). We say that a subset B of X(F) is bounded if the 
norm function || • \\ x has an upper bound on B. This notion of boundedness is 
clearly independent of the choice of norm, so it makes sense to talk about bounded 
subsets of X(F) without specifying any particular norm. 

18.4. Properties of norms. We need to establish various simple results 
about norms. It is especially important to compare norms on varieties when a 
morphism between them is given. 

Proposition 18.1. Let X and Y be affine schemes of finite type over F and 
let || • ||x and || • ||y be norms on X{F) and Y{F) respectively. 

(1) Let (f) : Y — > X be a morphism and denote by <f>*\\ ■ \\x the abstract norm 
on Y(F) obtained by composing \\ ■ \\x with <p : Y{F) — > X(F). Then \\ ■ ||y 
dominates <j>*\\-\\x- If 4> is finite, then || • |jy is equivalent to <j)*\\ ■ \\x- 

(2) Suppose Y is a closed subscheme of X . Then the restriction of \\ ■ \\ x to 
Y{F) is equivalent to \\ ■ )|y. 

(3) If F is locally compact, then a subset of X{F) has compact closure if and 
only if it is bounded. 

(4) All three of sup{||x||x, ||j/||v}, \\%\\x + \\v\\y, and \\x\\x • \\v\\y are valid 
norms on (X x Y)(F) = X(F) x Y(F). 

(5) Let U := Xf denote the principal open subset of X determined by a regular 
function f on X, so that U(F) = {x E X(F) : f(x) ^ 0}. Then \\u\\ v := 
sup{||u||x 5 is a, norm on U(F). 

(6) Suppose we are given a finite cover of X by affine open subsets Ui, . . . , U r 
as well as a norm \\ ■ ||j on Ui(F) for each i = 1, . . . ,r. For x G X(F) 
define \\x\\ to be the infinum of the numbers \\x\\i, where i ranges over the 
set of indices for which x <G Ui(F). Then || • || is a norm on X(F). 

(7) Let G be a group scheme of finite type over F, and suppose we are given 
an action of G on X. Let B be a bounded subset of G{F). Then there 
exist c,R>0 such that \\bx\\x < c IMIx f or all b G B,x e X(F). 

PROOF. We begin by proving the first part of the proposition. Using (18.2.2) 
for the pull-backs by <j> of the members of a generating set for the i^-algebra Ox, 
we see that || • ||y dominates </>*|| • 

Now suppose that <f) is finite and let g e Oy. Then there exist n > 1 and 
/i, ...,/„ e O x such that 

9 n = fl9 n - 1 + --- + fn-l9 + fn- 

We claim that for all y € Y(F) we have the inequality 
(18.4.1) \g(y)\ < sup{l, \h(^(y))\ + ■■■ + |/„(^(»))|}. 

Indeed, this is trivially true if \g(y)\ < 1, and otherwise we have 

g(y) = him) + hMvMv)- 1 + ■■■ + 

Sjiid hence 

\g(y)\<\h(<f>(y))\ + m<i>(y))\ + --- + \fn(<P(y))l 

Using (18.2.2) for f\, ...,/„, we see from (18.4.1) that there exist c, R > such 
that 

(18-4.2) \9(y)\ < cU(y)\\ x Vyey(F). 
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Now choose a finite generating set g\ , . . . , g m for the F-algebra Oy . As our 
norm || • ||y we are free to take the one obtained from this generating set (see 
(18.2.1)). Choosing c,R>l large enough that (18.4.2) holds for all the functions 
gi, . . . ,g m , we see that || • \\y is dominated by cf>*\\ ■ \\x- Since we already proved 
dominance in the other direction, we conclude that || • ||y and tfi* || • ||x are equivalent, 
as desired. 

The second part of the proposition follows from the first, because closed im- 
mersions are finite morphisms. Of course a more direct proof can also be given. 

As for the third part, we use the second part to reduce to the case of afhne 
space A™, for which the result is obvious. 

For the fourth part we note that it is obvious from the definition of norm that 

SU P{|I ' IU,|| • \\y} 

is a valid norm on X(F) x Y(F). It then follows from the discussion at the very 
end of subsection 18.1 that the other two abstract norms are valid norms as well. 

For the fifth part note that the equivalence class of \\u\\u = sup{||u||x, |/( u )| 
depends only on that of || • \\x, so we may suppose that || • \\x is the norm (18.2.1) 
obtained from generators fi, ■ ■ ■ , f m of the i^-algebra Ox- Then /i, . . . , f m 
generate Ojj, and the norm obtained from this generating set is precisely || • 

For the sixth part we must show that || • \\x is equivalent to || • ||. First we note 
that || • \\x is dominated by || • ||. Indeed, this follows from the first part of this 
proposition, applied to the morphism 

r 

]J £/;->*. 

i=l 

It remains to prove that || • || is dominated by || • \\x- Refine the given open 
cover f/i , . . . , U r to get an open cover V\ , . . . , V s by principal open subsets of X (say 
Vj = Xf j for fj £ Ox) such that for each index j there exists an index such 
that Vj C Ui(jy By the fifth part of this proposition 

\Hj ■= supjllwHx,!/^)!- 1 } 

is a valid norm on Vj(F). By the first part of this proposition (applied to all the 
inclusions Vj °-> there exist d, S > 1 such that for all j 

\\v \\iu) < d\\v\\f VveVj(F). 

Since the principal open subsets Vj cover X, there exist g\, . . . , g s G Ox such 
that fjgj — 1- By (18.2.2) there exist c, R > 1 such that for all j 

\ 9j (x)\ < c\\x\\% VxeX(F). 
Now let xeX(F). Then 

i = lE/i(^WI<El/,^)l-HNI$), 

and thus there exists j such that • (c||x||5) > 1/s, from which we see that 

fj(x) ^ (so that x G Vj(F) C U^j)(F)) and that moreover 



\fj( X )r < sc \\x\\ 
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Thus 



8 4 \\A\ < \\x\Uv) < d M] = d[ S up{\\x\\ x , MxT^Y 

<d[sM\\x\\x,sc\\x\\K}} s . 
But, since s, c, R > 1, we have sc||x|| x > ||x||x> so (18.4.3) becomes 

\\x\\ < d(sc) s \\x\\ x S , 

showing that || • || is dominated by || • ||x- 

Finally, to prove the seventh part one considers the action morphism Gxl^ 
X and uses the first and fourth parts of this proposition. □ 

18.5. Arbitrary schemes of finite type over F. Let X be any scheme of 
finite type over F. Let U\,...,U r be any cover of X by affine open subsets. For 
i = 1, . . . , r let || • || j be any norm on Ui(F). Define an abstract norm || • || on X(F) 
by 

||x|| = inf{||x|| 4 : i such that x G Ui(F)}. 
It is not difficult to show that the equivalence class of || • || is independent of all 
choices, so that we have defined a canonical equivalence class of norms on X(F). 
When X is affine, we recover our old notion of norm. When X is projective, the 
constant function 1 is a valid norm on X(F). The reader may enjoy checking these 
statements as an exercise, but in this article we will only need norms on affine 
schemes. 

18.6. Norm descent property. Let X and Y be affine schemes of finite 
type over F, let || • \\x and || • ||y be norms on X(F) and Y(F) respectively, and 
let <j> : Y — > X be a morphism. We say that <f> has the norm descent property if the 
restriction of || • ||x to \m\Y(F) — > X(F)] is equivalent to the abstract norm 0*1) • ||y 
on im[Y(F) — > X(F)] whose value at x is equal to the infinum of the values of || • |jy 
on the fiber of <j> : Y(F) — > X(F) over x. It is easy to see that this condition is 
independent of the choice of || • \\x and || • Moreover, it follows from the first 
part of Proposition 18.1 that the restriction of || • ||x is automatically dominated 
by 0*|| • || y] therefore the norm descent property is equivalent to the condition that 
0*|| • || y be dominated by the restriction of || • \\x- 

Lemma 18.3. Let <p : Y — > X be a morphism of affine schemes over F , and let 
|| • || v" be a norm on Y{F). Then the following two conditions are equivalent. 

(1) The morphism <fi satisfies the norm descent property. 

(2) There exists a norm \\-\\ x on X (F) such that for all x E im[Y '(F) — > X (F)] 
there exists y € Y(F) such that 4>(y) = x and ||y||y < H^llx- 

PROOF. The second condition trivially implies that 0*|| • ||y is dominated by 
the restriction of || • ||x, hence that <fr has the norm descent property. 

Now assume the first condition. Start with any norm || • \\x on X(F). Then 
there exist c,R > 1 such that 0„|| • ||y < c|| • \\ x holds on im[Y(F) -» X(F)]. 
Increasing c, we may improve < to <, and then replacing || • ||x by the equivalent 
norm c|| • \\ x , we end up with a norm || • ||x for which 

M-\\y<\\-\\y 

holds on im[Y(F) — > X(F)]. It is clear that the second condition is satisfied for 
this choice of || • ||x- □ 
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Lemma 18.4. Consider morphisms X — > Y Z of affine schemes of finite 
type over F. Put h = gf : X — > Z . Assume that the map f : X(F) — > Y(F) is 
surjective. Then 

(1) If f,g satisfy the norm descent property, then so does h. 

(2) If h satisfies the norm descent property, then so does g. 

Proof. The proof of the first statement uses only Lemma 18.3. The proof 
of the second statement is similar, but also uses the first part of Proposition 18.1, 
applied to the morphism /. Details are left to the reader. □ 

Proposition 18.2. Let <f> : Y — > X be a morphism of affine schemes of finite 
type over F. For open U in X write <j>u for the morphism 4>~ 1 U — > U obtained by 
restriction from (p. 

(1) The norm descent property for <f> : Y — > X is local with respect to the 
Zariski topology on X . In other words, for any cover of X by affine open 
subsets, the morphism <f> has the norm descent property if and only if the 
morphisms 4>u have the norm descent property for every member U of the 
open cover. 

(2) If the morphism <j> : Y — > X admits a section, then <f> has the norm 
descent property. More generally, if <f> :Y —* X admits sections locally in 
the Zariski topology on X, then <f> has the norm descent property. 

(3) Let G be a connected reductive group over F, and let M be a Levi subgroup 
of G. Then the canonical morphism G — > G/M has the norm descent 
property. 

Proof. We begin by proving the first part of the proposition in the special 
case of principal open subsets. So suppose for the moment that U = Xf is the 
principal open subset of X defined by / g Ox- Then (f>~ 1 Xf = Y g , where g is the 
image of / under the homomorphism 4>* : Ox — * Oy . Assuming the norm descent 
property for <f>, we need to prove the norm descent property for <pu : Y g — > Xf. 

We are free to use any convenient norms on Y g (F) and Xf(F). Start by picking 
any norm || • ||y on Y(F). Choose our norm || • \\x on X(F) so that the second 
condition of Lemma 18.3 holds for it. On the principal open subsets Y g , Xf we use 
the norms || • \\y g , || • \\x f obtained from || • \\y, || ■ \\x by the construction in the 
fifth part of Proposition 18.1. With these choices, it is easy to check that || • \\y g 
and || • \\x f satisfy the second condition of Lemma 18.3, proving the norm descent 
property for <f>\j. 

Next, suppose we have a cover of the affine scheme X by principal affine open 
subschemes X t = Xf. (i = 1, . . . , r). Putting gi := 4>*{fi) and Y^ := Y g . = cf)~ 1 Xf i , 
we get (by restriction from <p) morphisms fa : Yi — > Xj. Assuming that each <pi 
satisfies the norm descent property, we must show that <j) satisfies the norm descent 
property. 

Again we may use any convenient norms on X(F), Y(F). Choose norms || • \\y i 
on Yi(F). Choose norms || • \\x t on Xi(F) in such a way that the second condition 
of Lemma 18.3 holds for || • ||y^ and || • \\xi- Use the construction in the sixth part of 
Proposition 18.1 to get a norm || • \\y on Y(F) (respectively, || • ||x on X(F)) from 
the norms || • (respectively, |j • ||x 4 )- With these choices it is easy to see that 
the second condition of Lemma 18.3 holds for || • \\y and || • proving the norm 
descent property for <f>. 
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We are now finished with the case of principal affine subsets. Now suppose 
that we have any cover of X by affine open subsets Ui,...,U r . Cover each Ui by 
principal affine open subsets (j = 1, . . . , Sj) in X. Of course is then also a 
principal affine open subset of U. 

By what has already been done we know that the norm descent property for (f> 
is equivalent to the norm descent property for all the morphisms <j)~ 1 Vij — > Vij and 
that this in turn is equivalent to the norm descent property for all the morphisms 
4>~ 1 U i — > U. This completes the proof of the first part of the proposition. 

Now we prove the second part. Assume first that (f> : Y — > X has a section 
s : X — > Y . Note that in this case Y(F) — ► X(F) is surjective. To show that 
has the norm descent property we must check that </>*|| • ||y is dominated by 
|| • || x- But this follows from the first part of Proposition 18.1, applied to the 
morphism s. Furthermore, if 4> admits sections Zariski locally, we see from the first 
part of Proposition 18.2 that <f> has the norm descent property. 

Now we prove the third part. Choose a parabolic subgroup P = MU with Levi 
component M and let P = MU be the opposite parabolic subgroup. From Bruhat 
theory we know that multiplication induces an open immersion 

U x U x M ^ G. 

Thus G — > G/M has a section over the open subset U x U of G/M. Moreover 
G/M is covered by the G(F)-translates of these open sets U x U, so we conclude 
that G — ► G/M admits sections locally in the Zariski topology, hence that it has 
the norm descent property. Note that G/M really is an affine scheme: it can be 
identified with the G-conjugacy class of any sufficiently general element of the center 
of M. □ 

18.7. An additional hypothesis. We now fix an algebraic closure F of F. 
Our given absolute value on F can always be extended to F, and when F is complete 
this extension is unique (see [Lan02]). 

From now on we assume that F is complete, and we continue to denote by | • | 
the unique extension to F of our given absolute value on F. By uniqueness this 
extension is fixed by any automorphism of F over F, and therefore the restriction 
of our extended absolute value to any finite extension E of F (in F) of degree n is 
given by 

(18.7.1) x^\N E/F (x)\^ n , 
where N E / F denotes the usual norm map of field theory. 

18.8. Behavior of norms under algebraic field extensions. Let X be an 

affine scheme of finite type over F, and let E be a field extension of F. Any finite 
set of generators for the i^-algebra Ox can also be regarded as a generating set for 
the _E-algebra E ®p Ox of regular functions on the scheme X E over E obtained 
from X by extension of scalars. When E is a subfield of F the chosen generating set 
gives norms on both X(F) and X{E) = X E (E), and the restriction of the norm on 
X(E) to the subset X(F) coincides with the norm on X(F), from which it follows 
that the restriction of any norm on X(E) is a norm on X(F). 

For finite separable extensions E/F we use Re/f to denote Weil's restriction 
of scalars. 
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Lemma 18.5. Let E be a finite separable field extension of F. Then the abstract 
norm 

(18.8.1) x^supUNe/fWUNe/fWI- 1 } (x e E x ) 
is a norm on (_R^;/^G m )(F) = E x . 

Proof. Let / be the set of embeddings of E in F. Since our torus becomes 
split over F, we see from Example 18.2 and the discussion preceding this lemma 
that 

(18.8.2) x h-> sup{|cr(x)|, |cr(x)| _1 : a e 1} (x e E x ) 

is a norm on (R E / F G m )(F) = E x . But for any a e I we have (by (18.7.1)) 

\a(x)\ = \N E/F (x)\^ E -- F \ 

showing that the norm (18.8.2) is indeed equivalent to the abstract norm in the 
statement of the lemma. □ 

Lemma 18.6. Let T be a torus over F , and let S be the biggest split quotient of 
T, sothatX*(S) is the subgroup of X* (T) consisting of elements fixed byGal(F/F), 
and we have a canonical homomorphism T — > S. Then the pullback via T{F) — ► 
S(F) of any norm \\ ■ \\g on S(F) is a norm on T(F). 

Proof. One sees easily from Lemma 18.5 that our current lemma is valid for 
T = R E / F T for any finite separable extension E/F and any split torus To over E. 

Now consider any torus T and choose a finite Galois extension E/F that splits 
T. Then T embeds naturally in Re/fTe, a torus for which the lemma is known to 
be valid, and thus it now suffices to show that if T is a subtorus of a torus T' for 
which the lemma is known to be valid, then the lemma is valid for T. We of course 
write S' for the biggest split quotient torus of T". 

Then we have a commutative diagram 

T > T 

I 1 

S ► 5". 

Choose a norm || • \\s> on S'(F). By our assumption on T' and the second part 
of Proposition 18.1 (applied to T ^ T) we sec that the pullback of || • || S / to T(F) 
can serve as our norm on T{F). Going the other way around the commutative 
square above, we conclude (using the first part of Proposition 18.1 to see that the 
pullback of || • \\s' to S(F) is dominated by || • ||s) that || • ||x is dominated by the 
pullback to T(F) of || • \\ s . But (again by the first part of Proposition 18.1) || • \\t 
also dominates the pullback of || • \\$, hence is equivalent to it. □ 

Corollary 18.7. Let T be a torus over F and let n be a positive integer. Then 
there exists a bounded subset B C T(F) such that T(F) — B ■ T(F) n . Here we are 
using the superscript n to indicate that we are looking at the subgroup of all n-th 
powers of elements in T(F). 

Proof. First we treat the split case. So suppose T = G* n and use the norm 
|| • \\ T in Example 18.2. Pick a e F x such that |a| ^ 1 and put a :— \a\. The 
bounded set {t e T(F) : \\t\\ T < a n } does the job. 
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Now we treat the general case. Let <f> : T — > S be the maximal split quotient 
of T, and let At denote the maximal split subtorus of T. The composition of the 
inclusion of A T in T with (f> yields an isogeny ip : A T — > S, and therefore there 
exists a positive integer m such that the m-th power map on S factors through tp. 
This guarantees that <j>{T(F)) D S(F) m . 

By the split case that has already been treated we know that there exists a 
bounded subset B a of S(F) such that S(F) = B Q ■ S(F) mn . Let B denote the 
inverse image of B under (f> : T(F) — > S(F); by Lemma 18.6 the set B is bounded 
in T(F), and it is immediate that T(F) = B ■ T(F) n . □ 

18.9. Torsors, quotients and a technical lemma. In this subsection we 
prove a technical lemma that will be needed in the next subsection. We begin by 
reviewing some material from SGA 3 on torsors and quotients. 

In this subsection absolute values will not appear, and F will denote any field. 
By a scheme (or morphism) we always mean a scheme (or morphism) over F. Given 
two schemes X, Y, we denote their product over F simply by X x Y, and we write 
X(Y) for the set of F-valucd points of X, or, in other words, the set of morphisms 
from Y to X. 

An action of a group scheme G on a scheme X is a morphism GxI^I such 
that for every scheme T the associated map 

G(T) x X(T) -> X(T) 

on T- valued points is an action of the group G(T) on the set X(T). 

Now suppose that X is a scheme over another scheme S, so that it comes 
equipped with a morphism p : X —* S. We say that an action of G on X preserves 
the fibers of p : X — > S (or that G acts on X over S) if 

p{gx) = P{x) 

for all schemes T and all T- valued points g g G(T), x g X(T). Given an action of 
this type there is a canonical morphism 

(18.9.1) G x X ^ X x s X 

given by (g,x) <— > (gx,x) on T- valued points. 

By definition a G-torsor X over S (for the fpqc topology) is a faithfully flat, 
quasi-compact morphism p : X — > S, together with an action of G on X over S for 
which (18.9.1) is an isomorphism. The significance of (18.9.1) being an isomorphism 
is easy to understand: it means that for every scheme T either X(T) is empty or 
else G(T) acts simply transitively on X(T). Considering the fiber product of p 
with itself one sees that any property of the morphism G — ► Spec F that is stable 
under base change and faithfully flat descent will be inherited by the morphism 
p : X — > S; for example, if G is smooth over F, then any G-torsor X over S is 
smooth over S, and so on. 

Let p : X — > S be a G-torsor. By faithfully flat descent for the morphism p, 
giving a morphism from S to some other scheme S' is the same as giving a morphism 
X — > S' whose compositions with the two projections 7Ti,7T2 : XxsX — > A coincide, 
and since (18.9.1) is an isomorphism, this in turn is the same as giving a morphism 
X — > 5' whose fibers are preserved by the G-action. In other words p : X — > 5 
satisfies the universal property one expects of a quotient of X by G. In particular, 
given an action of G on X , if there exists a morphism p : X — > S 1 for which X is a 
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G-torsor over S, then the morphism p is essentially unique, and we will refer to S 
as the quotient of X by G, denoted G\X. 

An important (and non-trivial) result is that if G is a group scheme of finite 
type over F, and if H is a closed subgroup scheme of G, then the quotient G/H 
does exist (see SGA 3, Exp. VIa) in the sense just described. 

Here is a simple example, which we will need later. Let T be a torus over F, 
and let n be a positive integer. We write [n] : T —> T for the homomorphism given 
on S- valued points by t — > t n , and we write T n for the kernel of [n], so that 

T n (S) = {teT(S):t n = l}. 

When n is not invcrtiblc in F, the scheme T n is not smooth over F. Nevertheless 
the morphism [n] is faithfully flat, as one can check after extending scalars from F 
to an algebraic closure F of F, so that T splits and one is reduced to the obvious 
fact that for an indeterminate X the ring F[X, X^ 1 ] is free of rank n as a module 
over its subring F[X n , X~ n \. Therefore the morphism [n] makes T into a T„-torsor 
over T and identifies T with the quotient T/T n , so that the sequence 

1 -» T n -> T T -» 1 

is an exact sequence of sheaves in the fpqc topology. When n is not invertiblc in F, 
the sequence above is not exact in the etale topology; indeed, the map T(F scp ) — > 
T(F sep ) is not surjective, F scp being the separable closure of F in F. This example 
shows why we are using the fpqc topology. 

Now let G be a connected reductive group over F, and let T be a torus in 
G, in other words, a closed subgroup scheme that is a torus over T. There exists 
a finite Galois extension F'/F such that T splits over F'\ put n := [F' : F] and 
T„ := ker([n] : T -» T), as above. 

Lemma 18.8. Assume that F is an infinite field. Then the canonical morphism 
f : G/T n — > G/T admits sections locally in the Zariski topology on G/T. 

Proof. We claim that it is enough to show that there exists a non-empty 
Zariski open subset U in G/T such that / : G/T n — > G/T has a section over [/. 
Indeed, since / is G-equi variant, it will then have sections over all the open sets gll 
(g G G(F)), so it is enough to show that V := ^ g eG(F)9U is equal to G/T. But V 
is a non-empty G(T)-invariant open subset of G/T, so its inverse image V' in G is 
a non-empty G(T)-invariant open subset of G, and since G(F) is Zariski dense in G 
(since F is infinite, see [Bor91, Cor. (18.3)]), it follows that V = G and V = G/T. 

Now G/T is connected (since G is connected and G — ► G/T is surjective) 
and smooth (see EGA IV(17.7.7)), hence reduced and irreducible. Let K be the 
function field of G/T and £ : Specif — ■> G/T the generic point of G/T. Since 
/ : G/T„ - * G/T is a morphism of finite type, the existence of a section of / over 
some non-empty open subset of G/T is equivalent to the existence of a section of 
/ over £, in other words to the existence of a if-point of G/T„ mapping to £ under 

(18.9.2) (G/T„)(J0 -> (G/T)(K). 

Thus it will suffice to show that the map (18.9.2) is surjective. In fact the map 
(18.9.2) is surjective for any field extension K of F, as we will now see. 

Since F'/F is a Galois extension of degree n, the X-algebra K ®p F' has the 
form .K 7 x • • • x K' for some finite Galois extension K' of K whose degree divides n. 
Thus T splits over K' and the Galois cohomology group H l (K,T) coincides with 
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ii 1 (Gal( A'/ A), T( A")), a group killed by the order of the group Gal(A'/A) and 
hence killed by n. 

When F (and hence A) has characteristic 0, we can then use the exact sequence 
(18.9.3) 1 -» T n (K) -» T(K) A T(A) -» 1 

to see that 

H\K,T n )^H\K,T) 

is surjective, from which it follows easily that (18.9.2) is surjective. [Use that 
the set of G(A)-orbits on (G/T)(A) can be identified with the kernel of the map 
H\K,T) -» if 1 (A, G) of pointed sets.] 

When n is not invertiblc in A, we need to argue differently, since (18.9.3) is 
no longer exact when A is replaced by the separable closure A sop . To avoid using 
flat cohomology, we work directly with torsors. The group T acts on the right of 
G, yielding a T-torsor /' : G — > G/T over G/T. Moreover T/T n acts on the right 
of G/T n , and our morphism / : G/T n — > G/T is the T/T„-torsor obtained from /' 
via the canonical homomorphism T -» T/T n . 

Using the fpqc exact sequence 1— >T„— > T ^> T — » 1 to identify T/T n with 
T, we see that the T = T/T„-torsor / is obtained from the T-torsor /' via the 
homomorphism [n] : T — > T. 

Fortunately, for T-torsors (unlike T„-torsors) the difference between the fpqc 
and etale topologies is unimportant: since T is smooth over A, any T-torsor over 
A is automatically smooth over A, hence has sections etale locally on Spec(A). 
Therefore the group of isomorphism classes of T-torsors over A can be identified 
with the Galois cohomology group H 1 (K, T), a group killed by n, as we saw above. 

Now we can prove that (18.9.2) is surjective. Consider a if -point of G/T. 
Pulling back our torsor / to this A-point, we get a T = (T/T„)-torsor over Specif, 
which we just need to show is trivial (so that it has a section). But, as explained 
above, the class of this torsor lies in the image of multiplication by n, and since 
iJ x (A , T) is killed by n, every element in the image of multiplication by n is trivial. 

□ 

18.10. Another case of the norm descent property. We start with the 
following lemma which will ensure that the varieties we deal with are affine. 

Lemma 18.9. Let G be a connected reductive group over a field F and let T be 
an F-torus in G. Then G/T is affine. 

PROOF. By EGA IV (2.7.1) the property of being an affine morphism is stable 
under fpqc descent. So we are free to assume that F is algebraically closed. Choose 
a maximal torus T' of G containing T. Then G/T' can be identified with the G-orbit 
of any suitably regular element in T', so G/T' is affine. Moreover G/T — ► G/T' is 
a T'/T-torsor and hence is an affine morphism. This proves that G/T is affine. □ 

Now we again assume that F is equipped with a non-trivial absolute value and 
that F is complete as a metric space. The next result is related to the corollary on 
page 112 of [HC70] (sec also [Art91a, Lemma 4.1]). 

Proposition 18.3. Let G be a connected reductive group over F and let T be 
an F-torus in G. Then G — ► G/T has the norm descent property. When T is split, 
the same is true even if F is not complete. 



478 



ROBERT E. KOTTWITZ 



Proof. Choose a finite Galois extension F'/F that splits T, put n := [F' : F] 
and C := ker([n] : T — > T) . Then G -> G/T factorizes as 

G -» G/G -» G/T. 

For 5 e G(F) we write g (respectively, <?) for the image of g in (G/C)(F) (respec- 
tively, (G/T)(F)). 

Since our absolute value is non-trivial, the field F is infinite, and Lemma 18.8 
says that G/C — ► G/T has sections Zariski locally and hence satisfies the norm 
descent property. When T is split we may take F' — F, so that C is trivial and we 
are done. 

From now on we assume that F is complete. Since G — > G/C is finite, it too 
satisfies the norm descent property, as is clear from the first part of Proposition 
18.1. So G ^ G/T is the composition of two morphisms, both of which satisfy 
the norm descent property. Nevertheless, since G(F) — > (G/C)(F) need not be 
surjective, we cannot apply Lemma 18.4, and in fact it requires a bit of effort to 
prove the norm descent property for G — > G/T. 

In doing so we are free to use any convenient norms on G(F) and (G/T)(T). 
We begin by picking any norm || • \\g/c on (G/C)(F). Since G — ► G/C is finite, by 
the first part of Proposition 18.1 the pullback of || • ||g/c to G(F) can serve as our 
norm || • j| G on G(F). Thus 

(18-10.1) \\9\\g=\\9\\g/c V. 9 eG(T). 

Since G/C — > G/T satisfies the norm descent property, we may (by Lemma 18.3) 
choose our norm ]| • \\g/t on (G/T)(F) so that for all y in the image of (G/G)(T) 
in (G/T)(T) there exists z e (G/C)(F) such that z ^ y and 

(18-10.2) \\z\\ G /c < WvWg/t- 

When T / C is identified with T via the fpqc exact sequence 

i-»c-»tHt-»i, 

the canonical map T — > T/C becomes the map [n] : T — > T. Thus it follows 
from Corollary 18.7 that there exists a bounded subset B C (T/C)(F) such that 
(T/C)(F) = B.(T(F)/C(F)). 

From the seventh part of Proposition 18.1 we see that there exist d, R > such 

that 

(18.10.3) WSb-^G/c^dWgWG/c V g e (G/C)(F), b e B. 

Now we are ready to prove the norm descent property for G — ► G/T. For this 
it will suffice to show that for any g g G(F) there exists t £ T(F) such that 

(18-10.4) \\gt\\ G < d\\g\\% /T 

(with d, R as chosen above). By (18.10.2) there exists s G (T/G)(T) such that 
(18-10.5) \\Ss\\g/c<\\9\\g/t- 
Now write 

(18.10.6) s = tb 

for some t e T(F)/C(F) and b <E B. Then, using successively (18.10.1), (18.10.6), 
(18.10.3), (18.10.5), we see that 



NORMS ON AFFINE VARIETIES OVER LOCAL FIELDS 



479 



\\gt\\ G = \\gt\\ G /c = Wgsb^Wc/c < d\\gs\\* /c < d\\g\\% /T 
as desired. □ 

Corollary 18.10. Again assume the field F is complete. Let G be a connected 
reductive group over F , let T be an F-torus in G, and let At be the maximal split 
torus in T. Consider the canonical morphism <j) : G j At — ► G/T. Then for any 
norm || • \\g/t on {G/T){F) the pullback of \\ ■ \\g/t v ^ a 4> is a norm on (G/At)(F). 

Proof. Since H 1 (F, A T ) is trivial, the map G(F) — ► (G/A T )(F) is surjective. 
Moreover, it follows from Proposition 18.3 that G — > G/T satisfies the norm descent 
property. Therefore, the second part of Lemma 18.4 tells us that Gj At — > G/T has 
the norm descent property, which (by Lemma 18.3) means that we can choose our 
norms || • ||g/a t an d II ■ 1 1 g/t so that for any y £ (G/T)(F) that lies in the image 
of (G/A T )(F), there exists z £ (G/A T )(F) such that z i-> y and 

(18-10.7) \\z\\g/a t < WvWg/t- 

Since the biggest split quotient of T /At is trivial, we see from Lemma 18.6 
that (T/At)(F) is bounded. Therefore the seventh part of Proposition 18.1 tells 
us that there exist c, R > such that 

(18.10.8) \\xu\\ g/At <c\\x\\% /At Vx£(G/A t )(F),u£(T/A t )(F). 

Since {T / At){F) acts simply transitively on any non-empty fiber of 

(G/A T )(F) (G/T)(F), 

we see from (18.10.7) and (18.10.8) that the inequality || • \\ g /a t < c{4>*\\ ■ \\g/t) R 
holds on (G/At)(F). Dominance in the other direction follows from the first part 
of Proposition 18.1. Thus the pullback of || • \\g/t is equivalent to || • ||g/a t > as we 
wished to show. □ 

18.11. Norms on split p-adic G. We now let G be a split group over a 
p-adic field F (actually over O). As usual we put K := G(O), fix a split maximal 
torus A over O, and put a := X*(A) ®zK. We choose a Weyl group invariant inner 
product on a, so that a becomes a Euclidean space with Euclidean norm || • \\e- 
The subscript is supposed to remind us that this is a Euclidean norm, not the sort 
of norm that we've been discussing in this section. 

We define an abstract norm || • ||g ° n G(F) as follows. Let g £ G(F). By the 
Cartan decomposition there is a unique dominant coweight v such that g £ Kir u K. 
Put \\g\\ G = exp(H E ). 

Lemma 18.11. The abstract norm \\ ■ \\g is a valid norm on G(F). 

Proof. Pick any norm || • ||' G on G(F). We must show that || • ||g and || • ||' G are 
equivalent. By the seventh part of Proposition 18.1 there exist positive constants 
c, R such that 

(18.H.1) l|fci.gM G < c (N| G )* 

for all g £ G, k\, k 2 £ K. Thus for a £ A(F) and g £ KaK there are inequalities 

(18.H.2) \\g\\' G < c{\\a\\' G ) R 

and 

(18.H.3) NIg^NIg)* 
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In Example 18.2 we wrote down one valid norm on A(F). It is easy to see that 
this norm is equivalent to the restriction of || • ||g to A(F). Therefore (by the second 
part of Proposition 18.1) the restrictions of || • \\' G and || • ||g to A(F) are equivalent. 
This, together with the inequalities (18.11.2) and (18.11.3), shows that || • \\g and 
|| • \\' G are equivalent. □ 

19. Another kind of norm on affine varieties over local fields 

The norms introduced in section 18 are good for measuring "how big" points 
are, or, in other words, how close they are to oo, and can therefore be used to 
measure growth rates of functions. In this section we discuss another kind of norm, 
the most important of which (namely N l0 ) measures how close a point is to some 
given point xq. In order to prove one of the properties of N Xo it is useful to 
introduce a more general variant Ny which measures how close a point is to some 
given reduced closed subschemc Y. 

Again F denotes a field equipped with an absolute value. 

19.1. The norm Ny Let A be a finitely generated F-algebra and put X := 
Spec(A). Let Y be a reduced closed subscheme of X, and let I = I(Y) be the 
corresponding ideal in A. Thus / is equal to its radical. 

Now choose a finite set /i, . . . , f r of generators for the ideal /. For x G X(F) 

put 

(19.1.1) N Y (x) :=sup{|/i(aO|,...,|/ r (aO|}. 

Thus N Y (x) is a non- negative real- valued function of x G X(F) which vanishes if 
and only if x G Y(F). The size of Ny(x) measures how far x is from Y(F). 

Lemma 19.1. Let f G /. There exists a norm || • ||x on X(F), of the type 
considered in the previous section, having the property that 

(19.1.2) \f(x)\<\\x\\ x ■ N Y (x) VxeX(F). 

Proof. Choose elements gi, . . . , g r G A such that / = g^fi + • • • + g r f r . Then 

r 

(19.L3) \f(x)\<^\9i(x)\\fi(x)\. 

i=i 

Using (18.2.2) for all the functions g,, we see that there exists a norm || • ||x on 
X(F) such that 

(19.1.4) \ 9i {x)\ ^r^WxWx Vie{l,...,r}. 

The inequality (19.1.2) follows directly from the inequalities (19.1.3) and (19.1.4). 

□ 

Now suppose that we have two affine schemes X\, X 2 of finite type over F, 
as well as two reduced closed subschemes Yi, Y 2 of X\, X 2 respectively. Choose 
finite generating sets for the ideals I\ := I(Yi), I 2 := I(Y 2 ), obtaining in this way 
Ni := N Yl , N 2 :— Ny 2 on Xi(F), X 2 (F) respectively. Suppose further that we are 
given a morphism <p ■ Xi — > X 2 of ^-schemes such that (j)(Y\) C Y 2 (equivalently: 

Lemma 19.2. There exists a norm || • on Xi(F), of the type considered in 
the previous section, having the property that 

(19.1.5) N^ixt)) < \\ Xl \\ Xl -JVi(a:i) Van G X^F). 
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PROOF. Say N\ is obtained from generators fi, ■ ■ ■ , f r of I\ and that N2 is 
obtained from generators gi,...,g s of 12- Applying Lemma 19.1 to the functions 
(f>*(gj), we see that there exists a norm || • on Xi(F) such that 

(19.1.6) \9j(<t>(xi))\ < \\xi\\ Xl ■ JVi(a;i) Va* e X^F) 

for all j = 1, . . . , s; since AT 2 ((/i(xi)) is the maximum of the quantities appearing on 
the left side of (19.1.6), the lemma is proved. □ 

19.2. The norm N I() . We continue with X = Spec(A) as above. Let xq € 
X(F) and consider the corresponding reduced closed subscheme {xq} of X, whose 
ideal is the maximal ideal m := {/ e A : f(x ) = 0}. We are now interested in 
generating sets of m of the following special type. Consider a finite set /1, . . . , f r of 
generators for the F-algebra A having the property that each /, lies in the maximal 
ideal m. Such generating sets exist, since we can start with an arbitrary generating 
set and subtract from each generator its value at xq . It is easy to see that f\ , . . . , f r 
necessarily generate the ideal m. Now define N Xo to be the function N{ Xo } obtained 
from the generating set f\, . . . , f r . We use the notation N Xo to keep track of the 
fact that /1 , . . . , f r not only generate m as ideal, but also A as F-algebra. 

Since /1 , . . . , f r generate A as F-algebra, they define a closed embedding of X 
into A r , and from this one sees easily that the sets 

(19.2.1) {xeX(F):N X0 (x)<e} 

for e > form a neighborhood base at xq in X(F). 

19.3. An application. Now let G be a reduced affine group scheme of finite 
type over F, and let H be a closed subgroup scheme of G. We write ec, &h for 
the identity elements of G(F), H(F) respectively. It is evident that g~ l hg is close 
to e G if h is close to e H , but the bigger g is, the closer to e# we must take h to 
be. In the proof of the key geometric result needed for the local trace formula we 
are going to need a quantitative version of this qualitative statement, involving the 
functions N Xo we have just introduced. 

We write Oq, Oh for the rings of regular functions on G, H respectively. 
Choose generators fi,---,f r of the -F-algebra Oh such that fi(ejj) = for all 
i = 1, . . . , r, so that /1, • ■ ■ , / r also generate the maximal ideal obtained from e H , 
and use these generators to get the function N eff on H(F). Similarly, choose 
generators gi, . . . , g s of the .F-algebra Oq such that gj(ec) = for all j = 1, . . . , s, 
and use them to get the function N ec on G(F). Finally, let || • ||g be any norm on 
G(F) of the type considered in section 18. 

Lemma 19.3. Let K be a neighborhood of eQ in G{F). Then there exist positive 
constants c, R, depending on K, having the following property. For g G G{F) and 
h G H{F) satisfying 

(19.3.1) N eH {h)<c\\g\\ G R 

the element g~ 1 hg lies in K. 

PROOF. Since f\, . . . , f r generate the F-algebra Oh, we can also use them to 
get a norm j| • \\h on H(F) of the type considered in section 18; comparing the 
definitions of || • \\h and N ejf one sees immediately that 

(19.3.2) \\h\\ H = 8up{l,N ea (ft)}. 
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Since G is reduced, the pullbacks of the functions /i, . . . , f r to G x H via the 
second projection map (g, h) i— > h generate the ideal of the closed subset G x {e H } 
in G x H, so we can use them to define the function N Gx ^ eH y on G(F) x H(F), 
and it is evident from the definitions that 

(19.3.3) N Gx{eH} (g,h) = N eH (h). 

Noting that ||<?||G||ft||ff is a valid norm on G(F) x H(F) by Proposition 18.1, and 
applying Lemma 19.2 to the morphism G x H — > G defined by (g, h) g~ x hg, we 
see that there exist ci , R > such that 

(19.3.4) ^eaig-'hg) < Cl (||.9|| G ||^|| ff ) fi N eH (h). 

Now choose e > small enough that N eG (g) < e implies that g G if. Then 

(19.3.5) Cl (|| 5 || G ||fe|| H ) fl N eff (ft) < e g" 1 ^ G if. 
From (19.3.2) we see that = 1 when N eH (h) < 1, so that 

(19.3.6) N eH (h) < 1 and Cl (|| fl || G ) fl N eir (/») < e => g~ x hg G K, 
or, in other words, 

(19.3.7) N eH (/i) < inf{l, ec^ 1 !!^!!^^} .g" 1 ^ G if. 

Letting c be the minimum of 1 and ec^ 1 (and remembering that \\g\\c > 1), w e see 
that 

(19.3.8) N eH (h) < c\\g\\ G R => g~ x hg G K. 

□ 

19.4. Special case of the application above. We will need a more concrete 
version of the previous lemma that is tailored to the situation we will encounter in 
proving the local trace formula. We now return to the split reductive group G over 
the p-adic field F, and we fix a norm || ■ || G on G(F ) as in section 18. 

Consider a parabolic subgroup P = MU containing a Borcl subgroup B = AN, 
with M containing A. We are going to apply the lemma we just proved to the 
subgroup U of G. As a variety, U is the product of its root subgroups U a , where a 
runs over Rjj, the set of roots of A in Lie([7). Fix identifications U a ~ G a , so that 
we can view an element u G U(F) as a tuple with components u a G F, one for each 
a G Ru- Using the most obvious set of generators, we get N e[/ on U(F), given by 

(19.4.1) N eu (u) = sup{\u a \ : a e Ru}. 

Conjugating u by a G A(F), we get another element aua^ 1 of U(F) whose 
components are given by a(a) • u a . Therefore 

(19.4.2) N^fflM" 1 ) < sup{|a(a)| : a G Ru} ■ N ef/ (u). 

Lemma 19.4. Let K = G(O). There exist positive constants D, R, S having the 
following property. For all a G A(F), u G U(F), g G G(F) satisfying 

(19.4.3) infIHa)!- 1 : a e R v } > D\\u\\ G \\g\\ G 
the element awa -1 lies in gKg~ x . 
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PROOF. Using Lemma 19.3 and (19.4.2), we see that there exist positive con- 
stants c, S such that for a E A(F), u E U(F), g E G(F) 

(19.4.4) sup{|a(a)| : a E R v } ■ N ei7 (u) < c\\g\\Q S => aua~ l E gKg' 1 . 

As we remarked during the course of the proof of Lemma 19.3, we get a valid norm 
|| • \\u on U(F) by putting \\u\\u ■= sup{l,N et7 (u)}, and thus (19.4.4) yields 

(19.4.5) sup{|a(a)| : a E R v } < c||u|| a 1 ||.g|| G s ' => aua^ 1 E gKg~ x . 

Since the restriction of || • ||g to U{F) is also a valid norm, and moreover any two 
norms on U(F) are equivalent, we conclude that there exist positive constants D, R 
such that 

(19.4.6) sup{|a(a)| : a E R v } < ^NIg^NIg 5 aua ~ 1 e 9 K 9~ l , 
from which the conclusion of the lemma follows immediately. □ 



In this section we work with a maximal torus Tina connected reductive group 
G over our p-adic field F. As usual D(X) is the polynomial function on q (see 7.5) 
that turns up in the Weyl integration formula. We are going to prove estimates for 
weighted orbital integrals. This will use the theory of norms on affine varieties that 
was developed in section 18. 

20.1. Local integrability of various functions on t. We are interested 
in the local integrability of various functions on t that involve the function X i— > 



Lemma 20.1 ([HC70, Lemma 44]). There exists e > such that the function 
\D(X)\~ e is locally integrable on t. 

Proof. The polynomial D is homogeneous of degree d, where d = do is the 
number of roots of T in q. We claim that |-D(X)| -e is locally integrable on t 
provided that de < 1. We prove this statement by induction on d, the case d = 
being trivial. 

Now we assume that d > and that the statement we are trying to prove is 
true for all smaller d. There is an immediate reduction to the case in which G is 
scmisimplc. Let S be any non-zero element in t, and let H denote its centralizer 
in G. Since the functions |_D G | and \D H \ are positive multiples of each other in 
some small neighborhood of S in t, we conclude by our induction hypothesis (using 
that dn < do and hence that dnt < 1) that |Z?(A)|~ e is locally integrable on this 
neighborhood of S. Since this is true for all non-zero S, we conclude that |Z)(X)| _e 
is locally integrable on t\ {0}. 

It remains to show that |£)(X)| _e is integrable on some open neighborhood of 
0. For convenience we take this neighborhood to be a lattice L. It is enough to 
show that 



is finite. Since D is homogeneous of degree d, this integral is equal to the product 



20. Estimates for weighted orbital integrals 



\D(X)\. 



(20.1.1) 




of 



(20.1.2) 
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and the geometric series with ratio |7r| dlm ( l )~ de . The geometric series is conver- 
gent by our assumption that de < 1, and the integral (20.1.2) is convergent since 
\D{X)\~ e is locally integrablc away from the origin and hence integrable on the 
complement of 7rL in L. 

It is worth noting that this result of Harish-Chandra can also be derived from 
rather general results of Igusa [Igu74, Igu77] and Denef [Den84] on integrals of 
complex powers of absolute values of p-adic polynomials. □ 

The next result involves the function 

X^log^axllJ^X)!- 1 }) 

on g rs . This function takes non-negative real values and measures how close X is 
to the singular set q \ g rs : the larger the function value at X, the closer X is to the 
singular set. 

COROLLARY 20.2. For every non-negative real number R the function 
X i ► (log(max{l, iDiX)]- 1 })* 

is locally integrable on t. 

Proof. This follows from the previous result together with the following ele- 
mentary fact: for every e > and every R > there exists a positive constant C 
such that 

(20.1.3) (log(max{l,y}))* < Cy e 

for all y > 0. □ 

20.2. Estimates for orbital integrals with various weight factors. Now 

suppose that M is a Levi subgroup of G containing T. Then we have (M\G)(F) — 
M(F)\G(F) and (A M \G)(F) = A M (F)\G(F), so no confusion will result from 
writing M\G for the set of F-points of the affme algebraic variety M\G, and 
similarly for Am\G. Let || • \\m\g an d || • IU M \G be any norms (as in 18.2) on M\G 
and Am\G respectively. 

We are also interested in the affine algebraic variety T\G, but here we need to 
be more careful, since (T\G)(F) can be bigger than T(F)\G(F). We let || • \\t\g be 
any norm on (T\G)(F). Having warned the reader of the potential for confusion, 
we nevertheless now write T\G as a convenient abbreviation for T(F)\G(F), an 
open and closed subset of (T\G)(F). We will only have occasion to use || • \\t\g on 
the subset T\G. 

Before formulating the next results, let's discuss where we're headed. Let X e 
t reg and consider the weighted orbital integral 

/ f(9^ 1 Xg)v M (g)dg. 
Jt\g 

Since X is semisimple, its orbit is closed and hence intersects the support of / 
in a compact subset of the orbit. Thus there is a compact subset C of T\G such 
that the integrand vanishes unless g G C . The weight factor is left Af-invariant, 
hence left T-invariant, hence remains bounded in absolute value on the compact set 
C, say by the positive number R. Then the absolute value of the weighted orbital 
integral is bounded above by R times the orbital integral of |/|. Now suppose that 
we want to estimate the weighted orbital integral for fixed / and variable X. Then 
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we will need to control the size of the compact set C, which of course depends on 
X. The point is that C grows as X gets closer to the singular set. The theory of 
norms developed in section 18 makes it easy to get such control, as we will now see. 

When we apply the next lemma, the compact set u> will be the support of /, 
so this is what the reader should have in mind. The lemma is a variant of [HC70, 
Theorem 18] (see also [Art91a, Lemma 4.2]). 

Lemma 20.3. Let uo be a compact subset ofg. Then there exist positive constants 
ci, C2, c'i, c! 2 having the following property. For all X E t rcg and all g E G such 
that g~ 1 Xg E u) there are inequalities 

log ||5||t\g < ci + c 2 logmax{l, ^(X)!" 1 } 

and 

log \\g\\ M \G < A + 4logmax{l, \D(X)\- Y }. 

PROOF. We again consider the morphism 

(3 : (T\G) x t rcg - flrs 

of affine algebraic varieties defined by (3(g 7 X) = g~ 1 Xg. Choose a norm || • || on 
the affine variety g. Now g rs is the principal Zariski open subset of g defined by the 
non- vanishing of the polynomial D, so (see Proposition 18.1) as norm || • || BrB on g rs 
we may take 

||X|| flrs -.^maxiWXW^lDiX)]- 1 }. 

Since the morphism /3 is finite, we may take (see Proposition 18.1) as norm on 
(T\G) x t rog the pullback of || • || Bra by (3. Again by Proposition 18.1 the pullback of 
the norm || • \ \t\g to (T\G) x t rcg (pull back using the first projection) is dominated 
by the norm on (T\G) x t reg . Writing out what this means, we see that there are 
constants c > 1 and R > such that 

\\g\W\G < cmaxiWg-'Xg^, |D(X)|- 1 } JI 

for all g E T\G and all X E t rcg . Now || • || remains bounded on the compact set 
uj; let's choose d > 1 that serves as an upper bound. Thus 

(20.2.1) || 5 || nG < crf fl max{l, \D(X)r 1 } R 

for all g E T\G, X E t rcg such that g~ 1 Xg E uj. Taking the logarithm of both sides 
of (20.2.1), we get the first inequality of the lemma. The second inequality can be 
derived from the first since (again by Proposition 18.1) the pullback of the norm 
II • \\m\g to T\G is dominated by || • \\t\g- D 

Now we use the lemma to estimate weighted orbital integrals. Actually the 
proof of the local trace formula involves estimating orbital integrals weighted by 
various factors other than vm, but having the same rough growth rate as vm- Our 
next result will involve the weight factor (log || • || t\g) R , as this will allow us to 
handle all the weight factors that come up in the proof of the local trace formula. 

PROPOSITION 20.1. Let f e C^°(g) and let R be a non-negative integer. Then 
the integral 

(20.2.2) f\D(X)\^ f fig^Xg^logWgy^dgdX 
Jt Jt\g 
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converges. If T is elliptic in M, then the integral 

(20.2.3) /|£P0| 1/2 / fig-'XgXlogWgU^G^dgdX 

Jl JA M \G 

converges. 

Proof. The first statement follows from Lemma 20.3 (with u> = Supp(/)), 
Corollary 20.2, and the fact that the function X ^ ID(X)! 1 / 2 J T ^ G \f(g- 1 Xg)\dg is 
bounded and compactly supported on t (see Theorem 17.10). The second statement 
follows from the first, together with Corollary 18.10. □ 

In order to see that the proposition above can be applied to weighted orbital 
integrals, we need to estimate !)m(j). Before doing so, we discuss the metric on the 
building of G. 

20.3. Metric on X, function d(x) on X, estimate for \\HB(g)\\ E - We 
now assume that G is split, with split maximal torus A. As in 18.11 we choose a 
Weyl group invariant Euclidean norm || • \\ E on a. From || • \\ E we get a metric on o. 
Viewing a as the standard apartment in the building of G, the metric on a extends 
uniquely to a G-invariant metric on the building, denoted by d{x\, x 2 ). 

As usual we put X = G/K and denote by xq the base-point of X. We view X 
as a subset of the building, so it makes sense to consider the metric d(xi,X2) for 
x\,x 2 € X. For x e X we introduce 

d(x) :— d(x, x ) 

as a measure of the size of x, and for g e G we also put 

d(g) ■= d(gx Q ). 

The next lemma concerns the maps H E ■ G — > X*(A) <—* a defined in 12.1. 
Lemma 20.4. Let B e B(A) . For all g e G there is an inequality 

(20.3.1) \\H B (g)\\ E <d(g). 

Proof. It follows from [BT72, Section 4.4.4] that if g e Ktt v K for v e X*(A), 
then Hsig) lies in the convex hull of the Weyl group orbit of v. Therefore 

(20.3.2) \\H B (g)\\ E <M\ E , 

and it is clear from the definition of the function d that d(g) — \\v\\e- O 

20.4. Estimate for v M . Since we have only discussed vm in the split case, 
we continue to assume that G is split. Then we have the norm || • \\q on G(F) 
defined in 18.11 using the Euclidean norm || • \\ E on a; in terms of the function d{g) 
introduced above, we have 

y| G = exp(%)). 

By Proposition 18.2 the morphism G — > M\G satisfies the norm descent property. 
Therefore 

(20.4.1) \\9\\m\g ■= inf{||m.g|| G : m G M} 

is a norm on M\G. We use this particular norm in the next lemma. 
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Lemma 20.5. Let M be a Levi subgroup of G containing A. Then there exists 
a positive constant c such that 

(20.4.2) v M (g) < c(log |M| M \G) dim(AM/AG) 
for all g e G. 

PROOF. Let P e V(M). Choose B e B(A) such that B C P. By Lemma 20.4 
we have 

(20.4.3) \\H B (g)\\E < log ||s||g- 

As we saw in 12.1, Hp(g) is obtained as the image of Hs{g) under a -» Om- When 
we view Om as a subspace of a, the map o -» ajf is given by orthogonal projection. 
Therefore 

(20.4.4) ||tfp(0)IU<log||$|| G . 

Since wm(<?) is the volume of the convex hull of the points Hp(g) (P € 'P(M)), 
there is a positive constant c such that 

(20.4.5) v M (g) < c(log ||ff|| G ) dim( ^ MG) 

for all g <E G. But the function hm(<?) is left-invariant under M, so that we may 
replace ||<7||g by ||g|| m\g m the last inequality, completing the proof. □ 

Combining our estimate of »m with Proposition 20.1, and remembering that 
the pullback of || • ||m\g to T\G is dominated by || • ||t\G; we obtain the following 
result, in which T is any maximal torus in M. 

Theorem 20.6. Let f e C~(fl). Then the integral 

(20.4.6) j\D{X)\ 1 ' 2 j f(g- 1 Xg)v M (g)dgdX 
Jt Jt\g 

converges. 

20.5. Estimate for um- We continue to assume that G is split. In the proof 
of the local trace formula we will also need an estimate for the weight factor um 
appearing in our preliminary form of the local trace formula. Recall that 

(20.5.1) u M (h,g; fi) :=/ u tl (h^ 1 a M g) da M . 

J A M 

We use the Haar measure dau on Am giving Am n K measure 1. Just as in 4.2 
we have A M /(A M (~l K) = X*(A M ), and for a <G A M we denote by v a the image of 
a in A M /{A M H K) = X*(A M )- Obviously 

UM(h,g;^) < \{v e X*(A M ) ■ 3a e A M with v a = v and h~ 1 ag e G M }|. 

The previous proof used the left M-invariance of Now the function 

(/i, g) i— > UM(h,g; fi) is left (Am x ^4M)-hrvariant, but not (M x M)-invariant, and 
our first step will be to replace um by something larger which is (M x M)-invariant. 
For this we use the injection X*(A M ) ^> A M to see that 

u M {h,g;^) < u' M (h,g;fi), 

with u' M defined by 

u' M (h, g; fj.) := \{v e A M ■ 3m e M with H M (m) = v and h~ 1 mg E G M }|. 
It is evident that this function of (h, g) is left invariant under M x M. 
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Put x = gxo and y = hx$. If h l mg G then inv(mx, y) < \x and therefore 
d(mx,y) < from which it follows (by the triangle inequality) that 

(20.5.2) d(mx ) < d(x) + d(y) + \\/j,\\ E , 

where d is the function defined in 20.3. Writing v for HM(m) and v for the image 
of v under Am — » cim C a, one sees easily from the definitions that \\P\\e < d(mxo). 
Thus we have shown that 

(20.5.3) u' M {h,g;n) < \{v e A M : < d(ar) + d(y) + \\fJ,\\ E }\, 
from which it is clear that there is a positive constant c such that 

(20.5.4) u' M (h,g;fi)<c(l + d(x) + d(y) + \\ f i\\ E ) dimA ™. 

Now recalling that u' M is invariant under M x M, we see that in the last 
inequality we may replace d(x) by inf{cZ(ma;) : m e M}, and the same for d(y). 
Thus we have proved 

Lemma 20.7. Let M be a Levi subgroup of G containing A. Then there exists 
a positive constant c such that 

(20.5.5) u M (h,g; fi) < c(l + log \\g\\ M \ G + log \\h\\ M \ G + ||^IU) dim(AM) 
for all g, h e G. 

Of course the exponent dim(^M) could easily be improved to dim^M / 'Ac) ■ 

21. Preparation for the key geometric lemma 

Now we begin to prepare for the proof of the key geometric result (Theorem 
22.3) needed for the local trace formula. Throughout this section we fix a Borel 
subgroup B = AN containing A, which we use to define positive roots, dominance, 
and so on. As in 20.3 ||.t||,e is a W^-invariant Euclidean norm on a, which we use to 
get the metric d(x,y) on the building as well as the function d(x) on X. 

21.1. Retractions of the building with respect to an alcove. Given an 
alcove a in an apartment in the Bruhat-Tits building of our split group G, there 
is a retraction r a of the building into that apartment. As usual, we arc mainly 
interested in the subset X = G/K of the building and the standard apartment (the 
one coming from A). Inside G/K we have the subset A/A n K, which we identify 
with X*(A) by sending [i e X*(A) to n^. Let a be an alcove in the apartment 
a = X* (A) ® z R, and let I a be the corresponding Iwahori subgroup of G, defined as 
the pointwise stabilizer of a in G. From the affinc Bruhat decomposition we know 
that the obvious map A/ A n K — > I & \G/K is bijective. We will regard r a as the 
retraction of G/K onto X*(A) defined as follows: given g e G/K we put r a (g) = /i 
if g G Lgji^K. In other words, given a vertex x in the building, r a (x) is the unique 
vertex in the standard apartment having the same position relative to a as x does. 

PROPOSITION 21.1. [BT72] The retraction r a weakly decreases distances. Ln 
other words 



(21.1.1) 

for all xi,X2 € G/K. 



d(r a (x 1 ),r a (x 2 )) < d(xi,x 2 ) 
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21.2. An easy fact about root systems. In a moment we will need the 
following easy result. 

Lemma 21.1. Let x,y be dominant elements in a, and let w e W. Then 

(21.2.1) \\x - y\\ E < \\x - wy\\ E . 

PROOF. Expanding out the two norms, we find that (21.2.1) is equivalent to 
the inequality (x, y — wy) > 0, and this inequality is clear since x is dominant and 
y — wy is a non-negative linear combination of positive coroots (a standard fact 
that follows from things we discussed in 12.8 and 12.10). □ 

21.3. Something like the triangle inequality. Recall that X denotes G/K 
and xo its base-point. Recall also the function inv from 3.4, taking values in 
K\G/K, which by the Cartan decomposition we have identified with the set of 
dominant cowcights in X*(A). For x, y G X we can also consider the distance 
d(x, y), a coarser invariant than inv(x, y). 

Lemma 21.2. Let x,y,x',y' e X and let A, A' be the dominant coweights ob- 
tained as A := inv(x, y) and A' := inv(x', y'). Then 

(21.3.1) \\\->!\\ E <d{x,a!) + d{yd). 

Proof. The lemma concerns the effect on mv(x,y) of replacing (x,y) by 
(x',y'). We can do this replacement in two steps, going from (x,y) to (x,y') to 
(x',y'). Thus in proving the lemma we may assume that x = x' or y = y' , and by 
symmetry (note that inv(y,x) = — inv(x,y)) we may as well assume that y = y'. 
We are free to transform all our points by any convenient g € G; doing so, we 
may assume without loss of generality that x, y both lie in the standard apartment. 
Inside the standard apartment pick an alcove a containing y. Then A, A' are the 
unique dominant elements in the Weyl group orbits of r a (x), r a (x') respectively, 
and therefore 

(21.3.2) || A - X'\\ E < d(r a (x),r & (x')) < d(x,x'), 

the first inequality coming from Lemma 21.1, the second from Proposition 21.1. □ 

The next result is tailor-made for use in the proof of the key geometric result 
needed for the local trace formula. 

Corollary 21.3. Let x\,x 2 e X. Let v be a dominant coweight, and let a € A 
be an element whose image in A/AC\K = X*(A) is v. Put A := inv(ax2, x\). Then 

(21.3.3) ||A-i/|| B <d(a!i) + d(a;2). 

Proof. Since v is dominant, we have inv(axo,a;o) = v. Lemma 21.2 then 
yields 

(21.3.4) ||A - v\ E < d{ax 2l ax ) + d(x 1 ,x ) — d(x 2 ) + d(x\). 



□ 
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22. Key geometric lemma 

In this section we are finally going to prove Theorem 22.3, Arthur's key geo- 
metric result needed for the local trace formula (see Lemma 4.4 in [Art91a]). The 
reader may wish to skip ahead to the statement of this theorem before trying to 
digest the lemmas below. 

As usual we are working with the split group G over the p-adic field F. Recall 
that X denotes the set G/K and that x denotes its base-point. As in 20.3, we 
denote by d(x, y) the metric on the building obtained from some Euclidean norm 
on a. For convenience we assume that all roots have length less than or equal to 1 
in this Euclidean norm. As in 20.3, for x e X we put d(x) := d(x,Xo). 

22.1. Main steps in the proof. The main steps in the proof of Theorem 
22.3 are contained in Lemmas 22.1 and 22.2 below. 

Consider a Borel subgroup B = AN and a parabolic subgroup P = MU such 
that Pd B and M D A. Put B M ■= B n M, a Borel subgroup of M. We write A 
for the set of simple roots of A (with respect to B). Then A is the disjoint union 
of Am and Ajj, where Am is the set of simple roots of A in M, and Ajj is the set 
of simple roots of A that occur in Lie({7). As usual we write Rjj for the set of all 
roots of A that appear in L\e(U). We write P = MU for the parabolic subgroup 
opposite to P. 

Recall that we have identified X*(A) with A/ (An K) by sending v to -k v . For 
a G A we write v a for the element of X*(A) corresponding to the image of a in 
A/ (A n K). For d > we denote by A(d) the set of elements a e A such that 
(ct, Va) > for all a £ Am and (a, v a ) > d for all a <G Ay. Note that if a € A(d), 
then 

(22.1.1) (a,v a )>d MaeRu, 

as follows from the fact that any a € Rjj is a non-negative integral linear combina- 
tion of roots in A with some root in Ay occurring with non-zero coefficient. 

For Xi,X2 € X we have the invariant inv(xi,X2) from 3.4. We now write this 
invariant as inv(a;i, X2)b, to emphasize that within the relevant Weyl group orbit 
of coweights we are taking the unique one that is dominant with respect to B. 
We write inv(xi, x 2 )p for the image of inv^!, a^) under the canonical surjection 
X*(A) — > Am (see 4.5 for a discussion of Am). 

Recall also the map Hp : G — > Am defined in 12.1. This map descends to a 
map, also called Hp, from X to Am- 

For xi,x 2 € X we are going to show that there exists d > (depending on the 
points xi, x 2 ), such that 

(22.1.2) mv(ax 2} x 1 )p = v a + H P (x 2 ) - Hp( Xl ) 

for all a G A(d). Here we have abused notation slightly by writing v a when we really 
mean its image under the canonical surjection A* (A) — > Am- This assertion is the 
main ingredient in the proof of the key geometric result. However, we need some 
control on how big d needs to be, and in fact we will show that d grows linearly 
with d(xi), d(x 2 ). More precisely, we have the following lemma. 

Lemma 22.1. There exists c > such that for all x\, x 2 € X 

(22.1.3) a e A(d) => inv(ax 2 ,xi) P = v a + H P (x 2 ) — Hp(xi) 
so long as d > c(l + d(x\) + d(x 2 )). 
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Proof. For each x £ X we choose, once and for all, elements m x £ M, u x £ U, 
fh x £ M, u x £ U such that 

(22.1.4) u x m x xa = x = u x m x x . 

The lemma is an easy consequence of the following two statements. These state- 
ments involve elements xi,x 2 £ X. To simplify notation we put fh\ :— m Xl , 
Ui := u Xl , m 2 := m X2 , u 2 := u X2 , so that 

(22.1.5) xi = uifhiXo 

(22.1.6) x 2 — u 2 m 2 x n . 

Statement 1. There exists c\ > such that for all xi,x 2 £ X 

a £ A(d) =>■ inv(aa; 2 , ^i)b = inv(am 2 2;o, mi^o) b 

so long as d > Ci(l + d(a;i) + d{x 2 )). 

Statement 2. There exists c 2 > such that for all x±,X2 £ -X" 

a € A(d) ==>■ mv(am 2 x ,fhix ) B = inv M (am 2 x 0l miio)B M 

so long as d > c 2 (l + d(xi) + d(x 2 )). Here inv M is the analog for the group M of 
inv for G. 

First we check that the lemma follows from these two statements. Indeed, 
take c to be the maximum of c\ and c 2 . Then, so long as a £ A(d) with d > 
c(l + d(xi) + d(x 2 )), we have mv(ax 2 ,xi)B = inv M (am 2 x a ,fhix Q ) BM . Therefore 
inv(ax 2 , £i)p is the image of inv M ((am 2 x , mix Q ) BM under X*{A) — > A M , namely 

^M(?«r lam 2) = -H M (fhi) + H M (a) + H M (m 2 ) 
= -Hp(xi) + is a + H P (x 2 ). 
Next we prove Statement 1. We begin by observing that 

(22.1.7) inv(ax 2 , x\) b = inv(am 2 xo, fhiXo) b 
so long as 

(22.1.8) au 2 a~ 1 fixes X\ 
and 

(22.1.9) a^ 1 uia fixes m 2 x . 

Indeed, the first condition ensures that inv(aa; 2 , x\) b = inv(am 2 x , x\)b, while the 
second ensures that inv(am 2 a;o: ^i)b = inv(am 2 x , fhix ) B - 

If o € A(d) with d > 0, then au 2 a _1 and a _1, Uia will be very close to the 
identity element, so (22.1.8) and (22.1.9) will hold. Lemma 19.4 allows us to make 
this rough statement precise. In that lemma appears a norm || • ||g on G(F). It is 
now convenient to take this norm to be of the special type discussed in 18.11, so 
that 

(22.1.10) \\g\\ G = cxpd(g) = expd(gx ). 

Since P is closed in G, the restriction of || • ||g to P(F) is a valid norm on P(F), 
and the same is true for M and U. Moreover, as a variety P is the product of M 
and U. Thus both ||tow||g and sup{||to||g, ||u||g} are valid norms on P(F), and 
therefore there exist positive constants D\, Ri such that 

(22.1.11) sup{||m|| G , ||u||g} < ^iII^IIg 1 
for all to £ M and u £ U. 
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By Lemma 19.4 there exist positive constants D 2 ,R 2 , 5*2 such that (22.1.8) 
holds so long as 

(22.1.12) wiftaia)]- 1 :«£%}> D 2 \\u 2 \\^ ||i2imi||| 2 . 

Using (22.1.11) and (22.1.12) together, we see that there exist positive constants 
D,R,S such that (22.1.8) holds so long as 

(22.1.13) inf{|a(a)| _1 : a e R v } > D\\u 2 m 2 \\G\\uim 1 \\% ! . 
The logarithm of the right-hand side of (22.1.13) is 

log D + Rd(x 2 ) + Sd{x{). 

Bearing in mind (22.1.1), we see that there exists c 3 > such that (22.1.8) 
holds for all a e A(d) so long as 

(22.1.14) d>c 3 (l + d( Xl ) + d(x 2 )). 

A rather similar argument shows that there exists c 4 > such that (22.1.9) holds 
for all a e A(d) so long as 

(22.1.15) d>c 4 (l + d(xi) + rf(x 2 )). 

It is now clear that Statement 1 holds for c\ = sup{c 3 ,c 4 }. 
Finally, we prove Statement 2. Put 

(22.1.16) A := mv(am 2 xo,fhiXQ)B € X*(A) 

(22.1.17) A M := mv M (am 2 x 0l toix )b m € X*(A). 

We need to prove that A = A M when a e A(d) with d sufficiently large. Note 
that A, Am lie in the same orbit of the Weyl group W, and that A is dominant 
for B. Thus, in order to ensure that Am = A, it is enough to ensure that Am is 
dominant for B. It is automatic that Am is dominant for Bm, so we just need to 
ensure that 

(22.1.18) (a,A M )>0 VaeAy. 

Recall that we have used our chosen Euclidean norm on a to get a metric d{x, y) 
on X. Of course this can be done for M as well as G, so that we also get a metric 
^m(^m, Dm) on Xm ■— M/M n K. The set Xu can be identified with a subset of 
X, and the metric on X extends the one on Xm- 

Using Lemma 21.2 for the group M, we see that Am lies in the closed ball 
of radius d(fhiXo,Xo) about inv M (am 2 x , x ) = inv M (m 2 x , a~ 1 x ), which in turn 
lies in the closed ball of radius d(m 2 Xo, Xq) about inv M (x , ar 1 xo) = v a . Recall that 
we are assuming that all roots have norm less than or equal to 1 in the Euclidean 
norm on a. Therefore for any a <E Ay we have 

(22.1.19) \(a,X M ) - (a, f a ) | < d(fh 1 x Q , x ) + d(m 2 x , x ). 

Using (22.1.11) (and its analog for P), we see that there exists c 2 > such that 

(22.1.20) \{a,X M )-{a,u a )\<c 2 (l + d{x 1 )+d{x 2 )). 
Thus (22.1.18) will hold so long as 

(22.1.21) {a,u a ) > c 2 (l + d( Xl ) + d{x 2 )) 

for all a e Ajj, proving that Statement 2 holds for the constant c 2 that we have 
constructed. □ 
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In the next lemma we use the usual partial order < on X*(A) determined by 
our choice of Borel subgroup B. Thus x < y if and only if y — x is a non-negative 
integral linear combination of simple coroots. 

Lemma 22.2. There exists Cb > having the following property. For any 
Xi,X2 € X and any fi G X*(A) satisfying 

(22.1.22) (a,n)>c B {l + d{x 1 ) + d{x 2 )) Va e A 
the following two statements hold. 

(1) The coweight /i — Hb{x2) + Hg(xi) is dominant for B. 

(2) For a € A such that v a is dominant for B the condition \mr(ax 2l x\)B < /•* 
is equivalent to the condition v a < [i — Hb{x 2 ) + H B (x\). 

Proof. We are going to show that we can take cb to be 1 + c, where c is 
the positive constant appearing in the statement of Lemma 22.1, but chosen large 
enough to work for all parabolic subgroups P containing B. Consider x\, x 2 , H 
satisfying the hypothesis (22.1.22). 

It follows from easily from Lemma 20.4 that the first conclusion of the lemma 
holds. It remains to verify the second conclusion, so now consider an element a e A 
such that v a is dominant for B. To simplify notation we put A := inv(ax2, x\)b 
and we abbreviate d(xi), d{x 2 ) to d\, d 2 respectively. 

The parabolic subgroups P containing B are in one-to-one correspondence with 
subsets of A (by making P = MU correspond to the subset Am)- Now take 
P = MU to be the unique parabolic subgroup containing B for which 

(22.1.23) A M = {a e A : (a, v a ) < c(l + d 1 + d 2 )}, 
with c as chosen above. By Lemma 22.1 we then have the equality 

(22.1.24) \ = v a + Hp{x 2 )-Hp{x 1 ) 

in A m (with A and v a being regarded as elements in Am via the canonical surjection 
X*(A) — > Am), or, equivalently, 

(22.1.25) A and v a + Hb(x 2 ) — H B have the same image in Aq 
and 

(22.1.26) {w a ,\) = {w (x ,v a + H B {x 2 )-H B {x 1 )) Va e A v . 

Here m a is the fundamental weight corresponding to a (see the discussion preceding 
Lemma 11.2). 

We are going to apply Lemma 11.2, and in order to do so we first need to verify 
two inequalities: 

(22.1.27) (a,A)<(a,^> Va e Am 

(22.1.28) {a,v a + H B (x 2 )-H B (x 1 ))<(a,n) Va e Am- 

In view of our hypothesis on u, it is enough to check that the left sides of both these 
inequalities are less than or equal to cb(1 + d\ + d 2 ). For the first inequality this 
follows from Corollary 21.3 and the definition of Am, and for the second inequality 
it follows from Lemma 20.4 and the definition of Am- 

Now using Lemma 11.2 together with (22.1.25), (22.1.26), (22.1.27), (22.1.28), 
we see that A < [i if and only if v a + Hb(x 2 ) — Hg{x-\) < /i, which finishes the 
proof of the lemma. □ 
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22.2. Key geometric result. In this section we no longer fix the Borcl sub- 
group B, as we need to consider all B £ B(A) at once. However, it will be convenient 
to pick one such Borel subgroup and call it B a . We use B to define dominance 
and the partial order < on cowcights. 

In Lemma 22.2 there appears a positive constant cb- We now put c := sup{cs : 
B £ B(A)} in order to get a constant that works for all B at once. This is the 
positive constant c appearing in our next result, the key geometric result needed 
for the local trace formula, which, in view of its importance, we give the status of 
a theorem. 

Theorem 22.3 (Arthur [Art91a]). Let x\,x 2 £ X and let fi be a dominant 
coweight satisfying the inequality 

(22.2.1) (a, /i) > c(l + d{ Xl ) + d{x 2 )) 

for every root a of A that is simple for Bq- Then (j,b~ Hb{x 2 )+H b (xi) is a special 
(G, A)-orthogonal set. Here [Ib denotes the unique element in the Weyl group orbit 
of a* that is dominant with respect to B. 

Moreover for any a £ A the inequality mv(ax 2 ,xi) < fi is satisfied if and only 
if the following two conditions hold: 

(1) v a lies in the convex hull H of the set {hb — Hb(x2)+Hb(xi) : B £ B(A)}. 

(2) In Ac there is an equality v a = fi — Hq{x 2 ) + Hq(x\). 

In the second condition we have written simply v a and /u, when we really mean their 
images under the canonical surjection X* (A) -» Ac- 

Proof. We begin by noting that [Ib is a positive orthogonal set (see 12.8). 
Moreover Hb(x 2 ) is a positive orthogonal set (see 12.1), and H B (x\) is a negative 
orthogonal set (see the end of 12.4). So [Ib — Hb(x 2 ) + H B (x\) is the difference of 
the positive orthogonal set a*b and the negative orthogonal set Hb(x 2 ) — Hb(xi) 
and in general is neither positive nor negative. However it will be special (hence 
positive) when /i is big enough. In fact our assumption on /i does guarantee that 
At is big enough, since from the first part of Lemma 22.2, we see that for each 
B £ B(A) the coweight fis — Hb{x 2 ) + Hg(xi) is dominant for B. 

Choose B £ B(A) such that v a is dominant for B. From Lemma 12.2 it follows 
that v a satisfies conditions (1) and (2) in the theorem if and only if 

(22.2.2) v a < fie - H B (x 2 ) + H B ( Xl ), 

B 

and by the second part of Lemma 22.2 this happens if and only if 

inv(ax 2 ,x 1 ) B < Ms, 

B 

or, equivalently, if and only if 

inv(ax 2 ,xi) Ba < A*Bo- 

Bo 

□ 

23. The weight factors um and vm 

We are almost ready to prove the local trace formula. Before we can do so we 
need to introduce some more weight factors and relate them to toric varieties. 
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23.1. Weight factor ua- Recall the definition of the weight factor ua occur- 
ring in our preliminary form of the local trace formula: u^igi, 92', A 4 ) is the measure 
of the set of a £ A such that 

(23.1.1) inv(ax2,xi) < fi, 

where x\ — gixo, X2 = <72#o- We use the Haar measure on A giving measure 1 
to A n K . From the key geometric result (Theorem 22.3) we see that when the 
dominant cowcight yu is big enough relative to g\,g2, the (G, A)-orthogonal set 

B H Mb - H B (g 2 ) + H s (g 1 ) 

is positive and the weight factor UA(gi,g2', m) is equal to the number of coweights 
v £ X*(A) satisfying the following two conditions: 

(1) v lies in the convex hull of the points [ip — Hb{92) + Hp(gi), 

(2) in Ac the elements v and /x — Hc{g2) + Ho(gi) are equal. 

It is well-known that such counting problems for lattice points in convex poly- 
hedra arise naturally in the theory of toric varieties. Fulton's book [Ful93] is an 
excellent reference for all that we will need about toric varieties. 

What torus do we need? We write A for the Langlands dual torus of A; it is 
a complex torus characterized by the property that X*(A) = X„(A) (and hence 
X*(A) = X*{A)). We let G D A be a Langlands dual group for G: the roots 
(respectively, coroots) of A in G are the coroots (respectively, roots) of A in G. 
We write Z(G) for the center of G; thus the adjoint group of G is G/Z(G) with 
maximal torus A/Z(G). 

The toric variety V — V G we need is a toric variety for the torus A/Z{G). 
To specify V we must say which fan we are using. We take the Weyl fan in 
X*(A/Z(G)) ®i K. This is the fan determined by the root hyperplanes in this 
vector space. Thus the cones of maximal dimension in our fan are the closures of 
the Weyl chambers in X*(A/Z(G)) ®% K, and there is one cone in the fan for each 
P € F(A), the set of parabolic subgroups P of G such that P D A. The toric 
variety V is projective, and since G/Z(G) is adjoint, it is also non-singular. 

The torus A/Z(G) acts on V and hence A also acts on V (through A 
A/Z{G)). The A-orbits in V are in one-to-one correspondence with cones in the 
Weyl fan, that is, with parabolic subgroups P <G T{A) ; we write Vp for the orbit of 
A indexed by P. Each orbit has a natural base point, and in fact 

V P = A/Z(M) 

where M is the Levi component of P (that is, the unique Levi component of P that 
contains A), and M is the corresponding Levi subgroup of G containing A (the one 
whose roots are the coroots of M). The closure Vp of Vp is 

U Vq 

Q-.QCP 

and is the toric variety V M associated to the Weyl fan for (M/Z(M),A/Z(M)). 

Let C be an A-equi variant line bundle on V . At each A- fixed point in V the 
torus A acts by a character on the line (in our line bundle) at that fixed point. 
There is one fixed point for each B £ B(A) (namely the single point in the orbit 
Vp = A/A), so for each B £ 13(A) we get a character x B £ X*(A), or, in other 
words, a cocharacter xp £ X*(A). 



496 



ROBERT E. KOTTWITZ 



Since Z(G) acts trivially on V, there is a single character of Z(G) by which 
Z(G) acts on every line in our line bundle; therefore all the elements xb € X*(A) 
have the same image in the quotient A G of X*(A). (Note that Aq can be identified 
with X* (Z(G)). But much more is true. For any P e F{A) the restriction of 
C to V p = V M is an equivariant line bundle on the toric variety V M for M; 
therefore, applying what has already been said to M rather than G, we see that 
the points xb for all B £ B(A) such that B C P have the same image in Am; thus 
(xb) is a (G, A)-orthogonal set in X*{A). In fact £ { x b) is an isomorphism 
from the group of isomorphism classes of A-equivariant line bundles on V to the 
group of (G, A)-orthogonal sets in X*(A). Restriction of equivariant line bundles 
from V to V p = V M corresponds to sending the orthogonal set (xb) bgB(A) to the 
(M, A)-orthogonal set {xb)b£B(A)-.b<zp> the operation on orthogonal sets discussed 
in 12.2. 

If the orthogonal set is positive, all the higher cohomology groups H l (V, C) 
(i > 0) vanish, and as an A- module H°(V,£) is multiplicity free and contains the 
character x € X*(A) = X*(A) if and only if the following two conditions hold: 

(1) x lies in the convex hull of {xb ■ B G B(A)}, 

(2) the image of x in Aq coincides with the common image of the points Xb- 
For any line bundle C on V we put 

EP(C) := ^(-l) l dimir(y,£). 

i 

For any gi, <? 2 € G and any dominant cowcight /j we let £( gii g 2:A1 ) be an equivariant 
line bundle on V such that the associated (G, j4)-orthogonal set in X* (A) is 

B i > j-iB — H B (g 2 ) + H s (gi), 

and we put 

(23.1.2) u A (g u g 2] fi) := EP(C (gug2 .^). 

It then follows from Theorem 22.3 that when /j, is big compared to g\, g 2 , the 
weight factors iiA(gi, g2', 1^) and UA^gi, g 2 ', ^) coincide. In our next version of the 
local trace formula (sec 24.3), the weight factor ua will be replaced by the more 
pleasant weight factor ua- Before we can carry this out, we need to introduce 
modified weight factors um for all Levi subgroups M containing A. 

23.2. Weight factor u M . We have treated the case M = A. The general 
case is similar, though slightly more complicated, as we will now see. The toric 
variety Ym — Ym we nee d is a non-singular projective toric variety for the torus 
Z(M)/Z(G). Note that the quotient Z(M)/Z(G) really is a torus, although in 
general Z(G) and Z(M) are only diagonalizable groups. Since Z(M)/Z(G) is the 
center of the Levi subgroup M/Z(G) in the adjoint group G/Z(G), we may as well 
temporarily simplify notation by assuming that G is adjoint (or, cquivalently, that 
G is semisimple and simply connected). 

Since we are now assuming that G is adjoint, the group Z(M) is a torus, and 
in fact is a subtorus of A, so that X*(Z(M)) is a subgroup of X*(A). Inside the 
real vector space X*(A)r obtained from X*(A) by tensoring over Z with R we have 
the Weyl fan, and the subspace X,(Z(M ))r of X*(A)r is a union of cones in the 
Weyl fan; thus, the collection of cones in the Weyl fan that happen to lie inside the 
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subspace X*(Z(M))r gives us a fan in X*(Z(M))r, hence a toric variety Ym = Ym 
for Z(M), which is obviously complete and easily seen to be non-singular (again 
because G is adjoint) and projective. 

The index set for the cones in this fan in X*(Z(M))ig L is !F(M), the set of 
parabolic subgroups Q of G such that Q D M. Thus the decomposition of Ym as 
a union of Z(M)-orbits is given by 

Y M = (J Z(M)/Z(L Q ), 
Qer(M) 

where Lq denotes the unique Levi component of Q that contains M . 

We need to understand how Ym is related to V . Since the fan used to pro- 
duce Ym can also be viewed as a fan in X,(^4)r whose support is the subspace 
X,(Z(M))r, it also produces a toric variety Um for A, sitting inside V as an A- 
stable open subvariety. The decomposition of Um as a union of A-orbits is 

U M = (J V q = |J A/Z{L q ). 

Qer(M) Qef(m) 

Moreover Ym sits inside V as a closed Z(M)-stable subspace, and the multiplication 
map A x Ym — * V has image Um and induces an isomorphism 

(23.2.1) A x Y M ^U M . 

Z(M) 

(The space on the left side of the identification is the quotient of A x Ym by the 
equivalence relation (az,y) ~ (a 7 zy).) 

Consider any Q = LU G -T 7 ^) (with £ chosen so that L D A, as usual). If 
Q ^ T{M), then Vq does not meet Y M - On the other hand, if Q e !F(M), so that 
LD M, then 

c«nF Q = |J 

{Q'£^(M):Q'CQ} 

and since {Q' € T(M) : Q' C Q} can be identified with T L {M), the set of parabolic 
subgroups of L containing M, we see that 

u M nv Q = A x y&. 

Z(M) 

From these considerations we obtain the following result. 

Lemma 23.1. Let M be a Levi subgroup of G containing A and let Q = LU 
be a parabolic subgroup of G whose Levi component L contains A. Recall that Vq 
can be identified with the toric variety V L . Lf Q ^ T(M), then Vq does not meet 
Ym- Otherwise L contains M, and the non-singular closed subvarieties Vq = V L 
and Ym of V intersect transversely, their intersection being the non-singular closed 
subvariety Y M in V L . 

We have now completed our discussion of Ym in the case G is adjoint, so we 
return to the case of a general split group G and Levi subgroup M £ C{A). We 
write Go for the simply connected cover of the derived group of G, and M for 
the Levi subgroup in Go obtained as the inverse image of M under Go — » G; thus 
G = G/Z(G), M = M/Z(G), and Z(M ) = Z(M)/Z(G). 



498 



ROBERT E. KOTTWITZ 



We have already denned the toric variety Y£° for Z(M Q ) = Z(M)/Z(G). Using 
the canonical surjection Z(M) -» Z(M ), we now view as a space on which 
Z(M) acts, and rename it Y^. Thus, as a space, Y^ depends only on Go, but 
Z(M) and its action on Y^ reflect G and M. 

23.3. Equivariant line bundles on Y M . The decomposition of Y M into 
Z(M)-orbits 

Y M = |J Z(M)/Z(L Q ), 
Qer(M) 

proved in the case G is adjoint, obviously remains valid in the general case, since 

Z(M)/Z(L Q ) = (Z(M)/Z(G))/(Z(L Q )/Z(G)). 

Thus the fixed points of Z(M) in Y M arc indexed by V{M). Given P = MU e 
P(M), the fixed point in Ym indexed by P is the unique point in the 1-clement 
set V p n Ym- The character group of the diagonalizable group Z(M) is Am, as 
we noted before. A Z(M)-equivariant line bundle M on Y M gives us a (G, M)- 
orthogonal set of points yp G Am, with yp defined as the character through which 
Z(M) acts on the line (in A4) at the fixed point indexed by P, and in this way 
we get an isomorphism from the group of isomorphism classes of Z(M)-equivariant 
line bundles on Ym to the group of (G, M)-orthogonal sets in Am- Note that all 
the points yp (with P ranging through V(M)) have the same image in Aq. 

23.4. Restriction of equivariant line bundles from V to Ym- Now sup- 
pose that C is an A-equivariant line bundle on V. From C we obtain a (G,A)- 
orthogonal set of points xp, € X*(A). The restriction C\y m °f £ to the subspace 
Ym is a Z(M)-equivariant line bundle on Ym, hence yields a (G, M)-orthogonal set 
of points yp in Am- Now yp is the character on which Z(M) acts on the line in L at 
the unique point in Vp<~)Ym, but since Z(M) acts trivially on V p — V M , it acts by 
a single character on the lines in C at all points in Up (as we have already discussed 
in 23.1), showing that yp is the common image xp of the points x B (B € S(-A) 
such that B C P) under X*(A) -» Am- In other words (yp) = (xp), where (xp) is 
the (G, M)-orthogonal set in Am obtained from the (G, ^4)-orthogonal set (xp) by 
the procedure in 12.5. 

23.5. Euler characteristics of Z(M)-equivariant line bundles on Ym- 

Let M. be a Z(M)-equivariant line bundle on Ym with associated (G, M)-orthogonal 
set (yp)pev(M) in A M - We put 

(23.5.1) EP(M) ~^2(-iy dim H l (Y M ,M). 

i 

More generally, for s £ Z(M) we put 

(23.5.2) EP(s,M) :=]T(-irtr( S ;ir(Ui/,.M)), 

i 

so that we recover EP(Ai) when s = 1. 

If the (G, M)-orthogonal set (yp) associated to is positive, the higher co- 
homology groups H 1 (Ym,M) (i > 0) vanish, and the representation of Z(M) on 
H°(Y M , M) is multiplicity free, with the character y e X*(Z(M)) = A M appearing 
in H (Y M , M ) if and only if 
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(1) The image y of y under Am — > Qm lies in the convex hull of the points yp 
obtained as images under Am — > Am of the points yp in our orthogonal 
set. 

(2) The image of y in Ac coincides with the common image in Aq of the 
points yp. 

Thus, when (yp) is positive, the number of points y e Am satisfying the two 
conditions above is equal to EP(Ai). 

However the weight factor um(5i, 92] A*) (for large /z) involves counting points 
in X*(Am) rather than Am, a circumstance which must be be taken into account. 
Recall the canonical injective homomorphism A* (Am) <— > Am, which we use to 
identify A* (Am) with a subgroup of finite index in Am- Wc write Zm for the 
Pontryagin dual group 

(23.5.3) Z M := Hom(A M / X*(A M ) , C x ) 

of Am /A* (Am)- It is easy to see that Zm can be identified with the subgroup of 
Z(M) = Hom(AjVf, C x ) obtained as the center of the derived group of M. 

When (yp) is positive, Fourier analysis on the finite abelian group Zm shows 
that the number of points y € X*(Am) satisfying conditions (1) and (2) above is 
equal to 

(23.5.4) \Zm\- 1 Yl EP(s,M). 

23.6. Definition of the weight factors um and Let 31,52 S G and let 
fj, be a dominant coweight. As in 23.1 we get an A-equivariant line bundle £(g llS2 ; M ) 
on V, which we restrict to the subspace Ym, obtaining £( Sl ,g 2;/ j) \y m ■ 

Define the weight factors Um and vm by 

(23.6.1) u M (gi,g2\n) ■■= \Zm\~ 1 EP(s,C( gug2 .^)\ YM ), 

sez M 

(23.6.2) d M ( gi ,g 2 ;n) := IZm^EP^^^.^Ym). 

23.7. Agreement of um and um when \i is big. In this subsection we will 
check that 

«m (51,52; /•*) = um (51,52; aO 
when fj, is big enough relative to 51,52- 

Indeed, let 51,52 € G, let £1,2:2 £ A be the transforms of the basepoint 
xo G A = G/AT under 51,52 respectively, and let /1 be a dominant coweight big 
enough that the conclusions of Theorem 22.3 hold for xi,x 2 ,H- Put 

xb ■= - H B (x 2 ) + H s (x 1 ), 

so that (xp) is a special (G, A)-orthogonal set in X*(A), and let (xp) pev{M) be the 
(G, M)-orthogonal set in Am obtained from (xp) as in 23.4 (and 12.5). From (8.4.5) 
and Theorem 22.3, we see that Wm(5i,52! A 4 ) is the number of points x € A* (Am) 
such that 

(1) The point x lies in the convex hull of the points {ig : B G B(A)}. 

(2) The image of x in A^ coincides with the common image in A^ of the 
points xb- 

On the other hand, we have designed our definitions so that Um(5i,52! A*) is equal 
to the number of points x e A + (Am) such that 
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(1') The image x of x under X*(Am) c — ► Am — > Om lies in the convex hull of 
the points ip obtained as images under Am — > Km of the points xp. 

(2') The image of a; in A G coincides with the common image in A G of the 
points xp. 

Clearly conditions (2) and (2') are equivalent. Moreover (1) and (1') are equiv- 
alent by Proposition 12.1. Therefore 

um{9\,92\ A«) = u M {g\,92; v), 

as desired. 

23.8. Qualitative behavior of EP(s,M). The group E := Yic z{M) (Y M ) of 

isomorphism classes of Z(M)-equivariant line bundles M on Y M is a finitely gener- 
ated abelian group, isomorphic to the group of (G, M)-orthogonal sets {yp)pev(M) 
in Am- There is an obvious embedding Am E, obtained by using y g Am = 
X*(Z(M)) to define a Z(Af)-equivariant line bundle on a point, and then pulling 
this back to Y M ; the corresponding orthogonal set is the one for which yp = y for 
all PeV(M). 

The quotient E/Am is isomorphic to Pic( Ym) — H 2 (Ym 7 %), known to be a 
free abelian group (whose rank is easy to compute [Ful93]). It is also known that 
there exists (an obviously unique) polynomial F of degree dim Ym = dim^M/A?) 
on the Q- vector space E/A M ® Z Q= H 2 (Y M , Q) such that 

(23.8.1) EP(M) = F(M). 

(In the right side of this equality we are using E -» E/A M to view F as a function 
on E.) 

Slightly more generally, now consider s g Z(G). Since Z(G) acts trivially 
on Ym, it acts on all lines in M by the same character, namely the character 
z g A G = X*(Z(G)) obtained as the common image in A G of the points yp. 
Therefore 

(23.8.2) EP(s, M) = (s, z)F(M) 

for the same polynomial F as before. 

However, we need to understand the qualitative nature of the function M. 
EP(s,Ai) for any s G Z(M). For this it is convenient to use the localization theo- 
rem for equivariant if-theory [Nie74, BFQ79] (sec also [Bri88]), which expresses 
EP(s, M) in terms of contributions from the various connected components of the 
fixed point set Y M of s on Ym- Each of these connected components is a non- 
singular projective toric variety for some quotient of Z(M), and this leads to the 
conclusion that EP(s,M.) can be expressed as a finite sum of the form 

(23.8.3) Y, (^yp)FsAM) 

Pev(M) 

where F Sy p is some polynomial function on (E/Am) ®zQ of degree no bigger than 
dim(AM / Ac) ■ Note (although it causes no trouble) that the polynomials F St p(A4) 
are not unique (unless s is generic in Z(M)), since the characters (yp) \— > (s,yp) 
on E (one for each P g V(M)) need not be distinct. 

Consequently (bearing in mind Lemma 20.4), we see that the weight factors 
mm, Vm both satisfy the same kind of estimate (see 20.5) as %, namely, there 



LOCAL TRACE FORMULA 



501 



exists a positive constant c such that 

(23.8.4) u M (gi,92;n) <c(l + log|| 5l || M \ G + log|| 52 || M \ G + ||/ i || s ) dim ( A «) 
(and the same for Vm)- 

24. Local trace formula 

24.1. The goal. In this section we will prove various versions of the local 
trace formula for our split group G. All versions will have the following shape. 
Recall that C = £(A) denotes the set of Levi subgroups M of G such that M D A. 
For each M <G C we will have a weight factor Wm{9i,92) on G x G, left invariant 
under Am x Am (and, in some cases, even under M x M) and right invariant under 
K x K. Given such a family w = (wm)mg£, we can define a distribution T w on 
x fl by 



f 1 (h- 1 Xh)f 2 (g- 1 Xg)w M (h,g) dhdgdX, 



— — lirr 



IA m \GJAm\G 

f\iH being two functions in C£°(g), so long as all these triple integrals make sense. 
Here the notation is the same as in our second form of the Weyl integration formula 
(see 7.11). 

For each of the weight factors we will consider, the integrals will make sense, 
and we will have a version of the local trace formula, namely the equality 

(24.1.2) T w (/ 1 ,/ 2 )=T w (/ 1 ,/ 2 ). 

24.2. Weight factors u M - We already know (see 8.4) that for any domi- 
nant coweight n the local trace formula holds for the weight factors Mm(s , i, 52, m)- 
However, it seems that these weight factors are too complicated to be of much use. 

24.3. Weight factors um- Again let fi be a dominant coweight. Let us now 
check that the local trace formula holds for the weight factors «m(si, gi\ m)- To 
this end we need to choose an auxiliary dominant regular coweight \i\ (so that 
(a, fi{) > for every simple root a). Replacing fi\ by N[i\ for some positive integer 
N, we may assume that 

(24.3.1) («,/ii) = l 

for all M £ C and all s <G Zm- 

Fix /i,/2 € C^°(g) and define complex valued functions <p(d), <p(d) on the set 
of non-negative integers d by the following rules: 

(24.3.2) tp(d) := T w (f 1 ,f 2 ) with w M (g, h) = u M (g, h;^ + dfii), 

(24.3.3) (p(d) := T w (fi,f 2 ) with w M (g, h) = u M (g, h;/j,+ dfxi). 

In view of the discussion in 23.8 our assumption (24.3.1) on n\ guarantees that 
<p is a polynomial function of d. 

We claim that (p{d)—ip(d) — > as d — > +oo. Obviously <p(d)—tp(d) — T Wd (fi,f 2 ) 
for the weight factors Wd defined by 

{w d ) M {g, h) := u M (g, h;{i + d^) - u M (g, h; fi + d/ix), 
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and for fixed g,hwe know that this difference is once d is sufficiently big. Therefore 
the integrands in the integrals defining T Wd approach pointwise, and to conclude 
that tp(d) — ip(d) — > 0, it is enough to justify the application of Lebesgue's dominated 
convergence theorem. 

For this we need an estimate for (wd)M that is independent of d, unlike the 
estimates we already have for the two terms we took the difference of to get w d , 
which of course do depend on d. 

However, our first step is to use the estimates we already have (see Lemma 20.7 
and the inequality (23.8.4)) for % and um to conclude that there exists a positive 
constant c such that 

(24.3.4) \(w d ) M (g, h)\ < c(l + log \\g\\ M \ G + log \\h\\ M \ G + d) dim ^\ 

Noting that for any simple root a there is an inequality (a, /i + dfXi) > d, we see 
from Theorem 22.3 and the discussion in 23.7 that there exists a positive constant 
d such that (wd)M(g, h) = unless 

d < c'(l + d(g) + d(h)) 

(with d(g) := d(gx ,x ) = log||#|| G ). Since (w d ) M (g,h) is left (A M x A M )~ 
invariant, it follows that (wd)(g,h) = unless 

d < c'(l + d AM \ G (g) + d AM \ G (h)), 

where 

dA M \G(g) : = hif{d(a M g) : a M G A M }, 
Also, since log ||g||M\G — inf{d(mg) : m G M}, we trivially have 

log||g|| M \G < d AM \ G (g). 
We conclude that for all d > there is an inequality 

\(w d ) M (g,h)\ < c(l + d AA , AG ( 3 )+d AM \ G (/i)+c'(l + d AA , AG (.g) + d AM \ G (/i))) dlmAM , 
which can be simplified to an inequality of the form 

\(w d ) M (g,h)\ < c"(l + d AM \ G (g) +d AM \ G (h)) d " nAM . 

Consider the right side of this estimate as a family of weight factors w est . The 
integrals appearing in T Wast (/i, $2) are all convergent by Proposition 20.1. Therefore 
we have justified the application of Lebesgue's dominated convergence theorem. 

We can summarize what we have done so far as follows: (p{d) is a polynomial 
function of d such that (p(d) — <f(d) — > as d — > +00. We used /i,/2 to define 
ip, tp; we now indicate this dependence by writing ^Pf 1 .f 2 and (f>f 1 j 2 - The local 
trace formula for the weight factors u M tells us that <ff 1 j 2 — f 2 - Therefore 
<fif 1 ,f 2 {d) — ifi^ f 2 (d) is a polynomial function of d that approaches as d — > +00, 
which obviously implies that it is identically 0, or, in other words, that 

VfuhW = f'hjM) 

for all d > 0; taking d — we conclude that the local trace formula holds for the 
weight factors um(<?1j <?2! A*), as desired. 
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24.4. Weight factors vm- Recall that um was defined by the equality 

(24.4.1) u M ( gi ,g 2 ;n) ~ \Zm\~ 1 £ EP(s, C^^yJ. 

sez M 

It follows from (23.8.3) that the function 

(24.4.2) H"EP{8,C^ ilh ri\Y M ) 
on the monoid of dominant coweights /x has the form 

(24.4.3) ^W«),^ 

wew 

for some collection of polynomial functions F w of jj,. (As usual W denotes the Weyl 
group of A.) Applying linear independence of characters on the monoid of dominant 
coweights, we conclude that the local trace formula holds for the weight factors 
Vm{9i,92\ (since these were obtained from the weight factors um by extracting 
the contribution of the trivial character on the monoid of dominant coweights). 

24.5. Weight factors vjf. So far all of our weight factors have been numbers. 
We now consider weight factors vju (closely related to vm) taking values in K(V)c, 
the complcxification of the Grothcndicck group K(V) of vector bundles (in the sense 
of algebraic geometry) on our toric variety V = V G . The Grothendieck groups 
K(Ym) will also play an auxiliary role. Since V, Ym are non-singular projective 
varieties, we may also view these if -groups as Grothendieck groups of coherent 
sheaves. 

Consider the closed immersion ijf : Ym ^ V. Thinking of our if -groups in 
terms of vector bundles, we have a restriction (pull-back) map 

(24.5.1) i* M : K{V) - K(Y M ), 

and thinking of our if-groups in terms of coherent sheaves, we have a push-forward 
map 

(24.5.2) (i M )* : K(Y M ) - K{V). 

We now define our if -theoretic weight factor vju as follows: 

(24.5.3) v M (<7i,S2) := \Z M \~ l {iM)*i M [^{ 9l , g2 )] € K{V) C , 

where [£( SllS2 )] denotes the class in if-theory of the line bundle £( ffl , 92 ) on V 
obtained by taking -C( Sli92;([t ) for /i = 0. 

Pushing forward from V to a point, we get a homomorphism 

(24.5.4) EP : K{V) -> Z, 
whose value on the class of a coherent sheaf T is 

J2(-l) l dimH\V,T). 

i 

Our definition of vm was designed so that 

(24.5.5) £P(v M (ji,ft)) = v M {gi,92\0)- 

Since the local trace formula holds for the weight factors vm{9i, 92',0), it is 
reasonable to hope that it will also hold for the weight factors vm (31,32) (as an 
equality between two elements in K(V)c), and we will now check that this really 
is the case. 
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For this we need to check that for all linear functional A : K(V)c — > C, the 
local trace formula holds for the weight factors defined by 



So far we know only that this is true for A = EP. 

Of course we only need to consider a collection of linear functional A that 
spans the vector space dual to K(V)c- We now define such a collection of linear 
functional Ap, one for each parabolic subgroup P = LU € F(A) (with L being 
the unique Levi component of P that contains A). Recall that inside V we have 
the non-singular closed subvariety Vp — V L , the toric variety associated to L. We 
define Ap (as the complex linear extension of) 



where the first map is pull-back (restriction) from V to Vp and the second is 
push- forward from Vp = V L to a point. 
It follows from Lemma 23.1 that 



where is the weight factor for the Levi subgroup M of L, and where we have 
used the Iwasawa decomposition to decompose <?, (i = 1,2) as gt = kuiki for k e L, 

Ui e U, h e K. 

Using Lemma 13.3 and applying the local trace formula for L (with weight 
factors £jvV(5i> #2; 0)) to the functions f[ P ^ and on Lie(L), we sec that the 
local trace formula holds for the weight factors VjJ and hence for the if-theoretic 
weight factors v M . Actually, for this we should check that the various measures we 
are using in our integrals on L (and in the definition of / i— > /( p )) are compatible 
with the ones we are using in our integrals on G, but we are going to omit this 
point. 

24.6. Weight factors vm and vm- Finally we come to the weight factors 
v M we really want, those defined using volumes of convex hulls. These are related 
to our if -theoretic weight factors in the following way. The Chern character ch 
induces an isomorphism (of C-algebras) 



We write Vm(<?i><72) € H'(V,C) for the image of the weight factor Vm(9i,92) € 
K(V)c under the Chern character isomorphism ch. Since the local trace formula 
holds for the weight factors %, it also holds for the weight factors Vm- 

Consider the linear functional A on H'(V,C) projecting H'(V, C) onto its sum- 
mand H 2r (V,C) = C of top degree (with r = dimV = 6im{A/ Aq)). Define yet 
another weight factor by 



v M (9i,92) ■= (A,v M ( 5l , 52 ))- 



K(V) -> K(V P ) -» Z, 



(24.5.6) 




ch:K(V) c ~H'(V,C). 



(24.6.1) 



v M {9i,9i) ■= (A,v M (.gi, 52 ))- 



Obviously the local trace formula holds for the weight factors %. Our next 
goal is to express vm in terms of volumes of convex hulls. We cannot do this without 
a better understanding of (24.6.1) when M ^ A, so we will rewrite (24.6.1) in terms 
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of the cohomology ring H'(Ym,C) of Ym- Consider the diagram 



K(Y M ) C H'(Y M ,C) 



(24.6.2) {iM) , 



(im). 



K(V) C — ^ H'(V,C) 

in which the horizontal arrows are Chcrn character isomorphisms and the right 
vertical map is the usual Gysin push-forward map on cohomology, coming from the 
natural map (zm)* : H,(Ym,C) — > H,(V,C) on homology after we use Poincare 
duality to identify the cohomology of V with its homology, and the same for Ym- 
We claim that the diagram (24.6.2) is commutative. For this we need to consider 
the Riemann-Roch theorem for the morphism %m '■ Ym ^ V. Let N denote the 
normal bundle to Ym in V. To show that (24.6.2) commutes it is enough to show 
that the Todd class td(N) is 1 (see the proof of [Ful98, Theorem 15.2]). In fact 
more is true: the normal bundle itself is trivial, as one sees from (23.2.1), which 
shows that the open neighborhood Um of Y M in V is isomorphic to the product 
S x Ym for any subtorus S of A/Z(G) complementary to the subtorus Z(M) /Z(G). 

Consider the linear functional Am on H'(Ym,C) projecting H'(Ym,C) onto 
its summand H 2s (Ym,C) = C of top degree (with s = dim Ym = dim(AM /Ac))- 
Then, as a consequence of the commutativity of the diagram (24.6.2), we have the 
equality 

(24.6.3) v M (9i,g2) = \Zm\~ 1 (Xm , ch M [M( gi . g2 )}} , 

where ■M( gi , g2 ) is the restriction of £( Sl , g2 ) to Ym, so that the corresponding (G, M)- 
orthogonal set in Am is Hp(gi) — i?p(g 2 )- 

24.7. Volumes of positive orthogonal sets. We need to specify the mea- 
sures with respect to which we take our volumes. Consider a positive (G, M)- 
orthogonal set of points {yp)p^v(M) m Am- The points yp all have the same 
image in Aq- Pick y € Am having the same image in Aq as all the points yp. 
Then the translated points yp - y all lie in the subgroup A M := X*(Z(M)/Z(G)) 
of X* (Z(M)) = Am- Since A M is a free abelian group, there is a canonical trans- 
lation invariant measure on A° M ®% K, namely the one that gives measure 1 to any 
fundamental domain for A° M . By definition, we take the volume of the convex hull 
of the points yp to be the volume in A M ®i R (for the measure we just defined) of 
the translated points yp — y. (Clearly this is independent of the choice of y.) 

24.8. Computation of (Am, c/im[-M]) for certain line bundles A4. Let 

M. be a Z(M)-equivariant line bundle on Ym with associated (G, M)-orthogonal 
set (j/p)pg-p(M) m Am- It is known (see [Ful93]) that when the orthogonal set yp 
is positive, (Am, cHmI-M]) is equal to the volume of the convex hull of the points 

yp- 

The map PIc(Ym) — * K(Ym)c chh " ) H'(Ym, C) C is a homogeneous poly- 
nomial function of degree dim Ym — dim(j4M/^G)- Therefore, if yp is a negative 
orthogonal set (in the sense that — yp is a positive orthogonal set), (Am, cHm[-M]) 
is equal to (-lj^l^Mc) times the volume of the convex hull of the points yp. 
(There is no need to replace the points by their negatives since this does not affect 
the volume.) 
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24.9. Computation of vm in terms of volumes of convex hulls. Since 
Hp{gi) ~ Hp (92) is a negative orthogonal set, we conclude that 

v M {9u92) = (-I^^/^IZmI- 1 vol(Hull{ffp( Sl ) - H P (g 2 ) : P e V{M)}). 

Thus, for these weight factors vm we have the final version of the local trace 
formula: 

Theorem 24.1 (Waldspurger [Wal95]). Let f u f 2 e C~(fl). Then T(f u f 2 ) = 
T{fi,h), where 



f 1 (h- 1 Xh)f 2 (g- 1 Xg)v M (h,g)dhdgdX. 



(24.9.1) Me£ TeTM T 



A M \G JA M \G 

24.10. Splitting. Recall that M( gi . g2 ) is the Z(M)-equivariant line bundle 
on Ym associated to the negative (G, M)-orthogonal set P ^ Hp(gi) — Hp(g 2 ). 
Thus it is natural to introduce (for g € G) the Z(M)-cquivariant line bundles 
M' g and M g associated to the negative (G, M)-orthogonal sets B Hp(g) and 
P 1 ► —Hp(g) respectively, as well as the elements 

(24.10.1) v M (g) ■= ch M [M g ] € H*{Y M ,C), 

(24.10.2) v' M (g) := ch M [M' g ] G iT(y M ,C). 
These definitions are set up so that 

(24.10.3) v M (ji,j2) = l-ZMr^iM)*^^) ' V M (ff2)), 

the product on the right being taken in the cohomology ring H'(Ym, C). 

Now let T G Tm and let X <G t reg . Then for / e G^°(g) we can define normalized 
weighted orbital integrals Jx{f) — Jxif) an d ^x(f) = (<?')x(f) taking values in 
H'(Y M ,C) by putting 

(24.10.4) J x (/) := \D(X)\^ 2 f f(g- 1 Xg) VM (g)dg, 

Ja m \g 

(24.10.5) J' x {f) := |I>(X)| 1/2 f f{g- 1 Xg)y' M {g)dg. 

Ja m \g 

These definitions are set up so that the expression 

Jx(fuh) ■= \D(X)\ f f fi(g^ 1 Xg 1 )f 2 (g 2 1 Xg 2 )v M (g 1 ,g 2 )dg 1 dg 2 
Ja m \g Ja m \g 

occurring in Theorem 24.1 is given by 

(24.10.6) Jx{.h,h) = \Z m \-\\m, J' x {h) ■ Jx{h)), 

the product J x (fi) ■ Jx{h) being taken in H'(Y M ,C)- 

By parabolic descent (see Lemma 13.3) for any parabolic subgroup P = LU G 
T(M) (with L D M), the image of J x (f) € H*(Y M , C) under the map 

ff*(F M ,c)^ J ff*(y^,q 

induced by = V P n F M ^ *m is equal to j|(/ (p) ) G H'(Y^,C), and the 
analogous statement holds for J^. 
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Now assume that / is a cusp form (see 13.2), so that f p = (and hence = 
0) for all P ^ G. Then, since the fundamental classes of V P C\Y M (P E F{M), 
P ^ G) in the homology groups H,(Ym,C) span (see [Ful93]) the subspace 

2dimY M -l 

E H t {Y M ,C) 

i=0 

of H,(Ym,C), we see that for such / the weighted orbital integrals Jx{f), J'x(f) 
lie in the top degree subspace H 2 dim< - Y ^ (Y M , C) = C of H*(Y M ,C). 

Therefore for any fi E C^°(g) and any cusp form f 2 E C^°(g) the product 
J'xUi)Jx{f2) is equal to J x {h) tim es the projection of J' x {h) on H°(Y M , C) = 
C. Since the projection of v' M (#i) on H°(Y M ,C) is obviously 1 e C = H°(Y M ,C), 
we conclude that 

(24.10.7) J' x {h)Jx{h) = Ix{h)Jx{f2), 
where Ix(f) is the normalized orbital integral 

Ix(f) := \D{X)\ 1 ' 2 [ f{g- l Xg)dg. 
Ja m \g 

From (24.10.6) and (24.10.7) we conclude that when / 2 (and hence f-i) is a cusp 
form, the local trace formula (see Theorem 24.1) reduces to the statement that 

(24.10.8) T cusp (/i, h) = T cusp (A, / 2 ), 
with T cusp defined by 



(24.10.9) 



where 



Mec 1 K ^ 1 Ter M t 

/ |£»(X)|O x (/ 1 )WO x (/ 2 )^, 



(24.10.10) O x (f)= [ f(g- 1 Xg)dg, 

Ja m \g 

(24.10.11) WO x (f)= [ f(g- 1 Xg)v M (g)dg, 

Ja m \g 

vm{q) being (as in earlier sections of this article) the volume of the convex hull of 
{H P (g) : P G P(M)}. 



25. An important application of the local trace formula 

Following Waldspurgcr [Wal95] , we are going to use the local trace formula on 
the Lie algebra to strengthen a result of Harish-Chandra [HC78] that is the first 
key step in his proof that the distribution characters of irreducible representations 
of G are represented by locally integrable functions. 
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25.1. Definition of support of a distribution. Let's recall the notion of 
support of a distribution on an l.c.t.d space X. For this we need to remember that 
for open subsets U Cl'ofl there is a restriction map 

V{V) -» V(U) 

on distributions that is dual to the inclusion 

C?{U)^C?{V). 

With these restriction maps U i— > T>(U) is a sheaf of vector spaces on X. In 
particular, given a distribution D on X, there is a biggest open subset U of X such 
that the restriction of D to U is zero. The complement Y of U is called the support 
of D. Thus Y is the smallest closed subset of X for which D is in the image of the 
embedding V(Y)<->V(X). 

25.2. Definition of the invariant distribution 1^ on g. Let 4> € C^°(fl) 
be a cusp form. For any / £ (g) put 

(25.2.1) W):=T cusp (f,<t>), 

with T cusp as in (24.10.9) above. Thus 1$ is a well-defined distribution on q. It is 
clear from the definition that 1$ is invariant and supported on the closure of the set 
of G-conjugates of elements in the compact set Supp(0). In particular the support 
of Iff, is bounded modulo conjugation (see 15.2 for this notion). 

Recall that the Fourier transform T of a distribution T on q is defined so 
that T(f) = T(f) for all test functions / £ C£°(g). Since the Fourier transform 
commutes with adjoint G-action, it takes invariant distributions to invariant distri- 
butions. 

The next result makes use of the notion of nice conjugation invariant function 
on g (discussed in 13.8). 

Theorem 25.1. Let 4> be a cusp form on q. Then <j> is also a cusp form, and 
there is an equality 

(25.2.2) U = I}. 

Moreover the distribution 1^ is represented by the nice conjugation invariant func- 
tion Fj, on q which is off Q rs and whose value at any X e t rcg for any M £ C and 
T £ Tm is given by 

(25.2.3) F^X) = {-if^^'^ZM^WOx {</>). 

PROOF. We observed long ago that the Fourier transform of a cusp form is 
a cusp form (see 13.2). The equality (25.2.2) follows from (24.10.8). The second 
statement of the theorem follows from (24.10.9), the Weyl integration formula, and 
the local constancy of WOx{<P) as a function of X £ t rcg (see Theorem 17.11). □ 

25.3. Remarks. This theorem can be regarded as a Lie algebra analog of 
a result of Arthur [Art 8 7] which says that (up to a sign) the weighted orbital 
integrals of a matrix coefficient of a supercuspidal representation give the character 
values of that representation. In particular a cusp form <j> on g should be regarded 
as being analogous to a matrix coefficient for a supercuspidal representation of G. 
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25.4. The special case in which <p <= C£°(fle)- As before (see 10.4), we 
write g e for the open subset of g consisting of elements whose centralizers are 
elliptic maximal tori in G. Let <j> £ C^°(g e ). Clearly is a cusp form on g, so we 
can consider the invariant distribution 1^ of 25.2. As an immediate consequence of 
Theorem 25.1 we obtain the following result of Harish-Chandra and Waldspurger. 

Theorem 25.2 ([HC78, Wal95]). The invariant distribution I ^ is represented 
by a nice conjugation invariant function whose value at any let for any M £ C, 
T £ 7m is given by 

(25.4.1) (-I^^-'/^IZmI^TTOxW. 

Harish-Chandra proved that 1$ is represented by a nice conjugation invariant 
function and proved the formula above for its value at elliptic elements X £ g, for 
which the weighted orbital integral reduces to an ordinary orbital integral. The 
formula (25.4.1) in the case of non-elliptic elements is due to Waldspurger. 

We should note that because <j) is supported on the elliptic set g e , we get from 
(24.10.9) the following simple formula 

(25.4.2) W) = Mfcl -1 £ ^ ' / \D(X)\O x (cj>)O x (f)dX, 

which can also be rewritten (using the Wcyl integration formula) as 

(25.4.3) I 4 ,(f) = \Z G \- 1 [ f ' 4>{X)f{g- 1 Xg)dXdg. 

Ja g \gJb 

26. Niceness of Ox for X £ g ls . 

26.1. Goal. We sec from (25.4.2) that the distribution 1$ is an integral of 
distributions of the form Ox for X £ g e . By varying <j> we get many such integrals, 
and for each one we know that its Fourier transform is represented by a nice 
conjugation invariant function. This suggests that for any X £ g e the Fourier 
transform Ox of Ox is represented by a nice conjugation invariant function on g. 
In fact this is true, and is the main step in the proof of the following more general 
result of Harish-Chandra (which in turn is a special case of the yet more general 
result Theorem 27.8, again due to Harish-Chandra): 

Theorem 26.1 ([HC78, HC99]). For every X £ g rs the Fourier transform 
Ox of the orbital integral Ox is represented by a nice conjugation invariant function 
on g. 

For the time being we remark only that it suffices to prove the theorem in case 
X is elliptic. The general case will then follow from Lemma 13.2, Lemma 13.4, and 
equation (13.12.1). In 26.5 we will use Theorem 25.2 to treat the elliptic case. This 
will require Howe's finiteness theorem, to be discussed next. 

26.2. Howe's finiteness theorem. Before stating Howe's finiteness theorem 
for g, we need a few preliminary remarks. 

Let V be a subset of g that is conjugation invariant and bounded modulo 
conjugation (see 15.2 for this notion). We denote by J(V) the space of invariant 
distributions on g whose support is contained in V. 
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Now let L be a lattice in g. Inside C^°(g) we have the subspace C c (g/L) con- 
sisting of functions that are compactly supported and translation invariant under L. 
There is of course a restriction map 

(26.2.1) V(g) -> C c (g/L)* 

where C c (q/L)* denotes the vector space dual to C c (q/L). 

Now we can state Howe's finiteness theorem, proved by Howe [How73] for GL n 
and by Harish-Chandra in the general case [HC78]. (There is an analogous result 
for G, known as Howe's conjecture, which was proved by Clozel [Clo89].) 

Theorem 26.2. For any lattice Ling and any subset V of g that is conjugation 
invariant and bounded modulo conjugation, the image of J(V) under the restriction 
map (26.2.1) is finite dimensional. 

We will use this theorem without proving it. For additional insight into why 
Howe's finiteness theorem is useful, see DeBacker's article in this volume. 

We also need to understand what the theorem says in the Fourier transformed 
picture. The Fourier transform gives an isomorphism 

cr(fl) ^ c™( ), 

and this isomorphism restricts to an isomorphism 

C c (g/L) ™+ Cr(i x ), 

where L 1 - is the lattice in q that is Pontryagin dual to L. (When we view elements 
of g as characters on g, the lattice L 1 - consists of all those characters that are trivial 
on L.) Since any lattice arises as the Pontryagin dual of some other lattice, Howe's 
theorem can be reformulated as follows. 

Theorem 26.3. For any lattice L in g and any subset V of g that is conjugation 
invariant and bounded modulo conjugation, the image of J(V) under the composed 
map 

(26.2.2) V(g) ^ V(g) ^ V(L) 

is finite dimensional. The first map is the Fourier transform on distributions, and 
the second map is given by restriction of distributions from g to its open subset L. 

26.3. Topology on V* . When using Howe's finiteness theorem, it is useful 
to topologize T>(g). The topology we use is of the following type. 

Let V be any complex vector space (not assumed to be finite dimensional as 
the example we have in mind is C^°(g)). For any subspace U of V we let U 1 - denote 
the subspace of V* consisting of all linear forms that vanish on U. Similarly, for 
any subspace W of V* we let W 1 - denote the subspace of V consisting of all vectors 
v that vanish on W. 

We write V as the direct limit of its finite dimensional subspaces U. The dual 
space V* is then the projective limit of the dual spaces U* = V* /U^. We give 
each dual space U* the discrete topology and then use the projective limit topology 
on V* . In the topological vector space V * the subgroups U 1 - are open and form a 
neighborhood base at 0. Thus two linear forms are close to each other if they agree 
on a large finite dimensional subspace of V. This topology is obviously Hausdorff. 
When V is finite dimensional, V* has the discrete topology. 

Taking V = C^°(g), we get the desired topology on V(g) = V* . 
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Lemma 26.4. The topology above has the following properties. 

(1) For any linear map f : V\ — > V<i the dual map f* : V 2 * —> V{ is continu- 
ous, and its kernel and image are closed. If f is surjective, then f* is a 
homeomorphism of V 2 * onto a closed subspace of V* . 

(2) Let W be any subspace of V* ■ Then the closure ofW is W . 

(3) Any finite dimensional subspace W of V* is closed, and the topology it 
inherits from V* is discrete. 

PROOF. We leave the first two items as exercises for the reader. To prove the 
last item, first note that the natural map V — > W* is surjective, then apply the 
second statement of the first item to this surjection. □ 

Combining the last statement of the lemma above with the Fourier transformed 
version of Howe's theorem (Theorem 26.3), we get the following useful result. 

Proposition 26.1. Let V be a conjugation invariant subset of q that is bounded 
modulo conjugation, and let U\ C U2 be subspaces of J(V) such that U2 is contained 
in the closure of U\. Let L be any lattice in q. Then U\ and [/ 2 have the same 
image under the composed map 

(26.3.1) V( B )^V( B )^V(L). 

26.4. Elliptic regular orbital integrals as limits of distributions 1^. 

The next result illustrates how the topology on T>(q) works. It will be needed to 
complete the proof of Theorem 26.1. 

Lemma 26.5. Let T be an elliptic maximal torus in G, let X e t rog , and let ujt 
be a compact open neighborhood of X in t rcg . Then Ox lies in the closure of the 
linear subspace 

{I^.<j>eC™(Ad(G)(uj T ))} 

ofD(g). 

Proof. We may shrink u>t as needed. Recall the map 

(26.4.1) (T\G) X t rog — » flrs 

(sending (g, Y) to g~ x Yg) that we used when proving the Wcyl integration formula. 
Its differential is an isomorphism at all points. Shrinking wr, we can find a compact 
open neighborhood ujt\g of 1 € T\G and a compact open neighborhood ujq of X 
in g rs such that the map (26.4.1) restricts to an isomorphism (of p-adic manifolds) 

(26.4.2) <^T\G x W T — * W G- 

For e C c °°(Ad(G)(wT)) and any / e C c °°(fl), we see from (25.4.2) that 

(26.4.3) V/)HZ G |- 1 /' \D(Y)\0 Y (f)0 Y (<f>)dY. 

Suppose that / e C^°(fl) is such that I^f) = for all e Cf (Ad(G)(w T ))- 
In order to prove the lemma, we need to check that Ox(f) = 0. In fact we will 
check that Oy(f) = for all Y G lot- Indeed, since the integral in (26.4.3) vanishes 
for all <p <= ' (X<\(G){ut)) , it is enough to convince ourselves that every locally 
constant function ip on wj- arises asfn Oy{<p) for some e C£° (Ad(G)(o>r))- 
But this is clear: pull cp back to Wt\g x w t using the second projection, view this 
pullback as a function on ui G using the isomorphism (26.4.2), and then divide by 



512 



ROBERT E. KOTTWITZ 



meas(o; T \ G ) to get a function <fi e C"(wg) that does the job. (Note that ujq is an 
open subset of Ad(G)(u>T)-) O 

26.5. Proof of Theorem 26.1. As we already remarked, it suffices to prove 
that Ox is represented by a nice conjugation invariant function in the case when X 
lies in t reg for some elliptic maximal torus T. Let lut be a compact open neighbor- 
hood of X in t reg . Put w := A<1(G)(u)t), a subset which is clearly bounded modulo 
conjugation. 

By Lemma 26.5 Ox lies in the closure of the space of distributions 1$ with 
4> € C£°(cu). Moreover the distributions Ox and 1$ all lie in J(u>). Applying 
Proposition 26.1 to J(u), we see that there exists (f> <G C^°(lj) such that Ox and 1$ 
have the same restriction to L. From Theorem 25.2 we know that the restriction of 
I $ to L is represented by an integrable function that is locally constant on L n g ls . 
Therefore the same is true of Ox- This proves the theorem since the collection of 
all lattices covers g. 

27. Deeper results on Shalika germs; Lie algebra analog of the local 

character expansion 

Harish-Chandra's Theorem 26.1, together with Howe's fmitencss theorem, will 
allow us to prove quite a number of deep results in harmonic analysis on g. 

27.1. Density of orbital integrals. Our next main goal is to prove the linear 
independence of Shalika germs. This is closely related, as we will sec, to the density 
of regular semisimple orbital integrals. The first step is the density of all orbital 
integrals. What do we mean by this? Recall that we have topologized the space 
of distributions on g. We consider the subspace T>(g) G of invariant distributions 
with its inherited topology. Inside of T>(g) G we have the linear subspace 2?(g) rb 
spanned by all orbital integrals Ox (X Eg). Now we can state the density result, 
but one should bear in mind that it is only of temporary interest, since we will soon 
prove a stronger (and more difficult) statement. 

PROPOSITION 27.1 ([HC78]). The subspace T>(g) OTh is dense in V(g) G . 

Proof. As we saw when we discussed (in 26.3) the topology on duals of vector 
spaces, the statement we need to prove can be reformulated as follows. Let / G 
C^°(g). If Ox(f) = for all leg, then /(/) = for every invariant distribution 
Jong. In terms of coinvariants C^°(g)G, this can in turn be reformulated as the 
statement that if Ox(f) = for all leg, then the image of / in C^°(g)G is 0. 

So we need a better understanding of C^°(g)G- For this we will again use the 
map ttq ■ g — > Ag(F). For x e &g(F) we denote by g x the fiber 7Tq 1 (x) over x. 
The conjugation action of G preserves g x , so we can also consider the coinvariants 
C^°(g x )G- Restriction of functions to the fiber induces a surjective map 

(27.1.1) C c °°(fl) G - C?(g x ) G , 
and these can be assembled to give a map 

(27.1.2) Cr(g) G ^l[C?(g x ) G , 

X 

where x runs over all points x £ Aq(F). It follows from Lemma 27.1 below that 
the map (27.1.2) is injective. 
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When x is the origin in the affine space, the fiber g x is the nilpotent cone in 
q, and we already have a good understanding of C^°(q x )g- its dimension is the 
number of nilpotent orbits, and the integrals over the nilpotent orbits provide a 
basis for the dual of C%°(q x )g 

The situation for arbitrary x is quite similar. The fiber q x is a finite union of G- 
orbits, and the integrals over these orbits provide a basis for the dual of C^°(q x )g- 
This is proved the same way as for the nilpotent cone, so we will not discuss it any 
further. 

Now return to our function /. Since all orbital integrals of / vanish by hypoth- 
esis, the image of / under (27.1.2) is 0. Since (27.1.2) is injective, / is in C^°(q)g, 
and we are done. □ 

The next lemma is similar to the material in section 2.36 of [BZ76]. 

Lemma 27.1. Let X and Y be l.c.t.d spaces, and let f : X —* Y be a continuous 
map. For y e Y we denote by X y the fiber f~ 1 (y). Suppose that an abstract group 
G acts on X, preserving the fibers of f. Restriction of functions from X to X y 
induces a map 

(27.1.3) C™(X) G C?(X y ) G , 
and these can be assembled to give a map 

(27.1.4) C?(X) G -+ [] C?(Xv)c 

yeY 

The map (27.1.4) is injective. 

Moreover, for any open neighborhood UofyeY there is a surjective restriction 

map 

cru-^G - c™{x v ) G , 

and these fit together to give an isomorphism 

(27.1.5) lunCr(f- 1 U)G = C^(X v ) Gl 

u 

where the colimit is taken over the set of open neighborhoods U of y. 

PROOF. Replacing Y by its 1-point compactification (which is again a l.c.t.d 
space), we may assume without loss of generality that Y is compact. 

Suppose that we have a decomposition of Y as a disjoint union of open (hence 
closed) subsets Yi (i £ I). Then 

C?{X) = ($C?{Y l ) 
iei 

and therefore 

(27.1.6) C?{X) G = @C?{Y$ G . 

iei 

For any open neighborhood U of y e Y there is a surjective restriction map 

C^if-'U) - C?{Xy), 

and these fit together to give an isomorphism 

(27.1.7) limCnr 1 ^) = C?(X y ), 

u 
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where the colimit is taken over the set of open neighborhoods U of y. Surjectivity is 
clear, but let's check injectivity. So suppose that we have a function g C^°(f~ 1 U) 
whose restriction to X y is 0. Then the support 5 of 4> is a compact set disjoint from 
X y , so its image f(S) does not contain y. Let V be the open subset of U obtained 
by removing all points in the compact set f(S). Then <f> becomes in C^°(f~ 1 V), 
hence in the colimit. 

Taking coinvariants in (27.1.7), we get the isomorphism (27.1.5) mentioned in 
the last statement of the lemma. (Coinvariants commute with arbitrary colimits.) 

Now we finish the proof. Let </> € (X) and suppose that the image of (f> under 
(27.1.4) is 0. By (27.1.5) for every y € Y there exists a compact open neighborhood 
U y of y such that <j> is in C^°(f~ 1 U y )G- Since Y is compact, it can be covered 
by finitely many compact open subsets U\, . . . , U n such that is in C^°(f~ 1 Ui)G 
for all i. Now put 

Y 1 = U 1 ,Y 2 = U 2 \U 1 ,...,Y n = U n \(U 1 U---U £4-i). 

Thus we have written Y as a disjoint union of open subsets Y t such that is in 
C°°(/-iy.) G for all i. It follows from (27.1.6) that is in C™(X) G , as desired. □ 

27.2. Preliminary remarks regarding linear independence of Shalika 
germs. We will soon be proving that the Shalika germs Li, . . . ,L r (attached to 
the nilpotent orbits Oi) are linearly independent functions on g rs . 

Lemma 27.2. Assume that the Shalika germs Ti, . . . ,T r are linearly indepen- 
dent functions on g rs . Then for any open neighborhood U ofOin g, the restrictions 
o/r 1; . . . ,r r to U n g rs remain linearly independent. 

Proof. Without loss of generality we may assume that U is a lattice in g. 
Now we use homogeneity of Shalika germs. The additive semigroup of non-negative 
integers acts on U fl g YS , with j acting by multiplication by the scalar tt 2 ^ E F x , 
and therefore acts on the space of functions on U ft g YS (the action of j transforming 
a function F(X) into F(ir 2j X)). 

By homogeneity of Shalika germs (see (17.7.1)) the restriction of Ti to U fl g rs 
transforms under the character 

on our semigroup. But in any representation of our semigroup, vectors transforming 
under distinct characters are linearly independent. Thus, in order to prove linear 
independence of the restrictions of Shalika germs to Ur\g IS , it is enough to fix a non- 
negative integer d and prove linear independence of the restrictions of the Shalika 
germs for all nilpotent orbits of dimension d. But all these germs are homogeneous 
of the same degree, namely d, so it is clear that any dependence relation that holds 
on the subset U H fl rs will also hold on the whole set g rs . □ 

Next we relate linear independence of Shalika germs to the problem of writing 
nilpotent orbital integrals as limits (for our usual topology on T>(g), see 26.3) of 
linear combinations of regular semisimplc orbital integrals. 

Lemma 27.3. The functions Ti, . . . ,T r on the set g IS are linearly independent 
if and only if all nilpotent orbital integrals Hi lie in the closure of the linear span of 
the subset 

{Ox:Xe g rs } 

ofD{g). 
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PROOF. First we need to recall that the closure occurring in the statement 
of the lemma is equal to the set of all distributions I such that /(/) = for all 
/ g C~(fl) such that OxU) = for all Ie 5r , 

(=>) Suppose that the functions I\ are linearly independent. Given / e G^°(g) 
such that Ox(f) = for all X g g rs , we must show that /J,i(f) = for all i. By 
Shalika germ theory there exists an open neighborhood U of in g such that 

r 

(27.2.1) O x (f) = J2»i(f) r i( x ) Vieung r , 

i=l 

Since the function X Ox(.f) on g rs is identically zero, and since the restrictions 
of the functions I\ to the subset U n g rs remain linearly independent, we see that 
Hi(f) =0 for all i, as desired. 

(<*=) Consider a dependence relation aiTi + • • • + a r T r = 0. By linear indepen- 
dence of the distributions in there exists / g G^°(g) such that = otj for all i. 
By Shalika germ theory there exists an open neighborhood J7 of in g such that 

(27.2.2) O x (f)=0 Vl£[/n 8r , 

It follows from Lemma 15.3 that Ad(G)(U) contains a G-invariant open and closed 
neighborhood V of the nilpotent cone. Multiplying / by the characteristic function 
of V, we obtain a function /' g G^°(g) such that 



(27.2.3) OxU') 




if X g V 
i£X <£V. 



Combining (27.2.2) with (27.2.3), we see that O x {f) = for all X g g rs . Therefore, 
since we are assuming that nilpotent orbital integrals are in the closure of the span 
of the regular semisimple orbital integrals, we conclude that Hi(f') = for all i. 
But, again using (27.2.3), we find that ct^ = /Uj(/) = fJ-i(f'), and we are done. □ 

Now let S be a semisimple clement of g, and let H = Gs, f), f)' be as in 17.10. 
For nilpotent fef)we write h,s+y for integration over the G-orbit of S + Y in g. 
We write Yi, . . . , Y s for representatives of the iJ-orbits of nilpotent elements in 1). 

Lemma 27.4. Assume that the Shalika germs r^,...,r^ for H are linearly 
independent functions on t) rs . Then for every leg whose semisimple part is S, 
the distribution Ox lies in the closure of the linear span of the subset 

{Ox- ■■ x' e 0rs } 

ofV(g). 

Proof. This proof is almost the same as that of half of the previous lemma. 
Given / g C^°(g) such that Ox(f) = for all X g g rs , we must show that 
Hs+Yiif) = for all i. By Theorem 17.6 there exists an open neighborhood U of S 
in f)' such that 

s 

(27.2.4) O x >(f) = J2»s + Y i (f)-r?(X') 

i=l 

for all X' e U P\ t) rs = U Og rs . Since the function X' Ox'(f) on g rs is identically 
zero, and since the restrictions of the functions Tf to the subset U l~l t) rs remain 
linearly independent, we see that fis+Yi(f) = for all i, as desired. □ 
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27.3. Linear independence of Shalika germs and density of linear 
combinations of regular semisimple orbital integrals. Now we are ready 
to prove Harish-Chandra's theorem stating that Shalika germs are in fact linearly 
independent. 

Theorem 27.5 ([HC78, HC99]). The Shalika germs ri,...,r r are linearly 
independent functions on g [s . Indeed they remain linearly independent when re- 
stricted to U ng rs for any open neighborhood U of '0 in g. Moreover every invariant 
distribution on g lies in the closure of the linear span of the subset 

{Ox:Xe g IS } 

ofV{g). 

Proof. We reproduce Harish-Chandra's beautiful proof, which uses just about 
everything we have done. By Lemma 27.2 the second statement of the theorem 
follows from the first. We prove the first and last statements of the theorem by 
induction on the dimension of g, the case when dim(G) = being trivial. Assuming 
the theorem is true for all connected reductive H with dim(TJ) < dim(G), we must 
show that it is true for G. 

We claim that the first statement of the lemma holds for G if and only if the 
last statement of the theorem holds for G. Indeed, if the last statement is true, then 
the first statement is true by Lemma 27.3. Now assume that the first statement 
is true. Then for every semisimple clement S in g, the Shalika germs for Gs are 
linearly independent. By Lemma 27.4, for every X & g the distribution Ox is in 
the closure of the linear span of the subset 

{O x * : X' £ rs } 

of T>(g). This, together with Proposition 27.1, shows that the last statement of the 
theorem is true. 

Using Lemma 17.4, we reduce to the case in which the center of g is trivial. It 
remains to verify the last statement of the theorem. For this we need to consider 
the two subspaces C 2 C C\ of C^°(g) defined by 

C 1 :={feC™(g):O x (f) = VlGfc} 

C 2 :={feC™(g):O x (f) = VX e g}. 

Using our induction hypothesis and Lemma 27.4, we see that 

Ci = {/ £ C~(fl) : Ox{f) = Vl€g such that X is not nilpotcnt}, 

from which we see that C\jCi is finite dimensional and that the dual space (C1/C2)* 
is spanned by the images of the nilpotent orbital integrals . . . , fj, r . 
It follows from Proposition 27.1 that 

C 2 = {/ £ Cf(g) : 1(f) = for every invariant distribution I}, 

from which it is clear that the Fourier transform takes C 2 isomorphically onto itself. 
We also see that in order to prove that the last statement of the theorem is true, 
we must show that C1/C2 = 0. 

We claim that the Fourier transform also takes G\ isomorphically onto itself. 
It is enough prove that the Fourier transform / 1— » / carries C\ into itself, since 
then the same will be true of the inverse Fourier transform / /. So let / £ C\. 
We must show that O x (f) — for all X £ g rs . But O x (f) = O x (f), and we know 
from Theorem 26.1 that O x is represented by a nice conjugation invariant function 
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on g. Since all regular scmisimplc orbital integrals of / vanish, it is then clear that 
Ox if) vanishes. 

Thus the Fourier transform on functions induces an isomorphism 

(27.3.1) Ci/C 2 C1/C2, 

and the Fourier transform on distributions induces an isomorphism 

(27.3.2) (CVC2)* ^ (C1/C2)*. 

Thus the Fourier transforms fix, . . . ,p, r of the nilpotent orbital integrals also span 
(C1/C2)*. 

Now we use homogeneity of nilpotent orbital integrals (see Lemma 17.2): 

(27.3.3) M/a*) = M _dimC W/)- 

An easy calculation shows that (fpY = |/3| _dlm ( G )(/) ( 3-i; therefore the Fourier 
transform (iq is also homogeneous: 

(27.3.4) Ao(/ a2 ) - | a |dimO-2dim(G) Ao(/) _ 

Let D be the set of integers that arise as the dimension of some nilpotent orbit for 
G. Assuming that dim(G) ^ 0, as we may, then 

(27.3.5) d<dimG 
for all d e D. 

Therefore, there is one basis for (C1/C2)* in which each basis clement scales 
by the factor \a\~ d for some d £ D, and another in which each scales by the factor 
| a |d-2dim(G) for somc d e D. By (27.3.5) -d ± d! - 2dimG for all d,d' E D. 
Therefore, by linear independence of characters, we have C1/C2 = 0, and this 
establishes that the last statement of the theorem holds for G. □ 

Corollary 27.6. Let C be an open and closed G-invariant subset of q. Then 
every invariant distribution on g supported in C lies in the closure of the linear 
span of the subset 

{O x :Xe Brs n C} 

ofV(g). 

Proof. Let / e G^°(g) and suppose that O x (f) = for all X e rs n C. 
We must show that /(/) = for every invariant distribution supported on C. Put 
fo '■= /lei where 1q denotes the characteristic function of C. Clearly /(/) = I(fo)- 
Moreover it is clear that Ox(fa) = for all X e g rs . By the theorem above 
Hfo) =0. ' □ 

Now return to the situation in 13.6. 

Corollary 27.7. Parabolic induction ip is independent of the choice of par- 
abolic subgroup P having Levi component M . 

Proof. Let P,P' be two parabolic subgroups with Levi component M. We 
want to show that 

(27.3.6) 7(/( p )) = J(.f( p ')) 

for every invariant distribution I on m. By the theorem above (applied to M), it 
is enough to show that 

(27.3.7) Of (/ (P) ) = tW p,) ) 
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for all X e m rs . For X e mfl g rs this follows from Lemma 13.3, and by continuity 
(use the local constancy statement in Theorem 17.10) it then follows for all elements 
X e m rs . □ 

27.4. Niceness of Fourier transforms of invariant distributions whose 
support is bounded modulo conjugation. So far we know (see Theorem 26.1) 
that Ox is represented by a nice conjugation invariant function on g for any X G g rs . 
In fact the same is true for any leg (the case of nilpotcnt X being especially 
interesting). Our next theorem, also due to Harish-Chandra, says that an even 
stronger and more general result is true. 

Let lj be a compact open subset of A G (F) and put C := tTq 1 ^). Let J(C) be 
the space of invariant distributions supported in C. By Corollary 27.6 the linear 
span of the set 

(27.4.1) {O x : X e rs n C} 

is dense in J(C). 

Theorem 27.8 ([HC78]). Let I e J{C), and let L be any lattice in g. Then 
there exists a linear combination I' of elements in the set (27.4.1) such that the 
distributions I and I' have the same restriction to L. Consequently, for any invari- 
ant distribution I on G whose support is bounded modulo conjugation, the Fourier 
transform I is represented by a nice conjugation invariant function on g. 

Proof. The first statement follows from Proposition 26.1. Now we derive the 
second statement from the first. By Lemma 15.2 / is contained in J(C) for suitably 
big u). Since the distributions I' appearing in the first statement of the theorem 
are nice by Theorem 26.1, we see that the restriction of I to any lattice L is nice. 
This finishes the proof, since the collection of all lattices is an open cover of g. □ 

It follows from Theorem 27.8 that the Fourier transform Ox of any orbital 
integral Ox is represented by a nice conjugation invariant function, which we will 
also denote by Ox- Context will determine whether we are thinking about Ox as 
a distribution or as a nice function on g. The same goes for fa. 

27.5. Uniformity of Shalika germ expansions. By the Shalika germ ex- 
pansion, for any / G C^°(g) there is a lattice L' in g such that 

r 

(27.5.1) (/) = £>(/)• i\po 

1=1 

for all e g rs n L' . The lattice V depends on /. Of course, given finitely many 
functions /, we can find a single lattice that works for all of them at once, but 
there is no guarantee that we can do so for an infinite collection of functions. 
Nevertheless, we will now see that Howe's finiteness theorem implies that for any 
lattice L in jj, we can find a lattice L' that works for all the functions in C c (g/L). 

PROPOSITION 27.2. Let L be a lattice in g. Then there exists a lattice V in g 
such that 

r 

(27.5.2) O x (f) = J2M-Ti(X) 

i=i 

for all f e C c (g/L) and all X e g rs n L' . 
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PROOF. Pick a compact open neighborhood w of in Aq(F) and put C := 
7r c; 1 (w), an open neighborhood of the nilpotent cone. Note that Ox G J{C) for all 
IeC. By Howe's theorem the image of J(C) in C c (g/L)* is finite dimensional. 
The subspace W in C c (g/L) consisting of all functions annihilated by all distribu- 
tions in J(C) therefore has finite codimcnsion, so that we can choose finitely many 
functions f\,...,f m £ C c (g/L) that together with W span C c (g/L). For each fj 
there is a neighborhood Uj of in g such that the Shalika germ expansion for fj 
works on Uj. The Shalika germ expansion for each / £ W works on the open 
neighborhood C of 0, since both sides of (27.5.2) vanish for such /. Therefore for 
any lattice L' contained in C n U\ n • • • n U m the Shalika germ expansion works on 
V for all / e C c (s/L). □ 

Proposition 27.3. Let L be a lattice in g. Then there exists a lattice L' in g 
such that for all X £ g rs n L' and all Y £ g rs n L there is an equality 

r 

(27.5.3) Ox(Y) = J2 r i( x )-fc( Y )- 

»=i 

Proof. This proposition is the Fourier transform of the previous one. □ 

Corollary 27.9. Let L' be a lattice in g. Then there exists a lattice L in g 
such that for all X £ g rs n L' and all Y £ g rs n L there is an equality 

r 

(27.5.4) d x (y) = ^r,(x)-A,(r). 

»=i 

PROOF. An easy calculation shows that Ox(Y) = O l 3x(l3~ 1 Y) for all (3 £ F x 
and all X, Y £ g ls . Moreover the right side of (27.5.4) does not change when (X, Y) 
is replaced by (a 2 X, a~ 2 Y) (for a £ F x ), because of the homogeneity properties of 
Shalika germs (17.7.1) and Fourier transforms of nilpotent orbital integrals (27.3.4). 
Therefore the equality (27.5.4) holds for all l££| rs n L' and all Y £ g rs n L if and 
only if it holds for all X £ g IS n a 2 L' and all Y £ g rs n a~ 2 L. From the previous 
proposition there exists some pair of lattices Lq, L' on which the equality (27.5.4) 
holds. Pick a such that U C a 2 L' . Then the statement of the corollary holds for 
L:=a- 2 L Q . □ 

27.6. Linear independence of the restrictions of nilpotent orbital in- 
tegrals to C c (g/L). We have already observed that the nilpotent orbital integrals 
Hi,...,Hr are linearly independent distributions. Now let L be any lattice in g. 

Lemma 27.10. The restrictions of ^i, . . . , fi r to C c (g/L) are linearly indepen- 
dent. 

Proof. Since u 1 , . . . , n r are linearly independent, there exists some lattice L' 
for which the lemma is true. There exists a £ F x such that L C a 2 V . The 
distributions fii,...,f/ r obtained from u 1 , . . . , fj, r by scaling by a 2 remain linearly 
independent on C c (g/a 2 L') and hence on the bigger space C c (g/L) as well. But 
by homogeneity of nilpotent orbital integrals, n\ is a positive multiple of /Uj. This 
proves the lemma. □ 

Corollary 27.11. For any lattice L in g the restrictions to L of the nice 
functions p,i,...,p, r are linearly independent. 
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Proof. This statement is the Fourier transform of the statement in the lemma. 

□ 

27.7. Lie algebra analog of the local character expansion. First we ex- 
plain the statement of Harish-Chandra's local character expansion. Harish- Chandra 
proved [HC78] that the distribution character of any irreducible admissible rep- 
resentation of G is represented by a locally constant function on G rs that is 
locally integrablc on G. Use the exponential function to identify a suitable open 
neighborhood of in q with an open neighborhood of 1 in G. Then use the ex- 
ponential function to transport the nice functions /tj to this neighborhood of 1. 
Harish-Chandra then proved that there are unique constants Cj such that 

r 

(27.7.1) e(g) = J2 Ci ^) 

for all regular semisimple g in some suitably small neighborhood of 1 in G. How 
small the neighborhood has to be depends on the representation of G that we 
started with. 

His proof uses the Lie algebra analog of this statement. We have already made 
the point that Fourier transforms of orbital integrals are the Lie algebra analogs 
of irreducible characters on G. Therefore we would expect Fourier transforms of 
orbital integrals to appear on the left side of the Lie algebra analog of (27.7.1). 
Actually a more general statement is true: the Fourier transform of any invariant 
distribution whose support is bounded modulo conjugation has a local character 
expansion. In the case of Fourier transforms of regular semisimple orbital integrals, 
one even knows what the constants Cj are: they are Shalika germs. Here is the 
precise statement of Harish-Chandra's Lie algebra analog of the local character 
expansion. 

Theorem 27.12 ([HC78]). Let lu be any compact open subset of Aq(F) and 
let C := ttq 1 ^), a closed and open G-invariant subset of g that is bounded modulo 
conjugation. There exists a lattice L in g such that the following two statements 
hold. 

(1) For all X G C fl g rs there is an equality 

r 
i=l 

of functions on In g rs . 

(2) For all I G J(C) there exist unique complex numbers C\, . . . ,c r such that 

r 
i=l 

on Lfl g TS . 



Proof. By Lemma 15.2 there exists a lattice V such that C C Ad(G)(L'). 
Thus the first statement follows from Corollary 27.9. In view of Theorem 27.8 the 
second statement follows from the first. □ 
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28. Guide to notation 

• See 4.1 for F, O, it, val(x), G, B = AN, W, K, G dci , G sc , X*(A). 

• See 4.5 for A G , H G , a, a G - 

• See 7.8 for C = C(A). 

• See 7.12 for T(A), T(M). 

• See 8.3 for B(A), B Q = AN . See 14.2 for tt g : g -> A G . 

• See 23.2 for F(M). 
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Homogeneity for Reductive p-adic Groups: An Introduction 

Stephen DeBacker 

Abstract. We discuss, in a fairly conversational manner, homogeneity results 
for reductive p-adic groups. We provide some motivation for why we expect 
such results to be true, and we discuss why they are important. We also discuss 
most of the mathematics required to prove homogeneity statements. 



1. Introduction 

The goal of these notes is to introduce the idea of homogeneity for reductive p- 
adic groups. Except in trivial cases, we are not in any position to verify homogeneity 
statements; rather, we shall try to motivate both why such results arc important 
and why we should believe that they are true. To this end, we will also discuss 
many of the important mathematical ideas surrounding these statements. Finally, 
while I think that they arc mathematically accurate, these notes are intended as 
an introduction, not as a reference. 

I thank Joseph Rabinoff for producing the computer graphics for Figure 8. I 
learned nearly all that I know about harmonic analysis while under the excellent 
guidance of Bob Kottwitz and Paul Sally, Jr.. Although they are not directly 
referenced here, my understanding of Bruhat-Tits theory has been deeply influenced 
by the beautiful papers of Allen Moy and Gopal Prasad. Finally, I thank Jeff Adlcr 
for his excellent proofreading of these notes. 

2. An introduction to homogeneity 

We begin with some motivations for considering homogeneity questions and try 
to illustrate why their answers look the way that they do. 

2.1. The case GLi. We begin with the completely trivial yet illuminating 
case of G = k x = GLi(fc) where k is a p-adic field. 

We first consider homogeneity statements on fc x and then turn our attention 
to its Lie algebra k. Let C^°(fc x ) denote the space of compactly supported, locally 
constant functions on k x (similar notation applies to k). 
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Suppose x e /c x . that is, \ is a complex- valued continuous multiplicative char- 
acter of k x . We may define a distribution X : C^°(k x ) — > C by setting 

©x(/)= / x(x)-f(x)dx 

for / £ C^°(k x ). Here da; denotes a (fixed) Haar measure on k x . 

Let i? denote the ring of integers of k and let P denote the prime ideal. Fix 
a uniformizcr zu (that is, P = vj ■ R). To avoid complications, we suppose x has 
depth (to — 1) with m > 1, that is, the restriction of x to the filtration subgroup 
1 + P m is trivial and the restriction of x to the filtration subgroup 1 + p( m_1 ) is 
nontrivial. 

Note that if the support of / is contained in 1 + P m , then 

e x (/) = 0!(/) 

where Oi denotes the distribution associated to the trivial character on k x . There- 
fore, we may write 

res c~(i+P m ) x = res c~(i+P m ) i- 
This is a homogeneity 1 statement: the distributions O x and Oi agree on C£°(l + 
P m ). 

We now focus on the Lie algebra k of k x . We let denote the distribution on 
C^°(k) which sends / to /(0). Suppose T is a distribution on k, that is, a linear 
map from C^°(k) to C. Suppose m is an integer such that T belongs to J(P m ), the 
space of distributions on k having support in P m . If / belongs to C c (k/P m ), the 
space of compactly supported functions on k which are translation invariant with 
respect to the lattice 2 P m , then we can write 

/= f(X)-[X + P m ] 

xek/P m 

where [X + P m ] denotes the characteristic function of the coset X + P m . For such 
a function we have 

T(f) = T( Yl f(X)-[X + P m ]) = /(0)-T([P™]) 

xek/P m 

= T([P m ])-M.n- 

That is, we have the homogeneity statement 

res c c (fc/P m ) J ( pm ) = rGS c c (fc/P m ) c ' Mo- 
Since GLi(fc) is abclian, we have not yet said anything nontrivial. The main 
idea you should keep in mind is that, by restricting to a subspace of a larger function 
space, we'd like to be able to express fairly arbitrary distributions in terms of well- 
understood distributions: 

Statement 2.1.1. 

/ Fairly arbitrary \ _ ( Well-understood \ 

ies Function 1 j-j.-i.-i- ( — ^es Function i i- , -i f • 

space I distributions J space I distributions J 



According to the Oxford English Dictionary [11], the word homogeneity means "identity 
of kind with something else," and according to Webster's Dictionary [15] it means "the state of 
having identical distribution functions or values." 

2 A compact, open _R-submodule of a p-adic vector space is called a lattice. 
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Moreover, we'd like this statement to be optimal in some sense. For example, 
the following exercise shows that the homogeneity statements we made above are 
optimal. 

Exercise 2.1.2. Suppose £ < m < n. Show that 

ms c a (k/P e ) J ( pm ) = res c c (fc/P f ) C ' ^° 

and 

res c c (fc/P") J ( pm ) res Cc ( fc /P") C • Mo- 
Formulate and prove a similar statement for distributions on k x . 

2.2. Some history and an application. If we do not wish to make an 
optimal homogeneity statement, then the type of results we seek have been known 
for a long time — we shall call these "prehomogeneity" results. However, it has 
become clear that a great many of the interesting problems in representation theory 
and harmonic analysis require more precision than these prehomogeneity results 
provide. 

Let G be a reductive p-adic group and let g be the Lie algebra of G. So, for 
example, we could take G to be SL„(fc) or Sp 2n (fc) and then g would be sl„(fc) or 
s P2n(^')- If 5 1 C 9, then we set 

G S := { a s := Ad{g)s \g E G and s E S}. 

The first result we discuss is a conjecture of Howe which was proved by Howe [8] 
for the general linear group and by Harish- Chandra [7] in a general context. 

Theorem 2.2.1 (Howe's conjecture for the Lie algebra). If L is a lattice in g 
and uj C g is compact, then 

dim c (res Cc(£l/i) J(w)) < oo. 

In the statement of Howe's conjecture, the notation J(uj) denotes the space of 
invariant distributions 3 supported on the closure of the set g uj. So, for example, if 
X E uj, then the orbital integral fix belongs to J(ui). (Since GLi(fc) is abelian, this 
agrees with our earlier use of the notation J.) Note that since Howe's conjecture 
is not equating two sets of distributions, it is not really a homogeneity result - 
or even a prehomogeneity statement. However, for fixed uj and expanding L, the 
dimension of the left-hand side will stabilize. Thus, for sufficiently large L, we 
might expect to find a basis for the left hand side consisting of well-understood 
distributions on 9 (sec §2.3). In this section, we use the above result to prove a 
useful harmonic analysis result (which will later be improved using homogeneity 
results) . 

Suppose that f) is a Cartan subalgebra of 9. Let f)' = f) n g r s s . (Here g I S S 
denotes the set of regular semisimple elements in 9, that is, those elements of g 
whose centralizer in G is a torus.) We consider the map f)' x C^°(g) — * C defined 
by 

(*) (H,f)^i2 H (f):=f, H (f). 



A distribution T is said to be invariant provided that T(f g ) = T(/) for all g £ G and 
/eC c °°(g). Here f"(X) = f("X). 
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Here, we realize the Fourier transform as a map from C^°(g) to itself by setting 

f(X)= [ f(Y)-K(B(Y,X))dY 

J 8 

where dY is a Haar measure on g, B is a nondegenerate, symmetric, invariant, 
bilinear form on g, and A is a continuous additive character of k that is trivial on 
the lattice P and nontrivial on the lattice R. 

There are two ways to think about the map defined by Equation (*): 

(1) If we fix H and vary /, then we arc looking at a distribution on g. It is a 
result of Harish-Chandra that this distribution is represented by a locally 
integrable function on g which we also call /iff. This means that for all 
/ G C^°(fl) we have 

= / f(Y) ■ fa(Y) dY. 

(2) If we fix / and vary H , then we arc looking at a locally constant function 
on \)' . 

We can combine these two ways of thinking about the map defined in Equation (*) 
by formulating a statement about the local constancy of the function J2h ■ Namely, 

Theorem 2.2.2 ([7]). For all H G f)' and for all compact open lu C g, there 
exists a compact open loh C i)' such that 

(1) H G u>h and 

(2) fi H i(Y) = )1h{Y) for all H' G uj h and all Y G ui. 

To illustrate the usefulness of Howe's conjecture, we present here Harish-Chandra's 
proof of this result. In the proof, Howe's conjecture reduces a seemingly intractable 
problem to a simple linear algebra problem. 

Proof. Fix H G f)' and oj C g compact and open. We begin by reformulating 
statement (2) of the theorem: 

^H'(Y) = fl H {Y) for all H' G lu h and all Y G w. 

This statement is equivalent to the statement 

fa'if) - Ph(J) for all H' G and all / G C C °°H, 

which, in turn, is equivalent to the statement 

Mff'Cf) = for a11 ^' G and a11 / e C C °°H- 

By choosing a lattice L in g so that / G (7£°(w) implies that / G C c (g/L), we see 
that this last formulation of the statement would be true if we knew that 

fiH'if) = ^H(f) for all H' G Wfl and all tp G C c (g/L). 

We will establish this last statement (which, in itself, is a type of prchomogcncity 
statement). 

Let uj' h be any compact open neighborhood of H in fj'. Note that {1h> belongs 
to J(uj' h ) for all H' G w^. From Howe's conjecture for the Lie algebra, we have 

dim c (res Cc(B/L) J{u)' H )) < oo. 
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Hence, we can choose Hi, H2, ■ ■ ■ , H m G ui' H such that for every H' G uj' h the distri- 
bution resc c ( fl /i) fin' belongs to the span of the linearly independent distributions 

res Cc(s/L) (j, Hi . 

Fix fx, f 2 , ... , f m G C c (g/L) such that 

/'// (/j ' = Sij. 

So, for all H' G ui' H we have 

i 

for all / G C c {q/L). 

Fix a neighborhood luh of H for which 

(1) loh C lu' h and 

(2) fiH'(fi) = fJ-n(fi) for all 1 < % < m and for all H' e ljjj. 
We then have that 

i 
i 

= Mf) 

for all / G C c (g/L) and all H' G u>h- □ 

2.3. The nilpotent cone in SL2(K). In this section we look at the SL2(M)- 
orbits in sl2(K). We do this for two reasons: First, it gives us a way to visual- 
ize the problems we are discussing. Second, it will help to clear up many of the 
common misunderstandings the reader may harbor about how things work over 
non-algcbraically closed fields. 

As vector spaces, we have M 3 = sl2(R) via the map 

(x,y,z)^M(x,y,z) : (/ /":)• 

The characteristic polynomial of M(x, y, z) is 

t 2 -((x 2 + y 2 )-z 2 ), 

and so we have three distinct types of elements depending on the eigenvalues of 
M(x,y,z) (see Table 1). 



Type of element 


(a; 2 + y 2 ) - z 2 


nilpotent 





split 


> 


elliptic 


< 



Table 1. Types of elements in sl 2 (M) 



2.3.1. Nilpotent elements. In this case, we have z 2 = x 2 + y 2 , and so AT, the 
nilpotent elements, is a cone in R 3 (see Figure 1). 

It is hard to draw pictures of p-adic vector spaces; to paraphrase Paul Sally, Jr.: "We all 
have our own picture of the p-adics, but we dare not discuss it with others." 
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FIGURE 1. The nilpotent cone for SL 2 (M) 

We let O(0) denote the set of nilpotent orbits. To decompose M into orbits, 
we notice that the unit circle S 1 embeds into SL2(K) under the map 

o i-> s{V) .- y _ s . n(0) ms[e) j 

and 

s{e) M(x, y, z) = M(x ■ cos(26») + y ■ sin(26»), y ■ cos(26>) - x ■ sin(26>), z). 

Consequently, the set of nilpotent elements in s^M) having a fixed z value are all 
conjugate. From the Jacobson-Morozov theorem [3, §5.3], for all X G N we can 
produce a one-parameter subgroup 

A: GLi -> SL 2 

such that 

x(i) X = t 2 X 

for all t e R x . 

Exercise 2.3.1. Prove the above assertion. 

Combining the action of S 1 with the above consequence of Jacobson-Morozov, 
we conclude that O(0) has at most three elements. In fact, there are exactly three 
nilpotent orbits. 
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Remark 2.3.2. It is important to note that, except for the trivial orbit, it is 
not true that there is a single g £ SL 2 (R) that acts by dilation on every element of 
a nilpotcnt orbit. More precisely, we know that if O £ O(0), then 

(1) t 2 = O for all t £ R x and 

(2) for each X £0, there is a g x £ SL 2 (M) such that CJX X = t 2 X. 

Consequently, if \xq denotes an invariant measure (it is unique up to a constant) 
on O and / is a nice function on O, then 

(1) for all t £ R x 

M/*=)HC dim( °W/) 

where f t z(Y) = f(t 2 Y) for Y £ sl 2 (M) and 

(2) for all g £ SL 2 (M), 

Mo(/ 9 )-Mo(/). 

2.3.2. Split and elliptic elements. We now consider the two remaining cases. In 
both cases, the characteristic polynomial has distinct eigenvalues: real in the split 
case and complex in the elliptic case. Fix a > 0. 

We first consider the split case. The set of M(x, y, z) for which a 2 = z 2 — (x 2 + 
y 2 ) form a single orbit all of whose elements are conjugate to 

M (M>°) = (o-°)- 

The orbit is a one sheeted hyperboloid which is asymptotic to (and outside of) the 
nilpotent cone. 

For the elliptic case the elements M(x,y,z) for which —a 2 = z 2 — (x 2 + y 2 ) 
form two orbits all of whose elements are conjugate to either 

M (°.°.«)i:;) 

or 

M(0,-a,0) =(»-«). 

Note that these two matrices are conjugate by an element of SL 2 (C). These orbits 
form a two sheeted hyperboloid which is asymptotic to (and inside of) the nilpotent 
cone. 

To complete our discussion of split and elliptic elements, we recall that a Cartan 
subalgcbra (CSA) is a maximal subalgcbra consisting of commuting scmisimplc 
elements. (If you prefer, you may think of a CSA as the Lie algebra of a maximal 
M-torus of SL 2 .) For sl 2 (M), the CSAs are one-dimensional, given by lines through 
the origin of the form 

{M(Xa, Xb, Ac) | A e R} 
with a 2 + b 2 c 2 . We therefore recover the "standard" split CSA 

{A/(A,0, 0)| AG K} = {(*_") | x £ R} 

and the "standard" elliptic CSA 

{M(0,0,A)|AeM} = {( _°~) \ z£R}. 
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Z 




Figure 2. A "picture" of the lattice L 



2.3.3. A return to homogeneity. We again consider Statement 2.1.1. From the 
preceding discussion, it is clear (at least for s^QR)) that every orbit is asymptotic to 
the nilpotcnt cone. Thus, it is believable that the right-hand side of Statement 2.1.1 
should, ideally, consist of nilpotent orbital integrals. 

If we pretend that we can draw pictures of what the nilpotent cone looks like p- 
adically, then we can even visualize Statement 2.1.1 . For simplicity, let us assume 
that we we are interested in invariant distributions supported on the closure of 
sl 2 «£ f or the lattice L "drawn" in Figure 2 

From our discussion above, we know that the closure of SL2 ( fe )i is asymptotic 
to the nilpotent cone, and we "see" that, in fact, 

SL 2 (fc)£ cJ\f + L. 

(Compare this with Lemma 5.1.1.) Consequently, it is not much of a stretch to 
think that our homogeneity statements should look like 

res Cc ( fl /L) J(L) = res Cc(B/L) J(W) 

where J (TV) denotes the space of invariant distributions spanned by the nilpotent 
orbital integrals. 

3. An introduction to some aspects of Bruhat-Tits theory 

We now have a guess as to what belongs on the right-hand side of State- 
ment 2.1.1. The purpose of this section is to introduce, via examples, enough 
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Bruhat-Tits theory to help us refine our understanding of what to place on the 
left-hand side. 

A good introduction to Bruhat-Tits theory may be found in Joe Rabinoff's 
Harvard senior thesis [12]. 

3.1. Apartments. Our immediate goal is to understand a bit of the math- 
ematics behind the "Coxeter paper" that Bill Casselman has posted on his web 
page 5 . 

Recall that G is a p-adic group, that is. G is the group of fc-rational points of 
a connected reductive linear algebraic fc-group G. For simplicity we shall assume 
that G is a semisimple, fc-split group which is defined over Z. Thus, the notations 
G(R) and q(R) make sense. So, for example, G could be Sp 2n , realized in the 
usual way. 

Following earlier lecturers, we fix a maximal fc-split torus A in G which is 
defined over Z. We let A denote the group of fc-rational points of A. So, for 
example, A could be the set of diagonal matrices in Sp 2n (fc). 

We let A — X*(A) <g>R and call A the apartment 6 attached to A. For the group 
Sp 2 „(fc), the apartment is isomorphic to M n . 

An apartment carries a natural polysimplicial decomposition; we now describe 
how this arises. We let $ = ^(G, A) denote the set of nontrivial cigcncharacters for 
the action of A on g. We assume that the valuation map v: fc x — > Z is surjective, 
and we let \& = ^(G, A, v) denote the corresponding set of affine roots, that is 

* = {7 + n 1 7 G $ , n G Z}. 

Each ip = 7 + n G ^ defines an affinc function on A by 

(7 + n)(A g> r) := r ■ (A, 7) + n 

where ( , ) denotes the natural perfect pairing X*(A) x X*(A) — > Z. (Here, X*(A) 
denotes the group of characters of A.) Consequently, for each 1/) € f , we can 
define the hyperplane := {x G A \ ip(x) = 0} C A. These hypcrplancs give 
us the familiar polysimplicial decomposition of A. We usually call a polysimplcx 
occurring in this decomposition a facet and the maximal facets are called alcoves. 

Finally, just as the Weyl group W = Na(A)/A acts transitively on (spherical) 
chambers, the extended affine Weyl group W = Nq(A) / A(R) acts transitively on 
alcoves (but not, in general, simply transitively — think about the image of 

in PGL 2 (fc) and how it acts on the standard apartment of PGL 2 (fc)). 

3.1.1. Sp 4 (fc) in detail. For this subsection only, we let G = Sp 4 (fc) realized as 
the subgroup of the group of 4 x 4 matrices of nonzero determinant which preserve 



(0 i\ 
0-1 1 
1 I 
-1000/ 



We take A to be the set of matrices {a(x, y)\x,y £ fc x } where 









v 










y 




- 1 



X 









-1 




'Look under Frivolities at http://www.math.ubc.ca/people/faculty/cass/ 

'Generally speaking, one does not want to fix (as we have) an origin. 
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Figure 3. The C 2 root system 

If we define a,f3 € X*(A) by a(a(x, y)) = xy^ 1 and f3(a(x, y)) = y 2 , then 
$ = {±a,±0,±(P + a),±(P + 2a)} 

and the root system has the familiar diagram given in Figure 3. 

The Z-lattice of cocharacters X*(A) is the Z-linear span of Ai and A2 where 
Ai(t) = a(t, 1) and \2(t) = a(l,t) for t £ k x . In Figure 4 we have begun a sketch 
of the simplicial decomposition of A arising from the above data. The reader is 
encouraged to spend some time thinking about how we arrived at Figure 4. 

Remark 3.1.1. For those familiar with coroots, we note that a = \i — A2 while 
$ = A 2 . 

3.2. Objects associated to facets. To each facet in A we can attach many 
types of objects. Some of these live in G, others in g, and still others are properly 
thought of as objects over f := RjP. the residue field of k. In this section, we 
introduce these items. 

For each 7 G <f> we have a root group, denoted f/ 7 , in G and a root space, 
denoted g 7 , in g. In each case, these groups are isomorphic to k. 

Example 3.2.1. In the example of Sp 4 (fc) introduced above, we have that U a 
consists of matrices of the form 

1 a \ 
10 0] 
1 -a J 
1 / 

and g a consists of 4 x 4 matrices of the form 

a \ 
0000 

-a J ' 

0/ 

The field k carries a natural filtration, indexed by Z, consisting of compact 
open subgroups: 

kD • • • D p- 2 D p- 1 D RD PD P 2 D ■■ ■ D {0}. 
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FIGURE 4. A sketch of an apartment for Sp 4 (fc) 

We'd like to use the set {-y + n | n € Z} to index the corresponding natural filtration 
in Uj (resp. $j 7 ). To fix this indexing, we make the following choices: 

U 1+1 C U J+0 := G(R) n [7 7 

and 

07+1 £ 07+0 := &{R) n 7 . 

We can now define some of the objects we are interested in. For x £ A, we 
define G x , the parahoric subgroup attached to x, by 

G x := (A(R),U^,} t i„ £ q,.^^ x - ) yQ. 

That is, Gz is the group generated by A(R) and the subgroups for tp G ^ with 
■0(ar) > 0. Since a facet F in ^4 is determined by the intersection of hyperplanes, 
we have G x = G y for x, y € _F. Consequently, the notation Gj? makes sense. If o is 
the origin in A, then G D = G(i?). 

Example 3.2.2. We consider the case of SL,2(fc) with A realized as the set of 
diagonal matrices. In Figure 5 we have sketched and labeled part of the correspond- 
ing apartment. After fixing an orientation, the parahoric subgroups associated to 
each facet are given 7 in the second column of Table 2. 

7 For example, the notation (p-i ^) means the group of matrices in SL2(fe) having entries 
in the indicated rings. 
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Figure 5. A sketch of an apartment for SL 2 (fc) 



F 


Gf 


G~F 


Gf/G'f' 
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\rP ) 


SL a (f) 




(rP) 
\rrJ 


1 - 


h \rP) 


GLi(f) 


o 


SL 2 (i?) 


1 - 


h \pp) 


SL 2 (f) 


Co 


( RR,\ 

\P r) 


1 - 


, (PR\ 

h \p p ) 


GLi(f) 


Xl 


(rP- 1 ) 
\PR ) 


1 -+ 


- ( p R ] 
VP 2 PJ 


SL 2 (f) 



Table 2. Various groups associated to facets in SL 2 (/c) 



The parahoric Gf always has a normal subgroup Gp, called the pro-unipotent 
radical, with the property that the quotient Gf/G~^ is the group of f-rational points 
of a connected reductive f-group G^. To define Gj, we must first consider the torus 
A. We set 

A(i?)+ := {a 6 A(R) \ v{x{a) - 1) > for all X G X*(A)}. 
Example 3.2.3. In SL 2 (fc), A(i?) + consists of the matrices 

( i+P o \ 
V o i+P) ■ 

and in Sp 4 (fc), we have A(i?)+ := {a(x,y) \ x, y € 1 + P}. 
For iG^lwe define G+ by 

As before, for a facet F in „4, the notation Gp makes sense. The various subgroups 
associated to each facet in A for SL 2 (fc) are given in Table 2. 

It is a general fact, which is clearly exhibited in the example of SL 2 (fc), that if 
Fi and F 2 are two facets for which F± belongs to the closure of F 2 , then 

Gfi < G^ 2 < Gf 2 < Gfi 
and Gf 2 /G~^ i is a parabolic subgroup of Gp 1 {f) = Gf 1 /G f ~ with unipotcnt radical 
isomorphic to G~p /G~p and Levi factor isomorphic to Gi? 2 (f)- In particular, if F% 
is an alcove, then Gf 2 /G~^ may be identified with a Borel subgroup of Gi?i(f). 
We end this section with a few examples. 

Example 3.2.4. In Figure 6 we label each of the facets in a fixed alcove of an 
apartment for SL^/c) with the name of the corresponding f-group. 

Example 3.2.5. In Figure 7 we label each of the facets in a fixed alcove of an 
apartment for Sp 4 (/c) with the name of the corresponding f-group. 
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SL 3 




SL3 GL 2 SL3 

Figure 6. An alcove for SL 3 (fc) 



Sp 4 




Sp 4 SL 2 x GLi SL 2 x SL 2 

Figure 7. An alcove for Sp 4 (fc) 

Example 3.2.6. In Figure 8 there is a model, produced by Joseph Rabinoff, 
for an alcove of Sp 6 (fc). Each of the facets has been labeled with the name of the 
corresponding f-group. This model can be quite instructive. For example, after 
assembling the model, one sees that it can be realized as that part of a cube cut 
out by placing vertices at a vertex of the cube, the midpoint of an adjacent edge, 
the center of an adjacent face, and the center of the cube. The cube decomposes 
into forty-eight such solids, and the Weyl group of Sp 6 (fc) acts simply transitively 
on them (take the origin of A as the center of the cube) . 

All of the above can be carried out for the Lie algebra. In particular, for a 
facet F there is a lattice so that 0f/0j? is L_p(f) := Lic(Gj?)(f), the Lie algebra 
of G F (f). 

4. Parameterizations via Bruhat-Tits theory: nilpotent orbits 

The main idea of this section is to relate certain aspects of the structure theory 
of G to the structure theory of the various finite groups of Lie type that arise 
naturally via Bruhat-Tits theory. We shall treat the structure theory of finite groups 
of Lie type as a black box. These results will play a key role in our understanding 
and use of the homogeneity statements to come. 




Figure 8. An alcove for Sp 6 (fc) 
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SL 2 (f) (0 1) 
V I 

SL 2 (f) (0 s) 

\o oJ 



SL 2 (f) (0 vo- 1 



(0 xv- 1 ) 
V I 



GLi(f) 



V o 



I 



SL 2 (f) (0 evj- 1 



( Era" 1 ^ 
V I 



Figure 9. Distinguished nilpotcnt orbits associated to facets for SL 2 (fc) 
2 • • 2 



Figure 10. Enumeration of distinguished G^OO-orbits for SL 2 (fc) 



4.1. A parameterization of nilpotent orbits: examples. None of the 
material in this section works unless p, the residual characteristic of fc, is sufficiently 
large (as a function of the root datum of G). We begin with an example. 

Example 4.1.1. Whcnp ^ 2 the group SL 2 (fc) has five nilpotent orbits. These 
are represented by the elements of the set 

where e € R x \ (i? x ) 2 . On the other hand, we have that the group SL 2 (f) has two 
distinguished 8 orbits 

SL2(f) (oO and SL2(f) (2o) 
where e E f x \ (f x ) 2 , and GLi(f) has one distinguished orbit — the trivial orbit. 
When we encode this information in our preferred chamber, we produce a picture 
like Figure 9. 

Note that in the diagram we've included the factor w~ x to emphasize the 
obvious p-adic lift. For consistency with later examples, in Figure 10 we enumerate 
the distinguished G^(f)-orbits attached to each facet in an alcove for SL,2(fc). Note 
that there arc five orbits enumerated in Figure 10. 

The example of SL 2 (fc) indicates that there is a simple connection between 
O(0), the set of nilpotent orbits for a p-adic group, and the nilpotent orbits for 
Lie groups of finite type. We have the following result due to D. Barbasch and 
A. Moy [2]. 

Fact 4.1.2. If F is a facet and O C L/r(f) = Qf/Bf is a nilpotcnt orbit, then 
there exists a unique nilpotcnt orbit in q of minimal dimension which intersects the 
prcimagc of O nontrivially. 

Remark 4.1.3. The reader is urged to verify this fact for the group SL 2 (fc). 

Example 4.1.4. Since the heuristics of SL 2 (fc) worked so well, let us now turn 
our attention to SL 3 (/c) with p > 3. It is easy to see that O(0) has 2 + 3 • |f x /(f x ) 3 | 
elements. On the other hand, in Figure 11 we have enumerated the number of 
distinguished Gi?(f)-orbits in L^?(f) for each facet in an alcove of SL^fc). When 
we proceed without thinking (that is, we sum), we find that our indexing set has 
4 + 3 • |f x /(f x ) 3 | elements — two too many! However, whenever two line segments 



'A nilpotent orbit which does not intersect a proper Levi subalgebra is called distinguished. 
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f X /(/ X ) 3 




|f/(/ X ) 3 | 1 |f X /(/ X ) 3 | 

Figure 11. Enumeration of distinguished Gi?(f)-orbits for SL^fc) 

in the closure of an alcove are incident (see Figure 6), the associated general linear 
groups are conjugate in SL/3(f). That is, in some real sense we are summing two 
too many things. 

4.2. An equivalence relation on A. We now introduce an equivalence re- 
lation on the set of facets of A that will account for the over counting encountered 
in the SL,3(fc) example above. 

Definition 4.2.1. If F is a facet in A, then we let A(F) denote the smallest 
affine subspace of A containing F . 

Example 4.2.2. If F is a vertex, then A(F) is the vertex itself. At the opposite 
extreme, if F is an alcove, then A(F) is A. 

Recall that W — Nq(A) / A(R) acts transitively on the set of alcoves in A 

Definition 4.2.3. Suppose F\ and F 2 are two facets in A. If there is a w e W 
such that 

A(F 1 ) = A(wF 2 ), 

then we write Fx ~ F 2 . 

One easily verifies that the rule ~ defines an equivalence relation on the set of 
facets in A. Moreover, since W acts transitively on alcoves, a set of representatives 
for the equivalence classes under ~ can always be found among the facets occurring 
in the closure of a fixed alcove. 

Example 4.2.4. Here are some examples that the reader is encouraged to 
verify. 

• Two vertices are equivalent if and only if they belong to the same W^-orbit. 

• If Ci and C 2 are two alcoves in A, then C\ ~ C 2 . 

• For SL,2(fc) and Sp 4 (fc), the set of facets occurring in the closure of a fixed 
alcove forms a complete set of representatives for the relation ~. 

• The only equivalent facets occurring in the closure of an alcove for Sp 6 (/c) 
are the two faces for which Gf is GL2 x GLi. 

• The only equivalent facets occurring in the closure of an alcove for SL 3 (/c) 
are the three edges. That is, the facets with hatch marks in Figure 12. 
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Figure 12. Equivalent edges in an alcove for SL,3(fc) 








Figure 13. Part of the apartment for SL 3 (fc) 

4.3. The key idea. We now present the key ingredient that makes everything 
work. If Fi and F2 are two facets in A such that A(Fi) = A(F2), then the natural 
map 

GVi n Gf 2 — * Gf ; (f) 

is surjective with kernel G~p (1 G~^ . In fact, this leads to an f-isomorphism between 

Gf! and Gf 2 which we write as Gf x = Gf 2 (or, for the Lie algebra, as Lp t = Lf 2 ). 

If you recall how the facets were created, then the above observation becomes 
less surprising. We now present an example to reinforce the idea. 

Example 4.3.1. Consider the facets F\ and F2 in the standard apartment for 
SL 3 (fc) as in Figure 13. In Table 3, we list the parahoric subgroup, its pro-unipotent 
radical, and the f-group associated to each of these facets. The reader may verify 
that this example works as advertised. 

4.4. A parameterization of nilpotent orbits: the general case. We now 

present some definitions which allow us to extend the examples presented in §4.1. 

Definition 4.4.1. Let I d denote the set of pairs {F,0) where F is a facet in 
A and O is a distinguished GF(f)-orbit in Lp(f). 
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Table 3. Various groups associated to some facets for SL 3 (fc) 




Figure 14. An enumeration of the distinguished G_F(f)-orbits for Sp 4 (/c). 

Definition 4.4.2. Suppose (F 1 ,Oi) and (F 2 ,0 2 ) are two elements of I d . We 
write (Fi,Oi) ~ (F 2 ,02) provided that there exists n e Nq(A) such that 

(1) A(F 1 ) = A(nF 2 ) and 

(2) d x ± n 6 2 inL Fl (f)^L nF2 (f). 

We can now state the main result for this section. 

Theorem 4.4.3 ([6]). Suppose p is sufficiently large. The map that sends 
(F, O) G I d to the unique nilpotent G-orbit of minimal dimension which intersects 
the preimage of O nontrivially induces a bijective correspondence 

I d /~< — ► O(0). 

We remark that the theorem is false if p is not large enough. Consider, for 
example, SL 2 (<Q>2)- 

We finish our discussion with some examples. 

Example 4.4.4. It is known that for Sp 4 (fc) and p ^ 2 the cardinality of O(0) 
is sixteen. We have already discussed the fact that none of the facets in the closure 
of a fixed alcove for Sp 4 (/c) arc equivalent under ~. In Figure 14 we enumerate the 
number of distinguished G F (f)-orbits in L F (f) for each facet F in the closure of an 
alcove of Sp 4 (fc). As a warning to those who might wish to think further about 
these matters, we note that the three distinguished orbits found at each of the Sp 4 
vertices arise in a somewhat surprising way: Over the algebraic closure, there is 
one regular nilpotent orbit and one subrcgular nilpotent orbit (which intersects the 
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Lie algebra of the GL 2 -Levi of Sp 4 ). Upon descent to the field f, the regular orbit 
breaks into two distinguished Sp 4 (f)-orbits and the subrcgular orbit breaks into two 
Sp 4 (f)-orbits. One of these orbits intersects the f-rational points of the Lie algebra 
of the GL2-Levi; the other is distinguished. 

Example 4.4.5. It is known that for Sp 6 (A;) and the cardinality of O(0) 

is forty-five. We have already discussed the fact that exactly two of the facets in the 
closure of a fixed alcove for Sp 6 (fc) are equivalent under ~. In Table 4 we enumerate 



G 


number of distinguished G(f) -orbits 


S P 6 


six 


Sp 4 x SL 2 


six 


Sp 4 x GL 1 


three 


SL 2 x GLl 


two 


SL 2 x GLi x SL 2 


four 


SL 2 x GL 2 


two 


GL 2 x GLi 


one 


GL 3 


one 


GLi 


one 



Table 4. An enumeration of distinguished G(f)-orbits 



the number of distinguished Gi?(f)-orbits in Lp(f) for each facet F in the closure of 
an alcove of Sp 6 (fe). The subsequent counting exercise is left to the reader. 

Finally we note that there does not exist a complete description of the dis- 
tinguished orbits in the Lie algebra of a finite group of Lie type. But, although 
it seems that we have reduced one problem about which we know very little to 
another problem about which we also know very little, this reduction will be quite 
useful. 

5. A precise homogeneity statement 

Recall that our goal is to make Statement 2.1.1 into something reasonable and 
provable. In §2.3.3 we discussed the fact that the "G-orbit" of every compact set 
was asymptotic to the nilpotent cone. This motivated the idea that perhaps J(Af), 
the span of the nilpotent orbital integrals, was a reasonable candidate for the right- 
hand side of Statement 2.1.1. We are still searching for a candidate for the left-hand 
side; we begin with a very precise asymptotic result. 

5.1. An asymptotic result. 

Lemma 5.1.1 ([1]). For facets Fi,F 2 in A we have fl^ C Qf 2 +N- 

Example 5.1.2. In Figure 15 we have described the lattices qf for the standard 
apartment in SL 2 (fc). We observe that if F 2 lies to the left of F 1: then gp 1 c 0f, +u 
where u is the set of strictly upper triangular two-by-two matrices. 
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x-i C_i o C x\ 

Figure 15. Some lattices in sl 2 (k) 

Proof. Choose x £ Fi and y £ F 2 . Let v — y — x. Let <I> + denote the set of 
roots that pair nonnegatively against v and let <f>~ = <f> \ <f> + . We have 

and 

g Fl = Lic(A)(i?) © ^ 

ae*;n£Z; (a+n)(ir)>0 

= Lie(A)(i?)© Q +„® 51 

a£$+;n£Z; (a+n) (2;) >0 t>g$-;n£Z; (a+n)(a:)>0 

C 2F 2 + X] 0Q +" 

tt£*-; nSZ; (a+n)O)>0 

C flF 2 + A/". 

The second to last line is true because if a <E <I> + , then 

(a + n){y) = (a + n) (x + v) = (a + n){x) + (v, a) 
> (a + n)(x). 

□ 

To facilitate our discussion, we fix an alcove C in A. 
Definition 5.1.3. We set 

So := |J G (0^) 

FCC 

where the union is over the facets occurring in the closure of a fixed alcove C. 

The set go is usually referred to as the set of compact elements in g; for GL„(/c) 
it is exactly the set of elements in M„(fc) for which each eigenvalue has nonnegative 
valuation. 

Corollary 5.1.4. We have g c Qc + N. 
Proof. From Bruhat-Tits theory we can write 

G = GcWGc- 

The result follows. □ 
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5.2. A homogeneity statement. The above asymptotic results, along with 
our previous discussions should. I hope, make the following homogeneity statement 
both natural and plausible. 

Theorem 5.2.1 ([14], [4]). Suppose p is sufficiently large. 
(1) 

res c c (fl/ fl c) J (flo) = res Cc(B/flc) J(M). 
(2) For T G J(flo) we have 

res C ( B / Bc ) T = 

if and only if 

res E Fc c c (flf/Bc) :r = - 

The first proof of this result, for "unramified classical" groups, is due to Wald- 
spurger [14]. We shall not attempt to prove this theorem, which is a special case of 
a much more general result. However, we do have enough tools on hand to sketch 
how statement (2) implies statement (1): We have 

if and only if 

res £ FcO c( fl +/ +) f = °- 
(Note, we are assuming in this statement that the form B introduced in §2.2 has 
certain properties — for example, that it descends to a nondegenerate, symmetric, 
nondegenerate, bilinear form on Lp(f).) However, as discussed previously, gp/gj 
is the nilradical of a Borel subgroup of Gp(f). Thus 

reS E F ccC(8Wic) r = 

if and only if 

T([(F,0)]) = O 

for all (F, O) € I d where [(F, €>)] denotes the characteristic function of the preimagc 
of O. It is then not difficult to see that this is equivalent to the statement 

f([(F,<9)])=o 

where (F,0) £ I d runs over a set of representatives for I d / ~. But from Theo- 
rem 4.4.3, this implies that the dimension of resc c ( a / flc ) J(Qo) is less than or equal 
to the cardinality of O(0). On the other hand, J(Af) C J(flo) and from Harish- 
Chandra [7] we know that the dimension of 

res c c ( B /flc) J W 

is equal to the number of nilpotent orbits. So (1) follows from (2). 

5.3. Some applications. We present here two quick applications that are 
related to material presented elsewhere in this workshop. The final section of these 
notes is dedicated to giving a more thorough (yet still incomplete) treatment of an 
application. 

First, the above homogeneity statement gives us a sharpened version of the 
Harish-Chandra-Howe local character expansion. Suppose, as usual, that p is large. 
Let (-7T, V) be an irreducible admissible representation of G. If there exists a facet 
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F in A for which V g f =/= {0} (that is, (7T, V) has depth zero), then there exist 
complex constants co(7r) for which 

6 7r (exp(X))= J2 coW-mo(X) 
oeo(o) 

for all regular scmisimplc X £ go+- Here g + denotes the set of topologically 
nilpotcnt elements, or, more precisely, 

9o + := (J G 3f- 

FCC 

For GL„ (k) the set of topologically nilpotent elements is exactly the set of elements 
in M n (k) for which each eigenvalue has positive valuation. Note that we arc also 
assuming that exp: g + — > G + is bijective. 

Second, again assuming that p is sufficiently large, we can derive a sharpened 
Shalika-gcrm expansion. Namely, for all regular scmisimplc X G go wc have 

oeo(o) 

for all regular semisimplc Y G 0o+ ■ 

6. An application: stable distributions supported on the nilpotent cone 

In this section, we sketch a final application of the homogeneity result stated 
above. This section should be thought of as an introduction to the techniques found 
in Waldspurger's tome [13]. 

6.1. Stability. For some purposes, the concept of stable invariance is more 
natural than the concept of invariance; however, the definition of stable invariance 
is far less natural. In order to motivate the definition of stability, we begin by 
recalling a result of Harish- Chandra. 

We define D ann to be the space of functions that vanish on every regular 
scmisimplc orbital integral. That is 

Definition 6.1.1. 

pann = e C£°(fl) \ fJ, x (f) = for all regular scmisimplc leg}. 

We then have 

Theorem 6.1.2 ([7]). Suppose T G C£°(g)*, that is, T is a distribution on g 
(not necessarily invariant). We have 

T is invariant if and only if respa™ T = 0. 

In other words, regular scmisimplc orbital integrals arc dense in the space of 
invariant distributions. We remark that a key step in the proof is to show that 
res-pan,, ^0 = for each O G O(0). 

Motivated by this result of Harish-Chandra, we can now define J st (g), the 
space of stably invariant distributions on g. We begin by introducing the idea of 
a stable orbital integral. Suppose X G g is regular semisimple. There is a finite 
set {Xg | 1 < I < n} of regular semisimple elements in g so that G ' fc 'lng can be 
written as a disjoint union 

GCk) x n g = G x l u G x 2 u • • • u G x n . 
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After suitably normalizing measures, we set 

n 

t=l 

and we call Sfix a stable orbital integral. 

The analogue of £> ann becomes the space of functions that vanish on every 
stable orbital integral. That is, 

Definition 6.1.3. 

pstann . = y £ fa) \ S/J, x {f) = for all regular scmisimplc X G fl}. 
We then dchnc 
Definition 6.1.4. 

J st (0) := {T eC~(fl)* I res^n T = 0}. 

Note that since 2? ann c 2? stann ; every element of J st (g) is an invariant distri- 
bution on g. 

Example 6.1.5. Here are some examples of elements of J st (g). 

• For all regular scmisimplc X G 0, the distribution Sfix is stable. 

• The distribution /i{ } is stable. 

• The distribution which sends / € C£°(g) to J f(X) dX is stable. 

Herein lies the basic problem: beyond the examples listed above, we have 
essentially no general understanding of J st (g). A natural first question to ask is: 
can we understand J st (AT) := J(Af) H J st (g)? For certain unramificd classical 
groups, Waldspurger has provided an affirmative answer to this question. 

6.2. A first step towards understanding J st (AT). The following result, 
due to Waldspurger [13], gives us a way to tackle the problem of describing J st (AT). 
The argument is very similar to one that Harish- Chandra used to prove Theo- 
rem 6.1.2. 

Lemma 6.2.1 ([13]). Suppose T e J(fl )- Let 

D= ^2 c o(T) ■ Mo 

(with cq(T) G C) denote the unique element in J(M) for which 

res c c ( fl / BC ) T = res Cc(g/Bc) D. 
IfTe J st (fl), then D G J st (jV). 

PROOF. Fix / G £> stann . Wc need to show that D(f) = 0. 
We note that if t G fc x , then fa G £> stann . Choose t G fc x \ R x such that 
fan G C c (g/gc) for all n > 1. For all n > 1 wc have 
= T(/ t 2„) = D(/ t2n ) 

= E c o (T) ■ no (fa™) 
oeo(o) 

= £i*r in £ Mr) •«>(/)• 

i=0 O6O(0);dim(O)=i 
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Since the characters n t— ► |t| are linearly independent, each of the terms 

E c (T)- Mo (/) 

06O(O);dim(O)=i 

must be zero. Consequently D(f) = 0. □ 

Thus, one way to find a basis for J st (Af) is to first produce a basis for resc c ( g / BC ,) </(flo) 
with the properties 

• the elements of the basis are of the form resc c ( g / BC ) [ix with X € Qq 
regular semisimple, and 

• we can easily describe which combinations of the [ix are stable. 

6.3. A dual basis. Fix a set of representatives {(F l ,O i ) € I d | 1 < i < |O(0)|} 
for I d I ~. Recall that for T E J(qo) we have resc c ( g / Sc )T = if and only if 
T([(Fi,6i)]) = for 1 < i < \O(0)\. Thus the Fourier transforms of the functions 
[(Fi, Oi)] form a dual basis for resc c ( a / Bc ) J(&o)- (Note that the Fourier transform 
of the function [(F.O)} does not belong to C r (g>/gc)- but. rather, it belongs to 
X^geG C c (q/ 9 qc)- However, since T is an invariant distribution, this will not cause 
us any difficulties.) So, the idea is to produce well-understood functions on L^ff) 
that separate distinguished nilpotent orbits and (might) have something to do with 
regular semisimple orbital integrals. Thanks to work of Deligne, Kazhdan, Lusztig, 
and others, such functions exist: 

Fact 6.3.1 ([10]). There exist class functions on L^(f), called generalized Green 
functions, such that 

• the functions span the set of class functions supported on the nilpotent 
elements in L^(f), 

• the cuspidal 9 generalized Green functions separate distinguished orbits, 
and 

• the functions are well understood. 

Example 6.3.2. If T < Qp is an f-minisotropic torus 10 , then the usual Green 
function 

n Q p (y\ J" X is not nilpotent 

Qj ( ' ~ \B% F (l)(exp(X)) otherwise. 

is a cuspidal generalized Green function. Note that cxp makes sense in this context 
because X is nilpotent, and we are assuming that p is not too small. 

Note that not all cuspidal generalized Green functions occur as in this example; 
this is already the case for SL 2 (f). 

We define I G to be the set of pairs (F, Q) where F is a facet in A and Q is 
a cuspidal generalized Green function on Lj?(f). As in the case of I d , the set I 
carries a natural equivalence relation, which we also denote by ~. Given the above 
discussion, it is not hard to believe that the following lemma is valid. 



9 A function is called cuspidal provided that summing against the nilradical of any proper 
parabolic yields zero. 

10 An f-torus is called f-minisotropic in Gf provided that its maximal f-split torus lies in the 
center of Gp. 
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Lemma 6.3.3 ([13]). Suppose T G J{Qq). We ftaue 

res c c (g/ B c) T = i/ and on/y if T{Q F ) = 
/or all (F,Q) G I G / ^ . Here Qf denotes the inflation of Q to a function on g. 

6.4. A well-chosen basis for resc a ( g / Sc ) J(Qo)- As discussed before, we want 
to find a basis for resc c ( g / gc ) J(Qo) with several good properties. It would be even 
better if this basis were dual to I G / ~. As evidenced by the size of [13], this is 
quite a difficult problem. However, it is not too difficult to sketch how to carry out 

G 

this program for the generalized Green functions of the form Q T F . 

Fix an element of I G of the form (F, Q T F ). Choose absolutely any Xj G Qf for 
which the ccntralizcr in of the image of Xj in is T. Note that such an Xj 
is necessarily regular scmisimple and fix T S J(So)- Using results of Kazhdan [9], 
Waldspurger proves 

Lemma 6.4.1 ([13]). For Xj as above and (F',Q') G I G we have 

I iv otherwise. 

where N is a nice nonzero number which is independent of the choice of Xj. 

As a consequence of this lemma, we have that rescoo( Bo+ ) fix T is independent 
of how Xj was chosen. This is a much stronger version of Lemma 2.2.2. To sec 
why the elements resc°°( Bo+ ) fix T arc particularly nice to deal with, we must return 
to Bruhat-Tits theory. 

6.5. Parameterizing maximal unramified tori. A subgroup T < G is 
called an unramified torus provided that it is the group of fc-rational points of a 
torus which splits over an unramified extension of k. 

Example 6.5.1. We begin by considering some examples. 

• The group A is always a maximal unramified torus. 

• If p^ 2 and e G R x \ (i? x ) 2 , then 

{(^)" a2 - 5W > 

is a maximal unramified torus in SL2(/c), but the torus 
is not. 

Just as we parameterized the elements of O(0) in terms of similar objects over 
the finite field, we would like to do the same for conjugacy classes of maximal 
unramified tori. This time, the objects over the finite field will be conjugacy classes 
of maximal f-minisotropic tori. 

Suppose G is a connected f-split reductive group. From Carter [3] the G(f)- 
conjugacy classes of maximal f-tori in G arc parameterized by the conjugacy classes 
in the Weyl group of G. We sketch how this parameterization works: Let S be a 
maximal f-split torus in G and let a denote a topological generator for Gal(f/f). 
If T is any f-torus, then there is a g G G(f) such that T = 9 S. Since T and S are 
cr-stable, the element o~{g)~ 1 g belongs to the normalizer of S in G and so determines 
a conjugacy class in the Weyl group. 
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Figure 16. An enumeration of classes of f-minisotropic tori for SL 2 

A 2 




A 2 Ax A 2 

Figure 17. An enumeration of classes of f-minisotropic tori for SL 3 

The maximal f-minisotropic tori in G are parameterized by the anisotropic 
conjugacy classes of the Weyl group. We shall use Carter's notation for the conju- 
gacy classes in the Weyl group. 

Example 6.5.2. The group SL 2 has two SL 2 (f)-conjugacy classes of maximal 
f-tori. One is f-minisotropic and corresponds to A x (sec Figure 16), the nontrivial 
conjugacy class in the Weyl group, while the other is f-split and corresponds to 
the trivial conjugacy class in the Weyl group. The group GLi has a single GLi(f)- 
conjugacy class of maximal f-tori. namely GLi(f) itself. In Figure 16 we enumerate 
the number of GF(f)-conjugacy classes of f-minisotropic tori for each facet F in an 
alcove for SL 2 (fc). The sum of the enumerated classes is three, and the number of 
SL 2 (fc)-conjugacy classes of maximal unramified tori is three. (Can you produce a 
representative for the third class?) 

The map from tori over f to tori over k is not as easy to describe as in the 
nilpotent case, but it has the advantage of working independent of the residual 
characteristic. 

In general, we want to consider the set of pairs 

where F is a facet in A and GF (f'T is short-hand for the set of f-tori which are 
G^ (f)-conjugate to the f-minisotropic torus T. As with the sets I d and I G , the set 
I m carries a natural equivalence relation, which we again denote by ~. 

Theorem 6.5.3 ([5]). We have a natural bijective correspondence between 
I™ I ~ and the set of G- conjugacy classes of maximal unramified tori. 

Example 6.5.4. The group SL/3(fc) has five conjugacy classes of maximal un- 
ramified tori. In Figure 17 we use Carter's labeling for the conjugacy classes in 
the Weyl group to enumerate the GF(f)-conjugacy classes of f-minisotropic tori for 



A conjugacy class in a Weyl group is called anisotropic provided that it does not intersect 
a proper parabolic subgroup of the Weyl group 
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FIGURE 18. An enumeration of classes of f-minisotropic tori for Sp 4 

each facet F in an alcove for SL,3(fc). (Recall that the line segments in the closure 
of the alcove are equivalent.) 

Example 6.5.5. The group Sp 4 (£;) has nine conjugacy classes of maximal un- 
ramificd tori. In Figure 18 we again list the anisotropic Weyl group conjugacy 
classes to enumerate the Gi?(f)-conjugacy classes of f-minisotropic tori for each 
facet F in an alcove for Sp 4 (fc). 

6.6. The finish. To complete these notes, we remark that it is now nearly 
trivial to describe the number of distributions in J st (J\f) arising from pairs of the 
form (F, Qj F ). 

In the preceding sections, we have discussed how to associate to the pair 
{F,Qj F ) E I G a regular semisimple orbital integral ^x T - On the other hand, 
(F, Qj F ) is naturally associated to the pair (F, T) which is associated to a conjugacy 
class in the Weyl group of Gf- We can lift this conjugacy class to a W^-conjugacy 
class in the extended affine Weyl group W and then quotient by A to arrive at a 
conjugacy class, call it wj, in W. 

Suppose (F', Qjf' ) is another element of I G with associated regular semisimple 
orbital integral /j,x t , ■ From [5] the elements Xj and Xji can be chosen to be stably 
conjugate if and only if wj = wjl Consequently, to each VF-conjugacy class in W 
we can associate one distribution in J st (M). Thus, the dimension of J st (Af) is at 
least equal to the number of IF-conjugacy classes in W. 

Example 6.6.1. From the above discussion, we can conclude the following. For 
SL,2(fc), the dimension of J 8t (J\f) is at least two (in fact, it is two). For SL,3(fc), the 
dimension of J st (Af) is at least three (in fact, it is three). For Sp 4 (/c), the dimension 
of J st (Af) is at least five (in fact, it is six). 

To describe the elements of J st (AT) is an entirely different and much more 
demanding problem. Such a description will rely on all that we have discussed here 
and more. 
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1. Overview 

Let G be a connected reductive linear algebraic group defined over Q. Denote 
by G(Q) (rcsp. G(M)) the group of points in G with entries in Q (resp. K). It 
is common to write G = G(M.). Fix a maximal compact subgroup K C G and let 
A G = A G (IR) + (see §4.1) be the (topologically) connected identity component of 
the group of real points of the greatest Q-split torus Ac in the center of G. (If G is 
semisimple then Aq = {1}.) We refer to D = G/KAq as the "symmetric space" for 
G. We assume it is Hermitian, that is, it carries a G-invariant complex structure. 
Fix an arithmetic subgroup T C G(Q) and let X = T\D. We refer to X as a locally 
symmetric space. In general, X is a rational homology manifold: at worst, it has 
finite quotient singularities. If T is torsion-free then X is a smooth manifold. It is 
usually noncompact. (If A denotes the adeles of Q and A/ denotes the finite adclcs, 
and if Kf C G(A/) is a compact open subgroup, then the topological space Y = 
G(Q)\G(A) /AqK ■ Kf is a disjoint union of finitely many locally symmetric spaces 
for G. To compactify Y it suffices to compactify each of these locally symmetric 
spaces.) 

There are (at least) four important compactifications of X : the Borel-Serre 
compactification X (which is a manifold with corners) , the reductive Borel-Serre 
compactification, X (which is a stratified singular space), the Baily-Borel (Sa- 
take) compactification X (which is a complex projective algebraic variety, usually 
singular), and the toroidal compactification X^ 1 (which is a resolution of singu- 
larities of X BB ). (Actually there is a whole family of toroidal compactifications, 
depending on certain choices E.) The identity mapping extends to unique 

continuous mappings 

x BS > x RBS x BB < xT- 

The first three of these compactifications are obtained as the quotient under T of 
corresponding "partial compactifications" 



D BS ► I5 RBS > D BB 



of the symmetric space D. 
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Besides its ordinary (singular) cohomology, the two singular compactifications 
X and X also support various exotic sorts of cohomology, defined in terms 
of a complex of sheaves of differential forms with various sorts of restrictions near 
the singular strata. The L 2 cohomology of X may be realized as the cohomology 
of the sheaf of L 2 differential forms on X . The (middle) intersection cohomology 
of X is obtained from differential forms which satisfy a condition (see §6.6) near 
each singular stratum, defined in terms of the dimension of the stratum. The Zuckcr 
conjecture [Zl], proven by E. Looijenga [Lo] and L. Saper and M. Stern [SS], says 

that the L 2 cohomology of X coincides with its intersection cohomology, and 
that the same is true of any open subset U d X 

The (middle) weighted cohomology complex on X is defined in a manner 
similar to that of the intersection cohomology, however the restrictions on the chains 
(or on differential forms) arc defined in terms of the weights of a certain torus action 
which exists near each singular stratum. Although the weighted cohomology and 
the intersection cohomology do not agree on every open subset of X , it has 
recently been shown ([SI], [S2]) that they do agree on subsets of the form t _1 ([/) 
for any open set U C X BB . 

This article is in some sense complementary to the survey articles [Sch] and 
[B4]. 

Notation. Throughout this article, algebraic groups over Q will be indicated 
in bold, and the corresponding group of real points in Roman, so G = G(M). The 
group of n x r matrices over a field k is denoted M nxr (k). The rank n identity 
matrix is denoted /„ and the zero matrix is n . 

Acknowledgments. This article was prepared during the Clay Mathematics In- 
stitute Summer School which was held at the Fields Institute in Toronto, in June 
2003. The author is grateful to the organizers of the Summer School, the Clay 
Mathematics Institute, and the Fields Institute for their hospitality and support. 
This work was partially supported by the National Science Foundation, grant no. 
DMS-0139986. 

2. The Baily Borel (Satake) compactification 

2.1. The case G = SL(2). Recall the fundamental domains for the action of 
r = SL(2,Z) on the upper half plane f). 

The quotient X = T\f) may be compactificd, I = IU {oo} by adding a single 
cusp 1 at infinity. If we wish to realize this as the quotient under T of a partial 
compactification f) of the upper half plane, then we must add to f) all the T- 
translates of {oo} . This consists of all the rational points x € Q on the real line 
(which also coincides with the SL(2,Q) orbit of the point at infinity). With this 

candidate for t) , the quotient under V will fail to be Hausdorff. The solution is 
to re-topologise this union so as to "separate" the added points x € Q. 

A neighborhood basis for the point at infinity may be chosen to consist of the 
open sets U T = {z e f)| Im(z) > r} for t > 2 (say). If we also throw in all the 
SL(2, Q)-translates of these sets U T then we obtain a new topology, the Satake 
topology, on f) = f) U Q U {oo}, in which each point x £ Q has a neighborhood 



1 Although they are called cusps, the points which are added to compactify a modular curve 
are in fact nonsingular points of the resulting compactifications. 
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Figure 1. Fundamental domains for SL(2,Z) 



homeomorphic to the neighborhood of the point at infinity. The group T still fails 
to act "properly" on [) because for each boundary point x G Q U oo there are 
infinitely many elements 7 6 T which fix x. However it docs satisfy (cf. [AMRT] 
p. 258) the following conditions: 

(51) If x, x' G fj are not equivalent under T then there exist neighborhoods 
U, V of x, x' respectively, such that (T ■ U) H U' = 4>. 

(52) For every x E t) there exists a fundamental system of neighborhoods {U} , 
each of which is preserved by the stabilizer T x , such that if 7 ^ then 
(7 ■ U) n U = cj>. 

These properties guarantee that the quotient X — T\f) is Hausdorff. and in fact it 
is compact. The same partial compactification f) may be used for any arithmetic 
subgroup r' C SL(2,Q), giving a uniform method for compactifying all arithmetic 
quotients T'\t). One would like to do the same sort of thing for symmetric spaces 
of higher rank. 

2.2. A warmup problem. The following example, although not Hcrmitian, 
illustrates the phenomena which are encountered in the Baily Borel compactification 
of higher rank locally symmetric spaces. See [AMRT] Chapt. II for more details. 
The group GL(n, K) acts on the vector space of real symmetric nxn matrices 

(through change of basis) by 

(2.2.1) g-A //.!'/• 

The orbit of the identity matrix /„ is the open (homogeneous self adjoint) convex 
cone V n of positive definite symmetric matrices. The stabilizer of / is the maximal 
compact subgroup O(n). The center Aq of GL(n,l) (which consists of the scalar 
matrices) acts by homothctics. The action of GL(n,K) preserves the closure V n 
n in 5' n (]R), whose boundary dT* n — T^n ^Pn decomposes into a disjoint union 
of (uncountably many) boundary components as follows. A supporting hypcrplanc 
H C 5„(]R) is a hyperplane such that H C\V n — (j> and H n dV n contains nonzero 
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elements. Let F = dV n n H where H is a supporting hyperplane. Then there is 
a unique smallest linear subspacc L C >S,i(R) containing F. The interior F of F in 
L is called a boundary component of V n (much in the same way that the closure 
of each face of a convex polyhedron P C R m is the intersection P n H of P with 
a supporting affinc hyperplane H C R m ). Distinct boundary components do not 
intersect. 

Let B C GL(n) be the (rational) Borcl subgroup of upper triangular matrices. 
Parabolic subgroups containing B will referred to as standard. Each boundary com- 
ponent is a GL(n, R) translate of exactly one of the following standard boundary 
components F r (1 < r < n— 1) consisting of matrices ( f q ) such that E G V r is pos- 
itive definite. The normalizer P c GL(rt, R) of this boundary component (meaning 
the set of elements which preserve F r ) is the standard maximal parabolic subgroup 
consisting of matrices g= where A G GL(r,R), S G Hom(R™- r ,R r ), and 

D G GL(n — r, R). (It is the group of real points P = P(R) of the obvious maximal 
parabolic subgroup P C G.) The supporting subspace L of F r is the set of all sym- 
metric matrices t — (JJ) where T G S r (R). The action of such an clement g E P 
on the element t is given by q ■ t = gt l g, that is, 

(o 2) - (o S) - (V I) 

for any T G 5 r (R). In particular, the Levi component of P decomposes as a product 
GL(r,R) x GL(n — r, R) where the first factor, A, acts transitively on the boundary 
component F r and the second factor, D, acts trivially. The standard parabolic 
subgroups correspond to subsets of the Dynkin diagram of G, and the maximal 
parabolic subgroup P corresponds to the deletion of a single node, a. 



o — o — o — • — o — o — o — o — o 

o — o — o o — o — o — o — o 

A D 
FIGURE 2. Dynkin diagrams for G, P, and its Levi factor. 

A boundary component F is rational if the subspacc L containing it is rational, 
or equivalently, if the normalizer P is a rational parabolic subgroup. Define the 

standard partial compactification, V n to be the union of V n with all its rational 
boundary components, with the Satake topology 2 . Then GL(n,Q) acts on . 
For any arithmetic group L C GL(n, Q) the quotient 

-rrstd ^ v ;^-std . . „. — std , 

X = T \P n l A G = r\"P„ /homotheties 

is a compact singular space which is stratified with finitely many strata of the 
form Xp = Lj? ^/homotheties (where F is a rational boundary component and 

2 The Satake topology ([AMBIT] p. 258, [BB] Thm. 4.9): is uniquely determined by requiring 
that conditions (SI) and (S2) (above) hold for any arithmetic group T, as well as the following: 
for any Siegel set S C D its closure in D and its closure in D BB have the same topology. 
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Tp is an appropriate arithmetic group). The closure Xp in X is the standard 
compactification of F/homotheties. 

A similar construction holds for any rational self adjoint homogeneous cone. 
These are very interesting spaces. Although they are not algebraic varieties, they 
have a certain rigid structure. For example, each T-invariant rational polyhedral 
simplicial cone decomposition of V n (in the sense of [AMRT]) passes to a "flat, 

rational" triangulation of X* . In some cases ([GT2]) there is an associated real 
algebraic variety. 

2.3. Hermitian symmetric domains. (Standard references for this section 
include [AMRT] Chapt. Ill and [Sal] Chapt. II.) Assume that G is semisimplc, 
defined over Q, that K C G(R) is a maximal compact subgroup and that D = G/K 
is Hermitian. The symmetric space D may be holomorphically embedded in Eu- 
clidean space C m as a bounded (open) domain, by the Harish Chandra embedding 
([AMRT] p. 170, [Sal] §11.4). The action of G extends to the closure D. The 
boundary dD = D — D is a smooth manifold which decomposes into a (continuous) 
union of boundary components. Let us say that a real affinc hypcrplanc H C C m 
is a supporting hypcrplanc if H D D is nonempty but H n D is empty. Let H be 
a supporting hypcrplane and let F = HP\D = HC} dD. Let L be the smallest 
affine subspacc of C" 1 which contains F. Then F is the closure of a nonempty open 
subset F C L which is then a single boundary component of D ([Sal], III. 8. 11). 
The boundary component F turns out to be a bounded symmetric domain in L. 
Distinct boundary components have nonempty intersection, and the collection of 
boundary components decomposes dD. Alternatively, it is possible ([Sal] III. 8. 13) 
to characterize each boundary component as a single holomorphic path component 
of dD : two points x, y, £ dD lie in a single boundary component F iff they are 
both in the image of a holomorphic "path" a : A — > dD (where A denotes the open 
unit disk). In this case a(A) is completely contained in F. 

Fix a boundary component F. The normalizcr N G (F) (consisting of those group 
elements which preserve the boundary component F) turns out to be a (proper) 
parabolic subgroup of G. The boundary component F is rational if this subgroup is 
rationally defined in G. There are countably many rational boundary components. 
If we decompose G into its Q simple factors, G = Gi x . . . x Gk then the symmet- 
ric space D decomposes similarly, D = D\ x . . . x D^ . Each (rational) boundary 
component F of D is then the product F = F\ x . . . x Fk where either Fi = Di 
or Fi is a proper (rational) boundary component of Di. The normalizer of F is 
the product N G (F) = N Gl (F\ ) x . . . x N Gk (F k ) (writing Nq. (Di) = G t whenever 
necessary). If G is Q-simplc then the normalizcr Nq(F) is a maximal (rational) 
proper parabolic subgroup of G. 

2.1. Definition. The Baily-Borel-Satake partial compactification D BB is the 
union of D together with all its rational boundary components, with the Satakc 
topology. 

2.1. Theorem. ([BB]) The closure F of each rational boundary component 
F C D is the Baily-Borel-Satake partial compactification F of F. The group 
G(Q) acts continuously, by homeomorphisms on the partial compactification D 
The action of any arithmetic group T C G(Q) on D satisfies conditions (SI) 
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and (S2) of $2.1 and the quotient X = T\D is compact. Moreover, it admits 
the structure of a complex projective algebraic variety. 

2.4. Remarks. Dividing by T has two effects: it identifies (rational) boundary 
components whose normalizers are r-conjugate, and it makes identifications within 
each (rational) boundary component. The locally symmetric space X is open and 

33 BB BB 

dense in X . If k : D — > X denotes the quotient mapping, and if F is a 
rational boundary component then its image Xp = k(F) is the quotient Tp\F 
under the subgroup Tp = T n Nq(F) which preserves F, and it is referred to as 
a boundary stratum. If T is neat (see §4.1) then the stratum Xp is a complex 
manifold. 

2.5. Symplectic group. In this section we illustrate these concepts for the 
case of the symplectic group G = G(R) = Sp(2n,K), which may be realized as the 
group of 2n by 2n real matrices ( $ £ ) sucn that l AD - f CB = 7; l AC and l BD 
arc symmetric. These arc the linear transformations which preserve the symplectic 
form J = ( _°j ft) on M. 2n . The symplectic group acts on the Siegel upper half 
space 

t) n = {Z = X + iY G M„ xn (C) | t Z = Z,Y>0} 
(meaning that Y is positive definite) by fractional linear transformations: 



A B 
C D 



Z = (AZ + B)(CZ + D)- 



The stabilizer of the basepoint il n is the unitary group K = U(n), embedded in 
the symplectic group by A + iB ( _ g ^ ) . It is a maximal compact subgroup, so 
f)„ = G/K is a Hcrmitian locally symmetric space. 

The Harish-Chandra embedding <fi : t) n — * D n is given by the Cayley transfor- 
mation. Here, 

D n = {w E M nxn (C) | %j = w and 7„ - ww > 0} 
is a bounded domain, and 

(j)(z) = (z- il„)(z + iln)' 1 - 

The closure D n is given by relaxing the positive definite condition to positive semi- 
definite: /„ — ww > 0. Each boundary component (resp. rational boundary compo- 
nent) is a G(M)-translate (resp. G(Q)-translate) of one of the n different standard 
boundary components D n ^ r (with < r < n — 1) consisting of all complex n x n 
matrices of the form j n _ r ) such that w G D r . The normalizer P n r in G of the 
boundary component D n ^ r is the maximal parabolic subgroup consisting of matrices 
( £ £ ) such that (cf. [Klj §5) 

a=(* °V c=(: °),D A * 



* *j ' V 00 /' 

(The upper left block has size r x r in each of these.) 

Each maximal parabolic subgroup P of Sp(2n, K) is the normalizer of an 
isotropic subspacc E C W 1 (meaning that the symplectic form vanishes on E). If a 
symplectic group element preserves E then it also preserves the symplectic orthog- 
onal subspace E D E (which is co-isotropic, meaning that the induced symplectic 
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form vanishes on R 2 ™/-^). So P may also be described as the normalizer of the 
isotropic-co-isotropic flag E C E . In the case of P„, r , 

and E 1 - 



(R n ~ r X r ) X n C R" X 



[" x (R r x 0„_ r ) c R™ x 



To make these matrices look more familiar, reverse the numbering of the coordinates 
in the first copy of R n . Then the symplectic form becomes 



J' = 



a 
-a 



where a is the anti-diagonal matrix of ones. In these coordinates, the parabolic 
subgroup P„ t r consists of all matrices preserving J' of the following form: 



*n-r 


* 


* 


* 














*r 


*r 


* 











*n-r 



V 

(where * t denotes a square t x t matrix). As such, it has a Levi decomposition 



P„ 



LU with 



L 



where A € GL(n 
U is 



A 





o \ / 









B 


, U= 












A' ) \ 





L-r J 



A' 



Zu = 



where B £ Sp(2r,R). The center, Z v of 








c 





I r 














which is easily seen to be isomorphic to the vector space S'„_ r (IR) of symmetric 
matrices. So L splits as a direct product of a Hcrmitian factor Lph = Sp(2r, R) 
and a "linear" factor Lpi = GL(n — r, R). The Dynkin diagrams for these factors 
are obtained from the Dynkin diagram for G by deleting the node a corresponding 
to the maximal parabolic subgroup P as illustrated in Figure 2. 



o=o — o — • — o — o — o — o — o 

o=o — o o — o — o — o — o 

Figure 3. Dynkin diagrams for Lp^ and Lpi 

It is not too difficult to verify that the standard parabolic group P acts on 
the boundary component D n r via the first factor Sp(2r,R), in analogy with the 
situation in equation (2.2.2). Observe also that the second factor GL(n- r, R) acts 
linearly on the Lie algebra 3 = S'„_ r (R) of the center Z(Up) of the unipotent radical 
of P, by the action (2.2.1). This action preserves the self-adjoint homogeneous cone 
V n -r C 3 described in §2.2. If r' < r then D n y C D n ^ r and V n ^ r C V n -r'- 
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2.6. Stratifications. A subset S of a locally compact Hausdorff space Y is 
locally closed iff it is the intersection of an open set and a closed set. A manifold 
decomposition of a locally compact Hausdorff space Y is a decomposition Y = 
\J a S a of Y into locally finitely many locally closed smooth manifolds S a (called 
strata), which satisfies the axiom of the frontier: the closure of each stratum is a 
union of strata. In this case the open cone 

c°(Y) = Yx [0,l)/(y,0) ~ (y',0) for all y,y' e Y 

may be decomposed with strata S a x (0, 1) and the cone point *. Stratified sets are 
defined inductively. Every smooth manifold is stratified with a single stratum. Let 
B s denote the open unit ball in W . 

2.2. Definition. A manifold decomposition Y = ]J S a of a locally compact 
Hausdorff space Y is a stratification if for each stratum S a there exists a compact 
stratified space L a , and for each point x £ S a there exists an open neighborhood 
V x C Y of x and a stratum preserving homcomorphism 

(2.6.1) V x = B s x c°(L a ) 

(where s = dim(S , ct ) which is smooth on each stratum, which takes x to x {*} 
and which takes V x fl S a to B s x {*} . Such a neighborhood V x is a distinguished 
neighborhood of x. 

The space L a is called the link of the stratum S a . A stratification Y = JJ S'q, 
is regular if the local trivializations (2.6.1) fit together to make a bundle over S'q,. 
(We omit the few paragraphs that it takes in order to make this precise since we will 
not have to make use of regularity.) There are many other possible "regularity" 
conditions on stratified sets, but all the useful ones (such as the Whitney conditions) 
imply the local triviality (2.6.1) of the stratification. 

2.7. Singularities of the Baily-Borel compactification. Returning to the 
general case, suppose G is a semi-simple algebraic group defined over Q, of Hcr- 
mitian type, meaning that the symmetric space D = G/K is Hermitian. Let F be 
a rational boundary component with normalizing parabolic subgroup P. Let Up be 
the unipotent radical of P and Lp = P/Up the Levi quotient. There is ([BS]) a 
unique lift Lp — > P of the Levi quotient which is stable under the Cartan involu- 
tion corresponding to K. The group Lp decomposes as an almost direct product 
(meaning a commuting product with finite intersection), Lp = Lp^Lpg into fac- 
tors of Hermitian and "linear" type 3 with Ap C Lpg. Here, "linear" means that 
the symmetric space Lpi/Ki for Lpg is a self-adjoint homogeneous cone Cp, which 
is open in some real vector space V (in this case, V = Lic(Z([/p))) on which Lpg 
acts by linear transformations which preserve Cp. The group P acts on F through 
Lph, identifying F with the symmetric space for Lp^. There is a diffeomorphism 
D = P/Kp =U P x F x C P . 

2.1. Lemma. ([AMRT] §4-4) Let P ^ P' be standard rational parabolic sub- 
groups, normalizing the standard boundary components F =/= F' respectively. Then 
the following statements are equivalent, in which case we write P' -< P : 

(1) Lp'h C Lph 

(2) Lpg C Lp'g 



It is possible to absorb the compact factors of Lp, if there are any, into Lp;, and Lpg in 
such a way that both Lph, Lpg are defined over Q. 
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(3) Z(U P ) C Z(Up.) 

(4) F' is a rational boundary component of F 

(5) The cone Cp is a rational boundary component ofCp>. 

Suppose P is a rational parabolic subgroup of G such that P = P(M) nor- 
malizes a rational boundary component F. Let Lp = Lp^Lpg be the almost direct 
product decomposition of its Levi component as discussed above. So we obtain 
identifications D = P/Kp, F = Lph/Kh, and Cp = Lpg/Kg for appropriate max- 
imal compact subgroups Kp = K fl P C Lp C P, Kh C Lph, and K( dpi. 

Let L C G(Q) be a neat ([Bl]) arithmetic subgroup. Set T P = T n P and 
T v = mU P . Then 

N P = Tu\U P 

is a compact "nilmanifold" whose fundamental group is the nilpotcnt group IV. 
Let Tp = Tp/Tu C Lp and set L = T/, fl Lpf. Let Th C Lpj, be the projection of 
Tp to the Hcrmitian factor Lp^. We obtain an identification between the boundary 
stratum X F and the quotient T h \F = T h \L Ph /K h (cf. §2.4). 

It follows that Tp\D = Tp\P/Kp fibers over the locally symmetric space 
Xp = Tl\Lp/Kp (cf. equation (5.1.2)) with fiber Np; and that Xp in turn fibers 
over the boundary stratum Xp with fiber T^\Cp. 

2.2. Theorem. ([BB]) The boundary strata of the Baily-Borel compactification 

form a regular stratification of X . Let Xp be such a stratum, corresponding 
to the T-conjugacy class of the rational parabolic subgroup P C G. Then there 
exists a parabolic neighborhood (see $4--5) Vp of Xp whose intersection Vp H X 
with X is diffeomorphic to the quotient Tp\D. Hence the geodesic projection -Kp : 
Vp flX-> Xp is a smooth fiber bundle with a fiber W, which is itself a fiber bundle, 
W — > Te\C'p with fiber diffeomorphic to the compact nilmanifold Np = Tjj\Up. 
If x £ Xp and if B x C Xp is a sufficiently small ball in Xp, containing x, then 
the pre-image iYp^(B x ) C Vp is a distinguished neighborhood of x in X , whose 
intersection with X is therefore homeomorphic to the product B x x W. The closure 
of the stratum Xp is the Baily-Borel compactification of Xp. It consists of the union 
of all strata Xpi such that the normalizing parabolic subgroup P' is Y -conjugate to 
some Q -< P. 

Despite its precision, this result does not fully describe the topology of the 
neighborhood Vp ; only that of Vp n X. Moreover it does not describe the manner in 
which such neighborhoods for different strata arc glued together. A complete (but 
cumbersome) description of the local structure of the Baily-Borel compactification 
exists, but it is sometimes more useful to describe various sorts of "resolutions" of 

x BB / 

3. Toroidal compactifications and automorphic vector bundles 

3.1. The toroidal compactification is quite complicated and we will not at- 
tempt to provide a complete description here. (The standard reference is [AMRT]. 
An excellent introduction appears in the book [Nk]. but it takes many pages. Brief 
summaries are described in [GT2] §7.5 and [GP] §14.5.) Instead we will list some 
of its main features. As in the preceding section we suppose that X = T\G/K 
is a Hcrmitian locally symmetric space arising from a semisimplc algebraic group 
G defined over Q. There are many toroidal compactifications. Each depends on a 
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certain choice E of combinatorial data, and we sometimes indicate this by writing 

— tor — tor 

X s for this compactification. Each AT E admits the structure of a complex al- 
gebraic space. For certain "good" choices of E the resulting variety is projective 
and nonsingular, and the complement A" s — X is a divisor with normal crossings, 
which is therefore stratified by the multi-intersections of the divisors. The identity 
extends to a unique continuous mapping kj; : X — > X . it is a holomorphic 
morphism which takes strata to strata. If E is "good" in the above sense then ks 
is a resolution of singularities. 



3.2. The cone again. In this section we describe the combinatorial data E 
which determines the choice of toroidal compactification X s in the case that G 
is Q-simple. In this case there is a natural ordering among the standard proper 
rational parabolic subgroups, with P -< Q if Lph C Lq^, or equivalently (see 
Lemma 2.1), if Lqi C Lp£. Let P be the standard maximal rational parabolic 
subgroup which comes first in this total ordering and let Cp = Lp^/Kpi be the 

corresponding self adjoint homogeneous cone, with its partial compactification Cp d , 
as in §2.2. It is contained in Z(Up) which we identify with 3 = Lie(Z(£/p)) by the 
exponential map, and it is rational with respect to the lattice A = TP\Z(U p). Choose 
a Tpf-invariant rational simplicial cone decomposition of C P , or equivalently, a 
rational flat triangulation of the compact (singular) space Tpe\C P /homothctics, 
which is subordinate to the stratification by boundary strata. (This means that 
the closure of each stratum should be a subcomplex.) 

Up to r conjugacy, there arc finitely many maximal rational parabolic sub- 
groups P that arc minimal with respect to the ordering -< . The data E refers to a 

choice of cone decomposition of C P for each of these, which are compatible in the 

sense that if Cq C Cp d n Cp? then the two resulting cone decompositions of Cq 
coincide. 

By the theory of torus embeddings, such a cone decomposition of Cp determines 
a Tp( equivariant partial compactification of the algebraic torus (3 ® C)/A, which 
is one of the key ingredients in the construction of the toroidal compactification. 
The rest of the construction, which is rather complicated, consists of "attaching" 
the resulting torus embedding to X. 

Actually, this data only determines a resolution A" s which is "rationally non- 
singular" (has finite quotient singularities). A truly nonsingular compactification is 
obtained when we place a further integrality condition on the cone decomposition 

— std 

of Cp , namely that the shortest vectors in the 1-dimcnsional cones in any top 
dimensional simplicial cone should form an integral basis of the lattice A. There 
is a further (convexity) criterion on the cone decompositions to guarantee that 
the resulting X^ is projective. Cone decompositions satisfying these additional 
conditions exist, although the literature is a little sketchy on this point. A more 
difficult problem is to find (canonical) models for AT S defined over a number field, 
or possibly over the reflex field, when X is a Shimura variety. See, for example 
[PC]. 



3.3. Automorphic vector bundles. Let A : K — > GL(_E) be a representa- 
tion of K on some complex vector space E. Then we obtain a homogeneous vector 
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bundle E = Gx^ E on D, meaning that we identify (h, e) with (hk, A(fc) _1 e) when- 
ever k £ K and h s G. Denote the equivalence class of such a pair by [h, e]. The 
action of G on D is covered by an action of G on E which is given by g-[h, e] = [gh, e] . 
So dividing by T we obtain a automorphic vector bundle Er = T\E — > X, which 
may also be described as Er = (r\G) Xjf E. Such a vector bundle carries a canon- 
ical connection. If the representation A is the restriction to K of a representation 
of G, then £r also carries a (different) flat connection (cf. [GP] §5). 

Smooth sections of Er may be identified (see also §3.5 below) with smooth 
mappings / : G — ► E such that f(jgk) = X(k^ 1 )f(g) (for all k <G K, 7 e T). 
The holomorphic sections of Er correspond to those functions that are killed by 
certain differential operators, as observed in [B3]. The complexified Lie algebra of 
G decomposes under the Cartan involution into and —i eigenspaces, 

(C) = ®C = t(C)®p + ©p- 

respectively (where 6(C) is the complcxification of Lic(K)). Each V — X + iY £ 
g(C) acts on functions / : G -> C by V(f) = X(f) + iY(f). Then a smooth 
section of Er is holomorphic if and only if the corresponding function / : G — > E 
satisfies the Cauchy-Ricmann equations: V(f) = for all V 6 f". Let us further 
say ([B3]) that such a holomorphic section / is a holomorphic automorphic form 
if it has polynomial growth, that is, if there exists C > and n > 1 such that 
\f(g)\ < C\\g\\ n G . (Here, \\g\\ G is the norm ||. 9 || G = tr(Ad(6(g- 1 )) ■ Ad(g)), where 9 
is the Cartan involution.) 

One might hope to interpret this condition in terms of the Baily Borel com- 
pactification X . However the automorphic vector bundle Er — > X does not 
necessarily extend to the Baily-Borel compactification. It does extend to X , 
but only as a topological vector bundle. However, in [M], Mumford constructs a 
canonical extension — > X s as a holomorphic vector bundle, and shows that 
the (global holomorphic) sections of E^ arc precisely the holomorphic sections of 
Er — > X with polynomial growth, that is, they arc holomorphic automorphic forms. 

3.4. Proportionality theorem. In [M], Mumford proved that the Chcrn 

classes c ! (Es) S H 2l (X- s ) of the bundle Es satisfy Hirzebruch's proportionality 
theorem: there exists a single rational number v(T) so that for any automorphic 
vector bundle Er on X, for any toroidal compactification X E , and for any partition 
I : n± + 712 + • • • + nk = 2n where n = dimc(X), the corresponding Chern number 
of the canonical extension Es 

c J (E E ) = c' ll (E s ) U c" 2 (E s ) U ■ • • U c' lfc (E s ) n [X^] 6 Q 

(where [X^ 1 ] G #2n(^s") i s the fundamental class) satisfies 

c 7 (E s ) = «(r)c / (E) 

where E is the corresponding vector bundle on the compact dual symmetric space, 
D. The fact that these Chern numbers are independent of the resolution X-% sug- 
gests that they might be related to the topology of X . This possibility was 
realized in [GP] where it was shown that for any automorphic vector bundle 
Er — > X, each Chcrn class c fc (Er) G H 2k (X; C) has a particular lift to cohomology 
c fc (Er) € H 2k (X ;C) such that for any toroidal resolution : — > X 
the lift satisfies Kj.(c fe (Er)) = c k (E^). Therefore the proportionality formula holds 
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for these lifts c fc (Es) as well. In many cases this accounts for sufficiently many 
cohomology classes to prove that the cohomology H*(D,C) of the compact dual 

symmetric space is contained in the cohomology H*(X , C) of the Baily-Borcl 
compactification. 

3.5. Automorphy factors. There is a further (and more classical) descrip- 
tion of the sections of an automorphic vector bundle Ep = T\(G E) corre- 
sponding to a representation A : K — ► GL(A). A (smooth) automorphy factor 
J : G x D — > GL(A) for E is a (smooth) mapping such that 

(1) J(gg',x) = J(g,g'x)J(g',x) for all g,g' e G and x e A 

(2) J(fc,x ) = A(/c) for all fc G K. 

It follows (by taking g = 1) that J(l, x) = J. The automorphy factor J is determined 
by its values J(g,xo) at the bascpoint: any smooth mapping j : G — > GL(A) such 
that j(gk) — j(g)\(k) (for all k € K and g £ G) extends in a unique way to an 
automorphy factor J : G x D — > GL(A) by setting J(g, /ixo) = j{gh)j{h)~ 1 . 
An automorphy factor J determines a (smooth) trivialization 

fj:GxjfE^ (G/A) x E 

by [flS^] l— * (ffA, J(g,xo)v). With respect to this trivialization the action of 7 £ G 
is given by 

(3.5.1) 7- (x,v) = (7X, J(7,x)v). 

Conversely any smooth trivialization <& : E = (G/K) x i£ of E determines a unique 
automorphy factor J such that $ = <&,/. Such a trivialization allows one to identify 
smooth sections s of E with smooth mappings r : D — ► £7. If the section s is given by 
a smooth mapping s : G — > i? such that s(gfc) = A(fc -1 )s(g) then the corresponding 
mapping r is r(gK) — J(g,xo)s(g) (which is easily seen to be well defined). By 

(3.5.1) , sections s which are invariant under 7 G T C G(Q) then correspond to 
functions r : D — > E which satisfy the familiar relation 

(3.5.2) r(7x) = J(7, x)r{x) 

for all x G D. Moreover, there exists a canonical automorphy factor ([Sal] II §5), 

Jo : G x D -► K(C) 

which determines an automorphy factor J = Ac ° Jo for every homogeneous vector 
bundle E = G Xj( A, where Ac : K(C) — > GL(A) denotes the complcxification of 
A. With this choice for J, holomorphic sections s of Er correspond to holomorphic 
functions r : Z? — > A which satisfy (3.5.2). 

4. Borel-Serre compactification 

4.1. About the center, and other messy issues. In this section and in the 
remainder of this article, G will be a connected reductive algebraic group defined 
over Q; A C G will be a chosen maximal compact subgroup and T C G(Q) will be 
an arithmetic group. 

The identity component (in the sense of algebraic groups) of the center of G 
is an algebraic torus defined over Q. It has three parts: a greatest Q-split subtorus 
Ag, an R-split but Q-anisotropic part Aq, and an R-anisotropic (i.e. compact) 
part, Aq. Unfortunately it is not simply the direct product of these three parts, 
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however we can at least isolate the group Aq = Aq(R) + , the topologically con- 
nected identity component of the group of real points of Aq- Define ([BS] §1.1) 

°G = p|kcr( X 2 ) 

x 

to be the intersection of the kernels of the squares of the rationally defined characters 
X ■ G — > G m . It is a connected reductive linear algebraic group defined over Q 
which contains every compact subgroup and every arithmetic subgroup of G ([BS] 
§1.2). The group of real points G = G(R) decomposes as a direct product, G = 
°G(K) x A G . Then D = G/KAq = °G/K. So, to study the topology and geometry 
of D (and its arithmetic quotients) one may assume that the group G contains no 
nontrivial Q-split torus in its center. This is not a good assumption to make from 
the point of view of representation theory or from the point of view of Shimura 
varieties since in these cases the center Ac plays an important role. Nevertheless 
we will occasionally make this assumption when it simplifies the exposition. 

The part Aq of the center contributes a Euclidean factor to the symmetric 
space D. However, after dividing by T this Euclidean space will get rolled up into 
circles, which explains why it does not interfere with our efforts to compactify r\D. 
Even if Aq and Aq are trivial, the group G may still contain a compact torus in 
its center, but this will be contained in any maximal compact subgroup K C G so 
it will not appear in the symmetric space G/K. 

We will also assume, for simplicity, that T is torsion free, which implies that 
r acts freely on D and that the quotient X is a smooth manifold. It is often 
convenient to make the slightly stronger assumption that T is neat ([Bl]), which 
implies ( [AMRT] p. 276) that (Tr\H 2 (C))/(TnH 1 (C)) is torsion-free whenever Hi<i 
H2 C G arc rationally defined algebraic subgroups. This guarantees that all the 
boundary strata are smooth manifolds also. Every arithmetic group contains neat 
arithmetic subgroups of finite index, however much of what follows will continue to 
hold even when T has torsion. 

4.2. The Borel-Serre compactification X BS is (topologically) a smooth mani- 
fold (of some dimension m) with boundary. However the boundary has the differen- 
tiable structure of "corners" : it is decomposed into a collection of smooth manifolds 
of various dimensions, and a point on one of these boundary manifolds of dimension 
d has a neighborhood which is diffcomorphic to the product B d x [0, l) m ~ d where 
B d is the open unit ball in M. d . This compactification is obtained as the quotient 
under T of a "partial" compactification D which is obtained from D by attaching 
a "boundary component" for each proper rational parabolic subgroup P C G. 

4.3. Geodesic action. Let P be the group of real points of a rational para- 
bolic subgroup P. Let Up be its unipotcnt radical and v : P — > Lp be the projection 
to the Levi quotient. Then Lp is the group of real points of a rationally defined 
reductive group Lp and as such, we have Lp = MpAp where Mp = °Lp(R) as 
in §4.1. The choice of K C G corresponds to a Cartan involution 9 : G — > G 
and there is a unique 9 stable lift ([BS]) of Lp to P. So we obtain the Langlands 
decomposition 

(4.3.1) P = UpApMp. 

The intersection Kp = K n P is completely contained in Mp. It follows from the 
Iwasawa decomposition that P acts transitively on D. Define the right action of 
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Ap on D = P/Kp by (gKp) ■ a = gaKp for g 6 P and a € Ap. This action 
is well defined since Ap commutes with Kp C Mp, but it also turns out to be 
independent of the choice of basepoint. Moreover each orbit of this Ap action is 
a totally geodesic submanifold of D (with respect to any invariant Riemannian 
metric). Define the (Borel-Serre) boundary component ep = D/Ap. 

Intuitively, we want to "attach" ep to I? as the set of limit points of each of 
these geodesic orbits. For the upper half plane t)i and the standard Borel subgroup 
B C SL(2, M), if a = (* _i) then the geodesic action is (x + iy) ■ a = x + it 2 y 
for any t ^ 0, so the geodesic orbits are "vertical" half lines. Then ep is a line at 
infinity, parallel to the real axis, which is glued onto the upper half plane so as to 
make a strip E x (0, oo]. (See figure 3.) 




12 3 4 



Figure 4. F) and geodesic action 

When r "acts" on this union D U ep, only the translations Tp = TOP act 
nontrivially on the boundary component ep so the resulting circle Tp\ep becomes 
glued to X where, previously in the Baily-Borel compactification, we had placed 
a cusp. Unfortunately the group V docs not actually act on D U ep, a difficulty 
which may be rectified by attaching additional boundary components eQ for ev- 
ery rational parabolic subgroup Q, using a "Satake topology" in which each eQ 
has a neighborhood isomorphic to that of ep. Although it is difficult to visualize 
the resulting space D , it is nevertheless a (real) two dimensional manifold with 
boundary, whose boundary consists of countably many disjoint copies of R. 

4.4. In this section we return to the general case but we assume for simplicity 
that Aq is trivial. As a set, D is defined to be the disjoint union of D and all the 
Borel-Serre boundary components ep corresponding to rational proper parabolic 
subgroups P. Let Po C G be a fixed minimal rational parabolic subgroup. The 
parabolic subgroups containing Po are the standard parabolics. Denote by Ao the 
greatest Q split torus in the center of the (canonical lift of the) Levi component 
L = Lp a and let <I> = <5>(G,A ) be the corresponding system of rational roots, 
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with simple rational roots A. For any standard parabolic subgroup P let Ap be 
the set of restrictions of the roots in A to Ap C A . If Ap = {cti, a^, • ■ ■ , ct r } the 
isomorphism 

A P = (0,oo) r given by t 1-> (a^t), a 2 (t), . . -,a r (t)) 
determines a partial compactification Ap = (0, oo] r . Let 

fl(P) = flx 4 A P 

where Ap acts on D by the geodesic action. Then D(P) contains D and it also 
contains ep as the set of points (or, rather, equivalence classes) [x, (oo, oo, . . . , oo)]. 
The projection D — > ep extends continuously to Tip : D{P) — > ep which we refer 
to as the geodesic projection. 

It is a bit easier to picture this construction in terms of coordinates. For each 
a G Ap define the root function f£ '■ D — ► (0, oo) by 

fa(x) = fa(gKp) = f^(uamKp) = a(a) 

where x = gKp and g = uam G P has been decomposed according to the Lang- 
lands' decomposition (4.3.1). The root function is well defined because the mapping 
P — * Ap given by uam h- > a is a group homomorphism. If g' = u'a'm' G P and if 
b G Ap then 

(4.4.1) f^(g'x-b)=a(a'b)f^(x). 

The root functions clearly extend to D(P) and together with np they determine a 
diffeomorphism 

(4.4.2) D(P) = ep x (0,oo] r . 

If P C Q then Aq C Ap and the restriction of the geodesic action for Ap to 
Aq coincides with the geodesic action for Aq . Therefore there is a natural inclusion 
Aq C Ap as a coordinate subspace, and we see that D(P) is the disjoint union of 
boundary components eg for Q 3 P (including cq = D.) We wish to declare this 

set D(P) to be an open neighborhood of ep in D 




e P e Q ep eQ 



Figure 5. D(P) and level curves of f£ for a 1 ,a 2 G Ap. 

The following theorem says that it is possible to similarly attach boundary 
components ep for any rational parabolic subgroup P, so as to obtain a partial 
compactification D of D. 

4.1. Theorem. ([BS] §7.i) There is a unique topology {the Satake topology) on 
the union D BS of D with all its rational boundary components, so that the action 
o/G(Q) on D extends continuously to an action by homeomorphisms on D , and 
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so that each D(P) C D is open. The parabolic subgroup P is the normalizer of 

the boundary component ep. The closure ep of ep in D is the Borel-Serre partial 
compactification of ep. 

(An annoying problem arises because ep is not a symmetric space, and in fact 
it is a homogeneous space under the non-reductive group P. In order to apply 
inductive arguments, Borcl and Serre found it necessary to work within a wider 
class of groups and homogeneous spaces which include P and ep. Fortunately the 
current context provides the author with a poetic license to ignore these further 
complications.) 

4.5. Quotient under V. Fix a neat arithmetic group V C G(Q). Let k : 

g g g g g g g g 

D — ► X = T\D be the quotient. The action of T on D will identify 
some boundary components and it will also make identifications within a single 
boundary component. There is a risk that this will completely destroy the local 
picture D(P) of ep which was developed above. It is a remarkable fact that this 

risk never materializes. To be precise, there is a neighborhood V of ep in D BS so 
that 

(PI) Two points in V arc identified under T if and only if they are identified 
under T P = T H P. 

(P2) The neighborhood V is preserved by the geodesic action of Ap(> 1). 
Here, Ap(> 1) = {a G Ap\a(a) > 1 for all a G Ap} is the part of Ap that moves 
points in D "towards the boundary." Such a neighborhood V is called a T -parabolic 

neighborhood and we will also refer to its image k(V) C X as a parabolic neigh- 
borhood. The intersection k(V) X is diffcomorphic to the quotient Tp\D. 

gg 

There is another way to say this. Let V' be the image of V in Tp\D . Since 

Tp C r we have a covering (3 : Tp\D — ► T\D . For points far away from ep this 

is a nontrivial covering. However for points in V C D the covering V — * /3(V) 
is actually one to one. This fact (a consequence of reduction theory) allows us to 
study a neighborhood of ep using the structure of the parabolic subgroup P. (In 
the case of the upper half plane, it is easy to see from Figure 1 that the set of points 
z G C with Rc(z) > 2 forms such a parabolic neighborhood of the point at infinity.) 
Define the Borel-Serre stratum Yp = «(ep) to be the image of the boundary 

component ep. A T-parabolic neighborhood of Yp c X is diffcomorphic to a 
neighborhood of Yp in Tp\D(P). If 7 G Tp then for any a G Ap and any x G D(P) 
we have: fa(l x ) = fa( x )- This follows from (4.4.1) and the fact that the projection 
P — > Ap kills Tp. Therefore the diffcomorphism (4.4.2) passes to a diffeomorphism 

T P \D(P) = r P \e P x (0,oo] r 

which says that the stratum Yp has a neighborhood in X S which is a manifold 
with corners. As described above, these corners fit together: if P C Q then the 
inclusion eg C D(P) induces an mapping Yp x (0,oo) s — > Yq (for an appropriate 
coordinate subspace (0,oo) s ), which is one to one near Yp. (Once we leave the 
parabolic neighborhood of Yp this mapping is no longer one to one.) With a bit 
more work one concludes the following 

4.2. Theorem. ([BS]) The quotient X BS = T\D BS is compact. It is stratified 
with finitely many strata Yp = Tp\ep, one for each T-conjugacy class of rational 
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parabolic subgroups P C G. Each stratum Yp has a parabolic neighborhood V dif- 
feomorphic to Yp x (0,oo] r (where r is the rank of Ap) whose faces Yp x (0,oo) s 
are the intersections Yq PI V for appropriate Q D P. 

Two important applications are given in §6.1. For many purposes the Borcl- 
Serre compactification is too big. For example, each stratum Yp is the quotient of 
a non-reductive group P by an arithmetic subgroup Tp . The reductive Borel-Serre 
compactification (first studied in [Zl] §4.2, p. 190; see also [GHM] §8) is better 
behaved. It is obtained by replacing this stratum by an appropriate arithmetic 
quotient of the Levi component of P. 

5. Reductive Borel-Serre Compactification 

5.1. As in the previous section we suppose G is a reductive algebraic group 
defined over Q with associated symmetric space D = G/KAq- Let T C G(Q) be 
an arithmetic subgroup and set X = T\D. Let P be a proper rational parabolic 
subgroup with Langlands' decomposition (4.3.1), let Tp = T n P, let ep = D/Ap 
be the Borel-Serre boundary component, and let Yp = Tp\ep be the Borel-Serre 
stratum. Let us first examine the structure of ep — > Yp . 

Using the Levi decomposition P = UpLp we may write D = UpLp / KpAq. 
The group Kp and the geodesic action of the group Ap act (from the right) only 
on the factor Lp. So we obtain a diffeomorphism 

(5.1.1) ep^UpX (Lp/KpAp) = U P x D P 

where Dp is the reductive Borel-Serre boundary component Lp / KpAp. In these 
coordinates, the action of g € P is given by 

g.(u,zK P Ap) = (guw P (g)~ 1 ,vp{g)zK P Ap) 

where Vp : P — ► Lp is the projection to the Levi quotient, and where i : Lp — ► P 
is its canonical splitting from §2.7. So the unipotent radical of P acts only on the 
Up factor, while P acts on the Dp factor through its Levi quotient. 
Define the reductive Borel-Serre stratum 

(5.1.2) X P = T L \D P =T L \Lp/K P Ap 

where Tl = vp(Tp) C Lp = MpAp. Then the Borel-Serre stratum Yp is a fiber 
bundle over the reductive Borel-Serre stratum Xp, 

Y P = Tp\e P = Tp\P/K P Ap -> X P = T L \D P 

whose fiber is the compact nilmanifold Np = Tu\Up. 

RBS 

5.1. Definition. The reductive Borel-Serre partial compactification D 

BS BS 

(resp. X ) is the quotient of D (rcsp. X ) which is obtained by collaps- 
ing each ep to Dp (resp. Yp to Xp). 

5.1. Theorem. ([Zl], [GHM] §8.10) The groupT acts on~D RBS with compact 
quotient T\D = X . The boundary strata form a regular stratification of 

p B§ 

X and the stratum 

X P = T L \Mp/K P = T L \Lp/K P Ap 

is a locally symmetric space corresponding to the reductive group Lp. Its closure 
Xp in X is the reductive Borel-Serre compactification of Xp. The geodesic 
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projection np : D — > ep — > Z?p passes to a geodesic projection, 7Tp : — ► Xp 
defined on any parabolic neighborhood V C X of Xp. The pre-image 7Tp 1 (B r ) 
of an open ball B r C Xp is a distinguished neighborhood of any x € B r . 




-« Mp/Kp -*~ X P 



Figure 6. Borel-Serre and reductive Borel-Serre compactifications 

The diagram on the left of Figure 5 represents the Borel-Serre compactification. 
This may be thought of as a "local" picture, but one may also imagine a "global" 
picture by identifying the top and bottom of the box, and identifying the left and 
right sides of the box. The box is a manifold with boundary: the front face is 
the boundary stratum Yp. It is foliated by nilmanifolds isomorphic to Np, and in 
general the vertical lines are the (images of) orbits of Up. The geodesic action of Ap 
moves points towards the front face. The (images of) orbits of Mp are horizontal. 
On the right hand side, the nilmanifold fibers in Yp have been collapsed to points, 
leaving the stratum Xp. Nothing else has changed. However we now see that a 
normal slice through Xp (indicated by a dotted triangle) is diffeomorphic to the 
cone over Np, that is, the nilmanifold Np is the link of Xp (see next section). 

5.2. Singularities of X RBS . The reductive Borel-Serre compactification of 
X is a highly singular, non-algebraic space. Although the singularities are com- 
plicated, they can be precisely described, and as a consequence it is possible to 
compute the stalk cohomology of various sheaves on X . Here is a description of 

R BS 

the link (cf. §2.6) of the stratum Xp in X . 

If P is a (proper) maximal rational parabolic subgroup of G then the link of the 
stratum Xp is the compact nilmanifold Np = Tjj p \Up where Up is the unipotent 
radical of P and T Up =TC\U P . 

If P C Q then P determines a parabolic subgroup P/Uq C Lq with unipotent 
radical Up 2 = U P /U Q and discrete group T$ = T Up /T Uq . Let N® = T^\U^ be 
the associated nilmanifold. It is the quotient of Np under the action of Uq so there 
is a surjection Tpq : Np — > Np . Similarly, if P C R C Q we obtain a canonical 
surjection 

(5.2.1) N® Np. 

To make the notation more symmetric, let us also write Np = Np. 
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If P = Qi n Q2 is the intersection of two maximal rational (proper) parabolic 
subgroups then the link of the stratum Xp in X is the double mapping cylinder 
of the diagram 

A^? 1 < Np ► Np 2 _ 

Tpq 1 T p q 2 

In other words, it is the disjoint union Np 1 U (Np x [—1, 1]) UNp modulo relations 
(x, —1) ~ Tpq^x) and (x, 1) ~ Tpq 2 (x) for all x 6 Np. 

In the general case, suppose P is a rational parabolic subgroup of G with 
dim(Ap) = r. The rational parabolic subgroups containing P (including G) are in 
one to one correspondence with the faces of the r — 1 dimensional simplex A r_1 , 
in an inclusion-preserving manner, with the interior face corresponding to G. 

5.2. Theorem. ([GHM] §8) The link of the stratum X P in x RBS is homeo- 
morphic (by a stratum preserving homeomorphism which is smooth on each stratum) 
to the geometric realization of the contravariant functor N : A r ~ 1 — ► {manifolds} 
defined on the category whose objects are faces of the r — 1 simplex (and whose 
morphisms are inclusions of faces), which associates to each face Q the nilmanifold 
Np and to each inclusion of faces R C Q the morphism (5.2.1). 

5.3. Theorem. ([Z2]) Suppose the symmetric space D = G/K is Hermitian 

and let X be the Baily-Borel compactification of X = T\D. Then there exist 
unique continuous mappings 

-^bs -=rbs T ^bb 

which restrict to the identity on X. 

5.3. The first map is part of the definition of the reductive Borel-Serre com- 
pactification. The mapping r, if it exists, is determined by the fact that it is the 
identity on X. However at first glance it appears unlikely to exist since, when G 
is Q simple, the strata of X are indexed by (T conjugacy classes of) maximal 

RBS 

rational parabolic subgroups, while the strata of X axe indexed by (T conjugacy 
classes of) all rational parabolic subgroups. Suppose for the moment that G is Q 
simple. (The general case follows from this.) Then the rational Dynkin diagram for 
G is of type C n or BC n , as in Figure 2. A rational parabolic subgroup corresponds 
to a subset of the Dynkin diagram, so its Levi quotient decomposes as an almost 
direct product (commuting product with finite intersections): 

(5.3.1) hp = L Ph xL fl xL, 2 x...x L lm x H 

of a (scmisimplc) Hermitian factor Lp^ with a number of "linear factors" Lw, (each 
of which acts as a group of automorphisms of a self adjoint homogeneous cone in 
some real vector space) and a compact group H. (In what follows we will assume 
the compact factor H, if it exists, has been absorbed into the other factors. It 
is possible to arrange this so that each of the resulting factors is defined over the 
rational numbers.) 

So there is a projection Dp — > F from the reductive Borel-Serre boundary com- 
ponent Dp = Lp/KpAp to the Borel-Serre boundary component F = Lph/Kph 
(for appropriate maximal compact subgroup Kph). This boundary component F 
was associated (in §2.3) to the maximal (proper, rational) parabolic subgroup Q 
whose Levi component Lq decomposes as Lq = Lq^ x Lqi with Lq^ = Lp^. In 
other words, Lp and Lq have the same Hermitian factor. 
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0=0 — o — • — o — • — o — o — o 



o«3 — o o o — o — o 

Lph Ln L12 

0=0 — o o — o — o — o — o 



Figure 7. Dynkin diagrams for G, Lp, and Lq 

RBS 

Moreover, the closure Dp = Dp decomposes as the product of reductive 
Borel-Scrre partial compactifications of the locally symmetric spaces corresponding 
to the factors in (5.3.1). The symmetric spaces for the linear factors Lg\ x . . . x Lg m 
show up as boundary components of the symmetric space for Lq£. With a bit more 
work it can be shown that 

/£_B,5 BB 

5.4. Theorem. The mapping r : X — ► X takes strata to strata and it 
is a submersion on each stratum. If Xp C X is the stratum corresponding to a 
maximal parabolic subgroup Q C G then T~~ 1 (Xp) — > Xp is a fiber bundle whose 
fiber is isomorphic, by a stratum preserving isomorphism, to the reductive Borel- 
Serre compactification of the arithmetic quotient T qi\Lqi / Kqi of the self adjoint 
homogeneous cone Lqi/Kqi. 

(Here, Tqi C Lq^(Q) is the arithmetic group which is obtained by first projecting 
r n Q to Lq and then intersecting with Lqi.) 

In summary we have a diagram of partial compactifications and compactifica- 
tions, 

D BS ► D RBS ► D BB 



"^BS f ^RBS ^ ^BB 



with corresponding boundary components and boundary strata 

e P = P/KpAp ► Dp = Lp/KpAp ► F = L Ph /K Ph 



Y P = Tp\e P ► X P = T L \Mp/K P ► X F = T Ph \F 

5.4. A very similar picture applies when X — T\V n is an arithmetic quo- 
tient of the symmetric cone of positive definite real matrices (or, more generally, 
when X is an arithmetic quotient of any rationally defined Q irreducible self ad- 
joint homogeneous cone). The identity mapping X — > X has unique continuous 
extensions 

^BS ^RBS t ^std 

which take strata to strata. A stratum Xp of X corresponds to a maximal 
rational parabolic subgroup Q whose Levi component factors, Lq = LiL 2 as a 
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product of two "linear" factors. The stratum Xp is an arithmetic quotient of the 
self adjoint homogeneous cone for L\. The pre-imagc r~ 1 (Xp) is a fiber bundle 
over Xp whose fiber over a point x E Xp is isomorphic to the reductive Borel-Serrc 
compactification of an arithmetic quotient of the self adjoint homogeneous cone for 



6.1. Group cohomology. (see [Bro] Chapt. I or [W] Chapt. 6) As in the 
preceding section we assume that G is reductive, defined over Q, that Ac is trivial, 
that K C G(K) is a maximal compact subgroup and that the symmetric space D = 
G/K is Hcrmitian with basepoint xq. Fix a neat arithmetic subgroup T C G(Q) 
and set X = T\D. Let A : G — ► Gh(E) be a finite dimensional representation of G 
on some complex vector space, and let E = E Xp D be the resulting local system 
(flat vector bundle) on X. Since T acts freely on the contractiblc manifold D we 
see that the cohomology H l (X, E) is naturally isomorphic to the group cohomology 
H l (T, E) of the representation A|I\ 

6.1. Theorem. The cohomology H*(T,E) is finite dimensional. The group T 
is finitely presented. 

If r is neat, the proof follows just from the existence of the Borel-Serre com- 

gg 

pactification: the inclusion X — > X is a homotopy equivalence. Since T is the 
fundamental group of X, it is finitely presented. Moreover any compact mani- 
fold with boundary (or compact manifold with corners) may be triangulated using 
finitely many simpliccs, so its cohomology is finite dimensional (and vanishes in 
dimensions greater than dim(X)). In fact, these two consequences of the existence 
of the Borel-Serre compactification were first proven by M. S. Raghunathan [R], 
who showed that X was diffcomorphic to the interior of a smooth compact manifold 
with boundary. 

It can also be shown, using the Borel-Serre compactification, that the Euler 
characteristic x(^0 an d the Euler characteristic with compact supports x c (A) = 
^ i>0 (-l) ! dim(i/J(X)) are equal. This follows from the fact that their difference 
is the Euler characteristic of the boundary dX = X — X for any compactification 
X of X. One checks by induction that the Euler characteristic of the Borel-Serre 
boundary vanishes, since each "corner" Yp is fibered over Xp with fiber a compact 
nilmanifold Np, whose Euler characteristic x(Np) = vanishes. 

6.2. L 2 cohomology. A choice of J\-invariant inner product on the tangent 
space T Xo D determines a complete G-invariant Riemannian metric on D which then 
passes to a complete Riemannian metric (with negative curvature) on X. Let fl l (X) 
be the vector space of smooth complex valued differential i-forms and let 



be the vector space of L 2 differential i-forms on X. These form a complex whose 
cohomology 



is called the L 2 cohomology of X. It is finite dimensional (when D is Hcrmitian 
symmetric, which we are currently assuming). We may similarly define the L 2 



L 2 . 



6. Cohomology 




m 2) (A)=ker(d)/im(d) 
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cohomology H l (X, E) with coefficients in a local system E arising from a finite 
dimensional irreducible representation A : G(K) — > GL(i?) on some complex vector 
space E. 

The L 2 cohomology is a representation-theoretic object, and it may be identified 
([BW]) with the relative Lie algebra cohomology 

(6.2.1) Ht 2) (X,V) = H l ( 9l K;L 2 (T\G,E)) 

of the module of L 2 functions on T\G with values in E. One would like to under- 
stand the decomposition of this module under the regular representation of G. (See 
lectures of J. Arthur in this volume.) This decomposition of L 2 (r\G) is reflected 
in the resulting decomposition of its cohomology (6.2.1), which is somewhat eas- 
ier to understand, but the information flows in both directions. For example, it 
is known (when E is trivial) that the trivial representation occurs exactly once in 
L 2 (r\G), and that its (q,K) cohomology coincides with the ordinary cohomology 
of the compact dual symmetric space D. Hence, H*(D) occurs in Hf 2 \(X, C). 

6.3. Zucker conjecture. In [Zl], S. Zucker conjectured there is an isomor- 
phism 

Hl 2) (X,E) = IH*(X BB ,E) 

between the L 2 cohomology and the intersection cohomology of the Baily-Borcl 
compactification. This beautiful conjecture relates an analytic and representation 
theoretic object, the L 2 cohomology, with a topological invariant, the intersection 
cohomology. (An analogous result, for "metrically conical" singular spaces, had 
been previously discovered [ChO, Chi, Ch2] by J. Chccger. A relatively simple, 
piecewise linear analog is developed in [BGM].) Moreover, if X is (replaced by) a 
Shimura variety, then it has a canonical model defined over a number field and there 
is an associated variety defined over various finite fields. In this case the intersection 
cohomology of X has an etale version, on which a certain Galois group acts. 
So the Zucker conjecture provides a "path" from automorphic representations to 
Galois representations, the understanding of which constitutes one of the goals of 
Langlands' program. 

Zucker proved the conjecture in the case of Q-rank one. Further special cases 
were proven by Borel, Casselman, and Zucker ([B2], [BC1], [BC2], [Z3]). Finally, 
in [Lo] and [SS] the conjecture was proven in full generality. Looijenga's proof 
uses the decomposition theorem ([BBD] thm. 6.2.5) and the toroidal compactifi- 
cation, while the proof of Saper and Stern uses analysis (essentially on the reductive 
Borel-Serre compactification) . Among the many survey articles on this material we 
mention [B2], [CGM], [Go], and [S4]. 

Both the L 2 cohomology and the intersection cohomology are the (hyper) co- 
homology groups of complexes of sheaves, d' 2 )(X ,E) and Ift'(X ,E) respec- 
tively. The proofs of Looijenga and Saper and Stern construct a quasi-isomorphism 
between these complexes of sheaves. This implies, for example, the existence of an 
isomorphism between the L 2 cohomology and the intersection cohomology of any 
open set V c X , and these isomorphisms are compatible with the maps induced 
by inclusion of open sets, exact sequences of pairs, and Mayer Vietoris sequences. 

6.4. Review of sheaf theory. Let Z be a stratified space with a regular 
stratification and let S be a sheaf (of finite dimensional vector spaces over some 



COMPACTIFICATIONS AND COHOMOLOGY OF MODULAR VARIETIES 



573 



field) on Z. The stalk of the sheaf S at the point x £ Z is denoted S 2 - . A local system 
on Z is a locally trivial sheaf. Denote by r(?7, S) the sections of S over an open set 
U C Z. The sheaf S is fine if it admits partitions of unity. (That is, for any locally 
finite cover {U a } of Z, and for any open V C Z, every section u> £ T(V, S) can be 
written as a sum of sections uj a supported in U a PI V.) If / : Z — > W is a continuous 
mapping and if S is a sheaf on Z then its push forward /*(S) is the sheaf on W 
whose sections over an open set are 

T(U,MS))=T(f- 1 (U),S). 

Let 

s° — S 1 — ^J— > ■•■ 
be a complex of sheaves (of vector spaces) on Z which is bounded from below. Such 
a complex is denoted S* rather than S* to indicate that it comes with a differential. 
It is common to write S[fc]* or S*[k] for the shifted complex. S[fc] 1 = S fc+I . 

If S* is a complex of sheaves on Z its stalk cohomology H X (S°) and stalk coho- 

mology with compact supports Hl x (S') = Hi-, (S*) at a point x £ Xp C X are 
the limits 

(6.4.1) limir([4,S*) and UmH l c {U x ,S') 

respectively over a basis of neighborhoods U x C X of x (ordered with re- 
spect to containment U x D U' x D ■ ■ ■ ) . Sheaves form an abclian category so 
ker(di) and Im(dj_i) are sheaves, and we may form the cohomology sheaf H l (S) = 
ker(dj)/Im(dj_i). Its stalk at a point x £ Z is the stalk cohomology H X (S'). The 
complex of sheaves S* is cohomologically constructible with respect to the stratifi- 
cation if, for each i, the restriction of the cohomology sheaf H l (S*) to each stratum 
is finite dimensional and locally trivial. This implies that H l (Z, S") is finite dimen- 
sional provided Z is compact. 

A morphism / : S* — > T* of complexes of sheaves is a quasi-isomorphism if it 
induces isomorphisms H X (S') = H X (T') for every i and for every x £ Z. Such a 
quasi-isomorphism S* — > T* induces isomorphisms H l (U,S') = H l (U,T) for any 
open set U C Z and these isomorphisms are compatible with the maps induced by 
inclusions and with Mayer Vietoris sequences. 

If S* is a complex of fine sheaves, then for any open set U C Z the cohomology 
H l (U, S*) is the cohomology of the complex of sections over U, 

-> r(u, s 1 - 1 ) -» r(c/, s l ) -» r(c/, s l+1 ) -» 

However if S* is not fine, then this procedure gives the wrong answer. (Take, for 
example, the constant sheaf on a smooth manifold.) A fine resolution of S* is a 
quasi-isomorphism S* — ► T* where T* is fine. Then, in general, the cohomology 
H l (U,S*) is defined to be the cohomology H l (U, T*) for any fine (or flabby, or 
injective) resolution T* of SV 

A similar problem arises when / : Z — » W is a continuous mapping: if S* is a 
complex of fine sheaves on Z then the push forward /*(S*) will satisfy 

(6.4.2) H l (U, MS')) - H'if-^U), S') 

for any open set U C W. However if S* is not fine then (6.4.2) may fail, and S* 
should first be replaced by a fine (or flabby or injective) resolution before pushing 
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forward. The resulting complex of sheaves (or rather, its quasi-isomorphism class) 
is denoted Rf*(S'). 

These apparently awkward constructions have their most natural expression in 
terms of the derived category of sheaves on Z, for which many excellent references 
exist. (See [I], [GeM], [GeM2]). Brief summaries are given in [GM], [B5].) 
However, the sheaves to be studied in the following sections will be fine, so no 
further resolutions are required. 

Originally it was felt that the "dual" of a sheaf (or of a complex of sheaves) 
should be a co-sheaf (an object similar to a sheaf, but for which the restriction 
arrows are reversed). However, in [BM], Borel and Moore constructed the dual 
sheaf T* of a complex of sheaves S* on Z. They showed, for any open set U C Z, 
that H l c {U, T*) is the vector space dual of H l (U, S"). In [V], Verdier showed there 
was a sheaf D* (called the dualizing sheaf) such that the Borel-Moore dual T* was 
quasi-isomorphic to the sheaf Hom*(S',D*). In particular, the dual of the dual 
of S* is not equal to S*, however it is quasi-isomorphic to SV There arc many 
quasi-isomorphic models for the dualizing sheaf. Possible models include the sheaf 
of (singular) chains on Z (or pieccwisc linear chains, or subanalytic chains, if Z has 
a piecewise linear or subanalytic structure). If Z is compact, orientable (meaning 
that the top stratum of Z is orientable), and purely n-dimensional, then H l (Z, D*) 
is the homology H n -i(Z). 

6.5. The L 2 sheaf. Return to the situation of §6, with X = T\G/K a Hcr- 
mitian locally symmetric space. The sheaf Sl%\(X , E) of (smooth) L 2 differential 

forms on X BB is defined to be the sheafification of the presheaf whose sections over 
an open set U C X are 



of the sheaf of (smooth) L 2 E-valucd differential forms on X, where j : X — > X 
is the inclusion. In fact the sheafification of the presheaf of smooth L 2 (E-valued) 
differential forms on X is the sheaf of all smooth (E-valued) differential forms on 
X. Its cohomology is the ordinary cohomology H* (X, E) and so the same is true 
ofjM\ 2) (X,E). 

6.2. Theorem ([Zl]). The sheaf (l' 2) (E) = n' 2} (X BB ,E) of smooth L 2 dif- 
ferential forms on X is fine. 

This implies that one may calculate the (hyper) cohomology of this complex 
of sheaves simply by taking the cohomology of the global sections (that is, globally 
defined L 2 differential forms), so we do indeed get the L 2 cohomology, that is, 



6.6. Middle Intersection cohomology. There is a construction of intersec- 
tion cohomology using differential forms, which R. MacPherson and I worked out 
some years ago (see [Bry] and [P]). Let 7Tp : Vp — > F be the geodesic projection 




A common mistake is to confuse this with the direct image 



j*n\ 2) (x,E) 



H( 2) (X,-E) = W(X ,n? a) (E)). 
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of a parabolic neighborhood of a boundary stratum Xp C X of (complex) codi- 
mension c. Let us say that a smooth differential form uj £ f2 l (X, E) is allowable 

near Xp if there exists a neighborhood V u C Vp of Xp in X BB such that for any 
choice of c smooth vector fields Ai,A2,.. ■ ,A C in V u nX, each tangent to the fibers 
of 77, the contractions 

i(A!)i(A 2 ) • • • i(A c )(w) =0 and i(Ai)i(4 2 ) ■ ■ -i(A c )(^) = 

vanish in n X. We say a smooth differential form w € fi'pf, i?) is allowable if it 
is allowable near Xp, for every stratum of X 

6.1. Definition. The sheaf KV(E) on Jf BB is the shcafification of the presheaf 
whose sections over an open set U C X are 

{cj € {V(U n X, E) | a; is the restriction of an allowable form onl}. 

This sheaf is fine, so its cohomology IH* (X BB , E) coincides with the coho- 
mology of the complex of allowable differential forms on X. Moreover its stalk 
cohomology and stalk cohomology with compact supports (6.4.1) are achieved in 

any distinguished neighborhood V x C X (see §2.7 and §4.5), that is, 

IH* X (E) = IH\V X ,E) and /#| x} (E) = IH l c (V x ,E). 

The (stalk) cohomology is even the cohomology of the complex of allowable dif- 
ferential forms in V x which satisfy the allowability condition with respect to Xp 
throughout the neighborhood V x . (The corresponding statement for the stalk co- 
homology with compact supports is false.) 

The complex of sheaves Ifi*(E) has the following properties. 

(1) It is constructible: its stalk cohomology (at any point) is finite dimen- 
sional, and its cohomology sheaves are locally trivial when restricted to 
any stratum. 

(2) The restriction If2*(E)|Jf is a fine resolution of the sheaf (of sections of) 
E. 

(3) If F is a stratum of complex codimension c then for any x € F, 

fZj(in'(E)) = for aU i > c 
fl£ x (Hl*(E)) = for all i < c. 

Condition (3) says that the sheaf of differential forms has been truncated by degree at 
the stratum Xp, that is, the allowability condition has killed all the stalk cohomol- 
ogy of degree > c. In [GM] it is shown that any complex of sheaves S* satisfying 
these three conditions is quasi-isomorphic to the intersection complex, meaning 

that in the appropriate bounded constructible derived category D h c (X ) there is 
an isomorphism S* = K2*(E). So the proof of the Zucker conjecture amounts to 
checking that the sheaf of L 2 differential forms satisfies these conditions. Condi- 
tions (1) and (2) are easy, however checking condition (3), which is local in X , 

involves a detailed understanding both of the local topology of X and of its 
metric structure. 

The intersection cohomology sheaf is (Borel-Moore-Verdier) self dual. In par- 
ticular, if Ei and E 2 are dual finite dimensional representations of G then for each 
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open set U C X the intersection cohomology vector spaces 

IH l (U, Ei) and IH 2n - l {U,E 2 ) 
are dual, where n = dimc(^0- 

6.7. Remark. Condition (3) above says that IS~2* is a perverse sheaf ([BBD]) 
on X .In fact the simple objects in the category Perv c (X ) of (constructiblc) 
perverse sheaves are the just the intersection complexes j*(ISl*(Xp, Ep))[cf] of 

closures of strata, where j : Xp — -> X is the inclusion of the closure of a stratum 
Xp of codimension cp and where Ef is a local coefficient system on Xp. 

6.8. Weighted cohomology. If / : Y — > Z is a morphism and if S* is 
a complex of fine sheaves on Y then /*(S*) is a complex of fine sheaves on Z 
whose cohomology is the same: H l (Z, /*(S*)) = H l (Y, S"). So we can study the 
cohomology of S* locally on Z. However the converse is not always true: if T* is a 
complex of sheaves on Z, there does not necessarily exist a complex of sheaves S* 
on Y so that /*(S*) TV 

One would like to study the intersection cohomology IH*(X , E) locally on 
the reductive Borel-Serre compactification, which is in many ways a simpler space 
than X . One might hope to use the sheaf of L 2 differential forms on X , 
which again makes sense on the reductive Borel-Serre compactification. It is again 
a fine sheaf [Zl], and its cohomology is H^(X, E). However, the L 2 sheaf on X 
is not constructiblc: its stalk cohomology at a boundary point x may be infinite 

dimensional. The weighted cohomology sheaf WC* (X , E) is designed to be 
a good replacement; see Theorem 6.4 below. The idea is the following. For any 

stratum Xp C X the torus Ap acts (by geodesic action) on any parabolic 
neighborhood Vp. This action should give rise to a decomposition of the stalk 
cohomology (of the sheaf f2* (X , E) of all smooth differential forms) at any point 
x € Xp into weight spaces. We would like to kill all the cohomology with weights 
greater than or equal to some fixed value, that is, we would like a weight truncation 
of the sheaf of smooth differential forms. Unfortunately, the complex of smooth 
differential forms is infinite dimensional, and the torus Ap does not act semi-simply 
(near Xp) on this complex. So it is first necessary to find an appropriate collection 
of differential forms with the same cohomology, which decomposes under the action 

RBS 

of Ap. In [GHM] a subsheaf r2* p (X ,E) of smooth "special" differential forms 
is constructed with this property. 

Assume G is reductive and Ac is trivial. Fix a standard minimal rational 
parabolic subgroup Po C G. Let Ao be the greatest Q split torus in the center 
of Po- Fix a "weight profile" v <G JTq(Ao), that is, a rational character of Ao. 
This will be used to determine weight cutoffs for each stratum. Suppose P is a 
standard rational parabolic subgroup. The choice of basepoint x 6 D determines 
a lift Lp C P (sec §2.7), so the action of P on its unipotent radical restricts to an 
action of Lp C P on the complex 

C'(m P ,E) = Hom R (A # (m P ),E) 

(where Vlp — Lie(E/p)) and hence determines a local system 

C'(m P ,E) = C"(m P ,E) x Fl (Lp\K P Ap) 
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over the reductive Borel-Serre stratum Xp = V [\Lp / KpAp, cf. (5.1.2). The torus 
Ap acts on C*(9tp, E) so we obtain a decomposition into weight submodulcs 

C(m P ,E)= c'(k p ,e)». 

i-iex(Ap) 

Using the weight profile v, define the submodule 

where fx>v means that /i— (z/|Ap) lies in the positive cone spanned by the simple 
rational roots a G Ap. This definition also makes sense when P is an arbitrary 
rational parabolic subgroup, by conjugation. 

Suppose V C X is a parabolic neighborhood of Xp . Then it turns out that 
the complex of differential forms which are special throughout V may be identified 
with the complex ft' (Xp, C*(O r tp, E)) of special differential forms on Xp with 
coefficients in the (finite dimensional) local system C*(91p, E). Define £t* p {y)> v 
to be the subcomplex of special differential forms on Xp with coefficients in the 
subbundlc C*(9Tp, E)> v . The subcomplex of £1* (V) is independent of the choice 
of bascpoint. 

BBS 

6.2. Definition. The wcig hted cohomology W^C'(X , E) is the shcafifi- 

cation of the complex of sheaves whose sections over an open set U C X consist 
of smooth differential forms wonfnl such that for each stratum Xp there exists 
a parabolic neighborhood V = V(u, Xp) C X with u\V <G ft' sp (V)> v . 

R.BS 

It is possible to similarly define W >,y C*(X , E). It will coincide with the 
sheaf W^ V C'(X ,E) if, for each rational parabolic subgroup P, the weight 
v\Ap does not occur in any of the cohomology groups H l (^\p, E). 

6.3. Theorem. The complex*W- v C is constructible with respect to the canon- 
ical stratification of X , so its cohomology is finite dimensional. Its restriction 
to X is a fine resolution of the sheaf (of sections of) E. The stalk cohomology, and 
compactly supported stalk cohomology at a point x G Xp are given by 

WHi^W(m P ,E)> v 

WHl x ^W- d - s (Vlp,E) <v 

where s = dim(Ap) and d = dim(Xp). 

It is possible that these conditions uniquely determine the weighted cohomol- 

RBS 

ogy sheaf in the bounded constructible derived category of X .In any case this 
theorem is considerably more complete than the corresponding result in §6.6 for 
intersection cohomology (which only specifies the region in which these stalk co- 
homology groups vanish). This illustrates the fact that the reductive Borel-Serre 
compactification is easier to understand than the Baily-Borcl compactification. 

There are many possible weight truncations. The two extreme truncations 
(v = — oo and v = oo) give rise to a weighted cohomology sheaf on X whose 
cohomology is the ordinary cohomology H* (X, E) and the ordinary cohomology 
with compact supports H*(X, E) of X, respectively. Another weight truncation 
v = (and E trivial) gives the ordinary cohomology H*(X ,C). 
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If Ei and E2 are dual (finite dimensional) irreducible representations of G and 
if /x+ v = —2/9 then the weighted cohomology complexes 'W- l 'C'(X , Ei) and 

RBS 

W >Al C*(A , E2) are (Verdier) dual sheaves. (Here p is one-half the sum of the 

RBS 

positive roots.) In particular, for any open set U C X the cohomology groups 
W- v H i (U,'Ei) and W >t "H^- i (U,E 2 ) 

are dual vector spaces (where n = dim(X)). Thus, taking m = —p there are two 
"middle" weighted cohomology sheaves (which may coincide), 

W^ m C'(E RBS ) and W >m C*(X RBS , E). 

The weighted cohomology construction makes sense whether or not D is Her- 

RBS BB 

mitian. But in the Hcrmitian case we also have the mapping t : X — > X of 
§5.3. Let E be an irreducible finite dimensional representation of G. 

6.4. Theorem. ([GHM] Theorem 23.2) The above mapping r induces quasi- 
isomorphisms 

T*{w^ m c'{x RBS , e)) T,(w >m c(x RBS ,E)) = m'(x BB ,E) 

and in particular the weighted cohomology of X R S is canonically isomorphic to 
the intersection cohomology of X 

6.9. Hecke correspondences. Any g <G G(Q) gives rise to a Hecke corre- 
spondence X' =4 X, meaning that we have two finite surjective mappings Ci,C2 
from X' to X. It is defined as follows. Let V = T n g^Tg, X' = Y'\D. The two 
mappings are: T'hK 1— > (ThK, TghK). They give an immersion I'^IxI whose 
image may be thought of as a multi- valued mapping X — > X. The Hecke correspon- 
dence defined by any g' G TgT is the same as that defined by g (cf. [GM2] §6.6). 
The composition of Hecke correspondences defined by g, g' G G(Q) is not the Hecke 
correspondence defined by gg', but rather, it is a finite linear combination of Hecke 
correspondences (cf. [Sh] §3.1). So the set of finite formal linear combinations of 
Hecke correspondences form a ring, the Hecke ring or Hecke algebra of T. 

Fix a Hecke correspondence (ci, C2) : X 1 ^ X. Differential forms on X may be 
pulled back by C2 then pushed forward by c\, and L 2 forms are taken to L? forms 
by this procedure. The induced mapping on H^(X, E) is called a Hecke operator. 
Using the trace formula, J. Arthur ([A]) gave an expression for the Lefschetz number 
of this operator, that is, the alternating sum of the traces of the induced mapping 
on the L 2 cohomology. 

Both mappings (ci, 02) '■ X' X extend to finite mappings 

-jtttRBS ^RBS , ^yrBB — BB 

X' =4 X and X' =4 X 

RBS 

A fixed point x £ X' is a point such that C\{x) = C2(x). In [GM2] the Lefschetz 
fixed point formula for the action of this Hecke correspondence on the weighted 

RBS 

cohomology of X was computed. In [GKM] it was shown how the contributions 

RBS 

from individual fixed point components in X may be grouped together so as 
to make the Lefschetz formula (for the middle weighted cohomology) agree, term 
by term, with the L 2 Lefschetz formula of Arthur. This gives a purely topological 
interpretation (and re-proof) of Arthur's formula, as well as similar formulas for 
other weighted cohomology groups. 
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7. A selection of further developments 

Throughout this section we assume that X = T\G/K is a Hermitian locally 
symmetric space, with G semi-simple, as in the preceding section. 

7.1. Let X be the closure of X in X^ x X RBS . In [GT1] it is shown that the 
fibers of the mapping tti : X —> s are contractible, so there exists a homotopy 
inverse \i : X^ — > X, that is, 7Ti^ and /i7Ti are homotopic to the identity. The 
composition X^ — > X — ► X allows one to compare the cohomology of X 
and X^ . 

7.2. In [GHMN] it is shown that the restriction of the weighted cohomology 

sheaf to the closure of any stratum of X decomposes as a direct sum of weighted 
cohomology sheaves for that stratum. (The analogous statement for intersection 
cohomology is false.) 

7.3. In [Z4], S. Zuckcr showed that for large p, the LP cohomology of X = 
T\G / K is naturally isomorphic to the ordinary cohomology H*(X ) of the re- 
ductive Borel-Serre compactification. Although this result is much easier to prove 
than the original Zuckcr conjecture, it went surprisingly unnoticed for twenty years. 
In [Nr], A. Nair showed that the weig hted cohomology WH * (X , E) is canom- 
cally isomorphic to the weig hted I? cohomology of J. Frankc [Fr]. In [SI], [S2], L. 

Saper showed that the push forward T*(If2*(A ,E)) is canonically isomorphic 
to If2*(X BB ,E). This gives the surprising result that 

IH l (X RBS ,E) = /iT(X BB ,E) S W^ m H l (X RBS ,E). 

However, on X RBS , the weighted cohomology sheaf and sheaf of intersection forms 
are definitely not quasi-isomorphic: Sapor's theorem depends on delicate global 
vanishing results for the weighted cohomology groups of various boundary strata. 

7.4. Many other compactifications of T\G/K were constructed by Satake 
([Sa2], [Z2]). Each Satake compactifications depend on a choice of (what is now 
called) a "geometrically rational" representation of G. If the representation is ra- 
tional, then it is geometrically rational, however the Baily-Borcl compactification 
arises from a geometrically rational representation that is not necessarily rational. 
So the issue of determining which representations arc geometrically rational is quite 
subtle. See [Ca] and [S3] for more details. 

7.5. The most successful method for computing the L? cohomology involves 
understanding relative Lie algebra cohomology and automorphic representations. 
See, for example, [Ko, LS, Sch, BW]. 
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1. Introduction 

This survey article is intended to introduce the reader to several important 
concepts relating to Shimura varieties with parahoric level structure at p. The 
main tool is the Rapoport-Zink local model [RZ], which plays an important role 
in several aspects of the theory. We discuss local models attached to general lin- 
ear and symplectic groups, and we illustrate their relation to Shimura varieties in 
two examples: the simple or "fake" unitary Shimura varieties with parahoric level 
structure, and the Siegel modular varieties with r (p)-level structure. In addition, 
we present some applications of local models to questions of flatness, stratifications 
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of the special fiber, and the determination of the semi-simple local zeta functions 
for simple Shimura varieties. 

There are several good references for material of this sort that already exist in 
the literature. This survey has a great deal of overlap with two articles of Rapoport: 
[Rl] and [R2]. A main goal of this paper is simply to make more explicit some 
of the ideas expressed very abstractly in those papers. Hopefully it will shed some 
new light on the earlier seminal works of Rapoport-Zink [RZ82], and Zink [Z]. 
This article is also closely related to some recent work of H. Reimann [Rel], [Re2], 
[Re3]. 

Good general introductions to aspects of the Langlands program which might 
be consulted while reading parts of this report are those of Blasius-Rogawski [BR], 
and T. Wedhorn [W2]. 

Several very important developments have taken place in the theory of Shimura 
varieties with bad reduction, which are completely ignored in this report. In par- 
ticular, we mention the book of Harris-Taylor [HT] which uses bad reduction of 
Shimura varieties to prove the local Langlands conjecture for GL n (Q p ), and the 
recent work of L. Fargues and E. Mantovan [FM]. 

Most of the results stated here are well-known by now (although scattered 
around the literature, with differing systems of conventions) . However, the author 
took this opportunity to present a few new results (and some new proofs of old 
results). For example, there is the proof of the non-emptiness of the Kottwitz- 
Rapoport strata in any connected component of the Siegel modular and "fake" 
unitary Shimura varieties with Iwahori-lcvel structure (Lemmas 13.1, 13.2), some 
foundational relations between Newton strata, Kottwitz-Rapoport strata, and affinc 
Dclignc-Lusztig varieties (Prop. 12.6), and the verification of the conjectural non- 
emptiness of the basic locus in the "fake" unitary case (Cor. 12.12). The main new 
proofs relate to topological flatness of local models attached to Iwahori subgroups 
of unramified groups (see §7) and to the description of the nonsingular locus of 
Shimura varieties with Iwahori-level structure (see §8.4). Finally, some of the results 
explained here (especially in §11) are background material necessary for the author's 
as yet unpublished joint work with B.C. Ngo [HN3]. 

I am grateful to U. Gortz, R. Kottwitz, B.C. Ngo, G. Pappas, and M. Rapoport 
for all they have taught me about this subject over the years. I thank them for their 
various comments and suggestions on an early version of this article. Also, I heartily 
thank U. Gortz for providing the figures. Finally, I thank the Clay Mathematics 
Institute for sponsoring the June 2003 Summer School on Harmonic Analysis, the 
Trace Formula, and Shimura Varieties, which provided the opportunity for me to 
write this survey article. 

2. Notation 

2.1. Some field-theoretic notation. Fix a rational prime p. We let F de- 
note a non- Archimedean local field of residual characteristic p, with ring of integers 
O. Let pcO denote the maximal ideal, and fix a uniformizer tt G p. The residue 
field O/p has cardinality q, a power of p. 

We will fix an algebraic closure k of the finite field F p . The Galois group 
Gal(fc/F p ) has a canonical generator (the Frobenius automorphism), given by a(x) — 
x p . For each positive integer r, we denote by k r the fixed field of a r . Let W(k r ) 
(resp. W(k)) denote the ring of Witt vectors of k r (resp. k), with fraction field L r 
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(resp. L). We also use the symbol a to denote the Frobenius automorphism of L 
induced by that on k. 

We fix throughout a rational prime t ^ p, and a choice of algebraic closure 
Qe C Q e . 

2.2. Some group-theoretic notation. The symbol G will always denote a 
connected reductive group over Q (sometimes defined over Z). Unless otherwise 
indicated, G will denote the base-change Gp, where F is a suitable local field 
(usually G = GqJ. 

Now let G denote a connected reductive F-group. Fix once and for all a Borel 
subgroup B and a maximal torus T contained in B. We will usually assume G is 
split over F, in which case we can even assume G, B and T are defined and split 
over the ring O. For GL„ or GSp 2n , T will denote the usual "diagonal" torus, and 
B will denote the "upper triangular" Borel subgroup. 

We will often refer to "standard" parahoric and "standard" Iwahori subgroups. 
For the group G = GL„ (resp. G = GSp 2n ), the "standard" hyperspecial maximal 
compact subgroup of G(F) will be the subgroup G{0). The "standard" Iwahori 
subgroup will be inverse image of B(Ofp) under the reduction modulo p homomor- 
phism 

G{0) G(0/p). 

A "standard" parahoric will be defined similarly as the inverse image of a standard 
(= upper triangular) parabolic subgroup. 

For GL n (F), the standard Iwahori is the subgroup stabilizing the standard 
lattice chain (defined in §3). The standard parahorics are stabilizers of standard 
partial lattice chains. Similar remarks apply to the group GSp 2n (F). The symbols 
/ or I r or Kp will always denote a standard Iwahori subgroup of G(F) defined in 
terms of our fixed choices of B D T, and G(O) as above (for some local field F). 
Often (but not always) K or K r or K® will denote our fixed hyperspecial maximal 
compact subgroup G(0). 

We have the associated spherical Hecke algebra TCk '■= C C (K\G(F) / K) , a con- 
volution algebra of C-valucd (or Q^-valued) functions on G(F) where convolution 
is defined using the measure giving K volume 1. Similarly, Hi := C C (I\G(F)/I) 
is a convolution algebra using the measure giving / volume 1 . For a compact open 
subset U C G(F), Ijj denotes the characteristic function of the set U. 

The extended affine Weyl group of G(F) is defined as the group 
W = N G{F) T/T(0). The map X*(T) -» T(F)/T(0) given by A ^ A(tt) is an 
isomorphism of abelian groups. The finite Weyl group Wo := N G ( F - ) T/T(F) can 
be identified with iV G ( )T '/T(0) , by choosing representatives of N G ^ F - ) T/T(F) in 
G(O). Thus we have a canonical isomorphism 

W = X*{T) x Wo. 

We will denote elements in this group typically by the notation t v w (for (T) 
and w e Wo)- 

Our choice of B D T determines a unique opposite Borel subgroup B such that 
BDB = T. We have a notion of £?-positive (resp. _B-positive) root a and coroot a v . 
Also, the group Wo is a Coxeter group generated by the simple reflections s a in the 
vector space X* (T) ® R through the walls fixed by the B-positive (or B-positive) 
simple roots a. Let u>o denote the unique element of Wo having greatest length 
with respect to this Coxeter system. 
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We will often need to consider W as a subset of G(F). We choose the following 
conventions. For each w <G Wq, we fix once and for all a lift in the group Nq^T. 
We identify each v e X*(T) with the clement v(n) e T(F) C G(F). 

Let a denote the alcove in the building of G(F) which is fixed by the Iwahori 
/, or cquivalently, the unique alcove in the apartment corresponding to T which 
is contained in the -B-positive (i.e., the B-negative) Weyl chamber, whose closure 
contains the origin (the vertex fixed by the maximal compact subgroup G(O)) . 

The group W permutes the set of afiine roots a + k (a a root, k G Z) (viewed 
as afiine linear functions on X* (T) ® R) , and hence permutes (transitively) the set 
of alcoves. Let denote the subgroup which stabilizes the base alcove a. Then we 
have a semi-direct product 

w = w aS x n, 

where W a s (the affine Weyl group) is the Coxeter group generated by the reflections 
S'aff through the walls of a. In the case where G is an almost simple group of rank I, 
with simple B-positive roots a\, . . . , aj, then S a s consists of the I simple reflections 
Si = s ai generating Wo, along with one more simple affine reflection sq = t_5vs 5 , 
where a is the highest B-positive root. 

The Coxeter system (W a f[, S a g) determines a length function I and a Bruhat 
order < on W a s, which extend naturally to W: for Xi € W a s and Oi e ft (i = 1, 2), 
we define xi<ii < x 2 <J2 in W if and only if o\ = a 2 and x\ < x 2 in W a s . Similarly, 
we set £(xi<ji) = £(xi). 

By the Bruhat-Tits decomposition, the inclusion W G(F) induces a bijection 

W = I\G(F)/I. 

In the function-field case (e.g., F = F p ((t))), the affine flag variety Tl = G(F) /I 
is naturally an ind- scheme, and the closures of the /-orbits Tl w := Iwl/I are 
determined by the Bruhat order on W: 

Tl x C Tl y ^=^> x < y. 

Similar statements hold for the affine Grassmannian, Grass = G(F)/G(0). 
Now the G(C)-orbits Q\ := G(0)XG(0)/G(0) are given (using the Cartan de- 
composition) by the B-dominant coweights X + (T): 

X + (T) ~ G(0)\G(F)/G(0). 

By definition, A is B-dominant if (a, A) > for all B-positive roots a. Here (•, •) : 
X* (T) x X* (T) — > Z is the canonical duality pairing. 

The closure relations in Grass are given by the partial order on B-dominant 
coweights A and /i: 

Qx C <=> A r< M, 
where A -< /i means that fi — A is a sum of -B-positive coroots. 

Unless otherwise stated, a dominant coweight Ael, (T) will always mean one 
that is _B-dominant. 

For the group G = GL„ or GSp 2 „, there is a Z p -ind-scheme M which is a 
deformation of the afiine Grassmannian GrassQ p to the affine flag variety Tlv p 
for the underlying p-adic group G (see [HN1], and Remark 4.1). A very similar 

lr This choice of base alcove results from our convention of embedding X,(T) «— » G(F) by the 
rule A i — ► A(7r); to see this, consider how vectors spanning the standard periodic lattice chain in 
§3 arc identified with vectors in X t (T) <g>R. 
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deformation Fix over a smooth curve X (due to Bcilinson) exists for any group G 
in the function field setting, and has been extensively studied by Gaitsgory [Ga]. 
For any dominant coweight A e X + (T), the symbol M\ will always denote the 
Zp-scheme which is the scheme-theoretic closure in M of Q\ C GrassQ p . 

2.3. Duality notation. If A is any abclian scheme over a scheme S, we denote 
the dual abelian scheme by A. The existence of A over an arbitrary base is a delicate 
matter; see [CF], §1.1. 

If M is a module over a ring R, we denote the dual module by M v = Hom F (M,ii). 
Similar notation applies to quasi-coherent Cg-modules over a scheme S. 

If G is a connected reductive group over a local field F, then the Langlands 
dual (over C or Q e ) will be denoted G. The Langlands i-group is the semi-direct 
product L G = G x Wf, where Wf is the Weil-group of F. 

2.4. Miscellaneous notation. We will use the following abbreviation for ele- 
ments of R n (here R can be any set) : let a\ , . . . , a r be a sequence of positive integers 
whose sum is n. A vector of the form (xi, . . . , x\, x 2 , ■ ■ ■ , x 2 , ■ ■ ■ , x r , . . . , x r ), where 
for i = 1, . . . , r, the element x t is repeated a,- L times, will be denoted by 

(^l'l x 2 2 ' ' ' • i x r r ) ■ 

We will denote by A the adcles of Q, by Ay the finite adeles, and by A^ the 
finite adeles away from p (with the exception of two instances, where A denotes 
affinc space!). 

3. Iwahori and parahoric subgroups 

3.1. Stabilizers of periodic lattice chains. We discuss the definitions for 
the groups GL„ and GSp 2 „. 

3.1.1. The linear case. For each i g {1, . . . , n}, let denote the i-th standard 
vector (CP -1 , 1,0"^) in F n , and let Aj C F n denote the free O-module with basis 
7r _1 ei, . . . , 7r~ 1 ei, ej + i, . . . , e„. We consider the diagram 

A. : A — > Ai — >■■■ — ► A„_i — > 7r _1 A , 

where the morphisms are inclusions. The lattice chains 7r™A, (n G Z) fit together 
to form an infinite complete lattice chain Aj, (i £ Z). If we identify each Aj with 
O™, then the diagram above becomes 

mi m2 rn n -\ ni n 

c>" — ^ e>" — s ^ o n — > o™, 

where m, is the morphism given by the diagonal matrix 

mi = diag(l, . . . , rr, . . . , 1), 

the element it appearing in the ith place. We define the (standard) Iwahori subgroup 
I of GL„(F) by 

J=P| Stab GLn(F) (A*). 

i 

Similarly, for any non-empty subset J C {0, 1, . . . , n — 1}, we define the parahoric 
subgroup of GL„(F) corresponding to the subset J by 

= p| Stab GLre(F) (A,). 
ie.J 
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Note that Vj is a compact open subgroup of GL n (F), and that V{o} = GL„(0) is 
a hypcrspccial maximal compact subgroup, in the terminology of Bruhat-Tits, cf. 
[T]- 

3.1.2. The symplectic case. The definitions for the group of symplectic simili- 
tudes GSp 2n are similar. We define this group using the alternating matrix 

J _ \ La 

[-L Oj' 

where /„ denotes the n x n matrix with 1 along the anti-diagonal and elsewhere. 
Let (x,y) :— x l ly denote the corresponding alternating pairing on F 2n . For an 
O-lattice A C F 2n , we define A 1 - := {x e F 2n \ (x,y) e O for all y e A}. The 
lattice Ao is self-dual (i.e., Aq — Ao). Consider the infinite lattice chain in F 2n 

► A_ 2 „ = ttA — > > A_i — > A — ► > A 2 „ = ?!--% — >■■■ 

We have Af- = A_j for all i e Z. Now we define the (standard) Iwahori subgroup I 
of GS P2 „(F) by 

I = f] Stab GSp2ri(J ,) (A;). 

i 

For any non-empty subset J C {— n, —1,0,1, ... ,n} such that i E J ^ —i E J, 
we define the parahoric subgroup corresponding to J by 

Vj = H Stab GSp2n(F) (A,), 
ie./ 

3.2. Bruhat-Tits group schemes. In Bruhat-Tits theory, parahoric groups 
are defined as the groups where © A; is the neutral component of a group 

scheme ©a 7 , defined and smooth over O, which has generic fiber the F-group G, 
and whose O-points are the subgroup of G(F) fixing the facet Aj of the Bruhat- 
Tits building corresponding to the set J; see [BT2], p. 356. By [T], 3.4.1 (see also 
[BT2], 1.7) we can characterize the group scheme ©a 7 as follows: it is the unique 
O-group scheme V satisfying the following three properties: 

(1) V is smooth and afiine over O; 

(2) The generic fiber V F is Gp', 

(3) For any unramified extension F' of F, letting (Dpi C F' denote ring of 
integers, the group V(Of>) C G(F') is the subgroup of elements which fix 
the facet Aj in the Bruhat-Tits building of Gf>- 

Let us show how automorphism groups of periodic lattice chains A. give a 
concrete realization of the Bruhat-Tits parahoric group schemes, in the GL„ and 
GSp 2 „ cases. We will discuss the Iwahori subgroups of GL„ in some detail, leaving 
for the reader the obvious generalizations to parahoric subgroups of GL„ (and 
GSp 2 „). 

For any O-algebra R, we may consider the diagram A #j ij = A. <8>o R, and 
we may define the O-group scheme Aut whose i?-points are the isomorphisms of 
the diagram A,^. More precisely, an element of Aut(-R) is an n-tuple of i?-linear 
automorphisms 

(.9o, • • • ,9n-i) e Aut(A 0;fl ) x • • • x Aut(A n _ 1)R ) 
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such that the following diagram commutes 

A ,_R S > ^n-l,R > A„. fl 



So 



¥ 



Ao,_R 5 >■ An-l,ii 9- A„ ifl . 

The group functor Aut is obviously represented by an affine group scheme, also 
denoted Aut. Further, it is not hard to see that Aut is formally smooth, hence 
smooth, over O. To show this, one has to check the lifting criterion for formal 
smoothness: if R is an O-algebra containing a nilpotcnt ideal J C R, then any 
automorphism of A. ®o R/J can be lifted to an automorphism of A. (g>e> R. This 
is proved on page 135 of [RZ]. Thus Aut satisfies condition (1) above. 

Alcoves in the Bruhat-Tits building for GL„ over F can be described as com- 
plete periodic O-lattice chains in F n 

■ ■ ■ ► £o ► C\ ► • • • ► Cn-l > £„ = 7T Cq ► • • • 

where the arrows are inclusions. We can regard A, as the base alcove in this build- 
ing. It is clear that since tt is invertible over the generic fiber F, the automorphism 
go determines the other g^s over F and so Aut^ = GL„. By construction we have 
Aut(O) = Stab(jL„(F) (A.). This is unchanged if we replace F by an unramificd 
extension F' . It follows that Aut satisfies conditions (2) and (3) above. Thus, by 
uniqueness, Aut = <Saj for J = {0, . . . , n — 1}. 

Further, one can check that the special fiber Autfc is an extension of the Borel 
subgroup Bf, by a connected unipotent group over k; hence the special fiber is 
connected. It follows that Aut is a connected group scheme (cf. [BT2], 1.2.12). 
So in this case Aut = ©a., = ®a 7 - We conclude that Aut(O) is the Bruhat-Tits 
Iwahori subgroup fixing the base alcove A.. 

Exercise 3.1. 1) Check the lifting criterion which shows Aut is formally 
smooth directly for the case n = 2, by explicit calculations with 2x2 matrices. 

2) By identifying Aut(O) with its image in GL n (F) under the inclusion g. i— > 
go, show that the Iwahori subgroup is the preimage of B(k) under the canonical 
surjection GL„(C) — > GL„(fc). 

3) Prove that Aut^ — > Aut(A 0j fe), g, i— > go, has image B^, and kernel a connected 
unipotent group. 

4. Local models 

Given a certain triple {G,^,K p ) consisting of a Z p -group G, a minuscule 
coweight fx for G, and a parahoric subgroup K p C G(Q P ), one may construct a 
projective Z p -scheme M loc which (etale locally) models the singularities found in 
the special fiber of a certain Shimura variety with parahoric-level structure at p. 
The advantage of M loc is that it is defined in terms of linear algebra and is there- 
fore easier to study than the Shimura variety itself. These schemes are called "local 
models" , or sometimes "Rapoport-Zink local models" ; the most general treatment 
is given in [RZ], but in special cases they were also investigated in [DP] and [deJ]. 

In this section we recall the definitions of local models associated to GL„ and 
GSp 2n . For simplicity, we limit the discussion to models for Iwahori-level struc- 
ture. In each case, the local model is naturally associated to a dominant minuscule 
coweight ji, which we shall always mention. In fact, it turns out that if the Shimura 
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data give rise to (G, /i), then the Rapoport-Zink local model M loc (for Iwahori- level 
structure) can be identified with the space M_„, oM mentioned in §2. See Remark 
4.1 below. 



4.1. Linear case. We use the notation A. from section 3 to denote the "stan- 



dard" lattice chain over O 



here. 



Fix an integer d with 1 < d < n — 1. We define the scheme M loc by defining 
its i?-points for any Z p -algebra R as the set of isomorphism classes of commutative 
diagrams 



An- 



1,R 



■A n „ 



■A 0l . 



To 



where the vertical arrows are inclusions, and each Ti is an i?-submodule of A^ 
which is Zariski-locally on R a direct factor of corank d. It turns out that this is 
identical to the space M_ WafJ _ of §2, where fj, = (0™" d , (-l) d ). It is clear that M loc 
is represented by a closed subscheme of a product of Grassmannians over Z p , hence 
it is a projective Z p -scheme. One can also formulate the moduli problem using 
quotients of rank d instead of submodulcs of corank d. 

Another way to formulate the same moduli problem which is sometimes useful 
(see [HN1]) is given by adding an indeterminate t to the story (following a sug- 
gestion of G. Laumon). We replace the "standard" lattice chain term A,,^ with 
Vi,R '■= a~ l R[t] n , where a is the n x n matrix 

/ 1 \ 

'•• '■• GGKiR^t-W + p)- 1 ]). 
1 

\t + p oj 
One can identify M loc (i?) with the set of chains 

C = (Co c & c • • • c Cn = (t + p)- 1 ^) 
of i?[i]-submodules of i?[f, t _1 , (t + p)^ 1 ] 71 satisfying the following properties 

(1) for alii = 0, . . . , n — 1, we have tVi.R c£jC V^i?; 

(2) as an i?-module, Ci/tVi^R is locally a direct factor of Vi.a/tVi.R of corank 
d. 

Remark 4.1. With the second definition, it is easy to see that the geometric 
generic fiber Mi? c is contained in the affine Grassmannian GL„(Q p ((£))) /GL n (Q p p]), 

and the geometric special fiber M|? c is contained in the affine flag variety 

GL n (Fp((i)))/7 i , where 7 f := Aut(F p p]]) is the Iwahori subgroup of GL„(F p [[t]]) 
corresponding to the upper triangular Borel subgroup B C GL„. Moreover, it is 
possible to view M loc as a piece of a Z p -ind-scheme M which forms a deformation 
of the affine Grassmannian to the affine flag variety over the base Spec(Z p ), in anal- 
ogy with Bcilinson's deformation Fix over a smooth F p -curve X in the function 
field case (cf. [Ga], [HN1]). In fact, letting eo denote the base point in the affine 
Grassmannian GL„(Q p ((£)))/GL„(Q p [[i]]), and for A e X+(T), letting Q\ denote 
the GL„(Q p [[t]])-orbit of the point X(t)e , it turns out that M loc coincides with 
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the scheme-theoretic closure M^ Wafl of <2-«, oA j taken in the model M. A similar 
statement holds in the symplectic case. 

The identification M loc = M_ Wajx is explained in §8. It is a consequence of the 
determinant condition and the "homology" definition of our local models; also the 
flatness of M loc (see §7) plays a role. 

4.2. The symplectic case. Recall that for our group GSp 2n = GSp(V, (-, •)), 
we have an identification of X„(T) with the lattice {(ai, . . . , a n , b n , . . . , b\) e 
Z 2n | 3 c e Z, cii + bi = c, Vz}. The Shimura coweight that arises here has the form 
H = (0", (-1)"). 

For the group GSp 2 „ , the symbol A. now denotes the self-dual Z p -lattice chain 
in Q 2 ™, discussed in section 3 in the context of GSp 2n . Let (•, •) denote the alter- 
nating pairing on Z 2 " discussed in that section, and let the dual A 1 - of a lattice 
A be defined using (•,•). As above, there are (at least) two equivalent ways to de- 
fine M loc (i?) for a Zp-algebra R. We define M loc (i?) to be the set of isomorphism 
classes of diagrams 

Ao,r > • • • > A n _i tR >■ A n ^ R 

A A 

>• • • • >• T n -\ >• T n 

where the vertical arrows are inclusions of i?-submodules with the following prop- 
erties: 

(1) for i = 0, ... ,n, Zariski-locally on R the submodulc Ti is a direct factor 
of Ai_R of corank n; 

(2) is isotropic with respect to (-,-) and T n is isotropic with respect to 
P(v). 

As in the linear case, this can be described in a way more transparently con- 
nected to affine flag varieties. In this case, Vi t R has the same meaning as in the 
linear case, except that the ambient space is now R[t, (t + p) -1 ] 2 ™. We may 
describe M loc (i?) as the set of chains 

C = (Co c & c • • • c C n ) 

of i?[i]-submodules of R[t,t , (t + p) -1 ] 2 " satisfying the following properties 

(1) for i = 0,1,..., n, tVi,RCCiCVi, R ; 

(2) as i?-modules, Ci/tV^R is locally a direct factor of Vi^/tVi^ of corank n; 

(3) Co is self-dual with respect to t~ 1 (-, •), and C n is self-dual with respect to 

t-\t + p)(;-). 

4.3. Generic and special fibers. In the linear case with /i = (0™~ d , (— l) d ), 
the generic fiber of M_ Wotl is the Grassmannian Gr(d, 77) of cZ-planes in Q™. In the 
symplectic case with \x = (0™, (—1)"), the generic fiber of M_ WolJl is the Grassman- 
nian of isotropic 77-planes in Q 2n with respect to the alternating pairing (•,•). 

In each case, the special fiber is a union of finitely many Iwahori-orbits Iwl/I 
in the affine flag variety, indexed by elements w in the extended affine Weyl group 
W for GL„ (resp. GSp 2n ) ranging over the so-called — too/J- admissible subset 
Adm(-7ij M) ; [KR]. Let A e X+(T). Then by definition 

Adm(A) = {w e W I 3 v e WX, such that w < t v }. 
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Here, WX is the set of conjugates of A under the action of the finite Weyl group 
W , and t v G W is the translation element corresponding to v, and < denotes the 
Bruhat order on W. Actually (see §8.1), the set that arises naturally from the 
moduli problem is the —w [i-permissible subset Perm(— w fi) C W from [KR]. Let 
us recall the definition of this set, following loc. cit. Let A G X + (T) and suppose 
t\ G W a ffT, for t e ft. Then Perm(A) consists of the elements x G W a sr such that 
x(d) — a G Conv(A) for every vertex a G a. Here Conv(A) denotes the convex hull 
of WX in X* (T) <g> R. 

The strata in the special fiber of M loc = M_ WgfJ/ arc naturally indexed by 
the set Perm(— Wqh), which agrees with Adm(— w /j.) by the following non-trivial 
combinatorial theorem due to Kottwitz and Rapoport. 

Theorem 4.2 ([KR]; see also [HN2]). For every minuscule coweight A of 
either GL„ or GSp 2n , we have the equality 

Pcrm(A) = Adm(A). 

Using the well-known correspondence between elements in the affine Weyl group 
and the set of alcoves in the standard apartment of the Bruhat-Tits building, one 
can "draw" pictures of Adm(/i) for low-rank groups. Figures 1 and 2 depict this 
set for G = GL 3 , fj, = (-1,0,0), and G = GSp 4 , fi = (-1,-1,0,0) 2 . Actually, 
we draw the image of Adm(/z) in the apartment for PGL 3 (resp. PGSp 4 ); the base 
alcove is labeled by r. 



4.4. Computing the singularities in the special fiber of M loc . In certain 
cases, the singularities in c can be analyzed directly by writing down equations. 
As the simplest example of how this is done, we analyze the local model for GL2, 
H = (0,-1). For a Z p -algebra R, we are looking at the set of pairs (Fo,F\) of 
locally free rank 1 i?-submodules of R 2 such that the following diagram commutes 



R®R 



p 


0" 




"1 








1 







p 



R®R 



R®R 



>- T\ *- 

Obviously this functor is represented by a certain closed subscheme of V\ xPj . 
Locally around a fixed point (JF , T\) G ¥ 1 (R) x ¥ 1 (R) we choose coordinates such 
that is represented by the homogeneous column vector [1 : x]' and T\ by the 
vector [y : 1]*, for x,y G R. We see that (jF , Ti) G M loc (i?) if and only if 

xy = p, 

so M loc is locally the same as Spec(Z p LY, Y]/(XY —p), the usual deformation of 
Aq p to a union of two Ajj^'s which intersect transversally at a point. Indeed, M loc 
is globally this kind of deformation: 

• In the generic fiber, the matrices are invertible and so uniquely deter- 
mines T x \ thus Mj? c £* P^; 



2 Note that in Figure 2 there is an alcove of length one contained in the Bruhat-closure of 
all four distinct translations. This already tells us something about the singularities: the special 
fiber of the Siegel variety for GSp 4 is not a union of divisors with normal crossings; see §8. 
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Figure 1. The admissible alcoves Adm(^) for GL 3 , ^ = 
(—1,0, 0). The base alcove is labeled by r. 

• In the special fiber, p = and one can check that M^ c is the union of the 
closures of two Iwahori-orbits in the affine flag variety GL2(¥ p ((t))) / If , 
each of dimension 1, which meet in a point. Thus Mj? c is the union of 
two Pf p 's meeting in a point. 

We refer to the work of U. Gortz for many more complicated calculations of 
this kind: [Gol], [Go2], [Go3], [Go4]. 

5. Some PEL Shimura varieties with parahoric level structure at p 

5.1. PEL-type data. Given a Shimura datum (G, {h}, K) one can construct 
a Shimura variety Sh(G, /i)k which has a canonical model over the reflex field E, a 
number field determined by the datum. We write G for the p-adic group Gq p - Let 
us assume that the compact open subgroup K C G(A/) is of the form K = K p K p , 
where K p C G(A^) is a sufficiently small compact open subgroup, and K p C G(Q P ) 
is a parahoric subgroup. 

Let us fix once and for all embeddings Q C, and Q Q p . We denote by p 
the corresponding place of E over p and by E — E p the completion of E at p. 

If the Shimura datum comes from PEL-type data, then it is possible to define 
a moduli problem (in terms of chains of abelian varieties with additional structure) 
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FIGURE 2. The admissible alcoves Adm(/x) for GSp 4 , [i = (-1,-1,0,0). 



over the ring Oe- This moduli problem is rcpresentable by a quasi-projective Oe~ 
schcmc whose generic fiber is the base-change to E of the initial Shimura variety 
5/i(G,/i)k (or at least a finite union of Shimura varieties, one of which is the 
canonical model Sh(G, h)n). This is done in great generality in Chapter 6 of [RZ]. 
Our aim in this section is only to make somewhat more explicit the definitions in 
loc. cit., in two very special cases attached to the linear and symplectic groups. 

First, let us recall briefly PEL-type data. Let B denote a finite-dimensional 
semi-simple Q-algebra with positive involution l. Let V ^ be a finitely-generated 
left B-module, and let (•, •) be a non-degenerate alternating form V x V — > Q on 
the underlying Q- vector space, such that (bv,w) — {v,b L w), for b E B, v,w E V. 
The form (•,•) determines a "transpose" involution on End(F), denoted by * (so 
viewing the left-action of 6 as an element of End(V^), we have b L = b*). We denote 
by G the Q-group whose points in a Q-algebra R are 

{.9 € GLb®r{V ® R) | g*g = c(g) E R x }. 

We assume G is a connected reductive group; this means we arc excluding the 
orthogonal case. Consider the M-algebra C :— End B (F) eg) R. We let h : C — > C 
denote an M-algebra homomorphism satisfying h (z) = h (z)* , for z E C. We fix 
a choice of i = yj— 1 in C once and for all, and we assume the symmetric bilinear 
form (• , ho(i) •) : Vr x Vr — > K is positive definite. Let h denote the inverse of the 
restriction of ho to C x . Then h induces an algebraic homomorphism 

h : C x -» G(R) 
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of real groups which defines on Vr a Hodge structure of type (1, 0) + (0, 1) (in the 
terminology of [Del2], section 1) and which satisfies the usual Ricmann conditions 
with respect to (•,•) (see [Ko92], Lemma 4.1). For any choice of (sufficiently 
small) compact open subgroup K, the data (G, h, K) determine a (smooth) Shimura 
variety over a reflex field E; cf. [Del]. 

We recall that h gives rise to a minuscule coweight 

/U := fih ■ Gm,c — * Gc 

as follows: the complcxification of the real group C x is the torus C x x C x , the 
factors being indexed by the two M-algebra automorphisms of C; we assume the first 
factor corresponds to the identity and the second to complex conjugation. Then 
we define 

H(z) := h c {z,l). 

By definition of Shimura data, the homomorphism h : C x — > Gr is only specified up 
to G(M)-conjugation, and therefore /i is only well-defined up to G(C)-conjugation. 
However, this conjugacy class is at least defined over the reflex field E (in fact we 
define E as the field of definition of the conjugacy class of /x). Via our choice of 
field embeddings C Q Q p , we get a well-defined conjugacy class of minuscule 
coweights 

which is defined over E. 

The argument of [Ko84], Lemma (1.1.3) shows that E is contained in any 
subfield of Q p which splits G. Therefore, when G is split over Q p (the case of 
interest in this report), it follows that E = Q p and the conjugacy class of \i contains 
a Qp-rational and B-dominant element, usually denoted also by the symbol fi. It 
is this same \x which was mentioned in the definitions of local models in section 4. 

For use in the definition to follow, we decompose the -Bc-module Vfc as Vr = 
Vi © V2, where h (z) acts by z on V\ and by z on V2, for z e C. Our conventions 
imply that fi(z) acts by on V\ and by 1 on V2 (z € C x ). We choose E' C Q p a 
finite extension field E' D E over which this decomposition is defined: 

V E > =Vl® V 2 . 

(We are implicitly using the diagram C <-^> Q Q p to make sense of this.) 

Recall that we are interested in defining an 0£-mtegral model for Sh(G, /i)k in 
the case where K p C G(Q P ) is a parahoric (more specifically, an Iwahori) subgroup. 

To define an integral model over Oe, we need to specify certain additional 
data. We suppose Ob is a Z( p )-order in B whose p-adic completion Ob ® ^ P is 
a maximal order in Bq p , stable under the involution 1. Using the terminology of 
[RZ], 6.2, we assume we are given a self-dual multichain C of Ob ® Z p -lattices in 
Vq p (the notion of multichain £ is a generalization of the lattice chain A. appearing 
in section 4; specifying C is equivalent to specifying a parahoric subgroup, namely 
K p := Aut(£), of G(Q P )). We can then give the definition of a model Sh KP that 
depends on the above data and the choice of a small compact open subgroup K p 3 . 



In the sequel, we sometimes drop the subscript K p on SIikp , or replace it with the subscript 
K p , depending on whether K p , or K p (or both) is understood. 
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Definition 5.1. A point of the functor SIik? with values in the O^-scheme 5* 
is given by the following set of data up to isomorphism 4 . 

(1) An £-set of abelian S'-schemes A — {A\}, A e £, compatibly endowed 
with an action of Ob- 

i:0 B ® -> End(A) <g> Z (p) ; 

(2) A Q-homogeneous principal polarization A of the £-set A; 

(3) A JfMevel structure 

r? : V ® S AJ) mod A p 

that respects the bilinear forms on both sides up to a scalar in (A^) x , and 
commutes with the B = Ob® Q-actions. 

We impose the condition that under 

i : O b ® Z (p) -» End(A) <g> Z (p) , 

we have = A -1 o (i(b)) v o A; in other words, i intertwines i and the Rosati 
involution on End(A) ®Z( p ) determined by A. In addition, we impose the following 
determinant condition: for each b G Ob and A e £: 

det 0s (6,Lie(A A )) = det E /(6, Vi). 

We will not explain all the notions entering this definition; we refer to loc. 
cit., Chapter 6 as well as [Ko92], section 5, for complete details. However, in the 
simple examples we make explicit below, these notions will be made concrete and 
their importance will be highlighted. For example, an £-set of abelian varieties 
{Aa} comes with a family of "periodicity isomorphisms" 

da '■ A/y > A a \, 

see [R.Z], Dcf. 6.5, and we will describe these explicitly in the examples to follow. 

Note that one can see from this definition why some of the conditions on PEL 
data are imposed. For example, since the Rosati involution is always positive (see 
[Mu], section 21), we see that the involution l on B must be positive for the moduli 
problem to be non-empty. 

5.2. Some "fake" unitary Shimura varieties. This section concerns the 
so-called "simple" or "fake unitary" Shimura varieties investigated by Kottwitz in 
[Ko92b]. They are indeed "simple" in the sense that they are compact Shimura 
varieties for which there are no problems due to endoscopy (see loc. cit.). 

Kottwitz made assumptions ensuring that the local group Gq p be unramificd, 
and that the level structure at p be given by a hyperspecial maximal compact 
subgroup. Here we will work in a situation where Gq p is split, but we only impose 
parahoric-lcvcl structure at p. For simplicity, we explain only the case Fq = Q 
(notation of loc. cit.). 



Wc say {Aa} is isomorphic to {A A } if there is a compatible family of prime-to-p isogenies 
A/^ — » A' A which preserve all the structures. 
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5.2.1. The group-theoretic set-up. Let F be an imaginary quadratic extension 
of Q, and let (£>, *) be a division algebra with center F, of dimension n 2 over 
F, together with an involution * which induces on F the non-trivial element of 
Gal(F/Q). Let G be the Q-group whose points in a commutative Q-algebra R are 

{x E D ®q R | x*x E R x }. 

The map x x*x is a, homomorphism of Q-groups G — > G TO whose kernel Go is 
an inner form of a unitary group over Q associated to F/Q. Let us suppose we are 
given an R- algebra homomorphism 

fr : C -» D <g) q R 

such that ho(z)* = ho(z) and the involution x > h^i)^ 1 x* h^(i) is positive. 

Given the data (D,*,h n ) above, we want to explain how to find the PEL-data 
(B, l, V, (•, •), /^o) use d in the definition of the scheme Shxp ■ 

Let B = D opp and let V = D be viewed as a left -B-module, free of rank 
1, using right multiplications. Thus we can identify C := Ends(V r ) with D (left 
multiplications). For ho : C — > Cr we use the homomorphism h n : C — > D <8>q K we 
are given. 

Next, one can show that there exist elements £ <E D x such that = — £ and 
the involution a; i— > ^x*^" 1 is positive. To sec this, note that the Skolem-Noether 
theorem implies that the involutions of the second type on D are precisely the maps 
of the form x bx^b^ 1 , for b E D x such that lies in the center F. Since 

positive involutions of the second kind exist (see [Mu], p. 201-2), for some such b 
the involution x i— > bx*^ 1 is positive. We have Np/q^b*)^ 1 ) = 1, so by Hilbert's 
Theorem 90, we may alter any such b by an element in F x so that b* = b. There 
exists e <E F x such that e* = — e. We then put £ = eb. 

We define the positive involution i by i l := ^x*^ 1 , for x E B = D opp . 

Now we define the non-degenerate alternating pairing (•,•) : D x £) ^ Q by 

(x,y) = tr D/q (x£y*). 

It is clear that (bx,y) — (x,b L y) for any b E B = D opp , remembering that the left 
action of b is right multiplication by b. We also have (h (z)x,y) — (x 7 h (z)y), 
since ho(z) E D acts by left multiplication on D. 

Finally, we claim that (■, h (i) ■) is always positive or negative definite; thus we 
can always arrange for it to be positive definite by replacing £ with — £ if necessary. 
To prove the definiteness, choose an isomorphism 

L>® Q K~M n (C) 

such that the positive involution x h- > x L goes over to the standard positive invo- 
lution X ^ X on M„(C). Let H E M n (C) be the image of C^o(*) _1 under this 
isomorphism, so that the symmetric pairing (x,y) = (x , ho(i)y) goes over to the 
pairing 

(X,Y) = tr MUC)/R (XY t H). 
We conclude by invoking the following exercise for the reader. 

Exercise 5.2. The matrix H is Hermitian and either positive or negative 
definite. If positive definite, we then have tr(X X H) > whenever 1^0. 

(Hint: use the argument of [Mu], p. 200.) 
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5.2.2. The minuscule coweight [i. How is the minuscule cowcight \i described 
in terms of the above data? Recall our decomposition 

d c = vi e v 2 . 

The homomorphism ho makes Dc into a C ®r C-module. Of course 

C%C~CxC 

Z\ ® Z 2 H-» (Z\Z2,Z\Z2), 

which induces the above decomposition of Z?c (^o( 2 i ® 1) acts by zi on Vi and by 
z\ on V2). 

The factors V\, V 2 are stable under right multiplications of 

D c = D<2> FiV CxD<2> FtV . C, 

where v, v* : F <—> C are the two embeddings. (We may assume our fixed choice 
Q C extends z/.) Also h${z® 1) is the endomorphism given by left multiplication 
by a certain element of Dc. We can choose an isomorphism 

D ® FtV C x D <g> F)t/ . C M„(C) x M„(C) 

such that /io(z ® 1) can be written explicitly as 

/io(«® 1) - diag(z"- d ,z d ) x diag(z"- d ,z d ), 

for some integer d, < d < n. (One can then identify V\ resp. V2 as the span of 
certain columns of the two matrices.) We know that /i(z) = hc(z, 1) acts by 
on V\ and by 1 on V 2 . Hence we can identify fi(z) as 

H{z) = diag(l n - d , (z- 1 )^ x diag((z- 1 )"- d , l d ). 

We may label this by (0"~ d , ( — l) d ) G Z™, via the usual identification applied to 
the first factor. 

Here is another way to interpret the number d. Let W (resp. W*) be the 
(unique up to isomorphism, n-dimcnsional) simple right-module for D^p^C (resp. 
D ®f,v* C). Then as right Dc-modules we have 

Vi=W d @ (W*) n - d , resp. V 2 = W n ~ d (W*) d . 

Finally let us remark that if we choose the identification of D<E)qM. = D^p.^C 
with M„(C) in such a way that the positive involution x ho(i)~ 1 x* ho(i) goes 
over to I h> J , then we get an isomorphism 

G(R) = GU(d,n-d). 

(See also [Ko92b], section 1.) 

In applications, it is sometimes necessary to prescribe the value of d ahead of 
time (with the additional constraint that 1 < d < n — 1). However, it can be a 
delicate matter to arrange things so that a prescribed value of d is achieved. To see 
how this is done for the case of d = 1, sec [HT], Lemma 1.7.1. 
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5.2.3. Assumptions on p and integral data. We first make some assumptions 
on the prime p 5 , and then we specify the integral data at p. 

First assumption on p: The prime p splits in F as a product of distinct prime ideals 

(p) = W*> 

where p is the prime determined by our fixed choice of embedding Q <^-> Q and p* 
is its image under the non-trivial element of Gal(F/Q). 

Under this assumption F p = F v * — Q p . Further the algebra Dq p is a product 

D <g> Q p = D p x Dp* 

where each factor is a central simple Qp-algebra. We have D p ~ D°« p via *. 
Therefore for any Qp-algebra R we can identify the group G(R) with the group 

{(xi,x 2 ) S (D p (8) i?) x x (Dp, <g> _R) X | xi = c^) -1 , for some cefl x }. 

Therefore there is an isomorphism of Q p -groups G = Dp x G m given by (xi,X2) i— » 
(zi,c). 

Second assumption on p: The algebra Dq p sp/ite: D p = M„(Q p ). 

In this case the involution * becomes isomorphic to the involution on M n (Q p ) x 
M n (Q p ) given by 

Our assumptions imply that G = GL„ x G m , a split p-adic group (and thus 
E := Ep = Q p ). Why is this helpful? As we shall see, this allows us to use the 
local models for GL„ described in section 4 to describe the reduction modulo p of 
the Shimura variety SHkp, see §6.3.3. Also, we can use the description in [HN1] 
of nearby cycles on such models to compute the semi-simple local zcta function at 
p of SIikp, see [HN3] and Theorem 11.7. One expects that this is still possible in 
the general case (where Dp is not a split group), but there the crucial facts about 
nearby cycles on the corresponding local models are not yet established. 
Integral data. We need to specify a Z( p )-order Ob C B and a self-dual multichain 
C = {A} of C B (g)Zp-lattices. To give a multichain we need to specify first a (partial) 
Zp-lattice chain in Vq p — D p x D p » . We do this one factor at a time. First, we may 
fix an isomorphism 

(5.2.1) Dq p - Dp x D r £* M n (Q p ) x M n (Q p ) 

such that the involution x ^ x L = S^x*^ 1 goes over to (X, Y) \— > (Y t ,X t ). So £ 
gets identified with an element of the form (%*, — x), for \ € GL„(Q p ) 6 , and our 
pairing (x,y) = tr D/q (x^y*) = tr D/Q {xy u £) goes over to 

((X 1 ,X 2 ),(Y 1 ,Y 2 ))=tr DQp/Qp (X 1 Y*x t ,-X 2 Y 1 t x). 

Next we define a (partial) Z p -lattice chain A* n C ■ ■ ■ C Ag = p~ 1 A*_ n in D p , 
by setting 

A*_ i = X - 1 diag(p i ,l"- i )M n (Zp), 



It would make sense to include in our discussion another case, where p remains inert in 
F, and where the group Gq p is a quasi-split unitary group associated to the extension F p /Q p . 
However, we shall postpone discussion of this case to a future occasion. 

''For use in §11, note that if we multiply § by any integral power of p, we change neither 
its properties nor the isomorphism class of the symplectic space V, (•, ■). Hence we may assume 
X' 1 e GL n (Q p )nM„(Z p ). 
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for i = 0, 1, . . . ,n. We can then extend this by periodicity to define A* for all i € Z. 
Similarly, we define the Z p -lattice chain A C • • • C A„ = p Aq in Dp by setting 

A, = diag((p- 1 ) l ,l"- 4 )M n (Z p ), 

for i = 0, 1, • • • , n (and then extending by periodicity to define for all i). We note 
that 

(Aj ® A*) 1 - = A_i ® A* 4 , 

where _L is defined in the usual way using the pairing (•,•). Setting C B to 
be the unique maximal Z( p )-order such that under our fixed identification Dq p = 

M n (Q p ) x M n (Q p ), we have 

O b ® Z p ~ M^(Zp) x ACP(Z P ), 

one can now check that £ := {A© A*} is a self-dual multichain of <£> Z p -lattices. 
It is clear that (O b ® Zp) 1 = <D B ® Z p . 

5.2.4. TTie moduli problem. We have now constructed all the data that enters 
into the definition of SKkv- By the determinant condition, the abelian varieties 
have (relative) dimension dim(Vi) = n 2 . An 5-point in our moduli space is a chain 
of abelian schemes over S of relative dimension n 2 , equipped with 0B<g>Z( p )-actions, 
indexed by C (we set Ai = Aa^a* f° r a h « G Z) 



Ao 



A 1 



A n 



such that 

• each a is an isogeny of height 2n (i.e., of degree p 2n ); 

• there is a "periodicity isomorphism" 8 p : A i+n — > Ai such that for each i 
the composition 



i+l 



is multiplication by p : — > A^; 

• the morphisms a commute with the 0^ <8> Z( p )-actions; 

• the determinant condition holds: for every i and b £ Ob, 

det c , s (6,Lie(A i )) = det E >{b, V{). 

(See [RZ], Def. 6.5.) 

In addition, we have a principal polarization and a iiT p -level structure (see [RZ] , 
Def. 6.9). Giving a polarization is equivalent to giving a commutative diagram 
whose vertical arrows are isogenies 



A-! 



A 1 



A 



v 



Ai 



A_ 



A„ 



■* A_ 



such that for each i the quasi-isogeny 

A, -» A_ 



A, : 



is a rational multiple of a polarization of Aj. If up to a Q- multiple the vertical 
arrows are all isomorphisms, we say the polarization is principal. 

The fact that Ends(^) is a division algebra implies that the moduli space 
Shxp is proper over Oe (Kottwitz verified the valuative criterion of properness in 
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the case of maximal hyperspecial level structure in [Ko92] p. 392, using the theory 
of Neron models; the same proof applies here.) 

5.3. Siegel modular varieties with r (p)-level structure. The set-up is 
much simpler here. The group G is GSp(V) where V is the standard symplectic 
space Q 2 ™ with the alternating pairing (•,•) given by the matrix I in 3.1.2. We 
have B = Q with involution t = id, and ho : C — > End(T^) is defined as the unique 
M-algebra homomorphism such that 

ho(i) = I. 

For the multichain C we use the standard complete self-dual lattice chain A. in Q p ™ 
that appeared in section 4. We take Ob = ^(p)- 

The group G = GSp 2 „ i Q p is split, so again we have E = Q p , so Oe — Z p . It 
turns out that the minuscule coweight \i is 

M =(0",(-l)"), 

in other words, the same that appeared in the definition of local models in the 
symplectic case in section 4. 

The moduli problem over Z p can be expressed as follows. For a Z p -scheme S, 
an 5-point is an element of the set of 4-tuples (taken up to isomorphism) 

Akp(S) = {{A.,\ ,\ n ,f})} 

consisting of 

• a chain A, of (relative) n-dimensional abelian varieties Aq A A\ A • • • A 
A n such that each morphism a : A t — > A i+ i is an isogeny of degree p over 
S; 

• principal polarizations A : A — > A and A„ : A n — > A n such that the 



composition of 



Aq s " A n 

A 



Ao 1 

A ^ ' A n 

starting and ending at any A t or A t is multiplication by p; 
a level if p -structure ^ on A . 



Exercise 5.3. Show that the above description of Akp is equivalent to the 
definition given in Definition 6.9 of [RZ] (cf. our Def. 5.1) for the group-theoretic 
data (B, t, V, ...) we described above. 

Note that the only information imparted by the determinant condition in this 
case is that dim(^4i) = n for every i. 

There is another convenient description of the same moduli problem, used by 
de Jong [deJ]. We define another moduli problem A' KP whose S'-points is the set 
of 4-tuplcs 

A' KP (S) = {(Ao,\o,V,H.)} 

consisting of 

• an n-dimcnsional abelian variety A with principal polarization Ao and 
_ftT p -level structure fj; 
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• a chain H, of finite fiat group subschemes of A [p] := ker(p : A n —* Ao) 
over S 

(0) = H cH 1 c---cH n cA o \p] 
such that Hi has rank p l over S and i?„ is totally isotropic with respect 
to the Riemann form e\ , defined by the diagram 

A \p] x A \p] ^ M P 

idxAo can 

V 

^ ^ — 

A [p] x A [p] > A [p] x A [p]. 

Here A [p] = Hom(A [p], G m ) denotes the Cartier dual of the finite group scheme 
Ao[p] and can denotes the canonical pairing (which takes values in the p-th roots 
of unity group subscheme p, p C G m ). (See [Mu], section 20, or [Mi], section 16.) 
The isomorphism A~ A' is given by 

(A.,X ,X n ,fj) i > (A ,X Q ,f},H.); H l := kcr[a 4 : A — > A;]. 

The inverse map is given by setting Ai = A /Hi (the condition on H n allows us to 

define a principal polarization A„ : Ao/H n ~ (Ao/H n ) using Ao). 

In [deJ], de Jong analyzed the singularities of A in the case n — 2, and deduced 
that the model A is flat in that case (by passing from A to a local model M loc 
according to the procedure of section 6 and then by writing down equations for 
M loc ). 

In the sequel, we will denote the model A (and A') by the symbol Sh, sometimes 
adding the subscript K p when the level-structure at p is not already understood. 

6. Relating Shimura varieties and their local models 

6.1. Local model diagrams. Here we describe the desiderata for local mod- 
els of Shimura varieties. Quite generally, consider a diagram of finite-type Oe- 
schemes 

ip . tp 

M < M " M loc ■ 

Definition 6.1. We call such a diagram a local model diagram provided the 
following conditions are satisfied: 

(1) the morphisms ip and ip are smooth and ip is surjective; 

(2) etale locally M. = A4 loc : there exists an etale covering V — > Ai and a 
section s : V — > M. of tp over V such that ip o s : V — > A4 loc is etale. 

In practice M is the scheme we are interested in, and M loc is somehow simpler 
to study; M. is just some intermediate scheme used to link the other two. Every 
property that is local for the etale topology is shared by M. and M loc . For example, 
if M loc is flat over Spec(C £ ), then so is M.. The singularities in M. and M loc are 
the same. 

6.2. The general definition of local models. We briefly recall the general 
definition of local models, following [RZ], Def. 3.27. We suppose we have data 
G,fj,,V,Vi,... coming from a PEL-type data as in section 5.1. We assume \x and 
Vi are defined over a finite extension E' D E. We suppose we are given a self-dual 
multichain of Ob ® Z p -lattices C = {A}. 
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Definition 6.2 ([RZ], 3.27). A point of M loc with values in an £> E -scheme S 
is given by the following data. 

(1) A functor from the category C to the category of Ob ®i p Os-modules on 
S 

An( A , A e C; 

(2) A morphism of functors ip\ : A ®% v Os — > £a- 
We require the following conditions are satisfied: 

(i) i A is a locally free O s -module of finite rank. For the action of Ob on t\ 
we have the determinant condition 

deto s (a;iA) = det E '{a; Vi), a e O b ; 

(ii) the morphisms ip\ are surjective; 

(iii) for each A the composition of the following map is zero: 

tl (A ® OsV A^ ® S -^i ^ • 

It is clear that one can associate to any PEL-type Shimura variety Sh = Sh Kp 
a scheme M loc (just use the same PEL-type data and multichain C used to define 
StiK )■ It is less clear why the resulting scheme M loc really is a local model for 
Shtc , in the sense described above. We shall sec this below, thus justifying the 
terminology "local model". Then we will show that in our two examples - the 
"fake" unitary and the Siegel cases - this definition agrees with the concrete ones 
defined for GL„ and GSp 2n in section 4. 

6.3. Constructing local model diagrams for Shimura varieties. 
6.3.1. The abstract construction. For one of our models Sh = Sh Kp from §5, 
we want to construct a local model diagram 

Sh Sh — ^ M loc . 

In the following we use freely the notation of the appendix, §14. For an abelian 
scheme a : A — > S, let M(A) be the locally free Os-module dual to the de Rham 
cohomology 

M^(A)=Hh R (A/S) := iiV(^ /s ). 
This is a locally free Os-module of rank 2dim(A/S). We have the Hodge filtration 

-» Lic(A) v -> M{A) -» Lie(A) -» 0. 

This is dual to the usual Hodge filtration on de Rham cohomology 

c uj A /s ■= a^A/s C Hh R (A/S). 

We shall call M(A) the crystal associated to A/S (this is perhaps non-standard 
terminology). If A carries an action of Ob, then by functoriality so does M(A). 
Note also that M(A) is covariant as a functor of A. So if C denotes a self-dual 
multichain of Os <g> Z p -lattices, and {^4a} denotes an £-set of abelian schemes over 
S with Oe-action and polarization (as in Definition 5.1), then applying the functor 
M(-) gives us a polarized multichain {M(Aj\)} of Ob <S> Os-modules of type (£), 
in the sense of [RZ], Def. 3.6, 3.10, 3.14. 
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One key consequence of the conditions imposed in loc. cit., Dcf. 3.6, is that 
locally on S there is an isomorphism of polarized multichains of Ob <8> Og-modulcs 

7A : M(A A ) ~ A ® Zp O s . 

In fact we have the following result which guarantees this. 

Theorem 6.3 ([RZ], Theorems 3.11, 3.16). Let C = {A} be a (self-dual) multi- 
chain of Ob ®1ip-lattices in V . Let S be any 7h p -scheme where p is locally nilpotent. 
Then any (polarized) multichain {Ma} of Ob ®z p Os -modules of type (£) is locally 
(for the Stale topology on S) isomorphic to the (polarized) multichain {A<g>z p Os}- 

Moreover, the functor Isom 

T i ► Isom({M A <g> O t }, {A <g> O t }), 
is represented by a smooth affine scheme over S. 

The analogous statements hold for any Z^-scheme S, see [P] . In particular for 
such S we have a smooth affine group scheme Q over S given by 

Q{T) = Aut({A®0 T }), 

and the functor Isom is obviously a left-torsor under Q. This generalizes the smooth- 
ness of the groups Aut in section 3.2. Moreover, by the same arguments as in sec- 
tion 3.2, for S = Spcc(Zp) the group Gz p is a Bruhat-Tits parahoric group scheme 
corresponding to the parahoric subgroup of G(Q P ) = G(Q P ) which stabilizes the 
multichain C 7 . 

In the special case of lattice chains for GSp 2 „ , the theorem was proved by de 
Jong [deJ] (he calls what are "polarized (multi)chains" here by the name "systems 
of 05-modules of type II"). 

Now we define the local model diagram for Sh. We assume Oe — ^ P for 
simplicity. Let us define Sh to be the Z p -scheme representing the functor whose 
points in a Z p -scheme S is the set of pairs 

({A A }, A, fj) G Sh(S); 7A : M(A A ) A ® Zp O s , 

where 7a is an isomorphism of polarized multichains of Ob <£> O^-modulcs. The 
morphism 

ip : Sh -» Sh 

is the obvious morphism which forgets 7a- By Theorem 6.3, <p is smooth (being a 
torsor for a smooth group scheme) and surjective. Now we want to define 

V> : Sh(S) -» M loc (5'). 

We define it to send an S'-point ({^4a}, A, fj, 7a) to the morphism of functors 

A ®i p O s -> Lic(A A ) 

induced by the composition 7 A " 1 : K®i p Os — M(A\) with the canonical surjective 
morphism 

M(A A )^Lie(A A ). 

It is not completely obvious that the morphisms A <g> Os — > Lie(A A ) satisfy the 
condition (iii) of Definition 6.2. We will explain it in the Siegel case below, as a 



More precisely, the connected component of Q is the Bruhat-Tits group scheme. As G. 
Pappas points out, in some cases (e.g. the unitary group for ramified quadratic extensions), the 
stabilizer group Q is not connected. 
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consequence of Proposition 5.1.10 of [BBM] (our Prop. 14.1). We omit discussion 
of this point in other cases. 

The theory of Grothendieck-Messing ([Me]) shows that the morphism ip is 
formally smooth. Since both schemes are of finite type over Z p , it is smooth. In 
summary: 

Theorem 6.4 ([RZ], §3). The diagram 

(f ijj 

Sh < Sh " M loc 

is a local model diagram. The morphism ip is a torsor for the smooth affine group 
scheme Q. 

Proof. We have indicated why condition (1) of Definition 6.1 is satisfied. 
Condition (2) is proved in [RZ], 3.30-3.35; see also [deJ], Cor. 4.6. □ 

We will describe the local model diagrams more explicitly for each of our two 
main examples next. Our goal is to show that their local models are none other 
than the ones defined in section 4. 

6.3.2. Symplectic case. Following [deJ] and [GN] we change conventions slightly 
and replace the de Rham homology functor with the cohomology functor 

A/S^H l DR {A/S). 

What kind of data do we get by applying the de Rham cohomology functor to 
a point in our moduli problem Sh from section 5.3? For notational convenience, 
let us now number the chains of abelian varieties in the opposite order: 

{A A ,} = A n -» Vi -» Oo- 
lemma 6.5. The result of applying H]j R to a point ({^4a.}, Ao, A n ) in Sh{S) 
is a datum of form (Mo M\ A • • • A M n , qo,q n ) satisfying 

• Mi is a locally free Os -module of rank 2n; 

• Coker(Mi_i — > M{) is a locally free O s / 'pO s -module of rank 1; 

• for i = 0, n, qt : Mi® Mi — » Os is a non- degenerate symplectic pairing; 

• for any i, the composition of 

M n -^-^ 5U» Mr, 



M V ^ ^— Ml 



starting and ending at Mi or M^ :— Hon^M^Og) is multiplication by p. 

Proof. The pairings qo,q n come from the polarizations Ao,A„. The various 
properties are easy to check, using the canonical natural isomorphism Hjj R (A/S) = 
{H 1 DR {A/S)) y ; cf. Prop. 14.1. ' □ 

Our next goal is to rephrase Definition 6.2 in terms of data similar to that in 
Lemma 6.5, which will take us closer to the definition of M loc in §4. 

Let C = A. be the standard self-dual lattice chain in V = Q^™, with respect to 
the usual pairing (x,y) — x t Iy. Clearly we may rephrase Definition 6.2 using the 
sub-objects ui' A :— ker(^A) of A®Os rather than the quotients t\. Then condition 
(hi) becomes 
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(iii') (cj' A ) perp duj' A± , which is equivalent to {J A ) perp = u' A± , 

in other words, under the canonical pairing (•, •) : A <x> Os x A- 1 ® O5 — ► O5, the 
submodules uu' A and w a _l are perpendicular. If A = A- 1 , this means 

(") ')\w' A Xu' A — 0; 

and if A- 1 = pA, this means 

since the pairing on A® Os x A ® Os is defined by composing the standard pairing 
on A® Os x A 1 - ® with the periodicity isomorphism 

p:\~A 1 - 

in the second variable. For the "standard system" (A — > Ai — ► • • • — ► A„,g ,9n) 
as in Lemma 6.5, the (perfect) pairings are given by 

g = (•, •) : A x A -> Z p 
<?„ =p(-, •) : A„ x A„ -> Z p . 

Note that if ^ := w A ., the identity (^) perp = ((iii) of Dcf. 6.2) means 
that uo' t is uniquely determined by the elements tj' , . . . ,u>' n . Conversely, suppose we 
are given u)' Q , ■■■,u' n such that (uj' a ) perp = cu' and (Lo' n ) perp = pui' n =: ui'_ n . Then we 
can define Lu'_ i = (uj' i ) perp for i = 0, . . . , n, and then extend by periodicity to get an 
infinite chain u)', as in Definition 6.2 (condition (iii) being satisfied by fiat). 

We thus have the following reformulation of Definition 6.2, which shows that 
that definition agrees with the one in section 4 for GSp 2 „. 

Lemma 6.6. In the Siegel case, an S-point o/M loc (in the sense of Definition 
6.2) is a commutative diagram 

A <x> O s > A x <g> O s > > A„ <g> O s 

A 

w >■ wi >■ >■ U^, 

• for each i, u\ is a locally free Os-submodule of Ai (g> Os of rank n; 

• uo'q is totally isotropic for (-, •) and is totally isotropic for p(-, •). 

Finally, we promised to explain why the morphism ip : Sh — > M loc really takes 
values in M loc . We must also redefine it in terms of cohomology. Recall we now 
have the Hodge filtration 

u; Aa/s C H},r(A a /S). 
We define tp to send ({^4 <—■■■<— A n }, A , A„, fj, 7a) to the locally free, rank n, 
Os-submodules 

7a(^a a ) cA®O s , 
where now 7a is an isomorphism of polarized multichains of Os-modulcs 

7 A : H l DR {A A /S) A ® O s . 

The following result ensures that this map really takes values in M loc . 

Lemma 6.7. The morphism tp takes values in M loc , i.e., condition (iii') holds. 
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PROOF. Setting u>a a . = Wi, we need to see that the Hodge filtration loq resp. w n 
is totally isotropic with respect to the pairing qo resp. q n induced by the polarization 
A resp. A„. But this is Proposition 5.1.10 of [BBM] (our Prop. 14.1). See also 
[deJ], Cor. 2.2. □ 

Comparison of homology and cohomology local models. One further remark is in 
order. Let us consider a point 

A = (A Q -» > A n ,X ,X n ,fj) 

in our moduli problem Sh. Note that this data gives us another point in Sh, namely 

A= (A n -» ► A , A -1 , Aq 1 ,^). 

(We need to use the assumption that the polarizations A, are required to be sym- 
metric isogenies Ai — > Ai, in the sense that Xi — Xi.) 

The moduli problem Sh is thus equipped with an automorphism of order 2, 
given by A i— ► A. 

This comes in handy in comparing the "homology" and "cohomology" con- 
structions of the local model diagram. Namely, since M(Ai) = Hp R (Ai) (Prop. 
14.1), an isomorphism 7. : M(A t ) ^> A. ® 0$ is simultaneously an isomorphism 
7. : Hp R (A.) ~ A. ® £>s- In the "homology" version, -0 sends (A, 7.) to the 
quotient chain 

A. ®0 S -^Lic(A.), 

defined using 7V 1 . On the other hand, in the "cohomology" version, ip sends (A, 7,) 
to the sub-object chain 

C A. (g) O s 

(identifying w. with 7.(0;.)). But the exact sequence 

-» M(A) -» Lie(A) -» 

(Prop. 14.1) means that the two chains correspond: they give exactly the same 
element of M loc . In summary, we have the following result relating the "homology" 
and "cohomology" constructions of the local model diagram. 



PROPOSITION 6.8. There is a commutative diagram 

-horn Mloc 



V 



oh r°\ 

Sh * 



M loc 



where the left vertical arrow is the automorphism (A, 7.) (A, 7.). 

6.3.3. "Fake" unitary case. Here the "standard" polarized multichain of Ob < 
Zp-lattices is given by {A^ © A*}, in the notation of section 5.2.3. Recall that 

O b ® Z p £* (Zp) x M^(Z P ), 

according to the decomposition of -Bq PP = -Dq p 

D Qp =J) f x D p . = M„(Q P ) x M„(Qp). 
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Let W (resp. W*) be Z p viewed as a left Ob <8>Z p -module, via right multiplications 
by elements of the first (resp. second) factor of M„(Z p ) x M„(Z p ). The ring Bq p 
has two simple left modules: Wq p and Wq p . We may write 

v E > = v x © v 2 

as before. The determinant condition now implies (at least over E') that 

V x = Wi®{W* E ,) n - d ; 

(comp. section 5.2.2). Using the "sub-object" variant of Definition 6.2, it follows 
that an S-point of M loc is a commutative diagram (here Aj being understood as 
A, ® O s ) 

a e a* — >• Ai e Ai — > >• a„ e a; 

A 

© ^o* Tx © ^ 9 > ^„ © ^* 

where Ti © J-"* is an Ob ® Os-submodule of Aj A* which, locally on S, is a direct 
factor isomorphic to Wg~ d {W^ s ) d . 

The analogue of condition (iii'), which is imposed in Definition 6.2, is 

On the other hand, from the definition of (•, •) in section 5.2.3 it is immediate that 

(jr. jr*y>erp _ j?*,perp ^ j-perp 

We see thus that the first factor T, uniquely determines the second factor F* (and 
vice-versa). Thus M loc is given by chains of right M n (Og) = M n (Z p ) (XiOs-modulcs 

!Fq — » Tx — > • • • — > T n 

which are locally direct factors in 

M n (O s ) - diag(p-\ \ n -i)M n {O s ) p-^JO^), 

each term locally isomorphic to (Og)"~ d . By Morita equivalence, M loc is just given 
by the definition in section 4 (for the integer d). 

7. Flatness 

Because of the local model diagram, the flatness of the moduli problem Sh can 
be investigated by considering its local model. The following fundamental result is 
due to U. Gortz. It applies to all parahoric subgroups. 

Theorem 7.1 ([Gol], [Go2]). Suppose M loc is a local model attached to a 
group ReSi?/Q p (GL„) or Res^/Q p (GSp 2n ), where F/Q p is an unramified extension. 
Then M loc is flat over Oe- Moreover, its special fiber is reduced, and has rational 
singularities. 

We give the idea for the proof. One reduces to the case where F = Q p . In 
order to prove flatness over Oe = Z p it is enough to prove the following facts (comp. 
[Ha], III.9.8): 

1) The special fiber is reduced, as a scheme over F p ; 

2) The model is topologically flat: every closed point in the special fiber is contained 
in the the scheme-theoretic closure of the generic fiber. 
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The innovation behind the proof of 1) is to embed the special fiber into the affinc 
flag variety and then to make systematic use of the theory of Frobenius-splitting to 
prove affine Schubert varieties are compatibly Frobenius-split. See [Gol]. 

To prove 2), suppose /x is such that M loc = M_ W()fi . It is enough by a result of 
Kottwitz-Rapoport (Theorem 4.2) to prove that the generic element in a stratum 
of the special fiber indexed by a translation element in Adm(— wofJ.) can be lifted 
to characteristic zero. This statement is checked by hand in [Gol]. 

We will provide an alternative, calculation-free, proof by making use of nearby 
cycles 8 . We freely make use of material on nearby cycles from §10, 11. 

We fix an clement A € W(— wq/j.) and consider the stratum of M loc indexed by 
t\. We want to show this stratum is in the closure of the generic fiber. 

The nearby cycles sheaf R 1 i' M (Q e ) is supported only on this closure (Theorem 
10.1), and so it is enough to show that 

Tr ss ($;,i?vI/^ ( Q £)) ^o. 

But it is clear that 

Z-w n,r{t\) ^ 

from the definition of Bernstein functions (see [Lu] or [HKP]), and we are done 
by Theorem 11.3 (which also holds for the group GSp 2 „, see [HN1]). 

As G. Pappas has observed [P], the local models attached (by [RZ]) to the 
groups above can fail to be flat if F/Q p is ramified. In their joint works [PR1], 
[PR2] , Pappas and Rapoport provide alternative definitions of local models in that 
case (in fact they treat nearly all the groups considered in [RZ]), and these new 
models are flat. However, these new models cannot always be described as the 
scheme representing a "concrete" moduli problem. 

8. The Kottwitz-Rapoport stratification 

Let us assume Sh is the model over Oe for one of the Shimura varieties 
Sh(G, /i)k discussed in §5, i.e. a "fake" unitary or a Siegel modular variety. We 
assume (for simplicity of statements) that K p is an Iwahori subgroup of G(Q P ). 
Let us summarize what we know so far. 

The group Gq p is either isomorphic to GL nj Q p x Gr m ,q p or GSp 2ni Q p . These 
groups being split over Q p , we have E — Q p and Oe = Z p . 

The Shimura datum h gives rise to a dominant minuscule cocharacter [i of 
GL„,q p or GSp 2ni Q p , respectively. The functorial description of the local model 
M loc shows that it can be embedded into the deformation M from the affine Grass- 
mannian GrassQ p to the affine flag variety Tlv p associated to G, and has generic 
fibre Q -won- Since the local model is flat with reduced special fiber [Gol], [Go2] 
(see §7) and is closed in M, it coincides with the scheme-theoretic closure M_ Wofl 
of Q 

-won m th' s deformation. We thus identify M loc — A'l- Wopi . (For all this, keep 
in mind we use the "homology" definition of the local model diagram.) 

The relation between the model of the Shimura variety over 7L p and its local 
model is given by a diagram 

cp . tp 

Sh < Sh *~ M loc 



We emphasize that this proof is much less elementary than the original proof of Gortz [Gol], 
relying as it does on the full strength of [HN1]. 



610 



THOMAS J. HAINES 



of Zp-schemes, where ip is a torsor under the smooth affinc group scheme Q of §6.3 
(also termed Aut in §4), and ip is smooth. The fibres of ip are geometrically con- 
nected (more precisely, this holds for the restriction of <p to any geometric connected 
component of Sh) . One can show that etale-locally around each point of the special 
fiber of Sh, the schemes Sh and M loc are isomorphic. 

The stratification of the special fibre of M loc (by Iwahori-orbits) induces strat- 
ifications of the special fibers of Sh and Sh (see below) . The resulting stratification 
of Shr is called the Kottwitz-Rapoport (or KR-) stratification. 

8.1. Construction of the KR-stratification. Essentially following [GN], 
we will recall the construction and basic properties of the KR-stratification. The 
difference between their treatment and ours is that they construct local models in 
terms of de Rham cohomology, whereas here they are constructed in terms of dc 
Rham homology. This is done for compatibility with the computations in §11. 

For later use in §11, we give a detailed treatment here for the case of "fake" 
unitary Shimura varieties. 

Let k denote the algebraic closure of the residue field of Z p , and let A. = A.0A* 
denote the self-dual multichain of Ob <S> Z p -lattices from §5.2.3. Recall that a point 
in M loc (fc) is a "quotient chain" of k- vector spaces 

A. <g> k -> t x> , 

self-dual in the sense of Definition 6.2 (iii), and such that each satisfies the 
determinant condition, that is, 

t~ Ki = w£®{w*y k - d 

as Ob <8>fc- modules. We can identify this object with a lattice chain in the affine flag 
variety for GL n (fc((i))) as follows. Let V #i fc denote the "standard" complete lattice 
chain from §4.1. Using duality and Morita equivalence (see §6.3.3), the quotient 
tj_ can be identified with a quotient t\, of the standard lattice chain V m .k C k((t)) n . 
Then we may write 

for a unique lattice chain £. = (Co C • • • C C n = t~ l Lo) consisting of k[[t]]- 
submodules of k((t)) n which satisfy for each i = 0, . . . , n, 

• tVi,k c£,C K fe ; 

• the k- vector space Vi^/C-i has dimension d (determinant condition). 
The set of such lattice chains £, is the special fiber of the model M- WofJ _ at- 
tached to the dominant cowcight —w fi = (l d ,0 n ~ d ) of GL„. Indeed, the two 
conditions above mean that for each i, 

mv K (£i,Vi,k) = fi 

and thus 

inv.K-(Vj,k,£j) = -w Q p. 
Here inv#- is the standard notion of relative position of fepj-lattices in k((t)) n , rel- 
ative to the base point Vo,fc = fcp]] n : we say invpc(gVo,k, g'Vo.k) = A G X + (T) if 
(TV G KXK, where K = GL„(fcp]|). Recall we have identified p with (0"- d , (-l) d ) 
and have embedded coweights into the loop group by the rule A i— > X(t). 

If C, = x(V #i fc) for x e W(G\j n ), this means that x € Perm(— w p,), which is 
also the set Adm(— wq/j), see §4. 
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Recall that the Iwahori subgroup I = Ik((t)) fixing V #l fc preserves the subset 
A^-u>oM,fc c an d so via the identification M loc = M- Wofl , it also acts on the 
local model. The Iwahori-orbits give a cellular decomposition 

Mi° c = ]i m i : c . 

Here we define Mj^ c to be the set of £. above such that 

invj(V.,fc,£.) = w~ l , 

or equivalently 

invj(£., V.,fc) = w, 

for w^ 1 e Adm(— wqm) (which happens if and only if w G Adm(/z)). Here we define 
irLV I (gV.,k,g'V.,k) = w if 5~V € /to/. 

Each stratum is smooth (in fact M^ c = A e ^), and the closure relations are 
determined by the Bruhat order on W; that is, M^ c C M^, c if and only if w < w'. 

There is a surjective homomorphism Ik((t)) —> Autfe, where Aut is the group 
scheme Q of Theorem 6.3 which acts on the whole local model diagram. The action 
of Ik{{t)) on Mj° c factors through Autfe, so that the strata above can also be thought 
of as Autfc-orbits. The morphism tp is clearly equivariant for Autfe, hence we have 
a stratification of Shk 

Sh k = [J ^"'(M^), 

ii>GAdm(/^) 

whose strata are non-empty (Lemma 13.1), smooth, and stable under the action 
of Autfe. Since ipk is a torsor for the smooth group scheme Autfe, the stratification 
descends to Shk- 

Sh k = [] Sh w 

w£Adm(fi) 

such that ip~ 1 (Sh w ) = ip- 1 (M l ° c ). These strata are still smooth, non-empty, and 
satisfy closure relations determined by the Bruhat order. 

All statements above remain true over the base field F p instead of its algebraic 
closure k. 

8.2. Relating nearby cycles on local models and Shimura varieties. 

We will need in §11 the following result relating the nearby cycles on Sh, Sh, and 
M loc , which follows immediately from the above remarks and Theorem 10.1 below 
(cf. [GN]): 

Lemma 8.1. There are canonical isomorphisms 

ip*m Sh (Q e ) = m^iQe) = ip*m Mlac (Q e ). 

Moreover, R9 sh (Q^) is constant on each stratum Sh w , and if $>p G Gal(Q p / E) 
is a geometric Frobenius element, then for any elements x e Sh w (k r ) and xq <G 
M^ c (fc r ), we have 

Here we use the notion of semi-simple trace, which is explained below in §9.3. 
The above lemma plays a key role in the determination of the semi-simple local 
zeta function in §11. 
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8.3. The Genestier-Ngo comparison with p-rank. We assume in this 
section that Sh is the Siegcl modular variety with Iwahori-level structure from 
§5.3. 

Recall that any n-dimensional abelian variety A over an algebraically closed 
field k of characteristic p has 

#A\p]{k)=p i , 

for some integer < j < n. The integer j is called the p-rank of A. Ordinary 
abelian varieties are those whose p-rank is n, the largest possible. The p-rank is 
constant on isogeny classes, and therefore it determines a well-defined function on 
the set of geometric points Shf . The level sets determine the stratification by 
p-rank. 

It is natural to ask how this stratification relates to the KR-stratification. In 
[GN], Genestier and Ngo have very elegantly derived the relationship using local 
models and work of de Jong [deJ]. As they point out, their theorem yields inter- 
esting results even in the case of Siegel modular varieties having good reduction at 
p: they derive a short and beautiful proof that the ordinary locus in such Shimura 
varieties is open and dense in the special fiber (comp. [Wl]). 

To state their result, we define for w G W(GSp 2n ) an integer r(w) as follows. Its 
image w in the finite Weyl group W(GSp 2n ) 1S a permutation of the set {1, • • • , 2n} 
commuting with the involution i i— > 2n+ 1 — i. The set of fixed points of w is stable 
under the involution, and therefore has even cardinality (the involution is without 
fixed-points). Define 

2r(w) = #{fixed points of w}. 

Theorem 8.2 (Genestier-Ngo [GN]). The p-rank is constant on each KR- 
stratum Sh w . More precisely, the p-rank of a point in Sh w is the integer r(w). 

Corollary 8.3 ([GN]). The ordinary locus in Shr p is precisely the union of 
the KR-strata indexed by the translation elements in Adm(^), that is, the elements 
t\, for A e W\i. Moreover, the ordinary locus is dense and open in Shw p - 

PROOF. By the theorem, the p-rank is n on Sh w if and only r(w) — n; writing 
w = t\W, this is equivalent to w — 1. We conclude the first statement by noting 
that w € Adm(/i) =^Ae Wfj,. 

Finally, the union of the strata M'° c for A e W p is clearly dense and open in 

MJ?;. □ 

Remark 8.4. It should be noted that in [GN] the local model, and thus the 
KR-stratification, is defined in terms of the "cohomology" local model diagram, 
whereas here everything is stated using the "homology" version. Furthermore, in 
[GN] the "standard" lattice chain is "opposite" from ours, so that an element 
w G W(GSp 2n ) is used to index a double coset Iwl/I, where I is an "opposite" 
Iwahori subgroup. Nevertheless, our conventions and those of [GN] yield the same 
answer, that is, the p-rank on Sh w is given by r(w) is both cases. This may be 
seen by using the comparison between "homology" and "cohomology" local model 
diagrams in Prop. 6.8, and by imitating the proof of [GN] with our conventions in 
force. 

8.4. The smooth locus of Shp p . Also, in [GN] one finds the proof of the 
following related fact. 
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Proposition 8.5 (Genestier-Ngo [GN]). The smooth locus of Sh ¥p is the 
union of the KR-strata indexed by t\, for A G W fi (in particular the smooth lo- 
cus agrees with the ordinary locus). 

8.4.1. The geometric proof of [GN]. The crucial observation is that any stra- 
tum Sh w , where w is not a translation clement, is contained in the singular locus. 
Gcnestier and Ngo deduce this by showing that for such w, 

(8.4.1) Tr ss (%,R^ s w h (Q e ))^l, 

which by the general geometric principle explained below, shows that w is singular. 
Now (8.4.1) itself is proved by combining the main theorems of [HN1] and [H2], 
and by taking into account Lemma 8.1. 

Here is the geometric principle implicit in [GN] and a sketch of the proof from 
[GN]. We will use freely the material from sections 9.3 and 10 below. 

Lemma 8.6. Let S = (S,s,rj) be a trait, with k(s) =¥ q a finite field. Suppose 
M — > S is a finite type flat model with M n smooth. Then x € M(¥ qr ) is a smooth 
point of M- s only if Tr ss (<S> r q , mf (Q e )) = 1. 

Proof. Let M' C M be the open subscheme obtained by removing the singular 
locus of the special fiber of M. We see that M' — > S is smooth (since M' — > S is flat 
of finite-type, it suffices to check the smoothness fiber by fiber, and by construction 
M' rj = M v and M' s are both smooth). Now we invoke the general fact (Theorem 
10.1) that for smooth models M' , i?* M '(Q £ ) = Q t , the constant sheaf on the 
special fiber. This implies that the semi-simple trace of nearby cycles at x £ M' s is 
1. □ 

Proof of Proposition 8.5. We consider the stratum Sh w , or equivalently, M^ c , for 
w e Adm(/i). We recall that M loc = M- Wofl and the stratum Mj^ c is the Iwahori- 
orbit indexed by x :— w^ 1 , contained in M- Wofl . For such an x, we have from 
[HN1], [H2], [HP] an explicit formula for the semi-simple trace of Frobenius on 
nearby cycles at x 

T r ss (<t> q ,m™ loc (Q e )) = R x , tx(x) (q), 

where X(x) is the translation part of x [x = t\r x \w, for A(x) G X*, and w € Wo), and 
Rx,y(q) is the Kazhdan-Lusztig i?-polynomial. This polynomial can be computed 
explicitly, but we need only the fact that it is always a polynomial in q of degree 
£(y) —£(x). It follows from this and the above lemma that whenever x corresponds 
to a stratum of codimension > 1, every point of that stratum is singular. 

8.4.2. A combinatorial proof. There is however a more elementary way to pro- 
ceed: we prove below that every codim > 1 stratum in Mp c is contained at least 
two irreducible components. The same goes for Shv p , proving the proposition. 
(There is even a third proof of the proposition, given in [GH].) 

Proposition 8.7. Let \i be minuscule. For any x € Adm(^i) of codimension 1, 
there exist exactly two distinct translation elements A 1; A 2 in W/i such that x < t\ i 
(fori — 1,2). Thus, any codimension 1 KR- stratum in the special fiber of a Shimura 
variety Sh with Lwahori-level structure at p is contained in exactly two irreducible 
components. 

PROOF. We give a purely combinatorial proof. Suppose x € Adm(/i) has 
codimension 1. We have x < t v , for some v e W fi. By properties of the Bruhat 
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order, there exists an affine reflection sp+k, where (3 is a i?-positive root, such that 
x = t lJ sp + k. Since sp + k = t-fc/3 vS /3 ; this means x = t v -kp j Sf5- The translation 
part must lie in Perm(^) n X„ — W^i, hence we have x = t\Sp, for A e W^t. By 
comparing lengths, we have t\Sp < t\ and t\sp < spt\sp — t Sf) \. We claim that 
([3, A) < 0. Indeed, writing ep G [—1,0) for the infimum of the set /3(a) (recalling 
that our base alcove a is contained in the S-positive chamber) , we have 

t\sp < t\ a and t^\a are on opposite sides of the hyperplane (3 = 

^> f3(-X + a) C [0,oo) 
&-((3,\) + {e ,O) C [0,oo) 
(13, A) < 0. 

We see that sp\ ^ A, and so x precedes at least the two distinct translation 
elements t\ and t Sp \ in Adm(yu). It remains to prove that these are the only 
such translation elements. So suppose now that t\sp < ty, where A' e W [i; we 
will show that A' <G {A, sp\}. As above, there is an affine reflection s a _^ n such 
that t\Sf3 = t\is a+n = ty- na v s a , where a is £>-positive. We see that a = (3, 
and A' - n/3 v = A. Thus, A', A, and s f3 \ all lie on the line A + M/3 V . Since all 
elements in W/j, are vectors with the same Euclidean length, this can only occur if 

\'e{\,sp\}. □ 

9. Langlands' strategy for computing local L-factors 

The well-known general strategy for computing the local L-factor at p of a 
Shimura variety in terms of automorphic i-functions is due to the efforts of many 
people, beginning with Eichlcr, Shimura, Kuga, Sato, and Ihara, and reaching its 
final conjectural form with Langlands, Rapoport, and Kottwitz. 

Let us fix a rational prime p, and a compact open subgroup K p C G(Q P ) at p; 
we consider the Shimura variety Sh(G, /i)k as in §5.1. 

Roughly, the method of Langlands is to start with a cohomological definition 
of the local factor of the Hasse-Weil zeta function for Sh(G, /i)k, and express 
its logarithm via the Grothendieck-Lcfschetz trace formula as a certain sum of 
orbital integrals for the group G(A). This involves both a process of counting 
points (with "multiplicity" the trace of the correspondence on the stalk of an 
appropriate sheaf) , and then a "pseudo-stabilization" like that done to stabilize the 
geometric side of the Arthur-Selberg trace formula (we are ignoring the appearance 
of endoscopic groups other than G itself in this stage). At this point, we can apply 
the Arthur-Selberg stable trace formula and express the sum as a trace of a function 
on automorphic representations appearing in the discrete part of L 2 (G(Q)\G(A)). 
This equality of traces implies a relation like that in Theorem 11.7 below. 

More details on the general strategy as well as the precise conjectural descrip- 
tion of IH l (Sh Xe Q p , Qe) in terms of automorphic representations of G can be 
found in [Ko90], [Ko92b], and [BR]. These sources discuss the case of good 
reduction at p. 

Some details of the analogous strategy in case of bad reduction will be given 
below in §11. Let us explain more carefully the relevant definitions. 

9.1. Definition of local factors of the Hasse-Weil Zeta function. Let p 

denote a prime of a number field E, lying over p. Let A be a smooth (i-dimensional 
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variety over E. We define the Hasse-Weil zeta function (of a complex variable s) 
as an Euler product 

Z(s,X) = l[Z p (s,X), 
p 

where the local factors are defined as follows. 

Definition 9.1. The factor Z p (s,X) is defined to be 

2d 



JJdet(l - Np-»Q P ; K(X x E Q p , Q,) r .)( 



where 



I is an auxiliary prime, I ^ p; 
E 



<l>p is the inverse of an arithemctic Frobcnius clement for the extension 



• Np = Norm Ep/Q£ p; 

• r° C T p := Gal(Q p /E p ) is the inertia subgroup. 

It is believed that Z(s, X) has good analytical properties (it should satisfy a 
functional equation and have a meromorphic analytic continuation on C) and that 
analytical invariants (e.g. residues, special values, orders of zeros and poles) carry 
important arithmetic information about X. Moreover, it is believed that the local 
factor is indeed independent of the choice of the auxiliary prime £. At present 
these remain only guiding principles, as very little has been actually proved. As 
Taniyama originally proposed, a promising strategy for establishing the functional 
equation is to express the zeta function as a product of automorphic L-functions, 
whose analytic properties are easier to approach. The hope that this can be done 
is at the heart of the Langlands program. 

9.2. Definition of local factors of automorphic L-functions. Let ir p be 

an irreducible admissible representation of G(Q P ). Let us assume that the local 
Langlands conjecture holds for the group G(Q P ). Then associated to tt p is a local 
Langlands parameter, that is, a homomorphism 

<p„ p : W Qp x SL 2 (C) -> L G, 

where Wq is the Weil group for Q p and, letting G denote the Langlands dual 
group over C associated to Gq p , the L-group is defined to be L G — Wq p x G. Let 
r = (r, V) be a rational representation of L G. The local L-function attached to tt p 
is defined using ip 7Ip and r as follows. 

Definition 9.2. We define L(s,7r p ,r) to be 

"p-V2 " 
pV2 



det(l -p s r^ p (% 



(keriV) r p)^ 



where 



• $ p € Wq p is the inverse of the arithmetic Frobenius for Q p ; 

• N is a nilpotent endomorphism on V coming from the action of sl^ on the 

representation rip 7Tp , namely TV := d(r<p Vp )(l x ^ ^ ); equivalently, N is 







determined by rip 7rp (l x 



1 1 
1 



) = cxp(iV); 
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• the action of inertia L° C Wq p on ker(iV) is the restriction of r<p„ p to 
T° p x id c W Qp x SL 2 (C). 

Remark 9.3. If ir p is a spherical representation, then (ker7V) r p = V and 
therefore in that case the local factor takes the more familiar form 

det(l -p- s r(Sat(7T p )); V)' 1 , 

where Sat(7r p ) is the Satake parameter of 7r p ; see [Bo], [Ca]. 

Any irreducible admissible representation tt of G(A) has a tensor factorization 
7r = ® v -k v (v ranges over all places of Q) where n v is an admissible representation 
of the local group G(Q„). If u = oo, there is a suitable definition of L(s, ir^, r) (see 
[Ta]). We then define the automorphic L-function 

L(s,n,r) = Y[L(s,ir v ,r). 

V 

9.3. Problems in case of bad reduction, and definition of semi-simple 
local factors. 

9.3.1. Semi-simple zeta function. Let us fix p and set E = E p . In the case 
where X possesses an integral model over Oe, one can study the local factor by 
reduction modulo p. In the case of good reduction (meaning this model is smooth 
over Oe), the inertia group acts trivially and the cohomology of X Q p can be 
identified with that of the special fiber Ixt B F p {Ue being the residue field of E). 
By the Grothendieck-Lefschetz trace formula, the local zeta function then satisfies 
the familiar identity 

\0g{Z v { S ,X)) = f2#X(k E ,r) 
r=l 

where ks, r is the degree r extension of \ze in its algebraic closure k. In the case of 
bad reduction, inertia can act non-trivially and the smooth base-change theorems of 
i?-adic cohomology no longer apply in such a simple way. Following Rapoport [Rl] , 
we bypass the first difficulty by working with the semi-simple local zeta function, 
defined below. The second difficulty forces us to work with nearby cycles (see §10): 
if X is a proper scheme over Oe, then there is a r p -equivariant isomorphism 

H\X x E %, Qe) - H\X x kE k E , (<&)), 

so that the Grothendieck-Lefschetz trace formula gives rise to the problem of 
"counting counts x £ X(kE, r ) with multiplicity" , i.e., to computing the semi-simple 
trace on the stalks of the complex of nearby cycles: 

in order to understand the semi-simple zeta function. 

How do we define semi-simple trace and semi-simple zeta functions? We recall 
the discussion from [HN1]. Suppose V is a finite-dimensional continuous ^-adic 
representation of the Galois group L p . Grothcndieck's local monodromy theorem 
states that this representation is necessarily quasi-unipotent: there exists a finite 
index subgroup Li C T p such that Ti acts unipotently on V . Hence there is a finite 
increasing L p -invariant filtration V. = (0 C V\ C • • • C V m = V) such that L° acts 
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on ©fcgTfcV. through a finite quotient. Such a filtration is called admissible. Then 
we define 

k 

This is independent of the choice of admissible filtration. Moreover, the function 
V i ^ Tr ss (<i>p, V) factors through the Grothendieck group of the category of l- 
adic representations V, and using this one proves that it extends naturally to give 
a "sheaf-function dictionary" a la Grothendieck: a complex T in the "derived" 
category D b c (X x v s, Q e ), 9 gives rise to the Q^-valued function 

on X(kE.r)- Furthermore, the formation of this function is compatible with the 
pull-back and proper-push-forward operations on the derived catgegory, and a 
Grothendieck-Leftschetz trace formula holds. (For details, see [HN1].) We can 
then define the semi-simple local zeta function Z^ s {s,X) by the identity 

Definition 9.4. 

\o g (z; s (s,x)) = (^(-lyTr^; H c( x ^eQ p , Q e ))) . 

r—1 i 

Remark 9.5. Note that in the case where T° acts unipotently (not just quasi- 
unipotcntly) on the cohomology of the generic fiber, then we have 

Tr ss (%; Hl(X x E %, CM) - Tr(^; W C (X x E Q p , Q e )). 

As we shall see below in §10.2, r£ does indeed act unipotently on the cohomology 
of a proper Shimura variety with Iwahori-level structure at p. The definition of Z ss 
thus simplifies in that case. 

As before, the global semi-simple zeta function is defined to be an Euler product 
over all finite places of the local functions: Z ss (s, X) = FJ p Z° s (s, X). 

9.3.2. Semi-simple local L-functions. Retain the notation of §9.2. The Lang- 
lands parameters = ip 7Tp being used here have the property that the representation 
r<fi on V arises from a representation (p, N) of the Weil-Deligne group Wq p on V, 
see [Ta]. In that case we have for w e Wq p 

MIV2 o 



p(w) = np(w x 
exp(iV) = rip(l x 



1 1 
1 



o iiwir i/2 



where \\w\\ is the power to which w raises elements in the residue field of Q p . 

Now suppose that via some choice of isomorphism Q g = C, the pair (p, N) 
comes from an £-ad\c representation (p\, V\) of W<q , by the rule 

px(* n <r) = p(<f n a)exp(NU(<i)), 

where n e Z, u e T", and ti : T° — > <Qi is a nonzero homomorphism (cf. [Ta], Thm 
4.2.1). 



9 This is the "derived category of Q^-sheaves" - although this is somewhat misleading termi- 
nology (sec [KW] for a detailed account) - on X Xk E equipped with a continuous action of 
Tp compatible with the action of its quotient Gal(fc£/fcg;) on X X kg. See §10. 
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For each a E T®, px(cr) = p(cr)exp(Nte(cr)) is the multiplicative Jordan decom- 
position of px{o~) into its semi-simple and unipotent parts, respectively. Therefore a 
vector v £ V is fixed by p\(o) if and only if it is fixed by both p(a) and exp(Nte(a)). 
Thus we have the following result. 

Lemma 9.6. If(p,N,V) and (px,Vx) are the two avatars above of a represen- 
tation of the Weil-Deligne group Wq^ , then 

(kcriV) r p = V X F ° P . 

Furthermore p is trivial on L° if and only if p x (Tp) acts unipotently on Vx, and in 
that case 

(kerNfp = kcrN = vf°. 
Corollary 9.7. The local L-function can also be expressed as 

L(s,n p ,r) = det(l - V ~ s P x(%); Vp)' 1 - 

Note the similarity with Definition 9.1. The representation px(Tp) being quasi- 
unipotent, we can define the semi-simple L-function as in Definition 9.4. 

Definition 9.8. 

°° -rs 

log(i-( S ,7r p ,r)) = ^Tr ss (p A (<i>P; V x ) V — . 

r— 1 

(The symbol r occurs with two different meanings here, but this should not 
cause confusion.) 

Remark 9.9. In analogy with Remark 9.5, in the case that (p, N, V) has 
p(Tp) = 1, in view of Lemma 9.6, we have 

Tr ss (px(%);V) = Tv(px(%);V), 

and the definition of L ss simplifies. The dictionary set-up by the local Langlands 
correspondence asserts that if 7r p has an Iwahori-fixed vector, then piT®) is trivial 
(cf. [W2]). Moreover, in the situation of parahoric level structure at p, the only 
representations ir p which will arise necessarily have Iwahori-fixed vectors. Hence 
the simplified definition of L ss will apply in our situation. 

Let 7T = ®„7r„ be an irreducible admissible representation of G(A). It is to be 
hoped that a reasonable definition of L ss {s 1 -K Vl r) exists for Archimedean places v, 
and if so we can then define 

L ss (s,n,r) = Y[L ss (s,iT v ,r). 

V 

10. Nearby cycles 

10.1. Definitions and general facts. Let X be a scheme of finite type over 
a finite (or algebraically closed) field k. (The following also works if we assume that 
k is the fraction field of a discrete valuation ring R with finite residue field, and 
that X is finite- type over R, cf. [Ma].) Denote by k an algebraic closure of k, and 
by X-^ the base change X k. 

We denote by D h c (X, Q e ) the 'derived' category of Q^-sheaves on X. Note 
that this is not actually the derived category of the category of Q^-sheaves, but is 
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defined via a limit process. See [BBD] 2.2.14 or [Weil2] 1.1.2, or [KW] for more 
details. Nevertheless, D b (X, Q e ) is a triangulated category which admits the usual 
functorial formalism, and which can be equipped with a 'natural' ^-structure having 
as its core the category of Q^-shcaves. If / : X — > Y is a morphism of schemes 
of finite type over k, we have the derived functors /*, /, : D b (X,Q e ) -> D b (Y,Q e ) 
and /*, f : £)*(Y,Q^) — ► D b (X,Q e ). Ocassionally we denote these same functors 
using the symbols i?/*, etc. 

Let (5, s, r/) denote an Henselian trait: S is the spectrum of a complete discrete 
valuation ring, with special point s and generic point 77. The key examples for 
us are S = Spec(Z p ) (the p-adic setting) and S = Spec (F p [[/;]]) (the function-field 
setting). Let k(s) resp. k{rj) denote the residue fields of s resp. 77. 

We choose a separable closure 77 of r\ and define the Galois group T — Gal(fj/r]) 
and the inertia subgroup To — ker [Gal (77/77) — ► Gal(s/s)], where s is the residue 
field of the normalization S of S in fj. 

Now let X denote a finite-type scheme over S. The category D b (X x s rj,Q e ) 
is the category of sheaves T € D^XgjQ^ together with a continuous action of 
Gal(?7/77) which is compatible with the action on X s . (Continuity is tested on 
cohomology sheaves.) 

For T G D b (X v ,Q e ), we define the nearby cycles sheaf to be the object in 
D b c (X x sV ,Qe) given by 

m x (F)=i*Rj*(F n ), 

where i : X s ^ Xg and j : X rl Xg are the closed and open immersions of the 
geometric special and generic fibers of X/S, and is the pull-back of T to X^. 

Here we list the basic properties of R^ x , extracted from the standard refer- 
ences: [BBD], [II], [SGA7 I], [SGA7 XIII]. The final listed property has been 
proved (in this generality) only recently, and is due to the author and U. Gortz 
[GH]. 

Theorem 10.1. The following properties hold for the functors 
m : D b (X v ,Qe) -> D b (X x s rj, Q e ) : 

(a) commutes with proper-push-forward: if f : X — > Y is a proper 
S-morphism, then the canonical base-change morphism of functors to 
D h c (Y x s r/,Q e ) is an isomorphism: 

In particular, if X — > S is proper there is a Gal(f]/r])-equivariant isomor- 
phism 

H i (X n ,Q e ) = H i (X„ R&iQt)). 

(b) Suppose f : X — > S is finite-type but not proper. Suppose that there is 
a compactification j : X <—> X over S such that the boundary X\X is 
a relative normal crossings divisor over S. Then there is a Gal{f}/rj)- 
equivariant isomorphism 

w c (x fj ,q i ) = w c (x„ m(Q e )). 

(c) Rfy commutes with smooth pull-back: if p : X — > Y is a smooth S- 
morphism, then the base-change morphism is an isomorphism: 

p*R<f ~ R^fp*. 
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(d) If T € D b c {X, Q e ), we define i?<j>(J 7 ) (the vanishing cycles,) to be the cone 
of the canonical morphism 

there is a distinguished triangle 

T- s -» m{F v ) -> -> ^s[l]- 

If X ^ S is smooth, then R$(Q e ) — 0; in particular, Q e = i?^(Q £ ) in 
i/iis case; 

(e) commutes with Verdier duality, and preserves perversity of sheaves 
(for the middle perversity); 

(f) For x e X g , R l ^(Q e ) x = #'(^(x)?pCM> w/iere ^( 2 )^ is i/ie fiber over 
f) of the strict henselization of X in a geometric point x with center x. 
In particular, the support of R^f(Q e ) is contained in the scheme-theoretic 
closure of X n in X s ; 

(g) If the generic fiber X v is non-singular, then the complex R^ x (Q e ) is 
mixed, in the sense of [Weil2] . 

Remark 10.2. The "fake" unitary Shimura varieties Sh(G,h)n_ discussed in 
§5.2 are proper over Oe and hence by (a) we can use nearby cycles to study their 
semi-simple local zeta functions. The Siegel modular schemes of §5.3 are not proper 
over Z p , so (a) does not apply directly; in fact it is not a priori clear that there is 
a Galois equi variant isomorphism on cohomology with compact supports as in (b). 
In order to apply the method of nearby cycles to study the semi-simple local zeta 
function, we need such an isomorphism. 

Conjecture 10.3. Let Sh Kp denote a model over Oe for a PEL Shimura 
variety with parahoric level structure K p , as in §5. Then the natural morphism 

H l c (Sh Kp x OE kE, m(Qt)) -> Hi(Sh Kp x OE Q p , Q e ) 
is an isomorphism. 

In the Siegel case one should be able to prove this by finding a suitably nice 
compactification, perhaps by adapting the methods of [CF]. 

Such an isomorphism would allow us to study the semi-simple local zeta func- 
tion in the Siegel case by the same approach applied to the "fake" unitary case 
in §11. The local geometric problems involving nearby cycles have already been 
resolved in [HN1], and Conjecture 10.3 encapsulates the remaining geometric diffi- 
culty (which is global in nature). There will be additional group-theoretic problems 
in applying the Arthur-Selberg trace formula, however, due to endoscopy. 

10.2. Concerning the inertia action on certain nearby cycles. Let 

Sh(G,h)ic denote a "fake" unitary Shimura variety as in §5.2, where K p is an 
Iwahori subgroup. Suppose Sh is its integral model over Oe = Z p defined by the 
moduli problem in §5.2.4. Our goal in §11 is to explain how to identify its Z^ s 
with a product of semi-simple local i-functions (see Theorem 11.7). We first want 
to justify our earlier claim that the simplified definitions of Z ss and L ss apply to 
this case. The key ingredient is a theorem of D. Gaitsgory showing that the inertia 
action on certain nearby cycles is unipotcnt. 
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We first recall the theorem of Gaitsgory, which is contained in [Ga]. Let A 
denote a dominant cowcight of Gq and consider the corresponding G(Q p [[i]])- 

orbit Q x in the affinc Grassmannian Grassy = G(Q p ((i)))/G(Q p p]]). Let M x 
denote the scheme-theoretic closure of Q\ in the deformation M of Grass^ to 
J 7 If , from Remark 4.1. Let IC\ denote the intersection complex of the closure 

Qx- 

Theorem 10.4 (Gaitsgory [Ga]). The inertia group F p acts unipotently on 

m M ^(ic x ). 

See also [GH], §5, for a detailed proof of this theorem. We remark that Gaits- 
gory proves this statement for nearby cycles taken with respect to Beilinson's de- 
formation of the affine Grassmannian of G(F p p]]) to its affine flag variety, but the 
same proof applies in the present p-adic setting; see loc. cit. 

We can apply this to the local model M loc = M_ Woll . Because the morphisms 
in the local model diagram are smooth and surjective (Lemma 13.1), by taking 
[GH], Lemma 5.6 into account, we see that unipotence of nearby cycles on M loc 
implies unipotence of nearby cycles on Sh: 

Corollary 10.5. The inertia group L° acts unipotently on R^ sh (Q e ). Con- 
sequently, by Theorem 10.1 (a), it also acts unipotently on H l {Sh Xq p Q Q t ). 

This justifies the assertion made in Remark 9.5. Together with Remark 9.9, we 
thus see that the simplified definitions of Z ss and L ss apply in this case, which will 
be helpful in §11 below. 

11. The semi-simple local zeta function for "fake" unitary 
Shimura varieties 

We assume in this section that Sh is the model from §5.2: a "fake" unitary 
Shimura variety. We also assume that K p is the "standard" Iwahori subgroup of 
G(Q P ), i.e., the subgroup stabilizing the "standard" self-dual multichain of Ob®^ p - 
lattices 

a. = a. e a; 

from §5.2.3. 

Following the strategy of Kottwitz [Ko92], [Ko92b], we will explain how to 
express Z^ s (s,Sh) in terms of the functions L ss (s,n p ,r). 

There are two equations to be proved. The first equation is an expression for 
the semi-simple Lcfschctz number 

(11.0.1) Tr-^i^Q,)) = £ £ c( 7o ;7,<*) 7 (/ p ) TO s<J {^ r ). 

x£Sh(k r ) 7o (7,(5) 

The left hand side is termed the semi-simple Lefschetz number Lef ss (<I>£). The 
right hand side has exactly the same form (with essentially the same notation, see 
below) as [Ko92], p. 442 10 . Recall that the twisted orbital integral is defined as 

T0 5a {4> r )= [ <l> r {x-Ho{x)), 

JG s „\G(L r ) 



^Note that the factor |ker 1 (Q, G)| = |kcr 1 (Q, Z(G))\ appearing in loc. cit. does not appear 
here since our assumptions on G guarantee that this number is 1; see loc. cit. §7. 
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with an appropriate choice of measures (and 7 (/ p ) is similarly defined). However 
in contrast to loc. cit., here the Haar measure on G{L r ) is the one giving the 
standard Iwahori subgroup I r C G(L r ) volume 1. 

The second equation relates the sum of (twisted) orbital integrals on the right 
to the spectral side of the Arthur-Selberg trace formula for G: 



(11.0.2) £ £ c( 7 o;7,<5) O y (/ p ) TOs^r) = X>M TV7r(r4 r) /oc). 



All notation on the right hand side is as in [Ko92b] (cf. §4) where the "fake" unitary 
Shimura varieties were analyzed in the case that K p is a hyperspecial maximal 
compact subgroup rather than an Iwahori. In particular, 7r ranges over 
irreducible admissible representations of G(A) which occur in the discrete 
part of L 2 (G(Q)y4 G (R)°\G(A)), with multiplicity to(tt). The function /"£ 
(K p \G(A P f) I K p ) is just the characteristic function Ikp of K p , whereas /oo is 

the much more mysterious function from [Ko92b], §1 11 . The function is a 
kind of "base-change" of <j> r and will be further explained below. 

The equality (11.0.2) comes from the "pseudo-stabilization" of its left hand side, 
similar to that done in [Ko92b], §4. One important ingredient in that is the "base- 
change fundamental lemma" between the test function <j) r and its "base-change" 

(r) 

fp , the novel feature here is that the function </> r is more complicated than when 
K p is maximal compact: it is not a spherical function, but rather an clement in 
the center of an Iwahori-Hecke algebra (see below) . The "base-change fundamental 
lemma" for such functions is proved in [HN3] , and further discussion will be omitted 
here. Finally, after pseudo-stablilization and the fundamental lemma, we apply a 
simple form of the Arthur-Selberg trace formula, which produces the right hand 
side of (11.0.2). See [HN3] for details. 

Our object here is to explain (11.0.1), following the strategy of [Ko92] which 
handles the case where K p is maximal compact (the case of good reduction). The 
main difficulty is to identify the test function cf) r that appears in the right hand 
side. 

11.1. Finding the test function <p r via the Kottwitz conjecture. To 

understand the function (f> r , we will use the full strength of our description of local 
models in §6.3, in particular §6.3.3, and also the material in the appendix §14. 

In (11.0.1), the index 70 roughly parametrizes polarized n 2 -dimensional B- 
abelian varieties over k r , up to Q-isogeny The index (7,(5) roughly parametrizes 
those polarized n 2 -dimcnsional _B-abclian varieties, up to Q-isogeny, which belong to 
the Q-isogeny class indexed by 70 . (For precise statements, see [Ko92].) Therefore, 
the summand roughly counts (with "multiplicity") the elements in Sh(k r ) which 
belong to a fixed Q-isogeny class. We will make this last statement precise, and 
also explain the crucial meaning of "multiplicity" here. 

Let us fix a polarized n 2 -dimensional B-abelian variety over k r , up to isomor- 
phism: (A 1 , X',i'). We assume it possesses some K p -level structure fj'. We fix once 
and for all an isomorphism of skew-Hermitian Ob <8> A^-modulcs 



^Up to the sign (— l') dlIn ( Sh E) j a pscudo-cocfficicnt of a representation 71^ in the packet of 
discrete series G(R)-rcprcsentations having trivial central and infinitesimal characters. 



70 (7,5) 



7T 



(11.1.1) 
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(in the terminology of [Ko92], §4). Since it comes from a level-structure 77', this 
isomorphism is Galois-equivariant (with the trivial action on V (3 A^). 

Associated to (A',X',i') is also an L r -isocrystal (H' L as in §14. In brief, 
H' = H(A') is the the W(k r )-dual of H^ ys (A' /W(k r )), and $ is the a-lincar 
bijection on H' Lr such that p~ 1 H' D <S>H' D H' (i.e., $ is V -1 , where V is the 
Verschiebung from Cor. 14.4). Because of (11.1.1) and the determinant condition, 
there is also an isomorphism of skew-Hermitian Ob <S> £ r -modules 

(11.1.2) V® Qp L r = H' Lr 

which we also fix once and for all. (Sec [Ko92], p. 430.) 

From these isomorphisms we construct the elements (-f ;j,S) that appear in 
(11.0.1). Namely, the absolute Frobenius tta> for A'/k r acting on Hi(A' , A^) induces 
the automorphism 7 -1 £ G(A^), and the cr-linear bijection $ acting on H' L induces 
the element 5a, for 5 £ G(L r ). The element 70 £ G(Q) is constructed from (j,5) 
as in [Ko92], §14. The existence of 70 is proved roughly as follows. By Cor. 14.4, 
we have <& r = ir^} acting on H' L . Hence the elements -fi £ G(Qj) (for / ^ p) 
and NS £ G(L r ) come from l-adic (resp. p-adic) realizations of the endomorphism 
irjj of A'. Using Honda- Tate theory (and a bit more), one can view ir^} as a 
semi-simple element 70 £ G(Q), which is well-defined up to stable conjugacy. By 
its very construction, 70 is stably conjugate to 7, resp. N5. 

Let (A,,X, i,fj) £ Sh(k r ) be a point in the moduli problem (§5.2.4). We want 
to classify those such that (A ,X,i) is Q-isogenous to (A',X',i'). Let us consider 
the category 

{(A.,X,i,0} 

consisting of chains of polarized O^-abelian varieties over k r (up to Z( p )-isogeny), 
equipped with a Q-isogeny of polarized Os-abelian varieties £ : A — > A' , de- 
fined over k r . Of course the integral "isocrystal" functor A H{A) of §14 is a 
covariant functor from this category to the category of W(k r )-hee Ob <£> W(k r )- 
modules in H' L equipped with Frobenius and Verschiebung endomorphisms. In 
fact, (A,, X, 1 ► £(H(A,)) gives an isomorphism 

{(A.,X,i,0}^Y p , 

where Y p is the category consisting of all type (A.) multichains of Ob <8> W(k r )- 
lattices H, in H' Lr = V ® L r , self-dual up to a scalar in Q x 12 , such that for each 
i, p~ 1 H i D <&Hi D Hi, and a~ 1 ($Hi/H i ) satisfies the determinant condition. 

11.1.1. Interpreting the determinant condition. The final condition on Hi comes 
from the determinant condition on Lie(Aj), and Cor. 14.4. Let us see what this 
means more concretely. By Morita equivalence (see §6.3.3), a type (A.) multichain 
of Ob <8> VF(fc r )-lattices H,, self-dual up to a scalar in Q x , inside H' L = V <8>q p L r 
can be regarded as a complete M / (fc r )-lattice chain H® in i". By working with Hf 
instead of Hi, we can work in L™ instead of V ®q L r (which has dimi, r = 2n 2 ). 
Recall our minuscule coweight fi — (0 n ~ d , (~l) d ) of GL„ (§5. 2. 2), and write $ for 
the Morita equivalent cr-linear bijection of L™. The determinant condition now 
reads 

*H?/H9 = a(k r ) d , 



'In particular, these multichains are polarized in the sense of [RZ], Dcf. 3.14. 



624 



THOMAS J. HAINES 



that is, the relative position of the M / (fc r )-lattices Hf and QHf in L™ is given by 

■my K {Hl^H^ = n{^p))=^p). 

(We write fj,(p) in place of \i to emphasize our convention that coweights A are 
embedded in GL„(Q p ) by the rule A A (/?).) The same identity holds for Hi 
replacing Hf, when we interpret /iasa coweight for the group G(L r ) C Auts(V(g>Q 
L r ). 

By Theorem 6.3 (and the proof of [Ko92], Lemma 7.2), we may find x € G(L r ) 
such that 

H. = xA,, w{K ), 

where A # H /(fc r ) = A. ® Zp W(k r ) is the "standard" self-dual multichain of Ob <8> 
W(fc r ) -lattices in V ®q p i r . 

The determinant condition now reads: for every index i in the chain A., 

(11.1.3) iiw K (A ltW(kr) , x- 1 8a{x)\ w(kr) ) = fi(p). 

Letting I r C G(L r ) denote the stabilizer of A # H /(fc r ), we have the Bruhat-Tits 
decomposition 

W(GL n x G m ) £* W(G) = I r \G(L r )/I r . 

Equation (11.1.3) recalls the definition of the ^-permissible set (§4.3). The 
determinant condition can now be interpreted as: 

x~ 1 Sa(x) e I r wl r 

for some w G Perm G (/i). The equality Adm G (/i) = Perm G (^() holds (this translates 
under Morita equivalence to the analogous statement for GL n ), and therefore we 
have proved that the determinant condition can now be interpreted as: 

a;" 1 fc(a;)A. >w(fer) e M^(k r ), 

where by definition M M (fc r ) is the set of type (A.) multichains of Ob ® W(k r )- 
lattices in V ® L r , self-dual up to a scalar in Q x , of form 

for some g S G(L r ) such that I r glr — I r wl r for an element w € Perm G (/i) = 
Adm G (^). 

Now let 7 denote the Q-group of sclf-Q-isogenies of (A',X',i'). Our above 
remarks and the discussion in [Ko92], §16 show that there is a bijection from the 
set of points (A,,X,i,fj) e Sh(k r ) such that (Ao,X,i) is Q-isogenous to (A',X',i'), 
to the set I(Q)\(YP x Y p ), where 

Y*> = {y e G(A p f )/RP | y-^y e i^}, 

F p = {x e G(L r )/I r | 7 r a;- 1 5<7(a;)A. iW(fer) c M M (fc r )}. 

11.1.2. Compatibility of "de Rham" and "crystalline" maps. 

Lemma 11.1. Fix w e Adm(/x). Le£ A = (A.,A,i,r?) € Sh(k r ). Suppose 
that A is Q-isogenous to (A',X',i') and that via a choice of £ : A — > A' we ftawe 
£i?(A.) = a;A. jH /( fer ) as above, for x G G(L r )/I r 13 . 

13 Note that £ £ G(L r )/I r depends on f, but its image in I(Q)\G(L r )/I r is independent of 
£, and hence the double coset I r x~ 1 8a(x)I r is well-defined. 
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Then A belongs to the KR-stratum Sh w if and only if 

I r x~ 1 Scr(x)I r = I r wl r . 

PROOF. Recall that the local model M loc is naturally identified with the model 
M- Wol + an d as such its special fiber carries an action of the standard Iwahori- 
subgroup of GL n (fc r p]j); further the KR-stratum Sh w is the set of points which 
give rise to a point in the Iwahori-orbit indexed by w^ 1 under the "de Rham" map 
ip : Sh — > M loc . Let us recall the definition of ip. We choose any isomorphism 

7. : M(A.) ~ A. jfcr 

of polarized Ob <£> fc r -multichains. The quotient M(A,) — > Lie(A,) then determines 
via Morita equivalence a quotient 

V #j fe r V.,fe r 
tV., kr ^ 

for a uniquely determined k r |[i]]-lattice chain £. satisfying tV,.k r C £. C V, t k r (see 
§8.1). The "de Rham" map tp sends the point (A, 7.) <E Sh(k r ) to By definition 
A e Sft-tu if and only if 

inv/(£., V,,fc r ) = tu, 

where the invariant measures the relative position of complete -lattice chains 
in k r ((t)) n . (Note that w is independent of the choice of 7..) 

In the previous paragraph the ambient group is GL„(fc r ((£))), the function-field 
analogue of GL n (L r ). But it is more natural to work directly with G(L r ). Given £. 
as above, there exists a unique type (A,) polarized multichain of Ob<8>W (k r )-l&ttices 
£, in V <8>q p L r such that p^-, t w(k r ) C C, C A #; iy(j. r ) and the polarized Ob ® k r - 
multichain A.jy(fc r )/£» is Morita equivalent to the & r -lattice chain V #) fc r /£,. Thus 
we can think of -0 as the map 

(A, 7.) .-+£.. 

Thus, A e 5/i w if and only if 

invj r (£. , A. iW -(fc r )) = w. 
We have an isomorphism of polarized multichains of Ob <£> fc r -lattices 

j^gM = Li e(,4.) = a -i C ^M^^il \ 

£• V A #;l y( fer ) y 

The second equality comes from Cor. 14.4; the map sending (A„£) to the multi- 
chain xA #jH /( fcr ) may be termed "crystalline" - it is defined using crystalline homol- 
ogy. This equality shows that the "de Rham" and "crystalline" maps are compatible 
(and ultimately rests on Theorem 14.2 of Oda). 

Putting these remarks together, we see that A £ Sh w if and only if 

inv/ r (A. ;W(fer) , x~ 1 5a{x)K. jW{kr) ) = w, 

which completes the proof. 

□ 

Remark 11.2. The crux of the above proof is the aforementioned compati- 
bility between the "de Rham" and "crystalline" maps. This compatibility can be 
rephrased as the commutativity of the diagram at the end of §7 in [R2], when the 
morphisms there are suitably interpreted. 
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11.1.3. Identifying <j) r . To find <f> r we need to count the points in the set 
I(Q)\(Y P x Y p ) with the correct "multiplicity" . The test function 4> r in the twisted 
orbital integral must be such that 

(11.1.4) ^TTr^CTf (Q,))= f FiV^M*- 1 ^)), 
A Jl(Q)\(G(A p f )xG(L r )) 

where A ranges over points (A,, A, i, fj) G Sh(k r ) such that (A , A, i) is Q-isogenous 
to (A',X',i') (other notation and measures as in [Ko92], §16, with the exception 
that here the Haar measure on G(L r ) gives I r volume 1). 

Now by Lemma 11.1, equation (11.1.4) will hold if <fr r is a function in the 
Iwahori-Hcckc algebra of Q e - valued functions 

Hi r = C c (I r \G(L r )/I r ) 

such that 

Mirwi r ) = Tr ss (<s> r p , m^:r"*(Q e )), 

for elements w € Adm(/i), and zero elsewhere. Note that on the right hand side, 
w^ 1 really represents an Iwahori-orbit in the affine flag variety Tl^ over the func- 
tion field. The nearby cycles are equivariant for the Iwahori-action in a suitable 
sense, so that the semi-simple trace function is constant on these orbits. Hence the 
right hand side is a well-defined element of Q e . 

We can simply define the function <fr r by this equality. But such a description 
of (f) r will not be useful unless we can identify it with an explicit function in the 
Iwahori-Hecke algebra (we need to know its traces on representations with Iwahori- 
fixed vectors, at least, if we want to make the spectral side of (11.0.2) explicit). 
This however is possible, due to the following theorem. This result was conjectured 
by Kottwitz in a more general form, which inspired Bcilinson to conjecture that 
nearby cycles can be used to give a geometric construction of the center of the 
affine Hecke algebra for any reductive group in the function-field setting. This 
latter conjecture was proved by Gaitsgory [Ga], whose ideas were adapted to prove 
the p-adic analogue in [HN1]. 

Theorem 11.3 (The Kottwitz Conjecture;[Ga],[HNl]).£et G = GL n or GSp 2 „. 
Let A be a minuscule dominant coweight of G, with corresponding 7L p -model M\ (cf. 
Remark 4-1)- Let Hk r «t)) denote the Iwahori-Hecke algebra C c (I,\G(k r ((t))) / I r ) . Let 
z\, r e Z(Tik r ((t))) denote the Bernstein function in the center of the Iwahori-Hecke 
algebra which is associated to A. Then 

Let K r be the stabilizer in G(L r ) of A 0j jy(fc r ); this is a hyperspecial maximal 
compact subgroup of G(L r ) containing I r . The Bernstein function z\ <r is charac- 
terized as the unique element in the center of TLi r such that the image of p rl ^P^ z\ >r 
under the Bernstein isomorphism 

-*l Kr : Z(H Ir ) ~ H Kr := C c (K r \G(L r )/K r ) 

is the spherical function f\. r ■= ^K r \K r - Here, we have used the fact that A is 
minuscule. Recall that p is the half-sum of the £?-positive roots of G, and that 
dim(M A )/2=(p,A). 

The above theorem for A = —w fi implies that 

Mw)=P rdhn{Sh)/2 z_ W0 ^w- 1 ). 
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Now invoking the identity z fl (w) = Z- Woll (w 1 ) (see [HKP], §3.2), we have 
proved the following result. 

Proposition 11.4. Let z^ r denote the Bernstein function in the center of the 
Iwahori-Hecke algebra Ti.L r — C c (I r \G(L r )/I r ) corresponding to fi. Then the test 
function is given by 

cj> r = p rdim(Sfc)/2 z ^ 

Remarks: 1) Because <j) r is central we can define its "base-change" function b{<f> r ) =: 
fp T \ an element in the center of the Iwahori-Hecke algebra for G(Q P ). We define 
the base-change homomorphism for centers of Iwahori-Hecke algebras as the unique 
homomorphism b : Z(7ij r ) — > Z(Hi) which induces, via the Bernstein isomorphism, 
the usual base-change homomorphism for spherical Hecke algebras b : Hx r — » ~Hk 
for any special maximal compact K r containing (setting I — I r G(Q p ) and 
K = K r n G(Q P )). This gives a well-defined homomorphism, independent of the 
choice of K r . Moreover, the pair of functions 4> r , f p r ^ have matching (twisted) 
orbital integrals; sec [HN3]. 

2) We know how z PiT (and hence how its base-change 6(z MiI .)) acts on unramificd 
principal scries. This plays a key role in Theorem 11.7 below. In fact, we have the 
following helpful lemma. 

Lemma 11.5. Let I denote our Lwahori subgroup K* C G(Q p ), whose reduction 
modulo p is B(¥ p ). Suppose tt p is an irreducible admissible representation o/G(Q p ) 
with TT p =^ 0. Let r M be the irreducible representation of L Gq p having extreme weight 
fi. Let d = dim(S7iE). Then 

r/2 o 

■pi 



Trrr p {p rd ' 2 b(z^ r )) = dim(^) p rd ' 2 Tr( Wp (<F 



V 

o P r / 2 



)) 



Proof. Write G = G(Q p ) and B = B(Q p ) and suppose that ir p is an irre- 
ducible subquoticnt of the normalized unramified principal series representation 
i%(x), for an unramified quasi-character \ '■ T(Q P ) — » C x . Suppose K r D L r (thus 
also K D /) is a hyperspecial maximal compact, and suppose that ir x is the unique 
if-spherical subquotient of i%{x)- Suppose ip : Wq p — + L G is the unramified pa- 
rameter associated to tt x . Our normalization of the correspondence 7r p i— > (p Vp is 

such that for all r > 1, the element (p($ r ) € G x Wn can be described as 



(11.1.5) <p(&) = <p.($ r x 



P - r / 2 

p r / 2 



(x x ®y 



where $ is a geometric Frobcnius element in Wq , and where we identify % with 
an element in the dual torus T(C) C G(C) and take the product on the right in 
the group L G. Note that our normalization of the local Langlands correspondence 
is the one compatible with Deligne's normalization of the reciprocity map in local 
class field theory, where a uniformizer is sent to a geometric Frobcnius clement (see 
[W2]). 

Let f p _ r = \K ri iK r in the spherical Hecke algebra H.K r ', it is the image of 
p rd ^ 2 z PtT under the Bernstein isomorphism 

-*I Kr ■■ Z{H Ir )~H Kr - 
Further, b(jf d l 2 z^ r ) * l K = b(f^ r ). 
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Now by [Ko84], Thm (2.1.3), we know that under the usual left action ofTix, 
K/ju,r) acts on n x sca l ar 

p rd / 2 Tr(r^(<S> r )). 

Taking (11.1.5) into account along with the well-known fact that elements in Z(Hi) 
act on the entire space i%{xY by a scalar (see e.g. [HKP]), we are done. □ 

Remark 11.6. For application in Theorem 11.7, we need the "€-adic" analogue 
of this lemma, i.e., we need to work with the dual group G(Q^) instead of G(C). 
For a discussion of how to do this, see [Ko92b], §1. 

11.2. The semi-simple local zeta function in terms of semi-simple L- 
functions. The foregoing discussion culminates in the following result from [HN3], 
to which we refer for details of the proof. 

Theorem 11.7 ([HN3]). Suppose Sh is a simple ("fake" unitary) Shimura 
variety. Suppose K p is an Iwahori subgroup. Suppose r M is the irreducible rep- 
resentation o/ l (Ge p ) with extreme weight \i, where /j, is the minuscule coweight 
determined by the Shimura data. Then we have 

z; s (s,Sh) = l[L ss (s- !,7r p ,r„)°<' r '> dim ^ 

717 

where the product runs over all admissible representations irj o/G(A/), and the 
integer number a(irf) is given by 

a ( n f) = m ( 7r / ® 7r oo)Tr7r 00 (/ 00 ), 

where m(jrf (EitTqo) is the multiplicity of nf®'K 00 in L 2 (G(Q)Ag(K)°\G(A)). Here 
Iloo is the set of admissible representations of G(M.) whose central and infinitesimal 
characters are trivial. Also, d denotes the dimension of Shs- 

Let us remark that it is our firm belief that this result continues to hold when 
K p is a general parahoric subgroup of G(Q p ), but some details are more difficult 
than the Iwahori case treated in [HN3], and remain to be worked out. 

Finally, recall our assumptions on p implied that E p = Q p and Np = (p). In 
more general circumstances one or both of these statements will fail to hold, and 
the result will be a slightly more complicated expression for Z^ s (s, Sh). 

12. The Newton stratification on Shimura varieties over finite fields 

12.1. Review of the Kottwitz and Newton maps. As usual L denotes 
the fraction field of the Witt vectors T / F(F p ), with Frobenius automorphism a. Let 
G denote a connected reductive group over Q p . Then we have the pointed set 
B(G) = B(G)q p consisting of cr-conjugacy classes in G(L). Let us also assume 
(only for simplicity) that the connected reductive Q p -group G is unramified. We 
have the Kottwitz map 

k g :B(G)^X*(Z(G) t *) : 
where T p = Gal(Q p /Q p ) (see [Ko97], §7) . We also have the Newton map 

V : B(G) -» il+ 
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where the notation is as follows. We choose a Q p -rational Borcl subgroup B C G 
and a maximal Q p -torus T which is contained in B. Then 11 = X*(T)^ P , and il + 
denotes the intersection of it with the cone of B-dominant elements in X*(T)r. We 
call b G B(G) basic if Vb is central, i.e., Vb G X*{Z)^. 

Suppose {A} is a conjugacy class of one-parameter subgroups of G, defined over 
Q p . We may represent the class by a unique cocharacter A G X„(T) = X*(T) lying 
in the £?-positive Weyl chamber of X, (T)r. The Weyl-orbit of A is stabilized by 
T p . The notion of B-dominant being preserved by T p (since B is Q p -rational) , we 
see that A is fixed by r p , hence it belongs to Also, restricting {A} to Z(G) 
determines a well-defined element A^ G X*(Z(G) r "). 

We can now define the subset B(G, A) c B(G) to be the set of classes [b] G B(G) 
such that 

K G (b) = A* 

v h < A. 

Here < denotes the usual partial order on 11+ for which v < v' if v' — v is a 
nonnegative linear combination of simple relative coroots. 

12.2. Definition of the Newton stratification. Suppose that the Shimura 
variety Shx p = Sh{G 1 h)KPK p is given by a moduli problem of abclian varieties, 
and that K p C G(Q P ) is a parahoric subgroup. Also, assume for simplicity that 
E := E p = Q p . Let G — Gq p , which again for simplicity we assume is unramificd. 
Let k denote as usual an algebraic closure of the residue field Oe/P = F p , and let 
k r denote the unique subficld of k having cardinality p r . Let L r denote the fraction 
field of the Witt vectors W(k r ). 

We denote by a the base alcove and suppose G a is a hyperspecial vertex. Let 
Kp (resp. K^) denote the corresponding Iwahori (resp. hyperspecial maximal com- 
pact) subgroup of G(Q P ). We will let K p denote a "standard" parahoric subgroup, 
i.e., one such that Kp c K p c K p . 

We can define a map 

Sk p ■ Sh Kp (k) — > B(G) 
as follows. A point A % = (A,, \,i,fj) G ShK p (k r ) gives rise to a c-polarized virtual 
-B-abelian variety over k r up to prime-to-p isogeny (cf. [Ko92] §10), which we 
denote by (A, A, i). That in turn determines an L-isocystal (H(A)l, $) as in §14, 
cf. loc. cit. It is not hard to see that 8k p takes values in the subset B(G, fi) C B(G). 
In fact, if we choose an isomorphism (H(A)l,&) = (V ® L,Sa) of isocrystals for 
the group G(L), then S G G(L) satisfies 

as follows from the determinant condition a(Lie(A n )) — QH(A n ) /H(A ), for any 
A in the chain A, (use the argument of [Ko92], p. 431). Furthermore, the Mazur 
inequality 

V S < ~P 

can be proved by reducing to the case where K p = Kp (which has been treated by 
Rapoport-Richartz [RR] - see also [Ko03]) 14 . 

14 Note that our assumption that K v be standard, i.e., K p C K®, was used in the last step, 
because we want to invoke [RR], The results of loc. cit. probably hold for nonspecial maximal 
compact subgroups, so this assumption is probably unnecessary. 
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Definition 12.1. We call the fibers of 8 Kp the Newton strata of Sh Kp - The 
inverse image of the basic set 

5 K l(B(G,n)nB(G) basic ). 

is called the basic locus of SfiK p ■ 

We denote the Newton stratum <5^([&]) by Sx p ,[b], or if K p is understood, 
simply by S [h] . 

The following conjecture is fundamental to the subject. It asserts that all the 
Newton strata are nonempty. 

Conjecture 12.2 (Rapoport, Conj. 7.1 [R2]). The map 

S Kp :Sh Kp (k)^B(G,fi) 
is surjective. In particular, the basic locus is nonempty. 

Remark 12.3. Note that Im(J^o) can be interpreted purely in terms of group 
theory: [b] <G B(G, fi) lies in the image of 5k° if an d only if for one (equivalently, 
for all sufficiently divisible) r > 1, [b] contains an clement S e G(L r ) belong- 
ing to a triple (7057, 6), which satisfies the conditions in [Ko90] §2 (except for 
the following correction, noted at the end of [Ko92]: under the canonical map 
B(G)q p — ► X*(Z(G) r *>), the cr-conjugacy class of 5 goes to ^\ x *(z(d) r p) anc ^ not 
its negative), and for which the following four conditions also hold: 

(a) 7o7o = c " 1 p _r , where Co € Q x is a p-adic unit; 

(b) the Kottwitz invariant 0(70; 7,(5) is trivial; 

(c) there exists a lattice A in Vl t such that 5aA D A; 

(d) O 7 (lKp)TO S<r (lK rlt K r )^0- 

Here K r C G(L r ) is the hyperspecial maximal compact subgroup such that K r n 
G(Q p ) = K° p . 

To see this, use [Ko92], Lemmas 15.1, 18.1 to show that the first three con- 
ditions ensure the existence of a coj/-polarized virtual B-abelian variety (A', X',i') 
over k r up to primc-to-p isogeny, giving rise to (70; 7, S). In the presence of the first 
three, the last condition shows that there exists a A: r -rational point (A, A, i, fj) € 
Shxo such that (A,X,i) is Q-isogcnous to (A',X',i'). Hence 6k»((A, X,i,fj)) = [5]. 

Note that by counting fixed points of o / for any Hecke operator / away 
from p as in [Ko92], §16, we may replace condition (d) with 

(d') For some g e G(Ap, we have 7 {I KPg -i KP )T0 5a {I Krl , Kr ) ^ 0. 
Since we may always choose g = 7 -1 , we may also replace (d) or (d') with 

(d") TO S a(lK rli K r ) ? 0. 

In the Siegel case with K p hyperspecial, we have the following result of Oort 
[Oo] (comp. [R2], Thm. 7.4) which in particular proves Conjecture 12.2 in that 
case. 

Theorem 12.4 (Oort, [Oo]). Suppose Sh^o is a Siegel modular variety with 
maximal hyperspecial level structure K® at p. Then the Newton strata are all 
nonempty and equidimensional ( and the dimension is given by a simple formula 
in terms of the partially ordered set -B(GSp 2 „, n) )■ 
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In Corollary 12.8 below, we shall generalize the part of Theorem 12.4 that 
asserts the nonemptincss of the Newton strata: in the Siegel case, all Newton strata 
of Sh Kp are nonempty, when K p is an arbitrary standard parahoric subgroup. In 
the "fake" unitary case, we shall later prove in Cor. 12.12 only that the basic locus 
is nonempty (again for standard parahorics K p ). 

12.3. The relation between Newton strata, KR-strata, and affine 
Deligne-Lusztig varieties. Fix a cr-conjugacy class [b] € B(G), and fix an ele- 
ment w <E W. Let C G(L) denote the Iwahori subgroup such that K* nG(Q p ) = 

Definition 12.5. We define the affine Deligne-Lusztig variety 15 
X w (b) R; = {xe g(l)/k; I x-'baix) e K; w k;}, 

and for any dominant coweight A, 

*(A,%a= (J 

meAdm(A) 

A similar definition can be made for a parahoric subgroup replacing K* (cf . [R2] ) . 

A fundamental problem is to determine the relations between the Kottwitz- 
Rapoport and Newton stratifications. The following shows how this problem is 
related to the nonemptiness of certain affine Deligne-Lusztig varieties. 

Proposition 12.6. Let fj, be the minuscule coweight attached to the Shimura 
data for Sh — Shx*- Suppose w G Adm(/x). Then for every [b] e Im(<5^o), we have 

x w (b) R? ^<D^Sh w nS [b] ^<D. 

Proof. By Remark 12.3, for all sufficiently divisible r > 1, [b] contains an ele- 
ment 5 G G(L r ) which is part of a Kottwitz triple (70; 7, S) satisfying the conditions 
(a-d). We consider such a triple, up to equivalence (we say (7^; 7', 5') is equivalent 
to (70; 7, S) if 7q and 70 are stably-conjugate, 7' and 7 are conjugate, and 5' and 5 
are a-conjugate) . Then by the arguments in §11 together with [Ko92], §18, 19, we 
have the equality 

(12.3.1) e Sh w (k r ) I A. ( 7o ; 7, 8)} - (vol) 7 (Ia-p) #X w {$) Ir . 

Let us explain the notation. The notation A, ^ (7o!7, S) means that A, gives 
rise to the equivalence class of (70; 7, 5); cf. [Ko92], §18, 19. The term vol denotes 
the nonzero rational number |ker 1 (Q, G)|c(7 ; 7, 5), where the second term is the 
number defined in loc. cit. Also I r — K p n G(L r ). 

This equality would imply the proposition, if we knew that 7 (Ikp) 7^ 0. But 
this follows from condition (d) in Remark 12.3. □ 

The following result of Wintenberger [Wi] proves a conjecture of Kottwitz and 
Rapoport in a suitably unramified case (cf. [R2], Conj. 5.2, and the notes at the 
end). 



Strictly speaking, this is only a set, not a variety. The sets are the affine analogues of the 
usual Deligne-Lusztig varieties in the theory of finite groups of Lie type. 
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Theorem 12.7 (Wintenberger) . Let G be any connected reductive group, de- 
fined and quasi-split over L. Suppose {A} is a conjugacy class of 1-parameter sub- 
groups, defined over L. Suppose [b] £ B(G) and let K be any standard parahoric 
subgroup (that is, one contained in a special maximal parahoric subgroup). Then 

X(\,b) K ^<J)^[b}£ B(G,\). 

Corollary 12.8. Let Sh be either a "fake" unitary or a Siegel modular variety, 
as in §5. 

(a) Ln the "fake" unitary case, for any two standard parahoric sugroups K p C 
K p , we have Im(#Kv) = ^ m {^K^')- 

(b) Ln the Siegel case, we have Im.(5K p ) — B{G,ii) for every standard para- 
horic subgroup K p . 

Proof. Consider first (a). We need to prove lva(8 K ^) D Im(5jr«). Clearly it 
is enough to consider the case K' p = K p and K' p ' = K p . The natural morphism 
Shx* — * Shpco is proper, surjective on generic fibers (look at C-points), and the tar- 
get is flat (even smooth). Therefore in the special fiber the morphism is surjective. 
This completes the proof of (a) . 

Consider now part (b). In the Siegel case the morphism Shx* — * Sh^a is 
still projective with flat image, so the same argument combined with Theorem 12.4 
yields the stronger result of (b). Here is another argument using Theorem 12.4, 
Proposition 12.6 and Theorem 12.7. Let G = GSp 2 „ and fi = (0", (-1)™). By 
Oort's theorem, Im(J^-o) = B(G,fi), so it is enough to prove B(G,fi) C Im(J^a). 
Let [b] e B(G,fj,). By Wintenberger 's theorem, there exists w € Adm(^t) such that 
X w (b)^ a ^ 0, which implies the result by Proposition 12.6. 

Note that a similar argument provides an alternative proof for part (a). □ 

Remark 12.9. Let G = GSp 2 „, and suppose fj, is minuscule. We can give 
a proof of Theorem 12.7 in this case using Oort's theorem, as follows. Let [b] e 
B(G, n). By Corollary 12.8, there is a point A = (A,, A, i, fj) such that S^ a (A) = [b]. 
Now A belongs to some KR-stratum Sh w , so Sh w fl ^ 0. Now Proposition 12.6 
implies that X w ([b])^ a ^ 0. 

12.4. The basic locus is nonempty in the "fake" unitary case. 16 

First consider a "fake" unitary variety Sh with /U = (0™~ d , (-l) d ). We shall 
consider both hyperspecial and Iwahori level structures. 

Recall that the subset Adm(^i) C W(GL n ) contains a unique minimal element. 
To find this element, we consider first the element 

ti =t ( _i i0 »-i)(12"-n) e W(GL n ), 

where the cycle (12 ■ ■ ■ n) acts on a vector (x\, x 2 . . . , x n ) G X*(T) (g) R by sending 
it to (x n , xi,..., x n -i). Note that this element preserves our base alcove 

a = {(xi, ...,x n )e X*(T) (g)R|x„-l<a;i<---< ar„_i < x n }. 

Hence its d-th power 

t = *((-i)-,o»-- )(12---n) d e H?(GL„), 



This non-emptiness is implicit in both articles of [FM], and can be justified (indirectly) 
from their main theorems. Our object here is only to give a simple direct proof. 
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is the unique element of which is congruent modulo W a s to , so is the desired 
element. This element is identified with an element in GL„(L) using our usual 
convention (the vector part is sent to diag((p~ 1 ) d , l n ~ d )). Via Morita equivalence, 
we can view it as an element of G(L). In fact, via (5.2.1), r becomes the element 

T = (x,p- 1 x - 1 (x t y 1 x ), 

where by definition X = diag((yr Y, l"- d )(12 • • • n) d . 

Next consider the Siegel case, where fi = (0™,(— 1)"). The unique element 
t G Q which is congruent to modulo W a g is given by 

r = t (( _ 1) „, „ ) (12 • • • 2n) n G W(GSp 2n ). 

We will show that either case, r G G(L) is basic. We will also show that [r] 
belongs to the image of 5 K o. By virtue of Corollary 12.8, this will show that the 
basic locus of Sh,K p is nonempty for every standard parahoric K p . 

Let us handle the second statement first. 

Lemma 12.10. Let 5 = r G G(L). Then there exists a Kottwitz triple (70; 7, 5) 
satisfying the conditions in Remark 12.3. Hence [t] G lva(5 K a). 

PROOF. Consider the "fake" unitary case. Note that 5 G G(L n ) is clearly fixed 
by a, so that 

(12.4.1) N8 = 5 n = diag((p- d )") x diag((/-")"), 

where the first factor is the diagonal matrix with the entry p~ d repeated n times 
(similarly for the second factor). This is the image of a unique element 70 G 
G(Q) under the composition of the inclusion G(Q) G(Q P ) and the isomorphism 
(5.2.1). In fact 70 belongs to the center of G, and thus is clearly an elliptic element 
in G(R) . Moreover, 7o7o = P n ' ■ For all primes I ^ p, we define 7; to the image of 70 
under the inclusion G(Q) ^ G(Q;). We set 7 = (7/); e G(A^). The resulting triple 
(7057, 5) is clearly a Kottwitz triple satisfying the conditions (a-c,d") of Remark 
12.3 (with r = n). One can check that a(7o; 7, $) = 1 from the definitions, but in 
fact this is not necessary, as the group to which 0(70; 7, 5) belongs is itself trivial in 
the "fake" unitary case (see [Ko92b], Lemma 2). Hence by Remark 12.3, d arises 
from a point in Sh^o(k n ), i.e., [r] is in the image of 5 K o. 

In the Siegel case, the same argument works, if we let S = t e GL„(L 2 ) an d 
note 

(12.4.2) N5 = S 2 =diag((p- 1 ) 2 "). 

□ 

Lemma 12.11. The element r G G(L) is basic. 

Proof. We want to use the following special case of the characterization of 
&b, for certain b G G(L): suppose we are given an element b G G(L) such that for 
sufficiently divisible s G N, we may write in the semidirect product G(L) x (a) the 
identity 

(b<j) s = ( SV )(p) a 8 

for a rational B-dominant cocharacter sv : G m —> Z(G) defined over Q p . Then in 
that case, b is basic and 
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This follows immediately from the general characterization of Vb given in [Ko85], 
§4.3. 

This characterization applies to the element r because of the identities (12.4.1) 
and (12.4.2). In fact we see that, in GL„, the Newton point of r is 

F T = ((^) n )eX.(T(GL n ))S', 

which clearly factors through the center of G. In the Siegel case, 

^ = ((^) 2 ")e^(T(GSp 2 J)^. 

Thus r is basic in each case. □ 

We get the following, which of course we already knew in the Siegel case, by 
Theorem 12.4. 

Corollary 12.12. Let Sh be a "fake" unitary or Siegel modular Shimura 
variety with level structure given by a standard parahoric subgroup K p . Then the 
basic locus of Sh is nonempty. 



For (more detailed) information concerning the Newton stratification on some 
other Shimura varieties, the reader might consult the work of Andreatta-Goren 
[AG] and Gorcn-Oort [GOo]. 



13. The number of irreducible components in Shf 

Let Sh be a "fake" unitary or a Siegel modular variety with Iwahori-level struc- 
ture as in §5. Recall that M[ oc is a connected variety with an Iwahori-orbit strati- 
fication indexed by the finite subset Adm(/i) C W, where n = (0™~ d , ( — l) d ), resp. 
(0",(— 1)™). Its irreducible components are indexed by the maximal elements in 
this set, namely by the translation elements t\ for A belonging to the Weyl-orbit 
W/j, of the coweight fi. 

It is natural to hope that similar statements apply in some sense to Sh. The 
varieties Sh^ and Shf p are not geometrically connected (the number of connected 
components of Shf depends on the choice of subgroup K p C G(A^); see below). 
Nevertheless the following two Lemmas (13.1 and 13.2) show that in every connected 
component of Sh, all the KR-strata are nonempty. 

Lemma 13.1 ([Ge], Prop. 1.3.2, in the Siegel case). If Sh is either a "fake" 
unitary or a Siegel modular Shimura variety, and K p is any standard parahoric 
subgroup, then the morphism ip : Sh — > Mj^ is surjective. 

Proof. First we claim that it suffices to prove the lemma for K*, our stan- 
dard Iwahori subgroup. Indeed, it is enough to observe that the following diagram 
commutes 

■ if! 

Sh K * > M loc 



p 



SHIMURA VARIETIES WITH PARAHORIC LEVEL STRUCTURE 



635 



and that the right vertical arrow p is surjective on the level of KR-strata: every 
Autif p -orbit in M^ c contains an element in the image of p; this follows from [KR], 
Prop. 9.3, 10.6. See" also [Go3]. 

Next consider the Siegel case with Iwahori level structure, where this result is 
due to Genestier, loc. cit. We briefly recall his argument. It is easy to see that 
is surjective on generic fibers, because it is Aut-equi variant, and the generic fiber 
of M loc is a single orbit under Aut. Because ip is smooth, the complement of its 
image is an Aut-invariant, Zariski-closed subset of the special fiber of M loc . On the 
other hand, there is a unique closed (zero-dimensional) Aut-orbit (denoted here by 
t _1 ) in that fiber which belongs to the Zariski-closure of every other Aut-orbit, and 
one can show (by writing down an explicit chain of supersingular abelian varieties) 
that the point r" 1 belongs to the image of ip. It follows that ip is surjective. 

In the "fake" unitary case with Iwahori-level structure, consider the clement 
r from §12.4 above. Then the clement t _1 indexes the unique zero-dimensional 
Aut-orbit in M loc = M_ Woll . By Genestier's argument, it is enough to prove that 
r _1 belongs to the image of ip, or equivalcntly, the stratum Sh T is nonempty. But 
we have proved in §12.4 that [5] = [r] belongs to the image of 5k°- Furthermore, 

it is obvious that X t (t)^ & ^ 0, and hence by Proposition 12.6, we conclude that 

p 

Sh T n<S[ r ] 7^ 0. (Note: Using the element t e VF(GSp 2n ), this argument applies 
just as well to the Siegel case, thus providing an alternative to Genestier's step of 
finding an explicit chain of abelian varieties in the moduli problem which maps to 

T-\) ' ' □ 

Recall that Sh is not a connected scheme. In fact, for our two examples, the 
set of connected components of the geometric generic fiber Shq carries a simply 
transitive action by the finite abelian group 

tto = Z+ ) \(Ap x /c(^) = Q+\A*/ C (tf*)Z£ = Q x \A x /c(Kif 00 ), 

where c : G — > G m is the similitude homomorphism, Koo denotes the centralizer of 
ho in G(R), and the superscript + designates the positive elements of the set; cf. 
[Del]. To see the groups above are actually isomorphic, use the fact that d^K^) D 
R + and c(K p ) — Z x , as one can easily check for each of our two examples. Fixing 
isomorphisms A^(l) = and Q p = C once and for all, an element (A,, X,i,fj) € 
Sh(Q p ) belongs to the connected component indexed by a e n if and only if the 
Weil-pairing (•, -)\ on Hi(A,A^) pulls-back via 77 to the pairing a(-, •) on V ® Ap 
see [H3]J2. 

Let Z p C Q p denote the subring of elements integral over Z p , and fix a e n . 
Let Sh° denote the moduli space (over e.g. Z p ) of points (A,,X,i,fj) e Sh such 
that 

V* Or)* = OO- 
LEMMA 13.2. Suppose K p is any standard parahoric subgroup. Then the fibers 
of Sh° — > Spec(Zp) are connected. Furthermore, the morphism ip : Sh° — > M 1 ^ is 
surjective. 

PROOF. By [Del], the generic fiber Sh^ is connected. In the "fake" unitary 

case, Sh — > Spec(Z p ) is proper and flat, and hence by the Zariski connectedness 
principle (comp. [Ha], Ex. III. 11. 4), the special fiber is also connected. In the 
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Sicgcl case Sh° — > Spec(Z p ) is flat but not proper, so the same argument docs 
not apply (but see [CF] IV. 5. 10 when K p is maximal hypcrspecial) . However, the 
connectedness of the special fiber still holds and can be proved in an indirect way 
from the p-adic monodromy theorem of [CF]; for details see [Yu]. 

The statement regarding surjectivity follows from the proof of Lemma 13.1: 
the local model diagram does not "see" fj, and so we can arrange matters so that 
all constructions occur within Sh° and Sh°. □ 

From now on we assume K p = K p . The above lemma proves that in any 
connected component Sh°, all KR-strata S/i° are nonempty. 

In fact, because the KR-stratum Sh T is zero-dimensional, the nonemptiness 
of Sh® n <S[ T ] proves slightly more. The following statement is in some sense the 
opposite extreme of the result of Genestier-Ngo in Corollary 8.3. 

Corollary 13.3. In the "fake" unitary or the Siegel case with K p = K p , let 
Sh® denote the the zero- dimensional KR-stratum in a connected component Sh°. 
Then Sh° T is nonempty and is contained in the basic locus of Sh K *. 

How can we describe the irreducible components in Sh^ ? These are clearly 

just the closures of the irreducible components of the KR-strata Sh® , as A ranges 
over the Weyl-orbit W ' \x. A priori, each of these maximal KR-strata might be the 
(disjoint) union of several irreducible components, all having the same dimension. 

Corollary 13.4. In the Siegel or "fake" unitary case, Sh^ is equidimen- 
sional, and the number of irreducible components is at least ^WpL. 

In the Siegel much more precise statement has been established by C.-F. 

Yu [Yu] , answering in the affirmative a question raised in [deJ] . 

Theorem 13.5 ([Yu]). In the Siegel case with K p = K p , each maximal KR- 
stratum 5/i9 is irreducible. Hence Sh^, has exactly 2™ irreducible components. An 
analogous statement holds for any standard parahoric subgroup K p . 

It is reasonable to expect that similar methods will apply to the "fake" unitary 
case to prove that the number of irreducible components in Sh^ is exactly #W(j,. 
In fact, it would be interesting to determine whether this last statement remains 
true for any PEL Shimura variety attached to a group whose p-adic completion is 
unramified. 

14. Appendix: Summary of Dieudonne theory and de Rham and 
crystalline cohomology for abelian varieties 

This summary is extracted from some standard references - [BBM], [Dem], 
[Fon], [II], [MaMe], [Me], and [O] - as well as from [deJ]. 

14.1. de Rham cohomology and the Hodge filtration. To an abelian 
scheme a : A — > S of relative dimension g is associated the de Rham complex Q' A / S 
of O^-modules. We define the de Rham cohomology sheaves 

R l a*(Cl' A/s ). 

The first de Rham cohomology sheaf 

R a*(n A/s ) 
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is a locally free Os-module of rank 2g. If S is the spectrum of a Noetherian ring 
R, then 

Hh R (A/S) := H\A,Q\ /S ) = r(S,R 1 a*(Q A/s )) 

is a locally free i?-module of rank 2g. 

The Hodge-dc Rham spectral sequence degenerates at E\ ([BBM], §2.5), yield- 
ing the exact sequence 

-» i?V(^/s) -» i?V(^ /s ) -» ^o^Oa) -» 0. 

We define := i2°a*(fi^ s ), a locally free sub-Os-modulc of rank g. The term 

R 1 <j*(Oa) may be identified with Lie(A), the Lie algebra of the dual abelian scheme 
A/S. It is also locally free of rank g. Thus we have the Hodge filtration on de Rham 
cohomology 

-> cu A -> flV^A/s) -> Lie(A) -> 0. 
Recall that in our formulation of the moduli problem defining Sh(G, /i)jf p , the 
important determinant condition refers to the Lie algebra Lie (A), and not to Lie(A). 
Because of this it is convenient (although not, strictly-speaking, necessary) to work 
with the covariant analogue M(A) of R 1 a*(Q' A / S ). To define it, recall that for any 
05-module N, we define the dual Og-module 7V V by 

N v := Hom 0s {N,O s ). 

Let M(A) := (R 1 a^(fl A ^ s )) w be the dual of de Rham cohomology. This is a locally 
free Os-module of rank 2g. By the proposition below, we can identify uj a = Lie(A) 
and so the Hodge filtration on M(A) takes the form 

-» Lic(A) v -» M (A) -» Lic(A) -> 0. 

It is sometimes convenient to denote D(A)s ■— R 1 o,*(Qa/s) (this notation refers 
to crystalline cohomology, see [BBM], [II]). 

PROPOSITION 14.1 ([BBM], Prop. 5.1.10). There is a commutative diagram 
whose vertical arrows are isomorphisms 

> Lie(l) v >■ B(A)% > lo\ >■ 

= = = 

> w l > D(A) S > Lie(A) > 0. 

14.2. Crystalline cohomology. Let fc r = F p r be a finite field with ring of 
Witt vectors W(k r ). The fraction field L r of W(k r ) is an unramified extension of 
Q p and its Galois group is the cyclic group of order r generated by the Frobenius 
clement a : x h- > x p ; note also that a acts on Witt vectors by the rule a (a®, a\, . . . ) = 
(ag, a{,...). 

Let A be an abelian variety over k r of dimension g. We have the integral 
isocrystal associated to A/k r , given by the data 

B(A) = (H 1 ciys (A/W(k r )),F,V). 

Here the crystalline cohomology group H^ rys (A/W(k r )) is a free M / (fc r )-modulc 
of rank 2g, equipped with a cr-linear endomorphism F ("Frobenius") and the 
er _1 -linear endomorphism V ( "Verschiebung" ) which induce bijections on 
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H^ rys (A/W(k r )) ®w{k r ) L r . We have the identity FV = VF = p (by definition of 
V), hence the inclusions of H^(fc r )-lattices 

Hi ys {A/W{k r )) D FHl ys {A/W{k r )) D pHi ys {A/W{k r )) 

(as well as the analogous inclusions for V replacing F). 

The endomorphism F has the property that F r = -k a on H^ rys , where 
denotes the absolute Frobenius morphism of A relative to the field of definition k r 
(on projective coordinates Xi for A, ita induces the map Xi i— » x\ ). 

14.3. Relation with Dieudonne theory. The crystalline cohomology of 
A/k r is intimately connected to the (contravariant) Dieudonne module of the p- 
divisible group y4.[p°°] := lim^4[p"], the union of the sub-groupschcmcs A[p™] = 
ker(p n : A — > A). Recall that the classical contravariant Dieudonne functor G ^> 
D{G) establishes an exact anti-equivalence between the categories 

|p-divisible groups G = lim G n over k r j 

and 

{free M / (fc r )-modules M = lim M/p n M, equipped with operators F, V}; 

see [Dem], [Fori]. Here F and V are a- resp. o- _1 -linear, inducing bijections on 
M ® W ( kr) L r . 

The crystalline cohomology of A/k r , together with the operators F and V, is 
the same as the Dieudonne module of the p-divisible group in the sense that 

there is a canonical isomorphism 

(14.3.1) Hi ys (A/W(k r ))^D(A\p°°]) 

which respects the endomorphisms F and V on both sides, cf. [BBM]. Moreover, 
we have the following identifications 

(14.3.2) D(A) kr := H^ iys (A/W(k r )) ® w(kr) k r S Hh R (A/k r ) - D(A[p]). 

The second isomorphism is due to Oda [O]; see below. The first isomorphism is a 
standard fact ([BBM]), but can also be deduced via Oda's theorem by reducing 
equation (14.3.1) modulo p: the exactness of the functor D implies that D(A[p]) = 
D(A[p°°]) /pD(A[p°°}) = D{A[p°°]) <g>w(k r ) k r - In particular, the A: r -vector space 
Hp^A/kr) inherits endomorphisms F and V (a- resp. cr _1 -linear). 

The theorem of Oda [O] includes as well the relation between the Hodge fil- 
tration on the de Rham cohomology of A and a suitable filtration on the isocrystal 
B(A). 

Theorem 14.2 ([O], Cor. 5.11). There is a natural isomorphism ip : D(A) kr ^ 
Hj-, R (A/k r ), and under this isomorphism, VV)(A) kr is taken to u>a- In particular 
there is an exact sequence 

-> VB(A) -> B(A) -» Lic(l) -» 0. 
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14.4. Remarks on duality. We actually make use of this in a dual formula- 
tion. Define H = H(A) to be the W(k r )-linea,i dual of the isocrystal D(A) 

(14.4.1) H(A) = Rom w{kr) {B{A), W{k r )), 

and define H Lr = H(A) Lr = H(A) ® w(kr) L r . Letting ( , ) : H x B(A) -> W(k r ) 
denote the canonical pairing, we define o- resp. <r~ 1 -linear injections F resp. V on 
H (they are bijective on Hl t ) by the formulae 

(14.4.2) (Fu, a) = a(u, Va) 

(14.4.3) (Vu,a) =a- 1 (u,Fa) 

for u e H and a € B(A) = H^ ys (A/W(k r )). 

Of course H(A)k r := i? <S>w(fc r ) &r is the fc r -linear dual of H(A)k r , hence 

H(A) fer = M(A/k r ). 

Lemma 14.3. Let S = Spec(fc r ). Equip H = D(A) V with operators F,V as in 
(14-4-2) ■ Then the isomorphism 

D(A)l ~ D(A) kr 

of Proposition 14-1 is an isomorphism of W{k r )[F,V]-modules. 

PROOF. From [Dem], Theorem 8 (p. 71), for a p-divisible group G with Serre 
dual G (loc. cit., p. 46) there is a duality pairing in the category of W(k r )[F, V]- 
modules 

(, ):D(G')xD(G)^W(k r )(-l) 
where W(k r )(— 1) is the isocrystal with underlying space W(k r ) and cr-linear endo- 
morphism pa. That is, we have the identity 

(F G ,x,F G y) =pa{x,y), 

or 

{F G ,x,y) =a(x,pF G 1 y) = a(x,V G y). 
There is a canonical identification 

(A[p°°}y = Aip 00 ]. 

Now from the above pairing with G — Alp 00 ] and (14.3.1) we deduce a duality 
pairing of W(k r ) IF, y]-modules 

D(A) x D(A) -» W(k r )(-1), 

which induces the isomorphism of Proposition 14.1. The lemma follows from these 
remarks. □ 

Applying Oda's theorem (14.2) to A and invoking the above lemma gives 
Lie(A) v = VM(A/k r ), thus there is an exact sequence 

-» V H(A) -» H(A) -» Lie(A) -» 0. 

Thus, we have 

Corollary 14.4. Let F, V be the a- resp. a^ 1 -linear endomorphisms of H = 
H(A) defined in (14-4-2)- There is a natural isomorphism 

V^ 1 H 

——=a(Uc(A)). 
Moreover, on Hl t we have the identity V~ r = ir^ 1 . (Comp. [Ko92], §10, 16.; 
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A Statement of the Fundamental Lemma 



Thomas C. Hales 



Abstract. These notes give a statement of the fundamental lemma, which is 
a conjectural identity between p-adic integrals. 



1. Introduction 



Notation. Let F be a p-adic field, given either as a finite field extension of Q p , or 
as the field F = ¥ q ((t)). Let ¥ q (a finite field with q elements and characteristic p) 
be the residue field of F. Let F be a fixed algebraic closure of F. Let F un be the 
maximal unramified extension of F in F. For simplicity, we also assume that the 
characteristic of F is not 2. 

The fundamental lemma pertains to groups that satisfy a series of hypotheses. 
Here is the first. 

Assumption 1.1. G is a connected reductive linear algebraic group that is 
defined over F. 

The following examples give the F-points of three different families of connected 
reductive linear algebraic groups: orthogonal, symplectic, and unitary groups. 

Example 1.2. Let M(n, F) be the algebra of n by n matrices with coefficients 
in F. Let J E M(n, F) be a symmetric matrix with nonzero determinant. The 
special orthogonal group with respect to the matrix J is 



Example 1.3. Let J S M(n,F), with n = 2k, be a skew-symmetric matrix 
l J = —J with nonzero determinant. The symplectic group with respect to J is 
defined in a similar manner: 



Example 1.4. Let E/F be a separable quadratic extension. Let x be the 
Galois conjugate of x € E with respect to the nontrivial automorphism of E fixing 
F. For any A e M(n,E), let A be the matrix obtained by taking the Galois 

I thank R. Kottwitz and S. DeBacker for many helpful comments. 
This work was supported in part by the NSF. 



SO{n,J,F) = {X e M(n,F) \ 



l XJX = J, det(X) = 1}. 



Sp(2fc, J, F) = {X e M(2k, F) \ 



l XJX = J}. 
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conjugate of each coefficient of A. Let J e M(n,E) satisfy *J = J and have a 
nonzero determinant. The unitary group with respect to J and E/F is 



The algebraic groups SO(n, J), Sp(2k, J), and U(n, J) satisfy Assumption 1.1. 

ASSUMPTION 1.5. G splits over an unramified field extension. 

That is, there is an unramified extension F\/F such that G x p Fx is split. 

Example 1.6. In the first two examples above (orthogonal and symplectic), if 
we take J to have the special form 



(that is, nonzero entries from F along the cross-diagonal and zeros elsewhere), then 
G splits over F. In the third example (unitary), if J has this same form and if E/F 
is unramified, then the unitary group splits over the unramified extension E of F. 

Assumption 1.7. G is quasi-split. 

This means that there is an F-subgroup B C G such that B x p F is a Borcl 
subgroup of G Xp F. 

Example 1.8. In all three cases (orthogonal, symplectic, and unitary), if J has 
the cross-diagonal form 1.6.1, then G is quasi-split. In fact, we can take the points 
of B to be the set of upper triangular matrices in G(F). 

Assumption 1.9. K is a hyperspecial maximal compact subgroup of G(F), in 
the sense of Definition 1.11. 

Example 1.10. Let Of be the ring of integers of F and let K = GL(n, Op). 
This is a hyperspecial maximal compact subgroup of GL(n, F). 

Definition 1.11. K is hyperspecial if there exists Q such that the following 
conditions are satisfied. 

• Q is a smooth group scheme over Of, 

• G = Gx 0f F, 

• Q x o F is reductive, 

• K = G{0 F ). 

Example 1.12. In all three examples (orthogonal, symplectic, and unitary), 
take G to have the form of Example 1.6. Assume that each cross-diagonal entry is 
a unit in the ring of integers. Assume further that the residual characteristic is not 
2. Then the equations 



U(n,J,F) = {X e M(n, E) 



l XJX = J}. 



(1.6.1) 




t XJX = J (or in the unitary case t XJX = J) 



define a group scheme Q over Of, and Q(Of) is hyperspecial. 
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2. Classification of Unramified Reductive Groups 

Definition 2.1. If G is quasi-split and splits over an unramified extension 
(that is, if G satisfies Assumptions 1.5 and 1.7), then G is said to be an unramified 
reductive group. 

Let G be an unramified reductive group. It is classified by data (called root 
data) 

{X*,X^,^,a). 

The data are as follows: 

• A* is the character group of a Cartan subgroup of G. 

• A* is the cocharacter group of the Cartan subgroup. 

• $ C A* is the set of roots. 

• <1> V C A* is the set of coroots. 

• o~ is an automorphism of finite order of A* sending a set of simple roots 
in $ to itself. 

a is obtained from the action on the character group induced from the 
Frobenius automorphism of Gal(F uri / F) on the maximally split Cartan 
subgroup in G. 

The first four elements (A*, A*, $ v ) classify split reductive groups G over 
F. For such groups u = 1. 

3. Endoscopic Groups 

H is an unramified endoscopic group of G if it is an unramified reductive group 
over F whose classifying data has the form 

The first two entries are the same for G as for H. To distinguish the data for H 
from that for G, we add subscripts H or G, as needed. The data for H are subject 
to the constraints that there exists an element s e Hom(A«, C x ) and a Weyl group 
clement w € W($g) such that 

• *ff = {a£*G a(a) = 1}, 

• gh = wo <jg, and 

• o-h(s) = s. 

3.1. Endoscopic groups for SL(2). As an example, we determine the un- 
ramified endoscopic groups of G = SL(2). The character group A* can be identified 
with Z, where n € Z is identified with the character on the diagonal torus given by 

't 



The set $ can be identified with the subset {±2} of Z: 



t 

o t- 1 



t ±2 . 



The cocharacter group A* is also identified with Z, where n € Z is identified with 

/ 1™ 

Under this identification <I> V = {±1}. Since the group is split, a = 1. 
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We get an unramified endoscopic group by selecting s € Hom(.X*, C x ) = C x 
and w e W($). 

$v = {a | s(a) = 1} = {ne {±1} | s" = 1} 
1 ^ = if (s = 1) then else 0. 

We consider two cases, according as w is nontrivial or trivial. If w is the 
nontrivial reflection, then cr# = w acts by negation on Z. Thus, 

i<TH(8) = 8) =S> => (5 = ±1). 

If s = 1, then crjj docs not fix a set of simple roots as required. So s = —1 and 
$ H = 0. Thus, H has root data 

(Z,Z,0,0,tu) 

This determines H up to isomorphism as H = £/e(1), a 1-dimensional torus split 
by an unramified quadratic extension E/F. 

If w is trivial, then there are two further cases, according as &h is empty or 

not: 

• The endoscopic group <G m has root data 

(Z,Z,0,0,1). 

• The endoscopic group H = SL(2) has root data 

(Z,Z,{±2},{±1},1). 

In summary, the three unramified endoscopic groups of SL(2) are C/_e(1), G m , 
and SL(2) itself. 

3.2. Endoscopic groups for PGL(2). As a second complete example, we 
determine the endoscopic groups of PGL(2). The group PGL{2) is dual to SL(2) 
in the sense that the coroots of one group can be identified with the roots of the 
other group. PGL(2) has root data 

(Z,Z,{±1},{±2},1). 

When the Weyl group element is trivial, then the calculation is almost identical 
to the calculation for SL{2). We find that there are again two cases, according as 
<&h is empty or not: 

• The endoscopic group G m has root data 

(Z,Z,0,0,1). 

• The endoscopic group H = PGL{2) has root data 

(Z,Z,{±1},{±2},1). 

When the Weyl group element w is nontrivial, then s e {±1}, as in the SL(2) 
calculation. 

(3.0.2) ®H = {a\ s(a) - 1} = {n e {±2} \ s n = 1} = 

From this, we see that picking w to be nontrivial is incompatible with the require- 
ment that on = w must fix a set of simple roots. Thus, there are no endoscopic 
groups with w nontrivial. 

In summary, the two endoscopic groups of PGL(2) are G m and PGL(2) itself. 
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3.3. Elliptic Endoscopic groups. 

Definition 3.1. An unramificd endoscopic group H is said to be elliptic if 
(R^)^*")*^") = (0). 

That is, the span of the set of roots of G has no invariant vectors under the Weyl 
group of H and the automorphism a H . 

The origin of the term elliptic is the following. We will see below that each Car- 
tan subgroup of H is isomorphic to a Cartan subgroup of G. (Here and elsewhere, 
when we speak of an isomorphism between algebraic groups defined over F, we 
mean an isomorphism over F.) The condition on H for it to be elliptic is precisely 
the condition that is needed for some Cartan subgroup of H to be isomorphic to 
an elliptic Cartan subgroup of G. 

Example 3.2. We calculate the elliptic unramificd endoscopic subgroups of 
SL(2). We may identify K$ with M{±2} and hence with R. An unramified en- 
doscopic group is elliptic precisely when W($h) or (<Jh) contains the nontrivial 
reflection x ^ —x. When H = SL(2), the Weyl group contains the nontrivial 
reflection. When H = Ue{X), the element an is the nontrivial reflection. But when 
H = G m , both W(^ H ) and (a H ) are trivial. Thus, H = SL(2) and H = U E (l) arc 
elliptic, but H = G m is not. 

3.4. An exercise: elliptic endoscopic groups of unitary groups. This 
exercise is a calculation of the elliptic unramified endoscopic groups of U (n, J). We 
assume that J is a cross-diagonal matrix with units along the cross-diagonal as in 
Section 1.6.1. We give a few facts about the endoscopic groups of U(n, J) and leave 
it as an exercise to fill in the details. 

Let T = {diag(fi, . . . , t n )} be the group of diagonal n by n matrices. The 
character group X* can be identified with Z n in such a way that the character 

diag(ti,...,t„) ^tf ---t^ 

is identified with (fci, . . . , k n ). 

The cocharacter group can be identified with Z" in such a way that the cochar- 
acter 

th^diag(i fel ,...,i fe ") 

is identified with (fci, . . . , k n ). 

Let ej be the basis vector of Z n whose j-th entry is Kronecker Sij . The set of 
roots can be identified with 

$ = {e;- ej | i^j}. 

The set of coroots <1> V can be identified with the set of roots $ under the isomor- 
phism X* = Z™ = X*. 

We may identify Hom(X >t ,C x ) with Hom(Z", C x ) = (C x )". Thus, we take the 
clement s in the definition of endoscopic group to have the form s = (si, . . . , s n ) S 
(C x ) n . The element a = oq acts on characters and cocharacters by 

c(fci, ■ ■ ■ , k n ) = (— fc„, . . . , — fci). 

Let I = {1, . . . ,n}. Show that if H is an elliptic unramified endoscopic group, 
then there is a partition 
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with Si = 1 for i £ I\ and Si = — 1 otherwise. The elliptic endoscopic group is a 
product of two smaller unitary groups H = U(ni) x U{n 2 ), where = for 
i = 1,2. 

4. Cartan subgroups 

All unramified reductive groups are classified by their root data. This includes 
the classification of unramified tori T as a special case (in this case, the set of roots 
and the set of coroots are empty) : 

(X*(T),X*(T),0,0,a). 

We can extend this classification to ramified tori. If T is any torus over F, it is 
classified by 

(X*(T),X*(T),p), 
where p is now allowed to be any homomorphism 

p : Gal(F/F) -» Aut(X*(T)) 

with finite image. 

A basic fact is that T embeds over F as a Cartan subgroup in a given unramified 
reductive group G if and only if the following two conditions hold. 

• The image of p in Aut(X* (T)) is contained in W($q) x (er G ). 

• There is a commutative diagram: 

Gal(F/F) ► Gal(F un /F) 

P Frobi-^<r G 
W($ G ) X (cr G ) > (CT G ). 

It follows that every Cartan subgroup Th of H is isomorphic over F to a Cartan 
subgroup T G of G. (To check this, simply observe that these two conditions are 
more restrictive for H than the corresponding conditions for G.) The isomorphism 
can be chosen to induce an isomorphism of Galois modules between the character 
group (and cocharacter group) of Tjj and that of T G . 

We say that a semisimplc clement in a reductive group is strongly regular, if its 
centralizer is a Cartan subgroup. If 7 € H(F) is strongly regular semisimple, then 
its centralizer Tjj is isomorphic to some T G C G. Let 70 <G Tq(F) C G(F) be the 
element in G(F) corresponding to 7 G Th(F) C H(F), under this isomorphism. 

Remark 4.1. The element 70 is not uniquely determined by 7. The Cartan 
subgroup T G can always be replaced with a conjugate g~ x T G g, g £ G(F), without 
altering the root data. However, the non-uniqueness runs deeper than this. An 
example will be worked in Section 8.1 to show how to deal with the problem of 
non-uniqueness. Non-uniqueness of 70 is related to stable conjugacy, which is our 
next topic. 

5. Stable Conjugacy 

Definition 5.1. Let 6 and S' be strongly regular semisimplc elements in G(F). 
They are conjugate if g~ 1 Sg = 5' for some g £ G(F). They are stably conjugate if 
g _1 Sg = 5' for some g £ G(F). 
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Example 5.2. Let G = SL{2) and F = Q p . Assume that p^2 and that u is 
a unit that is not a square in Q p . Let e = ^/u in an unramified quadratic extension 
of Q p . We have the matrix calculation 

1+P 1 We 0\ = /e W 1+p u- 1 
2p + p 2 l+p)[o e' 1 ) \0 e- 1 J \(2p + p 2 )u 1+p 

This matrix calculation shows that the matrices 

(5 ' 2 - 1} {2IXI 2 1+p) md {(2p + p 2 )u 1+p 

of SL(2, Q p ) are stably conjugate. The diagonal matrix that conjugates one to the 
other has coefficients that lie in a quadratic extension. A short calculation shows 
that the matrices 5.2.1 are not conjugate by a matrix of SL(2,Q p ). 

5.1. Cocycles. Let 70 and 7' be stably conjugate strongly regular semisimplc 
elements of G(F). We view 70 as a fixed base point and 7' as variable. If r e 
Gal(F/F), then 

= Y, (with g e G{F), lo ,i e G(F)) 
t-(5)W(7o)t(5) =t(7'), 
(5.2.2) Tigy^orjg) = g- 1 ^ 

7o (T(g)g- 1 ) = (T(g)g- 1 ) 70, 

7 a T = a T 7o, with a T = r(g)g^ 1 . 

The element a T centralizes 70 and hence gives an element of the ccntralizer T. 
Viewed as a function of r e Gal(F/F), a T satisfies the cocycle relation 

7"i (Or 2 ) a Ti a ri r 2 • 

It is continuous in the sense that there exists a field extension Fi/F for which 
a T = 1, for all t <E Gal(F/Fi). Thus, a T gives a class in 

H\Gal(F/F),T(F)), 

which is defined to be the group of all continuous cocycles with values in T, modulo 
the subgroup of all continuous cocycles of the form 

b T = T{t)r\ 

for some t e T(F). 

A general calculation of the group H 1 (Gal(F/F),T) is achieved by the Tate- 
Nakayama isomorphism. Let F\/F be a Galois extension that splits the Cartan 
subgroup T. 

Theorem 5.3 (Tate-Nakayama isomorphism [27]). The cohomology group 

H 1 (Gal(F/F),T) 
is isomorphic to the quotient of the group 

{u e I, ^2 tu = 0} 

r£Gal(Fi/F) 

by the subgroup generated by the set 

{u e A* I 3t g Gal(Fi/F) 3d e I,, u = tv — v}. 
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Example 5.4. Let T = {/e(1) (the torus that made an appearance earlier as 
an endoscopic group of SL{2)). As was shown above, the group of cocharacters can 
be identified with Z. The splitting field of T is the quadratic extension field E. The 
nontrivial clement t £ Gal(E/F) acts by reflection on X* = Z: t(u) = —u. By the 
Tate-Nakayama isomorphism, the group H 1 (Gal(F/F), Ue(1)) is isomorphic to 

{u £ Z | u + tu = 0}/{u £ Z | 3v. u = tv - v} = Z/2Z. 

Let H be an unramified endoscopic group of G. Suppose that Th is a Cartan 
subgroup of H. Let Tq be an isomorphic Cartan subgroup in G. The data defining 
H includes the existence of an element s £ Hom(X„,C x ); that is, a character of 
the abelian group X„. Fix one such character s. We can restrict this character to 
get a character of 

{m e I, ^2 TU = °}- 

TGGal(Fi/F) 

It can be shown that the character s is trivial on 

{u £ X* | 3t £ Gal(Fi/F) 3v £ X«. u = tv- v}. 

Thus, by the Tate-Nakayama isomorphism, the character s determines a character 
k of the cohomology group 

H\Gal(F/F),T). 
In this way, each cocycle a T gives a complex constant n(a T ) £ C x . 

Example 5.5. The element seC x giving the endoscopic group H = Ue{^) of 
SL(2) is s — —1, which may be identified with the character n ^ (—1)™ of Z. This 
gives the nontrivial character k of 

H 1 (Gal(F/Jf), U E (1)) = Z/2Z. 

6. Statement of the Fundamental Lemma 

6.1. Context. Let G be an unramified connected reductive group over F. Let 
H be an unramified endoscopic group of G. Let 7 £ H(F) be a strongly regular 
scmisimplc clement. Let Tjj = Cu{'j), and let Tq be a Cartan subgroup of G that 
is isomorphic to it. More details will be given below about how to choose Tq- The 
choice of Tq matters! Let 7 £ Th{F) map to 70 £ Tc(F) under this isomorphism. 

By construction, 70 is scmisimplc. However, as G may have more roots than 
H, it is possible for 70 to be singular, even when 7 is strongly regular. If 7 £ H(F) 
is a strongly regular scmisimplc clement with the property that 70 is also strongly 
regular, then we will call 7 a strongly G-regular element of H(F). 

If 7' is stably conjugate to 70 with cocycle a T , then s £ Hom(X >t ,C x ) gives 
K(a T ) £ C x . 

Let Kq and Kh be hyperspecial maximal compact subgroups of G and H. Let 
Xg.k and Xh,k be the characteristic functions of these hyperspecial subgroups. Set 

(6.0.1) AcM-r) = 

a t* G I vol ( K > d 9) J 7 t^ ic G ( 7 ',F)\G(F) df 

The set of roots <&g are taken to be those relative to Tq. The sum runs over all 
stable conjugates 7' of 70, up to conjugacy. This is a finite sum. The group Kt 
is defined to be the maximal compact subgroup of Tq. Equation 6.0.2 is a finite 
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linear combination of orbital integrals (that is, integrals over conjugacy classes 
in the group with respect to an invariant measure). The Haar measures dt' on 
Cg{i',F) an d dt on T G (F) are chosen so that stable conjugacy between the two 
groups is measure preserving. This particular linear combination of integrals is 
called a K-orbital integral because of the term n(a T ) that gives the coefficients of 
the linear combination. Note that the integration takes place in the group G, and 
yet the parameter 7 is an element of H(F). 

The volume terms vol(K , dg) and vol(Kx,dt) serve no purpose other than to 
make the entire expression independent of the choice of Haar measures dg and dt, 
which are only defined up to a scalar multiple. 

We can form an analogous linear combination of orbital integrals on the group 
H. Set 

(6.0.2) Ag( 7 ) = 

( n H 7 )-ii i/2 

This linear combination of integrals is like Aa^ij), except that H replaces G, 
K H replaces K G , & H (taken relative to T H ) replaces <S>g, and so forth. Also, the 
factor n{a T ) has been dropped. The linear combination of Equation 6.0.3 is called a 
stable orbital integral, because it extends over all stable conjugates of the element 
7 without the factor k. The superscript st in the notation is for 'stable.' 

Conjecture 6.1. (The fundamental lemma) For every 7 e H(F) that is 
strongly G-regular semisimple, 

A Gl * (7) = Ag( 7 ). 

Remark 6.2. There have been serious efforts over the past twenty years to 
prove the fundamental lemma. These efforts have not yet led to a proof. Thus, the 
fundamental lemma is not a lemma; it is a conjecture with a misleading name. Its 
name leads one to speculate that the authors of the conjecture may have severely 
underestimated the difficulty of the conjecture. 

Remark 6.3. Special cases of the fundamental lemma have been proved. The 
case G = SL(n) was proved by Waldspurgcr [28]. Building on the work of [5], 
Laumon has proved that the fundamental lemma for G = U(n) follows from a 
purity conjecture [21]. The fundamental lemma has not been proved for any other 
general families of groups. The fundamental lemma has been proved for some 
groups G of small rank, such as 517(3) and 5p(4). See [2], [7], [10]. 

6.2. The significance of the fundamental lemma. The Langlands pro- 
gram predicts correspondences ir <-» n' between the representation theory of dif- 
ferent reductive groups. There is a local program for the representation theory of 
reductive groups over locally compact fields, and a global program for automorphic 
representations of reductive groups over the adele rings of global fields. 

The Arthur-Selberg trace formula has emerged as a powerful tool in the Lang- 
lands program. In crude terms, one side of the trace formula contains terms related 
to the characters of automorphic representations. The other side contains terms 
such as orbital integrals. Thanks to the trace formula, identities between orbital 
integrals on different groups imply identities between the representations of the two 
groups. 



vo\(K T ,dt) 
vol( K H ,dh) 



E 



XH,x(h 1 ih) 

ChH'F)\H(F) 



dh 
dt 1 ' 



652 



THOMAS C. HALES 



It is possible to work backwards: from an analysis of the terms in the trace 
formula and a precise conjecture in representation theory, it is possible to make 
precise conjectures about identities of orbital integrals. The most basic identity 
that appears in this way is the fundamental lemma, articulated above. 

The proofs of many major theorems in automorphic representation theory de- 
pend in one way or another on the proof of a fundamental lemma. For example, the 
proof of Fermat's Last Theorem depends on Base Change for GL(2), which in turn 
depends on the fundamental lemma for cyclic base change [17]. The proof of the 
local Langlands conjecture for GL(n) depends on automorphic induction, which in 
turn depends on the fundamental lemma for SL(n) [11], [12], [28]. Properties of 
the zeta function of Picard modular varieties depend on the fundamental lemma 
for U(3) [26], [2]. Normally, the dependence of a major theorem on a particular 
lemma would not be noteworthy. It is only because the fundamental lemma has 
not been proved in general, and because the lack of proof has become a serious 
impediment to progress in the field, that the conjecture has become the subject of 
increased scrutiny. 

7. Reductions 

To give a trivial example of the fundamental lemma, if 7 and 70 and their stable 
conjugates are not in any compact subgroup, then 

XG,if (<TVs) = and XH,K(h~Wh) = 

so that both Aq.h (7) and A s ^(j) are zero. Thus, the fundamental lemma holds for 
trivial reasons for such 7. 

7.1. Topological Jordan decomposition. A somewhat less trivial reduc- 
tion of the problem is provided by the topological Jordan decomposition. Suppose 
that 7 lies in a compact subgroup. It can be written uniquely as a product 

Is lu lu Is: 

where j s has finite order, of order prime to the residue field characteristic p, and 
7tt is topologically unipotent. That is, 

lim 7*f = 1. 

n — >oo 

The limit is with respect to the p-adic topology. A special case of the topological 
Jordan decomposition 7 e O f C G m (F) is treated in [13, p20]. In that case, 7 S is 
defined by the formula 

7s = lim 7 9 " . 

n — >oo 

Let 7, 70, and 7' be chosen as in Section 6.1. Each of these elements has a 
topological Jordan decomposition. Let G s — Coijos) and H s = Ch{1s)- It turns 
out that G s is an unramified reductive group with unramified endoscopic group H s . 
Descent for orbital integrals gives the formulas [20] [8] 

Ag,h(7) =^g s .hA1u) 

Ag(7) =Ag,( 7u ). 

This reduces the fundamental lemma to the case that 7 is a topologically unipotent 
element. 
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7.2. Lie algebras. It is known (at least when the p-adic field F has char- 
acteristic zero), that the fundamental lemma holds for fields of arbitrary residual 
characteristic provided that it holds when the p-adic field has sufficiently large 
residual characteristic [9]. Thus, if we are willing to restrict our attention to fields 
of characteristic zero, we may assume that the residual characteristic of F is large. 
In fact, in our discussion of a reduction to Lie algebras in this section, we simply 
assume that the characteristic of F is zero. 

A second reduction is based on Waldspurger's homogeneity results for classical 
groups. (Homogeneity results have since been reworked and extended to arbitrary 
reductive groups by DeBacker, again assuming mild restrictions on G and F.) 

When the residual characteristic is sufficiently large, there is an exponential 
map from the Lie algebra to the group that has every topologically unipotent ele- 
ment in its image. Write 

7„ = exp(X), 

for some element X in the Lie algebra. We may then consider the behavior of 
orbital integrals along the curve exp(X 2 X). A difficult result of Waldspurger for 
classical groups states that if |A| < 1, then 

A G , H (exp(A 2 A)) =I>|A| l 
Af*(exp(A 2 X)) =EW; 

that is, both sides of the fundamental lemma identity are polynomials in |A|. If a 
polynomial identity holds when |A| < e for some e > 0, then it holds for all |A| < 1. 
In particular, it holds at 7„ for A = 1. The polynomial growth of orbital integrals 
makes it possible to prove the fundamental lemma in a small neighborhood of the 
identity element, and then conclude that it holds in general. In this manner, the 
fundamental lemma can be reduced to a conjectural identity in the Lie algebra. 

8. The problem of base points 

The fundamental lemma was formulated above with one omission: we never 
made precise how to fix an isomorphism Th <-> Tq between Cartan subgroups in 
H and G. Such isomorphisms exist, because the two Cartan subgroups have the 
same root data. But the statement of the fundamental lemma is sensitive to how 
an isomorphism is selected between Th and a Cartan subgroup of G. If we change 
the isomorphism, we change the K-orbital integral by a root of unity ( e C x . The 
correctly chosen isomorphism will depend on the element 7 € H(F). 

The ambiguity of the isomorphism was removed by Langlands and Shelstad in 
[19]. They define a transfer factor A(jh,1g), which is a complex valued function 
on H(F) x G(F). The transfer factor can be defined to have the property that it 
is zero unless -fn € H(F) is strongly regular semisimple, -jo £ G(F) is strongly 
regular semisimple, and there exists an isomorphism (preserving character groups) 
from the centralizer of to the centralizcr of -fa- There exists 70 € G(F) such 
that 

(8.0.1) A( 7H ,7o) = l. 

The correct formulation of the fundamental lemma is to pick the base point 70 G 
G(F) so that Condition 8.0.1 holds. 

For classical groups, Waldspurger gives a simplified formula for the transfer 
factor A in [31]. Furthermore, because of the reduction of the fundamental lemma 
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to the Lie algebra (Section 7.2), the transfer factor may be expressed as a function 
on the Lie algebras of G and H, rather than as a function on the group. 

8.1. Base points for unitary groups. More recently, Laumon (while work- 
ing on the fundamental lemma for unitary groups) observed a similarity between 
Waldspurger's simplified formula for the transfer factor and the explicit formula for 
differents that is found in [27]. In this way, Laumon found a simple description 
of the matching condition 7 <-» 70 implicit in the statement of the fundamental 
lemma. 

9. Geometric Reformulations of the Fundamental Lemma 

From early on, those trying to prove the fundamental lemma have sought geo- 
metric interpretations of the identities of orbital integrals. Initially these geometric 
interpretations were rather crude. In the hands of Goresky, Kottwitz, MacPhcrson, 
and Laumon these geometric interpretations have become increasingly sophisticated 
[6],[6],[21],[22]._ 

This paper is intended to give an introduction to the fundamental lemma, and 
the papers giving a geometric interpretation of the fundamental lemma do not 
qualify as introductory material. In this section, we will be content to describe the 
geometric interpretation in broad terms. 

9.1. Old-style geometric interpretations: buildings. We begin with a 
geometric interpretation of the fundamental lemma that was popular in the late 
seventies and early eighties. It was eventually discarded in favor of other approaches 
when the combinatorial difficulties became too great. 

This approach is to use the geometry of the Bruhat-Tits building to understand 
orbital integrals. We illustrate the approach with the group G = SL(2). The 
term Xg,a:(<7 _1 7's) that appears in the fundamental lemma can be manipulated as 
follows: 

XG,*:(S~ V#) ^ .9~y.9 € K 
ig e gK 
i{gK) = {gK) 

gK is a fixed point of 7' on G(F) / K. 

The set G(F) /K is in bijective correspondence with a set of vertices in the Bruhat- 
Tits building of SL(2). Thus, we may interpret the orbital integral geometrically 
as the number of fixed points of 7' in the building that are vertices of a given type. 

Under this interpretation, it is possible to use counting arguments to obtain 
explicit formulas for orbital integrals as a function of 7'. In this way, the funda- 
mental lemma was directly verified for a few groups of small rank such as SL(2) 
and [7(3). 

9.2. Affine Grassmannians. Until the end of Section 9, let F — k((t)), a 
field of formal Laurent scries. Except for the discussion of the results of Kazhdan 
and Lusztig, the field k will be taken to be a finite field: k = ¥ q . 

In 1988, Kazhdan and Lusztig showed that if F = C((t)), then G(F)/K can be 
identified with the points of an ind-scheme (that is, an inductive limit of schemes) 
[15]. This ind-scheme is called the affine Grassmannian. The set of fixed points of 
an clement 7 can be identified with the set of points of a scheme over C, known as 
the affine Springer fiber. The corresponding construction over F g ((i)) is mentioned 
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briefly in the final paragraphs of their paper. Rather than counting fixed points in 
the building, orbital integrals can be computed by counting the number of points 
on a scheme over ¥ q . 

Based on a description of orbital integrals as the number of points on schemes 
over finite fields, Kottwitz, Goresky, and MacPherson give a geometrical formula- 
tion of the fundamental lemma. Furthermore, by making a thorough investigation 
of the equivariant cohomology of these schemes, they prove the geometrical conjec- 
ture when 7 comes from an unramified Cartan subgroup [5]. 

9.3. Geometric interpretations. Each of the terms in the fundamental 
lemma has a nice geometric interpretation. Let us give a brief description of the 
geometrical counterpart of each term in the fundamental lemma. We work with 
the unitary group, so that we may include various insights of Laumon. 

The geometrical counterparts of cosets gK are self-dual lattices in a vector 
space V over F. 

The counterpart of the support set, SUP = {g | g~ 1 "ig € K}, is the affinc 
Springer fiber Xj. 

The counterpart of the integral of the support set SUP over G is counting 
points on the scheme X 7 . The integral over all of G diverges and the number of 
fixed points on the scheme is infinite. For that reason the orbital integral is an 
integral over T\G, where T is the centralizer of 7, rather than over all of G. 

The counterpart of the integral over T\G is counting points on a quotient space 
Z 1 = X 1 jTL t . (There is a free action of a group 7L l on X 7 , and Z 1 is the quotient.) 

The geometric counterpart of n(a T ) is somewhat more involved. For elliptic 
endoscopic groups of unitary groups k has order 2. The character k has the form 

k : if 1 (Gal(F/F),T) = (Z/2Z) e -» {±1}. 

The character k pulls back to a character of Z . The rational points of X 7 are 
identified with self-dual lattices: A 1 - = A. The points of the quotient space Z*y are 
lattices that are self-dual modulo the group action: A 1 - = X ■ A, for some A e Z . 
The character k then partitions the points of Z^ into two sets, depending on the 
sign of k(X): 

Z± = {A\A ± = XA; k(X) = ±1}. 

(In a more sophisticated treatment of «(a T ), it gives rise to a local system on Z 7 ; 
and counting points on varieties gives way to Grothendieck's trace formula.) 
The counterpart of the K-orbital integral Ac,h(i) is the number 

#Z+-#Z~. 

The counterpart of the stable-orbital integral AfJ(7) is the number 

#z H,st 

for a corresponding variety constructed from the endoscopic group. 

The factors n$ K7) - 1| 1/2 that appear on the two sides of the fundamental 
lemma can be combined into a single term 

n i«(7)-ii i/a - 

This has the form q~ d for some value d = ^(7). The factor q~ d has been interpreted 
in various ways. We mention that [24] interprets q d as the points on an affine space 
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of dimension d. That paper expresses the hope that it might be possible to find an 
embedding Z~ — ► such that the complement of the embedded Z~ in is a 
rank d fiber bundle over Z^ ,st . The realization of this hope would give an entirely 
geometric interpretation of the fundamental lemma. Laumon and Rapoport found 
that this construction works over F g 2((t)), but not over ¥ q ((t)). In more recent 
work of Laumon, the constant d is interpreted geometrically as the intersection 
multiplicity of two singular curves. 

9.4. Compactified Jacobians. Laumon, in the case of unitary groups, has 
made the splendid discovery that the orbital integrals - as they appear in the 
fundamental lemma - count points on the compactification of the Jacobians of a 
singular curve associated with the scmisimplc clement 7. (In fact, Z y is homcomor- 
phic to and can be replaced with the compactification of a Jacobian.) Thus, the 
fundamental lemma may be reformulated as a relation between the compactified 
Jacobians of these curves. By showing that the singular curve for the endoscopic 
group H is a perturbation of the singular curve for the group G, he is able to relate 
the compactified Jacobians of the two curves, and prove the fundamental lemma 
for unitary groups (assuming a purity hypothesis related to the cohomology of the 
schemes) . 




Figure 1. The singular curve on the left can be deformed into 
the singular curve on the right by pulling up on the center ring. 
The curve on the left controls A s ^(^), and the curve on the right 
controls Ac,h{i)- This deformation relating the two curves is a 
key part of Laumon's work on the fundamental lemma for unitary 
groups. 

The origin of the curve C is the following. The ring 0_f[7] is the completion at 
a point of the local ring of a curve C . In the interpretation in terms of Jacobians, 
the self-dual lattices A 1 - = A that appear in the geometric interpretation above are 
replaced with O^-modules, where Oc is the structure sheaf of C. 

The audio recording of Laumon's lecture at the Fields Institute on this research 
is highly recommended [23]. 

9.5. Final remarks. 

Remark 9.1. The fundamental lemma is an open-ended problem, in the sense 
that as researchers develop new trace formulas (the symmetric space trace formula 
[14], the twisted trace formula [16], and so forth) and as they compare trace for- 
mulas for different groups, it will be necessary to formulate and prove generalized 
versions of the fundamental lemma. The version of the fundamental lemma stated 
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in this paper should be viewed as a template that should be adapted according to 
an evolving context. 

Remark 9.2. The methods of Goresky, Kottwitz, MacPherson, and Laumon 
are limited to fields of positive characteristic. This may at first seem to be a 
limitation of their method. However, there are ideas about how to use motivic 
integration to lift their results from positive characteristic to characteristic zero 
(see [3] ) . Waldspurger also has results about lifting to characteristic zero that were 
presented at the Labesse conference, but I have not seen a preprint [32]. 

Remark 9.3. In some cases, it is now known how to deduce stronger forms 
of the fundamental lemma from weaker versions. For example, it is known how to 
go from the characteristic function of the hyperspecial maximal compact groups to 
the full Hecke algebra [9]. A descent argument replaces twisted orbital integrals 
by ordinary orbital integrals. However, relations between weighted orbital integrals 
remain a serious challenge. 

Remark 9.4. There has been much research on the fundamental lemma that 
has not been discussed in detail in this paper, including other forms of the fun- 
damental lemma. For just one example, see [25] for the fundamental lemma of 
Jacquet and Ye. Other helpful references include [18] and [30]. 
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1. GL 



'n 



Ramanujan's original conjecture is concerned with the estimation of Fourier 
coefficients of the weight 12 holomorphic cusp form A for SL(2,Z) on the upper 
half plane H. The conjecture may be reformulated in terms of the size of the eigen- 
values of the corresponding Hecke operators or equivalcntly in terms of the local 
representations which are components of the automorphic representation associated 
with A. This spectral reformulation of the problem of estimation of Fourier coef- 
ficients (or more generally periods of automorphic forms) is not a general feature. 
For example, the Fourier coefficients of Sicgcl modular forms in several variables 
carry more information than just the eigenvalues of the Hecke operators. Another 
example is that of half integral weight cusp forms on EI where the issue of the size 
of the Fourier coefficients is equivalent to special instances of the Lindclof Hypoth- 
esis for automorphic L-functions (see [Wal], [I-S]). As such, the general problem 
of estimation of Fourier coefficients appears to lie deeper (or rather farther out of 
reach at the present time). In these notes we discuss the spectral or representation 
theoretic generalizations of the Ramanujan Conjectures (GRC for short). While 
we are still far from being able to establish the full Conjectures in general, the 
approximations to the conjectures that have been proven suffice for a number of 
the intended applications. 

We begin with some general comments. In view of Langlands Functoriality 
Conjectures (see [Al]) all automorphic forms should be encoded in the GL n auto- 
morphic spectrum. Moreover, Arthur's recent conjectural description of the discrete 
spectrum for the decomposition of a general group [A2],[A3] has the effect of re- 
ducing the study of the spectrum of a classical group, for example, to that of GL n . 
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From this as well as the point of view of L-functions, GL n plays a special role. Let 
F be a number field, Ap its ring of adeles, v a place of F (archimcdian or finite) 
and F v the corresponding local field. Let GL n be the group ofnxn invertible 
matrices and GL n (Ap), GL n (F), GL n (F v ) ■ ■ ■ be the corresponding group with 
entries in the indicated ring. The abelian case GL±, is well understood and is a 
guide (though it is way too simplistic) to the general case. The constituents of the 
decomposition of functions on GLi(F)\GLi(Ap) or what is the same, the charac- 
ters of F*\A* F , can be described in terms of class field theory. More precisely, if 
Wf is Weil's extension of the Galois group Gal(F / F) then the 1-dimensional rep- 
resentations of F*\A* F correspond naturally to the 1-dimensional representations 
of Wp (see [Ta]). As Langlands has pointed out [Langl] it would be very, nice 
for many reasons, to have an extended group Lp whose n-dimensional represen- 
tations would correspond naturally to the automorphic forms on GL n . The basic 
such forms are constituents of the decomposition of the regular representation of 
GL n (A F ) on L 2 (Z(A F )GL n (F)\GL n (A F ),w). Here Z is the center of GL n and 
w is a unitary character of Z(Ap) I 'Z(F). In more detail, the L 2 space consists 
of functions / : GL n (Ap) — ► C satisfying f{"fzg) — w(z)f(g) for 7 e GL n (F), 
z e Z(A F ) and 



Notwithstanding the success by Harris- Taylor and Hcnniart [H-T] giving a descrip- 
tion in the local case of the representations of GL n (F v ) in terms of n-dimensional 
representations of the Dclignc-Wcil group W' F , or the work of Lafforgue in the case 
of GL n {F) where F is a function field over a finite field, it is difficult to imagine a 
direct definition of Lp in the number field case. My reason for saying this is that 
Lp would have to give, through its finite dimensional representations, an indepen- 
dent description of the general Maass cusp form for say GL 2 (Aq) (see [Sa] for a 
recent discussion of these) . These are eigenfunctions of elliptic operators on infinite 
dimensional spaces with presumably highly transcendental eigenvalues. Arthur in 
his definition [A3] of Lp gets around this difficulty by using among other things 
the GL n cusp forms as building blocks for the construction of the group. With this 
done, he goes on to describe a much more precise form of the general functoriality 
conjectures. 

We turn to GL n and a description of the generalized Ramanujan Conjectures. 
According to the general theory of Eisenstein series L 2 (Z(Ap)GL n (F)\GL n (Ap), w) 
decomposes into a discrete part and a continuous part. The discrete part coming 
from residues of Eisenstein series, as well as the continuous part coming from Eisen- 
stein scries, are described explicitly in [M-W] . They are given in terms of the discrete 
spectrum on GL m , m < n. This leaves the cuspidal spectrum as the fundamental 
part. It is defined as follows: 



(1) 




(2) 





for all unipotent radicals N of proper parabolic subgroups P of G(F)} 
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The decomposition into irrcduciblcs of GL n (Ap) on L^. usp is discrete and any ir- 
reducible constituent ir thereof is called an automorphic cusp form (or represen- 
tation) . Now such a ir is a tensor product tt — <g> w v , where ir v is an irreducible 

unitary representation of the local group GL n (F v ). The problem is to describe or 
understand which 7r„'s come up in this way. For almost all v, ir v is unramificd, 
that is, w v has a nonzero K v invariant vector, where K v is a maximal compact 
subgroup of GL n (F v ). If v is finite then K v = GL n (0(F v )), 0(F V ) being the ring 
of integers at v. Such "spherical" n v can be described using the theory of spherical 
functions (Harish-Chandra, Satake) or better still in terms of the Langlands dual 
group L G. For G = GL n , L G — GL(n,C) (or rather the connected component 
of L G is GL(n, C) but for our purposes here this will suffice) and an unramificd 
representation n v is parameterized by a semi-simple conjugacy class 



(3) 



a(ir v ) 







e L G 



as follows: Let B be the subgroup of upper triangular matrices in GL n . For b e 
B(F V ) and /Ui(i>), . . . , fi n (v) in C let be the character of B(F V ), 



(4) 



nn\ v 



G(F ) 

Then = ^ n< ^B(F )X^ yields a spherical representation of G(F V ) (the induction 
is normalized unitarily and at /i's for which it is reducible we take the spherical 
constituent) . Vv is equivalent to Vy with \i and // considered mod 7L2iri / log N(v) 
iff n = afi', where a is a permutation. In this notation a(ir v ) corresponds to ^V„) 
by setting aj(n v ) = N(v)m( v> ) for j — 1,2, ...,n. The trivial representation of 
G(F V ), or constant spherical function, corresponds to 

n — 1 n — 3 1 — 

2 ' 2 " ~ 2 



(5) 



// 



In terms of these parameters the local L- function L(s, n v ) corresponding to 
such an unramificd ir v has a simple definition: 

L(s,7r„) = dct(/-a(7r„)iV(w)- s )- 1 



(6) 



if v is finite, and 



= nutt-ajMNiv)-')- 1 



(7) L(s,7r„) = n? =1 1^(5-^(0), 

with r„(s) = TT" 5 / 2 r (|) if F„ = M and r„(a) = (2tt)- s T(s) if F„ = C . 



More generally if p : L G 
function is defined by 



(8) 



GL(v) is a representation of L G then the local L- 
L{s,tt v ,p) = det(7-p(a( 7 r j; ))^)- 5 )- 1 . 
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We digress and discuss some local harmonic analysis for more general groups. 
Let G(F V ) be a reductive group defined over a local field F v . We denote by G(F V ) 
the unitary dual of G(F V ), that is, the set of irreducible unitary representations of 
G(F V ) up to equivalence. G(F V ) has a natural topology, the Fell topology, coming 
from convergence of matrix coefficients on compact subsets of G(F V ). Of particular 

interest is the tempered subset of G(F V ), which we denote by G(F v ) tcmp . These are 
the representations which occur weakly (see [Di]) in the decomposition of the regular 
representation of G(F V ) on L 2 (G{F V )) or what is the same thing Ind^ F "' ) 1 where 
H = {e}. If G{F V ) is semi-simple then the tempered spectrum can be described in 
terms of decay of matrix coefficients of the representation. For ip a unitary repre- 
sentation of G(F V ) on a Hilbert space H, these are the functions F w (g) on G(F V ) 
given by F w {g) = (ip(g)w 1 w)H for w e H. Clearly, such a function is bounded on 
G(F V ) and if tp is the trivial representation (or possibly finite dimensional) then 
F w (g) does not go to zero as g — > oo (we assume ai^O). However, for other ?/>'s 
these matrix coefficients do decay (Howe-Moore [H-M])* and the rate of decay is 
closely related to the "temperedness" of tp and is important in applications. In 
particular, ip is tempered iff its infinite matrix coefficients are in L 2+e (G(F v )) for 
all e > 0. 

For spherical representations (and in fact for the general ones too) one can use 
the asymptotics at infinity of spherical functions (that is, K v bi-invariant eigen- 
functions of the Hcckc algebra) to determine which are tempered. For GL n (F v ) 
this analysis shows that the tt v defined in (3) and (4) is tempered iff 

(9) |o!j(7r„)| = 1 for j = 1, 2, . . . , n if v finite 
and 

(10) 5R(/x 3 (7r„)) = if v archimedian. 

For ramified representations of G(F V ) one can give a similar description of the 
tempered representations in terms of Langlands parameters (see Knapp-Zuckerman 
[K-Z] for v archimedian). 

To complete our digression into more general local groups G(F V ) we recall 
property T. Recall that G(F V ) has property T if the trivial representation is isolated 
in G{F V ). Kazhdan in introducing this property showed that if G{F V ) is simple and 
has rank at least two then it satisfies property T. One can quantify this property 
in these cases (as well as in the rank one groups which satisfy property T) by 
giving uniform estimates for the exponential decay rates of any non-trivial unitary 
representation of G(F V ). In [Oh], Oh gives such bounds which are in fact sharp 
in many cases (such as for SL n ,(F v ), n > 3 and Sp2 n (F v )). In the case that 
F v = R, Li [Lil] determines the largest p — p(G(F v )) for which every non-trivial 
representation of G(F V ) is in L p+e (G(F v )) for all e > 0. Besides the isolation 

of the trivial representation in G(F V ) it is also very useful to know which other 
representations are isolated. For v archimedian and ir v cohomological (in the sense 
of Borel and Wallach [B-W]) Vogan [Vol] gives a complete description of the isolated 
points. 

We return now to the global setting with G = GL n and formulate the main 
Conjecture. 



*if say G(F V ) is simple 
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Generalized Ramanujan Conjecture for GL n : 

Let 7r = tt v be an automorphic cuspidal representation of GL n (Ap) with a 

unitary central character, then for each place v, n v is tempered. 
Remarks 

(1) At the (almost all) places at which tt v is unramified the Conjecture is equivalent 
to the explicit description of the local parameters satisfying (9) and (10). 

(2) For analytic applications the more tempered (i.e. the faster the decay of the 
matrix coefficients) the better. It can be shown (compare with (28) of §2) that 
the TTy's which occur cuspidally and automorphically arc dense in the tempered 
spectrum, hence GRC if true is sharp. 

(3) Satake [Sat] appears to have been the first to observe that the classical Ramanu- 
jan Conjecture concerning the Fourier coefficients of A(z) can be formulated in 
the above manner. The GRC above generalizes both these classical Ramanujan- 
Petersson Conjectures for holomorphic forms of even integral weight as well as 
Selberg's 1 /4 eigenvalue conjecture for the Laplace spectrum of congruence quo- 
tients of the upper half plane [Sel]. In this representation theoretic language 
the latter is concerned with ir^ which are unramified and for which tt = ® w v 

V 

is an automorphic cuspidal representation of GL 2 (Aq). 

There are some special but important cases of 7r's for which the full GRC 
is known. These are contained in cases where ir v for v archimcdian is of special 
type. For GL 2 (Aq) and tt^, being holomorphic discrete series (that is, the case 
of classical holomorphic cusp forms of even integral weight) RC was established 
by Delignc. For a recent treatment sec the book by Conrad [Con]. The proof de- 
pends on ro(n)\H being a moduli space for elliptic curves (with level structure) 
and this leads eventually to an identification of aj(ir p ), j = 1,2 in terms of arith- 
metic algebraic geometric data, specifically as eigenvalues of Frobenius acting on 
i?-adic cohomology groups associated with a related moduli problem. The RC, i.e. 
|ai(7i"p)| = la^TTp)! = 1, then follows from the purity theorem (the Weil Conjec- 
tures) for eigenvalues of Frobenius, which was established by Delignc. 

Recently, Harris and Taylor [H-T], following earlier work of Clozcl have estab- 
lished GRC for an automorphic cusp form n on GL n (A F ) for which the following 
are satisfied: 

(i) F is a CM field. 

(ii) IT = LT C (i.e. a contragredient - Galois conjugate condition.) 

(iii) LIoo (oo here being the product over all archimcdian places of F) has the same 
infinitesimal character over C as the restriction of scalars from F to Q of an 
algebraic representation of GL n over C. In particular, it^ is a special type of 
cohomological representation. 

(iv) For some finite place v of F, ir v is square-integrable (that is, its matrix coef- 
ficients are square integrable). 

The proof of the above is quite a tour-de-force. It combines the trace formula 
(see Arthur's Lectures) and Shimura varieties and eventually appeals to the purity 
theorem. To appreciate some of the issues involved consider for example F an 
imaginary quadratic extension of Q. In this case F has one infinite place 
for which F Vx ~ C. Hence, automorphic forms for GL n (F) live on quotients 
of the symmetric space SL n (C)/ SU(n), which is not Hermitian. So there is no 
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apparent algebro-geometric moduli interpretation for these quotient spaces. The 
basic idea is to transfer the given ir on GL n (Ap) to a n' on a Shimura variety (see 
Milne's lectures for definitions of the latter) . The Shimura varieties used above are 
arithmetic quotients of unitary groups (see example 3 of Section 2) . The transfer 
of 7r to 7r' is achieved by the trace formula. While the complete functorial transfers 
are not known for the general automorphic form, enough is known and developed 
by Harris, Taylor, Kottwitz and Clozel to deal with the ir in question. Conditions 
(i), (ii) and (iv) are used to ensure that ir corresponds to a ir' on an appropriate 
unitary group, while condition (iii) ensures that at the archimedian place, ir' is 
cohomological. The latter is essential in identifying the eigenvalues of ir' v (v finite) 
in terms of Frobcnius eigenvalues. 

In most analytic applications of GRC all 7r's enter and so knowing that the 
Conjecture is valid for special 7r's is not particularly useful. It is similar to the 
situation with zeros of the Ricmann Zcta Function and L-functions where it is not 
information about zeros on Sft(s) = \ that is so useful, but rather limiting the 
locations of zeros that are to the right of 3J(s) = \. We describe what is known 
towards GRC beginning with the local bounds. If -k = ® ir v is automorphic and 

V 

cuspidal on GL n (Ap) then ir and hence n v is firstly unitary and secondly generic. 
The latter asserts that tt v has a Whittaker model (see Cogdell's lectures [Co]). 
That ir v is generic for ir cuspidal follows from the Fourier Expansions on GL n (Ap) 
of Jacquet, Piatetski-Shapiro and Shalika [J-PS-S]. Now, Jacquet and Shalika [J- 
S] show that for n v generic the local Rankin-Selberg L-function of n v with its 
contragredient tt v , 

(11) L(s, ir v x #„) = det (I - a(ir v ) <g> a (fr,,).^?;) -8 ) -1 
is analytic in Sft(s) > 1. 

This leads directly to bounds towards GRC. Specifically, in the most important 
case when tt v is unramified, (11) implies that 

(12) \log N ( v )\aj(TT v )\ \ < * for j = l,...n, and v finite 
and 

(13) \^H(fij(n v )) | < ^ for j = 1, 2, ... n, and v archimedian . 

Within the context of generic unitary representations of GL n (F v ), (12) and (13) 
are sharp. Recall that the trivial representation corresponds to fj, as given in (5), 
so that for n — 2 (12) and (13) recover the trivial bound. However, for n > 3 these 
bounds are non-trivial. For n = 3, (12) and (13) correspond to the sharp decay 
rates for matrix coefficients of non-trivial representations of SL 3 (F V ) mentioned 
earlier. For n > 3, the bounds (12) and (13) are much stronger (the trivial bound 
being ^). 

For many applications these local bounds fall just short of what is needed (this 
is clear in the case n — 2). One must therefore bring in further global information. 
The global Rankin-Selberg L- function is the key tool. In fact, it was already used by 
Rankin and Selberg in the case n — 2, F = Q and v finite, for such a purpose. The 
extension of their analysis to general n and F was observed by Serre [Ser] . However, 
this method which uses twisting by quasi-characters a s (a technique which we now 
call deformation in a family (see [I-S]) of L-functions, in this case the parameter 
being s) and a theorem of Landau [La] , has the drawback of only working for v finite 
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and also it deteriorates in quality as the extension degree of F over Q increases, the 
latter being a result of the increasing number of Gamma factors in the complete 
L-function (see [I-S]). In [L-R-Sl], the use of the Rankin- Selberg L-functions in 
a different way and via deformation in another family was developed. It has the 
advantage of applying to the archimedian places as well as being uniform in its 
applicability. It leads to the following bounds towards GRC. Let tt = ® tt v be an 

V 

automorphic cuspidal representation of GL n (Ap). 
For v finite and tt v unramified and j = 1 , . . . , n 

( 14 ) Uogjv^) ay M 

For v archimedian and tt v unramified and j = 1, 2, . . . , n 

as) \ < \ ^Vi- 

In [M-S] these bounds are extended to include analogous bounds for places v at 
which tt v is ramified. 

We describe briefly this use of the global Rankin-Sclbcrg L-function. Let tt be 
as above and v a place at which ir Vo is unramified. For \ a ray class character of 
F*\A* F which is trivial at vq, we consider the global Rankin-Selberg L-functions 

A (s, tt x (ff x x)) : = n L(s, ir v x (n v x X v)) 

V 

(16) = L(S,7T V0 X 7T„ ) L So (s,tt x (tt x x)) , 

where Ls(s) denotes the partial L-function obtained as the product over all places 
except those in S and So = {vo}- Now, according to the theory of the Rankin- 
Selberg L-function ([J-PS-S], [Sh], [M-W]) the left-hand side of (16) is analytic for 
< 3J(s) < 1. In particular, if < <r a < 1 is a pole of L(s,n Vo x n Vo ) (which will 
be present according to (9), (10) and (11) if GRC fails for tt Vo ) then 

(17) L So (cto, tt x 7r x x) — for all \ with x trivial at v . 

Thus, we are led to showing that Ls (<7 , n x tt x x) ^ for some x in this family. 
To see this one averages these L-functions over the set of all such x's of a large 
conductor q. The construction of x's satisfying the condition at v is quite delicate 
(see [Roh]). In any event, using techniques from analytic number theory for aver- 
aging over families of L- functions, together with the positivity of the coefficients 
of L(s,7r x n), one shows that these averages are not zero if N(q) is large enough 
and do is not too small. Combined with (17) this leads to (14) and (15). 

The bounds (14) and (15) are the best available for n > 3. For n = 2 much 
better bounds are known and these come from the theory of higher tensor power 
L-functions. Recall that for G — GL n , L G° = GL(n,C). In the case of n = 2 
and k > 1 let sym fc : L G° — ► GL(k + 1, C) be the representation of GL(2, C) on 
symmetric fc-tensors (i.e. the action on homogeneous polynomials of degree k in 
xi,X2 by linear substitutions). The corresponding local L-function associated to 
an automorphic cusp form tt on GL 2 (Ap) and the representation sym fc of L G° is 
given in (8). The global L-function with appropriate definitions at ramified places 
is given as usual by 



(18) 



A(s,7r, sym fc ) = n L(s,tt v , sym fc ) 

V 
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Langlands [Lang2] made an important observation that if A(s,n, sym fc ) is analytic 
in Ji(s) > 1 for all k > 1 (as he conjectured it to be) then a simple positivity 
argument yields GRC for n.^ Moreover, his general functoriality conjectures assert 
that A(s, 7r, sym fe ) should be the global L-function of an automorphic form life on 
GLk+i(Ap). Hence, the functoriality conjectures imply GRC. There have been 
some striking advances recently in this direction. The functorial lift ir — > life of 
GL 2 to GLk+i is now known for k — 2,3 and 4. The method of establishing these 
lifts is based on the converse theorem (see CogdeU's lectures [Cog]). This asserts 
that II is automorphic on GL n (Ap) as long as the L-functions A(s,7r x 7Ti) are 
entire and satisfy appropriate functional equations for all automorphic forms 7Ti on 
GL m (Ap) for m < n — 1 (one can even allow m < n — 1 if n > 3). In this way 
automorphy is reduced to establishing these analytic properties. This might appear 
to beg the question; however for k = 2 (and ir = H 2 on GL 3 as above) the theory of 
theta functions and half integral weight modular forms, combined with the Rankin- 
Selberg method, yields the desired analytic properties of A(s, n, sym 2 ) (Shimura 
[Shi]). For k = 3,4 the analytic properties were established by Kim and Shahidi 
[K-S] , [K]. They achieve this using the Langlands-Shahidi method which appeals 
to the analytic properties of Eisenstcin series on exceptional groups (up to and 
including Eg,, so that this method is limited) to realize the functions A(s,IIfc x 7r') 
above in terms of the coefficients of Eisenstcin scries along parabolic subgroups. The 
general theory of Eisenstcin scries and their meromorphic continuation (Langlands) 
yields in this way the meromorphic continuation and functional equations for these 
A(s,LTfe x 7r'). The proof that they are entire requires further ingenious arguments. 
Their work is precise enough to determine exactly when LT^ is cuspidal (which is 
the case unless ir is very special, that being it corresponds to a two-dimensional 
representation of the Weil group Wf in which case GRC for ir is immediate). 
Now, using that Hk for 1 < k < 4 is cuspidal on GLk+i(Ap) and forming the 
Rankin- Sclbcrg L-functions of pairs of these leads to A(s,7r, sym fe ) being analytic 
for jft(s) > 1 and k < 9. From this one deduces that for ir as above, cuspidal on 
GL 2 (Af) and ir v unramified (if ir v is ramified on GL 2 (F V ) then it is tempered) that 

(19) |logiv(,;) \ a jM\ | < ^ for j = 1,2 and v finite 
and 

(20) \yi(iJ,j(ir v ))\ < — for j = 1,2 and v archimcdian . 

There is a further small improvement of (19) and (20) that has been established 
in the case F = Q [Ki-Sa] . One can use the symmetric square L-function in place of 
the Rankin-Selberg L-function in (16). This has the effect of reducing the "analytic 
conductor" (see [I-S] for the definition and properties of the latter). Applying 
the technique of Duke and Iwaniec [D-I] at the finite places and [L-R-S 2] at the 
archimedian place, one obtains the following refined estimates. For n < 4 and n 



tr This approach to the local statements involved in GRC via the analytic properties of the 
global L-functions associated with large irreducible representations of L G has been influential. 
In Dcligne's proof of the Weil Conjectures mentioned earlier, this procedure was followed. In 
that case, L G is replaced by the monodromy representation of the fundamental group of the 
parameter space for a family of zeta functions for whose members the Weil Conjectures arc to 
be established. The analytic properties of the corresponding global L-functions follows from 
Grothendieck's cohomology theory. 
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an automorphic cusp form on GL„(Aq), or if n — 5 and ir — sym 4 ')/' with ip a cusp 
form an GL 2 (Aq), we have 

(21) |Iog p |aj(7Tp)| | < X - - - ^— jy , p finite 

1 ^ 2 

and 

(22) l»(Mi(Too))| < \~ } l[n+1) ,P=oo. 

In particular, if we apply this to a cusp from ip on GL 2 (Aq) we get 

7 

(23) | log p CKjCVp)! < ^ , for j = 1, 2 and p < oo 
and 

(24) |5^(V>°o)| < ^, forj = 1,2. 

(24) is equivalent to the following useful bound towards Selberg's 1/4 conjecture 
concerning the first eigenvalue of the Laplacian Ai(r(7V)\H) for a congruence quo- 
tient of the upper half plane H. 

975 

(25) Ai (r(A0\H) > —= 0.238.... 

2. General G 

Let G be a reductive linear algebraic group defined over F. The principle 
of functoriality gives relations between the spectra of G(F)\G(A F ) for different 
G's and F's. In particular, in cases where versions of this principle are known 
or better yet where versions of the more precise conjectures of Arthur are known, 
one can transfer information towards the Ramanujan Conjectures from one group 
to another. For example, if D is a quaternion algebra over F, then the Jacquet- 
Langlands correspondence [Ge] from D*(F)\D*(A F ) into GL 2 (F)\GL 2 (A F ) allows 
one to formulate a precise GRC for D as well as to establish bounds towards it 
using (19) and (20). In fact, if D/Q is such that D <g> R =■ H(R), the Hamilton 
quaternions, then the transfer to GL 2 (Aq) yields only 7r's for which tt^ is a holo- 
morphic representation of GL 2 (M). Hence for such D's the full GRC is known by 
Deligne's results mentioned in Section 1. Our main interest however is in G's for 
which G(F V ) is non-compact for at least one archimcdian place v of F. The re- 
marks above about quaternion algebras apply to division algebras of degree n over 
F using the correspondence to GL n (A F ) established by Arthur and Clozel [A-C]. 
Another example is that of unitary groups G over F in 3 variables and the transfer 
established by Rogawski [Ro] of the non-lifted forms (from U{2) x £7(1)) on G{A F ) 
to GL 3 (A F ) where E is a quadratic extension of F (we discuss this example further 
in example 3 below). In all of the above examples the forms are lifted to GL n 
and after examining for cuspidality (14) and (15) yield the best approximations to 
GRC for the corresponding G. We note that, in the cases above, functoriality is 
established using the trace formula. 

For a general semi-simple G (for the rest of this Section we will assume that G is 
semi-simple) defined over F, the Ramanujan Conjecture can be very complicated. 
It has been known for some time, at least since Kurokawa [Ku], that there are 
non-tempered automorphic cuspidal representations for groups such as GSp(A). So 
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the naive generalization of the GL n GRC is not valid. Today the general belief is 
that such non-tempered representations are accounted for by functorial lifts from 
smaller groups. 

One approach to GRC for more general G, and which is along the lines of 
the original Ramanujan Conjecture, is to formulate the problem in a cruder form 
which is well-suited for analytic applications of the spectrum. For the latter, one 
wants to know the extent to which the local representations appearing as compo- 
nents of a global automorphic representation are limited. Put another way, which 

local representations in G(F V ) can be excited arithmetically? Let ir = ®7r„ be 

V 

an automorphic representation appearing in L 2 (G(F)\G(Ap)). That is, ir occurs 
cuspidally or as a residues of Eisenstein series or as part of a unitary integral of 
Eisenstein series. We will not distinguish the part of the spectrum in which these 
occur. This is one sense in which we seek cruder information. Now fix a place 
w of F and define the subset G(F W ) AVT of G(F W ) to be the closure in the Fell 
topology of the set of ir w 's for which n = ®n v occurs in L 2 (G(F)\G(Ap)). This 

closure process is the second sense in which we seek cruder information. We call 
G(F W ) AUT the automorphic dual of G at w. More generally, if 5 is a finite set of 
places of F we define G(S) AlJT to be the closure in G(S) of (g> n w as ir varies 

over all 7r in L 2 (G(F)\G(A F )) and G(S) = H we sG(F w ). Similarly, one can define 

Gaut to be the corresponding closure in H V G(F V ). By approximation theorems 
for adele groups we can describe these sets in terms of congruence subgroups as 
follows. * Let be the set of archimedian places of F. Then G(S' 00 ) AUT is the 
closure of all <g) ILj, in G(S OCl ) which occur in L 2 (F\G(S oo)) where T varies over 

all congruence subgroups of G(Of), Of being the ring of integers of F. Similarly, 
if S is a finite set of places containing Soo then G(S) AlJT is the closure in n G(F V ) 

of all <g> n w which occur in L 2 (T\G(S)), as T varies over all congruence subgroups 

wes 

of the 5-arithmetic group G(Os), with 0$ being the ring of 5*-integers of F. We 
can now state the basic problem for G. 

Generalized Ramanujan Problem (GRP): 

To determine, for a given G defined over F, the sets G(F v ) AlJT and more 
generally Gaut- 



We emphasize that the local data G(F„) AUT is determined by the global group 

G. Also, while the set of ir^s in G(F W ) that arise as the w component of an 
automorphic ir in L 2 (G(F)\G(Af)) is typically very difficult to describe, the closure 
process in the definition of the automorphic dual makes this task much simpler. 
Moreover, the above formulation allows one to measure progress towards GRP by 
giving set theoretic upper and lower bounds for Gaut- Non-trivial upper bounds 
are what are most useful in applications while various methods for constructing 



*At least if G is simply connected and F simple, otherwise the description is more complicated. 
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automorphic forms (some of which are discussed in the examples below) produce 

lower bounds. We denote by G(F V ) AVT the spherical part of G(-F„) AUT . 

Let G be defined over F and let H be a semi-simple subgroup of G also de- 
fined over F. Then H{F V ) AVT and G(F V ) AUT and more generally, H(S) AlJT and 
G(S) AUT , satisfy some simple functorial properties. 

If a G H(F V ) AUT then 

(26) Ind^ a C G0fT) aut • 
If /? G G(?T) AUT thcn 

(27) Res^j /? C H(F7)) AVT . 

The induction and restriction computations involved in (26) and (27) are purely 
local. Their precise meaning is that any irreducible ip which is contained (weakly) 
on the left is contained on the right-hand side of the inclusions. These inclusions 
were proven in [B-S] and [B-L-Sl] for F v = R and in general (that is, for finitely 
many places at a time) in [C-U]. The proof of (26) depends on realizing the congru- 
ence subgroups of H(F) as geometric limits (specifically as infinite intersections) 
of congruence subgroups of G(F) and applying the spectral theory of such infinite 
volume quotients. In [Ven] a characterization of such intersections of congruence 
subgroups of G(F) is given. (27) is established by approximating diagonal matrix 

G(F ) — — 

coefficients of Res^ F ^ (3 by matrix coefficients of elements in H(F V ) AVT . This is 
done by constructing suitable sequences of H cycles, in a given congruence quotient 
of G, which become equidistributed in the limit. The latter can be done cither us- 
ing Hecke operators or using ergodic theoretic techniques associated with unipotent 
flows. 



(26) and (27) may be used to give upper and lower bounds for Gaut- For 

temp' 



example, if H = {e} and a = 1 then (26) applies and since Ind^-j^ 1 = G(F V ) 
we obtain the general lower bound 



(28) G(F„) AUT D G(F v ) tcmp . 

Next, we illustrate by way of examples, some bounds towards GRP that have 
been established using current techniques. 

Example I. SL 

Let G = SL 2 over Q. The local components of the unitary Eisenstein inte- 
grals involved in the spectral decomposition of L 2 (G(Q)\G(Aq) satisfy GRC at all 
places. Moreover, the only residue of the Eisenstein series is the trivial representa- 
tion. Hence, the Ramanujan and Selberg Conjectures for the cuspidal spectrum of 
SL 2 (Aq) are equivalent to 

(29) Si^(Q„) AUT - {1} U S'^(Q t ,) tcmp , for all places vofQ. 

For this case (23) and (24) give the best known upper bounds towards (29). 

Let G = SL 3 over Q. Again, there are no poles of the Eisenstein series yielding 
residual spectrum other than the trivial representation. However, there is an in- 
tegral of non-tempered unitary Eisenstein series contributing to L 2 (G(Q)\G(Aq)). 
These correspond to the Eisenstein series on the maximal (2, 1) parabolic subgroup 
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of G taken with the trivial representation on its Levi. In particular for any place v 
of Q, G(Q 1 ,) AUT contains the following non-tempered spherical principal series (we 
use the parameters in (4) above): 



(20'i Cont(u) = \nt = ( \ • it, -2*t, 



it 



t e 



c 



. sph 



v) 



If (29) is true then the rest of the Eisenstein series contribution to SX3, consists of 
tempered spectrum. Hence using (12) and (13) we see that the cuspidal GRC for 
SL 3 ( Aq) is equivalent to: 
For any place v of Q 



(29") 



G(Q.) AUT = {1} U Cont(w) U G(Q V ) 



temp 



The best upper bound on Gaut i n this case is given by (21) and (22) which assert 
that for any place v of Q 



—~ sph 

v)a\jt c i M ^ 



v) m = (1,0, -1); n 



^+it, -2it, -\+%t 



(29"') 



t e E; /x such that < 



14 



Using [M-W] one can make a similar analysis for SL n , n > 4. 
Example 2. Orthogonal Group 

Let / be the quadratic form over Q in n + 1 variables given by 

(30) f(xi,x 2 , ■ ■ ■ x n+1 ) = 2x 1 x n+1 + x\ + Yx 2 n . 

Let G = SOf be the special orthogonal group of (n+1) x (n+1) matrices preserving 
/. G is defined over Q and is given explicitly by 



(31) 



G 



g e SL n+1 



1 



1 



'n-l 



'n-1 



Thus G(Qoo) = G(E) = SOj&(n, 1), which has real rank 1. The corresponding sym- 
metric space G(R)/K with K = SO K (n) is hyperbolic n-space. Let M(R),iV(R) 
and A(E) be the subgroups of G(K) 



(32) 



A(R) = 



in-l 



a £ 



(33) 



N(R) = 



I n -1 



-\{u,u) 



u 
1 



U £ 



pn— 1 



(34) 



h*h = I n +i 
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Then P(R) = M(R)A(R)N(R) is a parabolic subgroup of G with Levi factor MA 
and unipotent radical N. The spherical unitary dual of G(R) may be described in 
terms of the principal series. For s e C let 



(35) 7r s — Ind M(K)j4(K)Ar(R) 1 M ® |a| s • 

(For s e C for which 7r s is reducible we take the spherical constitutent for ir s .) In 
this normalization s = := p n corresponds to the trivial representation and the 
tempered spherical representations consist of n s with s e iR. For — p n < s < p n , 
tt s is unitarizable and these constitute the complementary series. Moreover, tt s is 
equivalent to n- s . These yield the entire spherical unitary dual, that is, 

— — — s ph 

(36) G(R) = {ir s mod ± 1 | s e iR U [-p n ,p n ] } . 

— ~- sph 

Here iR is identified with G(M) tcmp and (0,p n ] is identified with the non-tempered 

sph 

part of G(R) . Towards the GRP for Gf we have the following inclusions (n > 3), 
see [B-S]: 



— sph 

(37) iR U {p n , p n -l,...,p n - [p n ]} c G(R) AVT c iR U {p n } U 



7 

0,Pn - g 



sph 

In particular, for n > 4, G(IR) AUT contains non-tempered points besides the trivial 
representation. (37) is deduced from (26) and (27) as follows. Let H be the sub- 
group of G stabilizing x 2 - H together with a — 1 satisfies the assumptions in (26). 
Hence 

(38) G(M)aut ^ ^S) 1 - 

The space G(R) /H(M.) is an affine symmetric space and for general such spaces the 
induction on the right-hand side of (38) has been computed explicitly by Oshima 
(see [O-M] and [Vo2]). For the case at hand, one has 

(39) Ind H(R) D {pn,Pn-l ■■■,Pn - [p n ]} U iR . 

This gives the lower bound in (37). 

To see the upper bound, first note that for n — 3 we have 

— — — sph 

(40) G(R) CjKU {1} U 



s 2 



This follows by passing from this SOf to its spin double cover which at Qoo is 
SL 2 (C) and then invoking the bound (20) for GL 2 (Ae) where E is an imaginary 
quadratic extension of Q. If n > 3 we let H be the subgroup of G which stabilizes 
x 2 , ■ ■ ■ , x n _2- Then H = Gf with /' a form in 4 variables of signature (3, 1). Thus 
according to (40) 

~^sph 

(41) H(R) AVT C iR U {1} U 



Now apply the restriction principle (27) with the pair G and H as above and with 

— sph 

(3 a potential non-tempered element in G(R) AUT . Computing the local restriction 

^- es ff (R) P and a PPly m S (41) leads to the upper bound in (37). 
One is led to a precise GRC for G at Q^: 
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Conjecture: Let G be as in (31); then 

— sph 

(42) G(M) AUT = iRU {p n , p n -l,...,p n - [ Pn ]} . 

Example 3. Unitary Group 

Let SU(2, 1) be the special unitary group of 3 x 3 complex matrices of de- 
terminant equal to one, that is, such matrices preserving the Hermitian form 

Ni| 2 + N 2 - N 2 . If g e SU{2,1) and g -. 1 b 



with A 2 x 2, b and 



c* d 

c 2x1 and d lxl complex matrices, then g acts projectivcly on 
B 2 = {(z 1 ,z 2 )\\z 1 \ 2 +\z 2 \ 2 <l} by 

(43) gz = {(z,c) + d)- l {Az + b). 

In this way B 2 ~ SU(2,1)/K, with if = S(?7(2) x U(l)), is the corresponding 
Hermitian symmetric space. The biholomorphic action (43) extends to the closed 
ball W. If ei = (1,0)6B2\ B 2 then its stabilizer P = {g e SU{2, l)\gei = e t } 
is a parabolic subgroup of SU(2, 1). Let L be a co-compact lattice in SU(2, 1). It 
acts discontinuously on P 2 and we form the compact quotient Xr = T\B 2 which 
is a compact, complex Kahlcr surface. We examine the Betti numbers bj(xr) for 
j = 0, 1, 2, 3 and 4. According to the Gauss-Bonnet-Chern formula 

(44) x (Xr) = b -b 1 +b 2 - b 3 + b 4 = Vol(L\SP(2, 1)) 

with dg being a suitable fixed normalized Haar measure on SU(2, 1) (this is a special 
case of the "Euler-Poincare measure" in [Ser2]). By duality this yields 

(45) Vol(T\SU(2, 1)) = b 2 - 2b x + 2 . 

It follows that if Vol(T\SU(2, 1)) goes to infinity then so does b 2 (X T ). Thus for 
large volume Xr will have cohomology in the middle dimension. The behavior 
of bi(X r ) is subtle and in algebraic surface theory this number is known as the 
irregularity of Xr- It can be calculated from the decomposition of the regular 
representation of SU(2, 1) on L 2 (T\SU(2, 1)), for a discussion see Wallach [Wa]. 

SU(2 1) 

We indicate briefly how this is done. The representation Ind p ' 1 (nonunitary 
induction) of SU(2, 1) is reducible. Besides containing the trivial representation as 
a subrepresentation it also contains two irreducible subquotients ttq and ttq (see 
[J-W]). ttq are non-tempered unitary representations of SU(2, 1), in fact their in- 
finite matrix coefficients lie in L P (SU(2, 1)) for p > 4, but not in L 4 . Let TOr(7r ( j") 
and tuy^q) be the multiplicities with which ^(respectively ttq) occur in the 
decomposition of L 2 (r\S'P(2, 1)). For the example at hand, these multiplicities are 
equal (which is a reflection of Xp being Kahlcr) . The following is a particular case 
of Matsushima's formula (see Borel- Wallach [B-W] ) which gives the dimensions of 
various cohomology groups of a general locally symmetric space T\G/K in terms 
of the multiplicities with which certain 7r's in G occur in L 2 (T\G). 

(46) h{X r ) = m r (7r+) + m r (7T ( 7) = 2m r (7r+) . 

We examine the above in the case that L is a special arithmetic lattice. Let 
E be an imaginary quadratic extension of Q and let D be a degree 3 division 
algebra central over E and which carries an involution a of the second kind, that 
is, the restriction of a to E is Galois conjugation E/Q. Let G be the Q-algebraic 
group whose Q points G(Q) equals {g £ D*\a(g)g — 1 and Nrd(g) — 1}. Here 
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Nrd is the reduced norm on D. G is the special unitary group SU(D, /) where 
/ is the 1-dimcnsional (over D) Hcrmitian form f(x, y) = ot{x)y. Localizing G at 
Qoo =Rwe obtain G(R) which is a special unitary group in 3 variables and which 
we assume has signature (2, 1), that is, G(R) ~ SU(2, 1). In this case G(Q)\G(Aq) 
is compact and we consider its automorphic dual and specifically G(M) AUT . The 
key to obtaining information about Gaut is the explicit description by Rogawski 
[Ro] of the spectrum of L 2 (G(Q)\G(Aq)) in terms of certain automorphic forms on 
GLs(Ae) (see his Chapter 14 which discusses inner forms). Not surprisingly the IPs 
on GL 3 (Ae) arising this way satisfy conditions similar to (i), (ii) and (iii) on page 
6. If 7r = <g> ir v is an automorphic representation of G(Aq) and is not 1-dimensional 

V 

then the lifted form II = ®H W is cuspidal on GL 3 (Ae)- The relation between H w 

w 

for w\v and tt v is given explicitly. Thus the GRC for G takes the simplest form: 
If tt is not 1-dimcnsional then ir v is tempered for all places v of Q. Moreover (14) 
and (15) yield corresponding non-trivial bounds on Gaut- 

We fixate on the representations tTq in G(K). (15) implies that 

(47) 4 i G(i) AUT 
(see [B-C]). 

This upper bound on GRC for this G implies a fortiori that mr(TT^) are zero for 
any congruence subgroup I of G(Z). This combined with (46) has the following 
quite striking vanishing theorem as a consequence (and was proved in this way by 
Rogawski) 

(48) bi(X-p) = 0, for I any congruence subgroup of G(Z) . 

In particular, these arithmetic surfaces Xr have no irregularities and all their non- 
trivial cohomology is in the middle degree and its dimension is given by the index 
(45). 

The vanishing theorem (48) is of an arithmetic nature. It is a direct consequence 
of restrictions imposed by the Ramanujan Conjectures. It should be compared with 
vanishing theorems which are consequences of Matsushima's formula, by which 
we mean the vanishing of certain cohomology groups of general locally symmetric 
spaces Xp = T\G/K, independent of I. The vanishing results from the fact that 
none of the potential 7r's which contribute to Matsushima's formula are unitary. A 
complete table of the cohomological unitary representations and the corresponding 
vanishing degrees for general real groups G is given in [V-Z]. 

Example 4. Exceptional groups 

The theory of thcta functions and its extension to general dual pairs provides a 
powerful method for constructing "lifted" automorphic forms and in particular non- 
tempered elements in Gaut ■ Briefly, a reductive dual pair is a triple of reductive 
algebraic groups H, H' and G with H and H' being subgroups of G which centralize 
each other. If ir is a representation of G then the analysis of the restriction n\ HxH , 
(here ir((h, h')) = ir(hh')) can lead to a transfer of representations on H to H' (or 
vice- versa). The classical case of theta functions is concerned with G being the 
symplectic group and tt = w, the oscillator representation. That w is automorphic 
was shown in Weil [We] while the general theory in this setting is due to Howe 
[Ho]. Recent works ([Ka-Sav], [R-S2], [G-G-J]) for example show that this rich 
theory can be extended to other groups G such as exceptional groups with tt being 
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the minimal representation. For such suitably split G the minimal representation 
is shown to be automorphic by realizing it as a residue of Eiscnstein series [G-R-S]. 
For an account of the general theory of dual pairs and the minimal representation 
see [Li2]. 

For example, the dual pair 0{n, 1) x SL 2 in a suitable symplectic group may 
be used to give another proof of the lower bound in (37). Restricting the oscillator 
representation to this dual pair one finds that holomorphic discrete scries of weight 
k on SL 2 correspond to the point p n — k in (37); see Rallis-Schiffmann [R-Sl] and 
[B-L-S2]. 

We illustrate these methods with a couple of examples of exceptional groups. 
Let G be the automorphism group of the split Cayley algebra over Q (see [R-S] 
for explicit descriptions of the group as well as various data associated with it). 
G is a linear algebraic group defined over Q and is split of type G 2 . It is semi- 
simple, it has rank 2 and as a root system for a maximal split torus we can take 
A = {±(ei - e 2 ), ±(ei - e 3 ), ±(e 2 - e 3 ), ±(2ei - e 2 - e 3 ), ±(2e 2 - e\ - e 3 ), 
±(2e 3 — ei — e 2 )} in V = {(a, b, c)\a + b + c = 0} and with the standard pairing 
( , ). Here ei, e 2 , e 3 are the standard basis vectors. The corresponding Wcyl group 
W is of order 12. It is generated by reflections along the roots and preserves ( , ). 
The long root /3i = 2e\ — e 2 — e 3 together with the short root /3g = —e\ + e 2 form a 
basis and determine corresponding positive roots /3 2 , . . . , /?6, see Figure 1. Up to 
conjugacy G has 3 parabolic subgroups; Po the minimal parabolic subgroup, Pi the 
maximal parabolic corresponding to f3\ and P 2 the maximal parabolic corresponding 
to f3e- The parabolic subgroup Pj factorizes as LjNj with Lj the Levi factor and 
Nj the unipotent factor. Here Li and L 2 are isomorphic to GL 2 . We examine 
the automorphic dual Gaut associated with the spectrum of L 2 (G(Q)\G(Aq)) and 
specifically G(M) AUT . 

sph 

We recall the classification by Vogan [Vo3] of the unitary spherical dual G(R) 
The maximal compact subgroup K of G(R) is 5/7(2) x SU{2). The correspond- 
ing Ricmannian symmetric space G(R)/K is 8-dimensional. For j = 0,1,2 let 
Pj(M) = Mj(E.)Aj(E.)Nj(M) be the Langlands decomposition of the parabolic sub- 
group Pj(R). Mo(M)Ao(M.) is a split Cartan subgroup of G(K) and we identify the 
dual Lie algebra of Aq, denoted ajjj, with V = {(ai, a 2 , a 3 ) G M 3 |ai + a 2 + a 3 = 0}. 
The corresponding root system A(jj, o) is A. Here Mo(M) is the dihedral group D4 
while Mi(R) and M 2 (M) are isomorphic to SL 2 (R). For x a unitary character of 
A (K) let Ip ( x ) be the spherical constituent of Indp^^ (1m (R) ® X)- F° r 3 = 1 or 
2 and Xj a unitary character of A, (M) and < cr < ^ a complementary series rep- 
resentation of Mj(R), let Ip j (cr,x) be the spherical constituent of Ind p ^(<J (E> Xj)- 
The representations /p (x) are tempered and as we vary over all unitary x these 

. sph 

exhaust G(R) temp . The representations Ip. (a, x) are nontempered and unitary, 
they together with the tempered representations exhaust all the nonreal part of 

. . sph 

G(R) (i.e. the spherical representations with nonreal infinitesimal characters). 

sph 

The rest of G(R) may be described as a subset of ajjj with a G ajjj corresponding 
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to Ind p ^^(l Mo ( R ) <g>exp(a(-))). According to Vogan [Vo3] the set of such a's which 
are unitary is the brown and red shaded region in Figure 1. 



• P 




Figure 1. The shaded area together with the outside dots yield 
the spherical unitary dual of Gi- The dots (that is p, 0e, (3i/2, (3q/2 

- — ■ — ■ — sph 

and and their images under W) are in G2(K) AUT . The brown 
shaded region is an upper bound for the generic cuspidal part of 

aut- 
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sph 

Note that points in ajjj equivalent under W correspond to the same point in G(K) 
The point p is half the sum of the positive roots and corresponds to the trivial 
representation of G(R). Clearly it is isolated in G(R) (as it should be since G(R) 
has property T). Also note that for < a < 1/2 and j = 1,2, /^(cr, 1) (which is 
real) corresponds to the point afa in a^. 

sph 

We turn to G(M) AUT . Let 
(49) G = {/p (x)lx is unitary} 



1 



2 ' A I I A LllllUUil J f 



IV. . 1 



(50) C't { h>, ( ^, A j I \ uiiitav.N 
and 

(51) G 2 = j/p 2 (^,xj IX is unitary ^ 
We have the following lower bound 

- — - — sph 

(52) G(M) AUT D G U Ci U G 2 U {/3 4 } U M . 

Note that the set of points on the right-hand side of (52) meets ajjj in the set of 
dotted points in Figure 1. 

We explain the containment (52). Firstly, the point {p} is self-evident. Since 

sph 

Go = G(M) tomp its inclusion in (52) follows from (28). One can show the con- 
tainment of Gi and G 2 by a variation of (26) where we allow H to be a para- 
bolic subgroup, specifically Pi and P 2 in this case. However, the theory of Eisen- 
stein series demonstrates this more explicitly. Form the Eisenstcin series Ep 1 (g,s) 
on G(Q)\G(Aq) corresponding to P 1 and with the trivial representation on 

(where L\ = M^Ai). Ep 1 has a meromorphic continuation in s and is analytic 
on 3?(s) = where it furnishes continuous spectrum in L 2 (G(Q)\G(Aq)). The 
corresponding spherical parameters fill out C\ and place them in G^y T . Similarly 
the continuous spectrum corresponding to the Eisenstein series Ep 2 (with the triv- 
ial representation on M^) yields G 2 . The remaining point {f3±} in (52) is more 

subtle. Again one can see that it is in G(]R) AUT using (26). The Lie subalgcbra of 
q generated by a and the root vectors corresponding to the six long roots is of type 
A 2 . The corresponding subgroup H of G is SL 3 and is defined over Q. H(R) and 
G(R) are both of rank 2 and they share the split torus Ao(K). Choosing (5\ and (3§ 
as simple positive roots of A(f), a), we find that ph = Pi- Now, 

(48') & elnd£« (indSgjl) . 

This can be shown by considering the density of H (Z) points in expanding regions 
in G(M), first by examining H(Z) as a lattice in H(M.) and second by using (48') (see 
[Sa2]), the key points being that /3 2 (or fa) is an extreme point of the outer hexagon 
and that p G = 2p H - fa. From (48') and (26) it follows that fa G G(R) AUT . As 
before, the Eisenstein series provides a more explicit automorphic realization of fa. 
In fact it occurs as a residue (and hence in the discrete spectrum) of the minimal 
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parabolic Eisenstein series Ep (g,s) (here s denotes two complex variables). See 
for example [K2]. 

The above account for the lower bound (52). It is interesting that there are 
other residual and even cuspidal spectra which contribute to various points on the 
right-hand side of (52). The Eisenstein series Ep ly7T {g, s), where ir is an automorphic 
cuspidal representation on M^> = PGL 2 , has a pole at s = 1/2 if the special value 
L (5,71", sym 3 ) of the symmetric cube L- function is not zero, sec [K2]. If ■n ca {^ — 
®tt v ) is spherical and tempered then the corresponding residue on G(Aq) produces 

V 

a point in G2 (for example if 71-00 is spherical corresponding to a Maass cusp form 

s ph . . . 

with eigenvalue 1/4 then the corresponding point in G(]R) AUT is Ip 2 (tj, 1) = /32/2, 
that is,:w the point in the middle of the side of the inner hexagon). Similarly the 
Eisenstein series Ep 2 7T (g, s), where ir is an automorphic cuspidal representation on 

~ PGL 2 has a pole at s = \ if £((5, tt) ^ (see [K2]). If 7Too is spherical and 
tempered the residue produces a point in G\ (this time the eigenvalue 1/4 produces 
the point /3i/2, i.e. the midpoint of the outer hexagon). 

It is a deeper fact that {^4} and a dense subset of points in C\ can be produced 
cuspidally. In [G-G-J], Gan-Gurcvich and Jiang show that S3 x G can be realized 
as a dual pair in H = Spin(8) x S3. Restricting the automorphic minimal represen- 
tation of H(A) ([G-R-S]) to S3 x G yields a correspondence between automorphic 
forms on S 3 and G. The spherical representation /3 4 of G(R) is a constituent of this 
restriction. Moreover, by comparing what they construct with the multiplicities 
of the residual spectrum, they show that /?4 occurs as an archimedian component 
of a cusp form in Ll usp (G (Q)\G (Aq)) . A dense set of points in C\ corresponding 
to cuspidal representations was constructed by Rallis and Schiffmann [R-S2] using 
the oscillator representation of w. They realize G x SL 2 as a subgroup of Spi^. 
While this does not form a dual pair they show that nevertheless restricting w to 
G x SL2 yields a correspondence between forms on SL2 and G. In particular, suit- 
able cuspidal representations a of SL2 are transferred to automorphic cusp forms 
7r(cr) on G(Aq) and the corresponding 7r(er)oo lies in G\ (assuming that (Too is tem- 
pered). For example, choosing a appropriately one can produce the point /3i/2 in 
ajj cuspidally. In [G-G-J] and [G-G] the authors compute the Arthur parameters 
(see (53) below) explicitly corresponding to these cuspidal automorphic forms on 
G(Aq). They find an excellent agreement with the Arthur Conjectures for G. 

Our discussion above shows that the lower bound (52) is achieved by various 
parts of the spectrum. Unfortunately, I don't know of any nontrivial upper bounds 

sph 

for G(M) AUT (either for this G or any other exceptional group, though for generic 
representations upper bounds are given below). An interesting start would be to 
establish that fi± is isolated in G(M) AUT . The natural conjecture here about this 
part of the automorphic dual of G is that the inclusion (52) is an equality. 

The above are typical examples of the use of dual pairs in constructing auto- 
morphic representations and in particular non-tempered ones. As a final example 
we consider the case of a group of type F. We fixate on the problem of cohomology 
in the minimal degree. Let F A a(R) be the real split group of type F 4 and of rank 
4 (see the description and notation in Helgason [He]). The corresponding symmet- 
ric space F4a(R) / Sp(3) x Sp(l) has dimension 28. For T a co-compact lattice in 
F 4A (R) the cohomology groups W(T,C) vanish for < j < 8, j / 4 (sec [V-Z]). 
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For j = 4 the cohomology comes entirely from parallel forms (i.e. from the triv- 
ial representation in Matsushima's formula) and so dim_ff 4 (T,C) is constant (i.e. 
independent of T). So the first interesting degree is 8. According to Vogan [Vol] 

there is a non-tempered cohomological representation -0, which is isolated in F^iM.) 
and which contributes to H 8 (T,C). Now let G be an algebraic group defined over 
Q (after restriction of scalars) such that G(Qoo) ~ F^^M^x compact and with 
G(Q)\G(Aq) compact. Using the classification in [Ti] one can show (see [B-L-S2]) 
that G contains a symmetric Q subgroup H such that H(Q 00 ) ~ Spin R (5,4) x 
compact. According to Oshima's computation of the spectra of the affine symmet- 
ric space F4 i4 (R)/Spin R (5,4) one finds that V occurs discretely in IndgV^g^l. 

Hence according to (26), ip e G(Qoo) AUT . Since ip is isolated in F 4 , 4 (]R) it follows 
that tp occurs in L 2 (r\i^4(]R)) for a suitable congruence subgroup T of G(Z). Us- 
ing the classification of lattices T (see [Ma]) in (R) one can show in this way 
that for any such lattice T and any TV > there is a subgroup V of finite index in 
T such that dimff 8 (r,C) > N (see [B-L-S2]). For a survey of results concerning 
nonvanishing of cohomology in the minimal degree see [Li-Sc] . 

This concludes our list of examples. We return to the general G. In Example 
2, the upper bound (37) implies the useful fact that the trivial representation 1 

is isolated in G/(M) AUT . It was conjectured by Lubotzky and Zimmer that this 
feature is true in general. That is, if G is a semi-simple group defined over F then 
the trivial representation is isolated in G(i*\,) AUT for any place v of F (they called 
this property r). Of course, if v is a place at which G(F V ) has property T then there 
is nothing to prove. Clozel [Cll] has recently settled this property r conjecture, 
this being the first general result of this kind. One proceeds by exhibiting (in 
all cases where G(F V ) has rank 1 for some place v) an F subgroup H of G for 

which the isolation property is known for H(F V ) AUT and hence by the restriction 

principle (27) this allows one to deduce the isolation property for G(F V ) AUT . For 
example if G is isotropic then such an H isomorphic to SL 2 (or PGL 2 ) can be 
found. Hence by (19) and (20) the result follows. If G is anisotropic then he 
shows that G contains an F subgroup H isomorphic to SL(1, D) with D a division 
algebra of prime degree over F or SU(D,a), a unitary group corresponding to a 
division algebra D of prime degree over a quadratic extension E of F, and with a 
an involution of the second kind (cf Example 3 above). Thus one needs to show 
that the isolation property holds for these groups. For SL(l,D) this follows the 
generalized Jacquet-Langlands correspondence [A-C] and the bounds (14) and (15) 
(for GLp(Ap) with p prime there are no non-trivial residual of Eiscnstein series so 
the discrete spectrum is cuspidal). For the above unitary groups G = SU(D,a) 
of prime degree Clozel establishes the base change lift from G over F to G over E 
(this being based on earlier works by Kottwitz, Clozel and Labesse). Now G over 
E is essentially SL(l, D) over E so one can proceed as above. As Clozel points out, 
it is fortuitous that these basic cases that one lands up with are among the few for 
which one can stabilize the trace formula transfer at present. 

It is of interest (see comment 3 of Section 3) to know more generally which 7Ti,'s 

are isolated in G(-F„) AUT ? In this connection a natural conjecture is that if G(F V ) 

is of rank 1 then every non-tempered point of G(i 7 ! 1) ) AUT is isolated. 
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At the conjectural level, Arthur's Conjectures [A2] give very strong restrictions 
(upper bounds) on Gaut- While these conjectures involve the problematic group 
L F , they are functorial and localizing them involves the concrete group 5 L Fv and 
its representations. In this way these conjectures impose explicit restrictions on 
the automorphic spectrum. For example, if G is a split group over F then the 
local components ir v of an automorphic representation tt occurring discretely in 
L 2 (G(F)\G(Ap)) must correspond to certain Arthur parameters. In the unramificd 
case these are morphisms of the local Weil group times SL 2 (C) into L G satisfying 
further properties. That is, 

(53) V : W Fv x 51,(2, C) — ► L G 

such that 

(i) V 1 !^ is unramified and ^(Frob„) lies in a maximal compact subgroup of L G 
(c.f. F (9)). 

(ii) If j is the unramified map of W Fv — > SL(2, C) which sends Frob„ to 

" N(v)V 2 

N(v) 1 ^ 2 \ ' 

then the corresponding Arthur parameter is the conjugacy class ip(Frob v , j 
(Prob„)) in L G. 

Thus the SL(2, C) factor in (49) allows for non-tempered parameters but they are 
highly restricted. 

In many of these split examples these local restrictions are probably even sharp 
and hence yield precise conjectures for G(F v ) AlJT . We note however that it is by 
no means clear that the upper bounds imposed on Gaut by Arthur's parameters 
are consistent, for example, with the lower bound (26) which must hold for all sub- 
groups H. Establishing this would be of interest. As Clozel [C13] has shown, the 
Arthur Conjectures together with (26) and (27) (in the form extended to G(5) AUT ) 
lead to some apparently non-obvious statements and structures for unipotent rep- 
resentations of local groups. Assuming a general twisted form of the "Fundamental 
Lemma" (sec Hales' lectures), Arthur [A4], using the trace formula, gives a pre- 
cise transfer of automorphic forms from classical orthogonal and symplectic groups 
to the corresponding general linear group. Hence, if and when this fundamental 
lemma is established, one will be able to combine this transfer with the bounds of 
Section 1 to get new sharp upper bounds for Gaut with G classical. 

In the meantime, when G is split over F and the representation of 7r of G(Ap) 
is cuspidal and generic, there have been some impressive developments along the 
lines of such functorial lifts. Here ir being generic means that there is an / in the 

space of 7r such that / f{ug) ip(u)du ^ for some character ip of a maximal 

JU(F)\U(A) 

unipotent subgroup U of G. Using these lifts one can deduce strong upper bounds 
for the part of Gaut which corresponds to globally generic cuspidal 7r's. Indeed, 
the formulation of the generalized Ramanujan Conjectures for such representations 
takes the simple form that it does in GL n . 

GRC (cuspidal generic): (see [H-PS]) 



Lp v is simply Wp v if v is archimcdian and is Wp v X 5(7(2, R) if v is finite. 
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Let G be a quasi-split group defined over F. If it ~ (g> ir v is a globally generic 
automorphic cuspidal representation of G(A) then 7r„ is tempered. 

The main progress for functoriality for generic representations is due to Cogdcll- 
Kim-Piatctski-Shapiro and Shahidi ([C-K-PS-S], see also [K-K] and [A-S]). Their 
work is concerned with a split classical group G, that is one of SC^n+i, >S0 2 „ or 
Sp2n- The corresponding dual groups L G° are <Sp 2ra (C), S'02n(C) and 5*02n+i(C) 
respectively. These dual groups have a standard representation in GL 2n (C), GL 2n ('C) 
and GL 2 „ + i(C) and hence there should be a corresponding functorial lift from G(A) 
to GL(A). In [C-K-PS-S] it is shown that if n ~ <g> 7r„ is an automorphic cuspidal 

generic representation of G(A) then this lift to an automorphic form on GL(A) 
exists. The lift is explicit and one can analyze its local components. It follows that 
if one assumes the GRC for GLn then the 7r„'s above are tempered (that is, the 
GRC (cuspidal generic) for G follows from GRC for GLjy). Moreover, using the 
results described in Section 1, specifically (14) and (15) one obtains corresponding 
sharp bounds towards the GRC (generic cuspidal) for such G's (see [C-K-PS-S], 
[A-S] and [K-K]). 

Combining the results above with work of Ginzburg and Jiang ([G-J]) which 
establishes the functorial transfer of generic cusp forms on G 2 (A) (as in example 4 

above) to GSp$, one obtains similar upper bounds for the part of G 2 (Q„) AUT that 
comes from generic cuspidal automorphic representations n of G 2 (A). For example, 
any such tt for which TTrx, is spherical must have the real part of its parameters lie in 
the brown region shaded in Figure 1, which consists of points lying in the hexagon 
with vertices (3, where (3 is a short root. This comes about from the functorial 
lift 

G 2 (C) = ( L G° 2 ) - S0 7 (C) = ( L Sp° e ) - GL 7 (C) = ( L GL° 7 ) 
and the bound (15) with n = 7. Note that the dotted points in Figure 1 which are 
all in G 2 (R) AUT , are nongeneric (except for which is tempered) and hence they 
do not contradict GRC (generic cuspidal). 

These upper bounds on the generic cuspidal spectrum are quite a bit better 
than the local bounds that one gets by identifying the generic unitary duals of the 
classical groups [L-M-T] and of G 2 [Ko] . The proofs of the functorial lifts of generic 
cusp forms from the split classical groups to GL are based on the Langlands Shahidi 
method and the converse theorem while the transfer of such forms from G 2 to GSp^ 
relies on these forming a dual pair in E-j. 

3. Applications 

The Ramanujan Conjectures and their generalizations in the form that we have 
described them, and especially the upper bounds, have varied applications. We give 
a brief list of some recent ones. 

(1) For GL 2 /F there are applications to the problem of estimation of auto- 
morphic L-functions on their critical lines and especially to the funda- 
mental "sub-convexity" problem. See [I-S] and [Sa] for recent accounts as 
well as for a description of some of the applications of sub-convexity. 

(2) The problem of counting asymptotically integral and rational points on 
homogeneous varieties for actions by semi-simple and reductive groups as 
well as the equi-distribution of "Hecke Orbits" on homogeneous spaces, 
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depends directly on the upper bounds towards GRC . For recent papers 
on these topics see [Oh], [C-O-U], [G-O], [S-T-T] and [G-M] and also [Sa2]. 

(3) There have been many works concerning geometric constructions of co- 
homology classes in arithmetic quotients of real and complex hyperbolic 
spaces. Bergeron and Clozel have shown that the injcctivity of the inclu- 
sion and restriction of cohomology classes associated with H < G (here 
H and G are SO(n, 1) or SU(m, 1)) can be understood in terms of the 
isolation properties of these cohomological representations in G(F 00 ) AUT . 
This allows for an elegant and unified treatment of the constructions of 
cohomology classes as well as far reaching extensions thereof. They have 
also established the isolation property for some unitary groups. See [Be] 
and the references therein. 

(4) Miiller and Speh [M-S] have recently established the absolute convergence 
of the spectral side of the Arthur trace formula for GL n . Their proof 
requires also the extension of (14) and (15) to ramified representations of 
GL n (F v ), which they provide. Their work has applications to the con- 
struction of cusp forms on GL n and in particular to establish that Weyl's 
Law holds for the cuspidal spectrum. 

(5) An older application to topics outside of number theory is to the construc- 
tion of highly connected but sparse graphs ("Ramanujan Graphs"). These 
applications as well as ones related to problems of invariant measures are 
described in the monograph of Lubotzky [Lu]. The property r conjecture 
mentioned in Section 2 is related to such applications. 

For a discussion of the automorphic spectral theory of GL 2 (Aq) in classical 
language see [Sa]. The recent article [C12] is close in flavor to these notes and 
should be consulted as it goes into more detail at various places. 
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